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Experimentally Based Modeling of Field Sources
for Three-Dimensional Computation of SAR

in Electromagnetic Hyperthermia
and Treatment Planning
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Abstract—This paper presents field source-modeling, for appli-
cations to hyperthermia, by utilizing experimental data from the
paraxial region of a liquid muscle-like phantom irradiated by an
aperture antenna. The data are used in an optimization algorithm,
applied to a Gaussian beam model (GBM), to determine the source
parameters for GBM-computations of specific absorption rates ev-
erywhere, accurate to within 1% (relative to the global maximum)
of the experimental results. This paper also shows how the aper-
ture and incident fields may be determined accurately by the GBM
and links them to the electric-field integral equation (EFIE), as an
example, to improve the accuracy of numerical computations of
the electric or magnetic fields associated with the EFIE, the mag-
netic-field integral equation, or any other field formulations. It is
further demonstrated that models of plane waves, or approximate
source fields, predict power levels with significant, unacceptable
errors. Finally, it is concluded that the GBM is a viable tool for
characterizing aperture antennas used in hyperthermia for cancer
therapy.

I. INTRODUCTION

T HERE ARE several types of electromagnetic radiating an-
tennas used for localized or regional hyperthermic treat-

ment of tumors. These are based on waveguiding structures,
operating at a frequency in the range 100–2000 MHz. Exam-
ples are horn antennas consisting of hollow, open-ended waveg-
uides with rectangular or circular cross sections or microstrip
antennas which are patches or spirals. These may be used in-
dividually or as phased arrays for superficial or deep hyper-
thermia, but their performance must be ascertained by applica-
tion of three-dimensinal (3-D) numerical models to theelectric
field integral-equation(EFIE), themagnetic field integral-equa-
tion (MFIE), etc., to simulate SAR in a tumor. Improvement of
SAR simulations is possible if the field sources are modeled ac-
curately. To this end, this paper presents accurate source mod-
eling by use of the Gaussian beam model (GBM) [1].
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Fig. 1. (a) Reference frame of a biological body subjected to microwave
irradiation from an aperture(A) antenna source and (b) liquid muscle-like
phantom field scan set-up (� = 1:09 S/m, " = 77:14 at 400 MHz and
� = 1:2 S/m," = 56 at 450 MHz).

Consider, for example, the EFIE formulated for the total elec-
tric field, , induced in a biological body of volume [2],
in Fig. 1(a), typically implemented by the MOM,viz

(1)
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where
dyadic Green’s function matrix;
total electric field matrix;
matrix of the incident field, derived from a known aper-
ture field, .

Conventionally, if the problem is sufficiently known, the aper-
ture field is modeled byHuygens’ sourcesin free space for
plane waves [3]. In hyperthermia, however, RF sources that do
not necessarily engender plane waves are used [4]. Besides, the
aperture field changes due to irregularities (water-bolus, etc.) in
the vicinity of the lossy body (target), making it difficult to de-
fine the problem.

In an effort to improve source-field modeling, some analyt-
ical methods for focused power were published [5]–[8] and ver-
ified experimentally [9], [10]. A method based on Gaussian
beams to model the field sources accurately is presented in this
paper. After all, Gaussian beams have been used in lossless
media as models of local electromagnetic fields in the design
of microwave systems [11]–[16]. Also, superposition Gaussian
beams have been used for modeling transient ultrasonic waves
[17], source fields [18], and in the identification of parametric
wave propagation models for ultrasonic transmission experi-
ments [19].

In general, however, Gaussian beams cannot be used to model
fields from an aperture antenna because the aperture field dis-
tributions are not Gaussian; but investigations have shown that
when the aperture is close to a lossy medium its field distribu-
tion is fairly smooth in the lossy medium and is well represented
by a local Gaussian curve, in amplitude and phase [10], [20].
Thus the limitations found in free space are eliminated because
the high spatial frequencies are damped out, leaving a smooth
curve.

