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Frequencies of a Truncated Circular Waveguide—Method
of Internal Matching

C. Y. Wang

Abstract—The frequencies of a truncated circular waveguide is deter-
mined using the method of internal matching. Both TE and TM modes are
considered. As the aspect ratio increases, the modes change continuously
from those of a long rectangle to those of a circular waveguide. The TM
modes also describe vibrating membranes.

Index Terms—Cutoff frequency, normal mode, waveguide.

I. INTRODUCTION

The physics of electromagnetic waves propagating in a hollow wave-
guide is mainly governed by the Helmholtz equation [1], [2]. TheE
modes or TM modes satisfy zero boundary conditions and theH modes
or TE modes require zero normal derivatives on the boundary. The
former problem is analogous to the vibrations of membranes, while the
latter problem has no equivalent in mechanical vibrations. The methods
used to solve the Helmholtz equation for various cross-sectional ge-
ometries were reviewed by Ng [3].

This paper concerns the truncated circular waveguide whose cross
section is shown in Fig. 1. This geometry is sometimes used to change
the orientation of the wave axis. Pyle and Angley [4], using a finite
strip method, Sinnott [5], using finite differences, and Levy [6] using
approximations, published the cutoff wavelengths (TE) for aspect ratio
a from 0.7 to 1. Their results, however, differ considerably.

The purpose of this paper is several fold. We extend the published
results to the full range0 � a � 1, while considering the higher
TE and TM modes. In the process, the accuracy of either [4] or [5] is
ascertained. We also introduce a new internal matching method, which
is more efficient and especially suited for this geometry.

II. FORMULATION

The governing equation in cylindrical coordinates(r; �) is
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where all lengths have been normalized by the circle radiusR, u is the
scalar wave function, andk is the normalized frequency

k = 2�R(frequency) (inductivity � capacitivity)1=2: (2)

For TM modes,u is to be zero on the boundary. Due to the geometry,
existing methods are tedious, if not impossible, to apply. The internal
matching method is as follows. Complete the circle by the dashed lines
in Fig. 1(b). Consider the lens-shaped regionAPBP 0A whereP 0 is
the reflection ofP about the lineAB. To ensureu is zero onAB, we
let the fictitious segmentABP 0A be antisymmetrical aboutAB, i.e.,

u(P 0) = �u(P ): (3)
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Fig. 1. (a) Truncated circular waveguide. (b) Coordinate system showing
extended domain.

Noticeu(P 0) is not zero since the field is analytically extended into
the fictitious region.

If point P 0 is at(1; �), trigonometry yieldsP at (�; �) where

� �
p
1 + 4a2 � 4a cos � (4)

� � tan�1
sin �

2a� cos �
: (5)

Now the domain is the full circular region with zero boundary condi-
tions on the solid arcs and (3) on the dashed arcs.

The lowest TM mode is symmetric about� = 0 and� = �=2. We
name this as the firstTMSS mode. The general solution satisfying the
symmetry conditions (1) and bounded atr = 0 is

u(r; �) =

1

n=0

Cn(2n)! cos(2n�)J2n(kr) (6)

whereCn are coefficients to be determined,J2n are Bessel functions,
which decay to zero asr !1, and the factorial is to assureCn to be
of reasonable magnitudes for largen. Let� = cos�1 a. The boundary
conditions are

u(1; �) = 0; � < � �
�

2
(7)

u(1; �) = �u(�; �); 0 � � < �: (8)

We use point match onN points along the quarter circle. Let

�j = (j � 0:5)�=2N; j = 1; . . . ; N: (9)

Truncate (6) toN terms and apply (7) and (8)

N�1

0

Cn(2n)! cos(2n�j)J2n(k)

+
0 � < �j

cos 2n�(�j) J2n k�(�j) � > �j
= 0:

(10)

For nontrivialCn, the determinant of coefficients is set to zero. The
eigenvaluek is obtained by a root search algorithm. Spurious roots, if
any, are rejected by considering the eigenfunctionu.
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TABLE I
WAVEGUIDE CUTOFF FREQUENCY

TABLE II
CUTOFF FREQUENCY FORVIBRATING MEMBRANE

Fig. 2. Natural frequencies of the truncated circular waveguide. Circles denote the results by Sinnott [5]. ——–: TE modes,– – – – –: TMmodes, —�—�—:
approximations of (19) or (20).