II. THE GBM AND THE EFIE

A. GBM Formulation

The field sources may be modeled by the fundamental
astigmatic Gaussian beam, outlined below for a homo-
geneous medium of infinite size [1], [10]. Neglecting
polarization effects, we pull out the dominant axial term

from the wave equation
. The differential equation for

, a slowly varying function, is

where is the wave propagation con-
stant, with and the respective phase and attenuation con-
stants. Invoking the usual high-frequency asymptotic approxi-
mation, where the second-order axial derivative is negligible,
we attain the parabolic equation. The following astigmatic beam
expression is an exact solution to the parabolic equation [10],
[11]:

(2)

Fig. 2. Schematics of (a) SMA (Italian Company) multifrequency
water-loaded waveguide applicator with a circular aperture and (b) current
sheet applicator (CSA) inductive microwave aperture antenna with a teflon
aperture for interface matching.

This is the GBM where and
are arbitrary complex source parameters in the principal-
and -planes, respectively ( and are real spatial
values), with a constant. The source parameters may vary
slightly with frequency but are unique for each aperture antenna.
When and are large, a plane wave ensues. However, finite
values of and result in the proper transverse and axial de-
cays. Literature on Gaussian beams in lossy media reveals how
the complex sources define the waist for a focused system, the
evolution of the waist, etc. [20].

This paper uses (2) by fitting experimental data and then
letting the Gaussian beam describe the field everywhere else.
When the beam meets a curved interface at normal incidence to
a different medium, its parameters change in a simple way [1],
[10], [16]. Plane wave reflection and transmission coefficients
are used for the evaluation of amplitudes at interfaces of dif-
ferent media.

B. Application of the GBM

In a treatment planning setup, a water-bolus is placed between
the aperture antenna and the body (muscle) for matching and
cooling. The entire system must be modeled by measuring the
aperture and incident fields in the liquid muscle-like phantom
in Fig. 1(b). Any other method which precludes the fields in the
aperture–bolus–air–muscle interfaces is apt to err.

1) The Geometrical (GEO_GBM) Method:Prerequisites
for GBM application are field amplitude and phase measure-
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Fig. 3. PrincipalEEE-plane experimental (SMA_wave & CSA_wave) and
theoretical (plane- and quasi-plane-waves) results of (a) field phase and (b)
relative field amplitude, close (z = 1:0 cm) to the apertures (z = 0 cm,
reference) at� = 90 in Fig. 1(b), at 400 MHz for the SMA and for the plane-
and quasi-plane waves and at 450 MHz for the CSA.

ments in the principal - and -planes. These are obtained
from two orthogonal linear scans close to the aperture horn
antenna, shown in Fig. 1(b). The half-power-widths ( and

) and the radii of phase fronts ( and ) are derived
from the data and used in (3) to compute the source parameters
[1], [10], viz.

and

(3)

where

and

The derived parameters are used in (2) to simulate the aper-
ture field and power distributions everywhere else. This method
works well [1], [10], [21], but the following disadvantages are
apparent.

• , and are approximated by a cumber-
some, trial-and-error procedure.

• The measured phase and amplitude of a field must be sym-
metrical and well defined.

• Measurements of both phase (unlike the optimization
method) and amplitude are required.

2) The Optimization (OPT_GBM) Method:Equation (4)
represents the normalized power, , derived from (2)

(4)

where, from (3)

and

where is a constant [Fig. 1(b)].
From (4) the Jacobian matrix of , a function of the com-

plex source parameters, is

(5)

with the only unknown, real variables . Equa-
tion (5) is utilized in aleast-square-error optimization algo-
rithm [22]. Measured data of normalized power, , at various
paraxial points together with an initial guess of the
parametric values are used in theoptimization algorithm. The
computed optimal source parameters are consistent with the nu-
merically computed power such that .
Since there are only four parameters to be determined, a min-
imum of four data measurements are required.

This is a new, faster, and more accurate method than the geo-
metrical method. Its advantages include: 1) field measurements
of amplitude or power only; 2) rapid parametric optimization;
and 3) application to more complex radiating antennas.

C. GBM Relevance to the EFIE

The EFIE (used as an example) is linked to the GBM through
the incident field in Fig. 1(a), which is a reference frame
for a horn antenna irradiating an arbitrary 3-D lossy, inhomo-
geneous biological body of volume surrounded by an un-
bounded, homogeneous medium (e.g., air: permittivity
F/m, permeability H/m and conductivity 0).

1) EFIE Formulation: In Fig. 1(a) the incident field
gives rise to the scattered field, , in the body, inducing a
current , where

and the total field . The scattered
(absorbed) field is expressed as [2]

(6)
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Fig. 4. SMA experimental [Expt_y(E-Plane)] and simulated (GEO_GBM & OPT28_GBM) results at 400 MHz in the principalEEE-plane in Fig. 1(b) at: (a)
� = 90 : (i) relative power, (ii) error (ref. global max.) and (iii) effective field size (EFS) % local error and (b)� = 45 .

where is Green’s dyadic function

and

Equation (6) is the basic EFIE for the total electric field in-
duced inside a biological body of volume. Using the expres-
sions above, it can easily be shown that

(7a)

where

(7b)

Letting and with , we
obtain

(8)
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This is a linear operator to which themethod of moments
(MOM) is applied to obtain (1). Other numerical methods may
be applied to the EFIE, or to other field formulations, but in
each case the field sources must be accurately modeled to give
a valid incident field.

2) Relevance of the GBM:If only is excited in (7b),
and in Fig. 1(a) the two-dimensional (2-D)

incident field is [23]

(9)

where with the
Hankel function of the second kind and zero order [3],is the
surface area of theaperture, is the tissue region,

is aperture location, and . The
validity of the incident field depends on accurate
modeling of the aperture field and on the correct
computation of (9).

In fact and are the 2-D versions of (2).
Thus the GBM is linked to the EFIE with accurate aperture and
incident fields which can be computed at low CPU times [1].
Moreover, the model copes very well with planar and curved
boundaries of inhomogeneous layered media (e.g. bolus, skin,
muscle, and fat), and is applicable to phased arrays [1], [10].

III. M ETHODS, RESULTS, ANDDISCUSSION

A. Materials, Experimental Method, and Results

1) Materials: A liquid muscle-like phantom consisting of
6.65 g/l of a saline solution in water contained in a 42 cm
46 cm Plexiglas tank 38 cm deep [Fig. 1(b)] was used in the
experiment [1], [10]. The conductivity and relative permittivity
of the phantom varied with frequency, saline concentration, and
temperature [24].

A nonrectifying electric field probe was required to scan the
-field in the phantom. Oriented parallel to the dominant lin-

early polarized electric field, the probe consisted of a balanced
dipole 10 mm long, 5 mm wide, formed by stripping a semirigid
microcoaxial cable 1.5 mm in diameter [25]. To reduce field
perturbations due to the metallic cable and errors from induced
currents, the rest of the coaxial cable was oriented orthogonal
to the -field vector ( -direction). Also, the probe impedance
was matched to the liquid muscle medium. A network analyzer
(Hewlett Packard Model 8754A), used to process the phase and
amplitude of the signal from the field probe, provided the RF
signal.

2) Experimental Method:Two types of radiating aper-
ture antenna (applicator) were used in the experiments: 1) a
water-filled waveguide applicator [SMA (Italian Company)]
[4], shown in Fig. 2(a) and 2) a current sheet applicator (CSA)
in Fig. 2(b), a new type of applicator [21], [26]–[28]. The
spatial distributions of the electric field were determined in the
principal - and -planes of each applicator, at
cm from the aperture, by scanning the field probe under
computer control through the liquid muscle-like phantom [1].
The measurements were processed in the network analyzer for
phase, relative field and power data.

Fig. 5. SMA experimental (Expt) and simulated (GEO_GBM and
OPT_GBM) results at 400 MHz in the principalEEE- andHHH-planes at� = 0

in Fig. 1(b): (a) relative power and (b) error referenced to the global maximum
(unity). [See Table I(A) for source parameters].

TABLE I
SMA ESTIMATED PARAMETERS AND REL. POWER ERRORS

3) Phase and Amplitude Results:These are shown in
Fig. 3(a) together with a theoretical plane-wave phase, for
comparison. For the SMA applicator the phase varies by over
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Fig. 6. SMA simulations at 400 MHz for (a) initial parameters:aaa = aaa = bbb = bbb = �0:1000 cm, (b) optimized parameters (OPT_GBM): aaa =

�2:8797, aaa = �3:7072, bbb = �3:8598, bbb = �4:8411 cm and (c) geometrical parameters (GEO_GBM):aaa = �2:7066, aaa = �3:2681, bbb =

�3:7391, bbb = �4:6112 cm; (d) relative power error: (b)–(c). [PrincipalEEE-Plane in Fig. 1(b)].