The next-order TM mode is antisymmetrical about� = 0 and sym-
metrical about� = �=2. We call this theTMAS mode. Equation (6) is
replaced by

u(r; �) =

1

n=1

Cn(2n� 1)! sin (2n� 1)� J2n�1(kr): (11)

Point match is then applied to (7) and (8) as before. For theTMSA

mode, we assume

u(r; �) =

1

n=1

Cn(2n� 1)! cos (2n� 1)� J2n�1(kr): (12)

For theTMAA mode

u(r; �) = Cn(2n)! sin(2n�)J2n(kr): (13)

In the case of TE modes, the normal derivatives ofu is zero on the
boundary. Using internal matching, we set

u(P 0) = u(P ) (14)

on the dashed arcs. The boundary conditions are thus

@u
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(1; �) = 0; � < � �

�

2
(15)

u(1; �) = u(�; �); 0 � � < � (16)

The lowest TE mode is antisymmetrical about� = 0 and symmetric
about� = �=2. We use (11) for theTEAS mode. The derivative is
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N

1

Cn(2n� 1)!
sin (2n� 1)�j kJ2n�2(k)� (2n� 1)J2n�1(k) ; � < �j

sin (2n� 1)�j J2n�1(k)� sin (2n� 1)�(�j) J2n�1 k�(�j) ; � > �j
= 0 (18)

Equations (15) and (16) then yield (18), shown at the top of this page.
Again, we haveTESA,TEAA, andTESS modes in the form of (12),

(13), and (6), respectively, but with the boundary conditions of (18).
The convergence and accuracy of our solution can be ascertained

by increasingN the number of terms retained. A typical example of
TEAS mode, i.e.,a = 0:7, givesk = 1:715 1:716, and1:716 for
N = 10, 20, and30, respectively. In general,N = 20 is adequate in
obtaining four-digit accuracy. For low values ofa, such as 0.1,N = 30
is sufficient.

III. RESULTS AND DISCUSSION

Table I shows the cutoff frequency for the waveguide (TEAS mode).
Our values fora = 0:7, 0:8, and0:9 agree with the graph published by
Sinnott [5] using finite differences. The lowest TM mode is important
for the cutoff frequency of vibrating membranes and is tabulated in
Table II (TMSS mode).

Fig. 2 shows the frequencies of higher modes. For waveguides, both
TE and TM modes are possible, while for vibrating membranes, only
TM modes exist.

Whena ! 0, the cross section resembles a long rectangle. In this
case, only theTEAS or TESS modes give finite frequency. The exact
values forTEAS modes arek = �=2; 3�=2;5�=2; . . . ; and theTESS
modes are�; 2�; 3�; . . .. Considering an infinite strip of width2a, an
asymptotic formula for the lowestTESA mode can be derived

k =
�

2a
; a! 0: (19)

Similarly, considering a rectangle of2�2a, the lowestTMSS mode is
approximated by

k =
�

2
1 +

1

a2
; a! 0: (20)

Whena = 1, the cross section is a circle. The frequencies are the roots
of either the Bessel functionJn or its derivativeJ 0n [2]. In ascending
order they are: 1.841 (TE), 2.405 (TM), 3.054 (TE), 3.832 (TE and
TM), 4.201 (TE), 5.136 (TM), etc.

Note for smalla, the frequencies are widely separated, which is the
reason why narrow rectangular (or near narrow rectangular) waveg-
uides are used. Fora � 1 (near circle), numerous different frequencies
can be excited. In order to change the orientation of the electromagnetic
waves, the waveguide cross section can be made to change gradually
from a narrow rectangle to a circle then to a narrow rectangle of a dif-
ferent orientation. Fig. 2 shows the transition of frequency and mode
shapes as geometry is changed, and would be useful in the design of
waveguides.

Our method of internal matching is accurate and efficient. In compar-
ison, finite differences would have to contend with curved boundaries
and a much larger system of equations. Of course, finite differences are
more versatile in terms of treating complex geometries.
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A Novel Scheme for Reception Using an Active
Microstrip Antenna

B. N. Biswas, A. Bhattacharya, P. Lahiri, and D. Mondal

Abstract—An unique aspect of the injection-locked active microstrip an-
tenna incorporating a Gunn diode, i.e., the variation of the device current
within the lock band, is exploited for the demodulation of an FM microwave
signal. A simple experimental arrangement has been presented to demon-
strate the demodulation performance of the receiver even in a multichannel
environment. Using two such separate antennas as transmitter and receiver,
a two-way short-range communication system has been demonstrated that
may be suited for certain commercial and military applications.