TABLE II
SMA ABSOLUTE MAXIMAL RELATIVE POWER ERRORS

(OPT _GBM—OTHER SIM_METHODS)

100 and by under 5 only (quasi-plane wave) for the CSA.
These phases differ considerably from the phase associated
with conventional modeling (plane waves). On the other hand,
Fig. 3(b) shows that the amplitude variations are fairly similar
for the SMA and the CSA.

B. Studies of Experimental, Geometrical, and Optimization
Results

1) Geometrical Studies:Invoking the geometrical
(GEO_GBM) method, the source parametric values for
the SMA were determined at 400 MHz ( S/m,

) to be cm, cm,
cm, and cm [1]. Similarly,

the source parametric values for the CSA were determined at
450 MHz ( S/m, ) to be cm,

cm, cm, and cm
[21]. Both sets of parametric values have been validated to give
accurate simulation results compared with experimental results
in Fig. 4 for the SMA applicator and in [1], [10], [21], [25],
and [29].

2) Optimization Studies:Four (OPT _GBM), eight
(OPT _GBM) and 28 (OPT _GBM) experimental values of
normalized -field in the paraxial region of the SMA applicator

Fig. 7. Experimental (SMA_Expt at 400 MHz & CSA_Expt at 450 MHz)
and simulated (Plane wave and Quasi-plane wave at 400 MHz) results in the
principalEEE- andHHH-planes in Fig. 1(b) at� = 0 : (a) relative power and (b)
error referenced to the global maximum (unity). [Simulation source parameters:
quasi-plane wave set at 4� (OPT _GBM) values, and plane wave set at 100
� (OPT _GBM) values].

were selected from 100 measurements in the principal- and
-planes and used in the GBM for parametric optimization.

Table I(A) shows the optimized parametric values, the initially
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Fig. 8. EFS simulations at 400 MHz for the SMA and Plane-wave and 450 MHz for the CSA. (a) CSA parameters:aaa = �3:6492, aaa = �9:3403, bbb =

�0:4140, bbb = �6:6189 cm, (b) SMA parameters:aaa = �2:8797, aaa = �3:7072, bbb = �3:8598, bbb = �4:8411 cm and (c) plane-wave parameters:
100� (OPT _GBM) values; (d) SMA vs Plane-wave absolute % error (ref. global max). [PrincipalEEE-Plane in Fig. 1(b)].

guessed values, and the GEO_GBM values. Finally, the param-
eters were used in (2) for simulations which are compared with
experimental results in Figs. 4 and 5 and in Table I(B).

3) Comparison of Results:Compared with the experimental
(Expt) results in Fig. 4(a)-(i), the accuracy of the OPT_GBM
simulations is within 1% referenced to the global maximum
(unity) and 2% for the GEO_GBM simulations [see Fig. 4(a)-
(ii)]. Fig. 4(a)-(iii) depicts the local % error within the effec-
tive field size (EFS), defined in [30] as the area within the 50%
SAR at a depth of 10 mm [ in Fig. 1(b)] from the surface of
a plane, homogeneous, muscle-like phantom. Table I(B) shows
the EFS local % errors to be within: i) 2.5% (OPT_GBM); ii)
3.8% (OPT _GBM); iii) 1.9% (OPT _GBM); and iv) 4.6%
(GEO_GBM). These results must be taken in conjunction with
those in Fig. 5 when considering the adequacy of the parame-
ters. Fig. 4(b) shows the 2-D experimental and GBM-simulated
results of relative power at , in the principal -plane,
where is shown in Fig. 1(b).

In Fig. 5 the experimental results are compared with the
various simulations at depth , within the dominant
paraxial region: and . The apparent
errors between experimental and simulated results range 1–3%
compared to the global maximum (unity). The best results are
the OPT _GBM simulations (error within 1%) and the worst
results are the OPT_GBM simulations (error within 3%).
On the other hand, both the OPT_GBM and the GEO_GBM
simulations are similar (error within 2%).

Fig. 6 shows relative (3-D) power in the principal-plane
(similar results, not shown, were observed for the-plane),
computed by means of the initial (INI), optimized (OPT)
and geometrical (GEO) parameters. A plot of errors between
the OPT _GBM and GEO_GBM results is also shown.
Finally, the maximal relative power errors of OPT_GBM,

OPT _GBM and GEO_GBM over the best simulation method
(OPT _GBM) are shown in Table II. From these results, it
is clear that the OPT_GBM and GEO_GBM are closer in
accuracy to the OPT_GBM method than the OPT_GBM
method.

C. Comparison of SMA, CSA, Quasi-Plane, and Plane-Wave
Results

Figs. 7 and 8 depict results that highlight serious errors
that would occur if the aperture field sources are not correctly
modeled. The plane wave results were computed for source
parameters set at 100 (OPT _GBM parameters) and 4
(OPT _GBM parameters) for the quasi-plane wave results
[see Fig. 3(b)] for amplitude.

In Fig. 7(a) the relative power in the muscle-like phantom is
shown for at . It is seen that the ex-
perimental results for the CSA (CSA_Expt) and the quasi-plane
wave results are similar. This is because the phase of the aper-
ture field of the CSA [see Fig. 3(a)] is quasi-plane. On the other
hand, the SMA deposits less power at depth ( mm) than
the CSA. This makes the CSA a preferred choice for superficial
hyperthermia [29] with other applicators [31]–[33] whose EFS
are superior to that of the SMA. The plane wave relative power
at depth is up to twice that of the SMA and about 25% more
than the CSA value. At [Fig. 7(b)] the difference in the
results at depth is worse by a factor of two, approximately.

Fig. 8 shows 3-D OPT_GBM results embracing the paraxial
region for cm in the principal -plane. Similar re-
sults have been observed (not shown) for the principal-plane.
Fig. 8(a) shows the CSA results, Fig. 8(b) the SMA results, and
Fig. 8(c) the plane wave results. In Fig. 8(d) the difference be-
tween the SMA and the plane wave results is observed to be sig-
nificant (over 20%) at depth. This difference would be, at least,
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quadrupled for a four-applicator phased-array system used in
superficial or deep tumor hyperthermia. This is borne out in [10,
Ch. 4] where idealized sources (corresponding to plane waves)
deposit twice as much focused SAR (50%) as the SMA sources
(25%) in muscle, a difference of 100%.

IV. CONCLUSION

This paper has demonstrated how numerical modeling of field
sources for electromagnetic hyperthermia can be improved by
using an experimentally based model, the GBM. As an example,
the EFIE has been linked to the GBM through the aperture and
incident fields for numerical implementations using different al-
gorithms. This link may apply to other field formulations such
as the MFIE, etc.

This paper has presented the advantages and disadvantages
of the two methods for implementing the GBM: 1) the geomet-
rical method and 2) the optimization method. The former has
been used successfully for several years, but is tedious to imple-
ment and relies on well-defined amplitude and phase profiles.
On the other hand, the optimization method is new, accurate,
and fast, requiring measured data of amplitude or power only in
the paraxial region. This new method may be applied to more
complex aperture antennas whose aperture fields are not suit-
able candidates for the geometrical method.

A study of the results showed that at least eight paraxial,
experimental data values must be used in the optimization
algorithm to give good results, comparable to the geometrical
method (GEO_GBM) results. Improved OPT_GMB results
may be achieved by using more than eight experimental data
values (28 in this paper) from the principal- and -planes,
close to and within the paraxial region. A minimum of 20
experimental data values are recommended.

A study of plane wave, SMA, and CSA power distributions
has shown how serious modeling errors may be caused if the
exact phases of the aperture fields are not modeled. These errors
may be compounded when phased arrays are modeled by plane
waves.

In a theoretical study (not included in this paper) it has been
observed that when the optimization algorithm is applied to data
corrupted by white noise set at 10% of the maximum, global
pure data, it can still simulate the original, pure, data to within
4% of accuracy. This is a good result.

Finally, we conclude that the GBM is a viable model for char-
acterizing applicators used in hyperthermia for cancer therapy.
This can be achieved by executing the experimental procedures
outlined in this paper to mimic exact cancer treatment setups.
The source parameters determined by the model from the exper-
imental data are unique characteristics of each applicator at the
allocated frequency of operation. They can be used in numer-
ical algorithms applied to the EFIE, the MFIE, etc. to prescribe
practical aperture and incident fields, thus improving SAR sim-
ulations.
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