Index Terms—Active microstrip antenna, current valley.

I. INTRODUCTION

Active microstrip antennas are potentially attractive, offering an ef-
fective alternative to conventional phase and adaptive arrays for a few
commercial applications [1], short-range microwave communication,
local area networks (LANs), microwave identification systems, etc. [2].
Obviously they offer savings in size, weight, cost, and improved effi-
ciency. Recently self-mixing Gunn mounted active antennas have been
reported [2], [3] atL-band for a half-duplex communication system and
atX-band for transceiver and spatial power-combining applications. A
Gunn diode integrated active antenna has the unique advantage of per-
forming the combined functions of transmitter, local oscillator, and a
very low conversion loss mixer [3]. However, the processing of the IF
signal requires additional electronics, particularly for the detection of
an FM signal.

In this paper, we propose a scheme for the reception of a microwave
FM signal atX-band for short-range communication and LANs, using
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the variation of the device current in the lock band of an injection syn-
chronized active microstrip antenna. This approach eliminates the use
of intermediate stages for the recovery of message or data signals, in
contrast to earlier schemes [2], [3].

II. DEMODULATION PERFORMANCE OFACTIVE ANTENNA

A. Active-Antenna Configuration

Fig. 1 shows configuration of the active patch receiver (APRx). A
rectangular patch has been designed by etching on Taconic Substrate
TLY-5, with a relative dielectric constant of 2.2 and thickness 0.7870
mm. The patch antenna is supported from the other side (ground plane)
by a thick aluminum plate to form a good heat sink and a mechan-
ical support for experimental mounting. The dimensions (length=
10:1975 mm and width= 15:06943 mm) of the antenna are fixed [4]
depending on the operating frequency(fo), which, is in our case, is 9.5
GHz. An M/A Com, Burlington, MA (MA 49 104-111) 25-mW Gunn
diode is screw-mounted at a pointl = 4:326 mm (measured from the
top of the patch) on the patch for the highest possible radiated power
from the antenna. DC bias is applied to the diode through an RF choke
realized by means of etching a hi–lo-type two-section transformer.

B. Device Current Well in Injection-Locked Gunn Oscillator

The variation of the device current over the lock-band of an injec-
tion-locked Gunn oscillator (ILGO) resembles [5] the data in Fig. 2.
This happens basically due to the dynamic (i–v) characteristic of the
Gunn diodes, viz.

i = ��v + �v2 + 
v3: (1)

As a result, the average current through the diode is obtained as

Iav = I0 � �hvi2 (2)

wherehvi2 denotes the mean square output voltage of the oscillator.
The frequency dependence of (2) can be explained as follows. When
the open-loop frequency error(
) is zero (i.e., the error between the
free-running and injected signal frequencies), the synchronizing signal
power directly adds up with that of the oscillator as the phase differ-
ence between the two signals is zero. As
 increases, the phase differ-
ence between the two signals increases and the in-phase component of
the synchronizing signal reduces. Hence, the output voltage, i.e., the
locked oscillator output, decreases with
. Therefore, the device cur-
rent increases on both sides of the center frequency, as shown in Fig. 2.
The frequency response characteristic of an ILGO is known to be given
by [6]

1� hvi2
2

hvi2 +



!o=2q

2

hvi2 = E (3)

whereE is directly related to the strength of the synchronizing signal.
The shape and depth of the valley depend on the circuit parameters.
Carefully looking into this current well/valley phenomenon, the fol-
lowing observations can be made. The frequency variation of the in-
coming signal is first converted into amplitude variation of the locked
oscillator, which is manifested as a device current variation. Thus, in
brief

Current Well/Valley Phenomenon

) FM-AM Conversion+ Square Law Detection: (4)

The sensitivities of the active antenna receiver is

S =
�I

�

=

�I

�hvi2
�hvi2

�

: (5)

Fig. 1. APRx configuration showing the location of the Gunn diode on the
patch and the diode biasing arrangement.

Fig. 2. Current valley characteristic as observed for the injection synchronized
active patch oscillator. Variation of the diode bias current with normalized
frequency detuning((f � f )=
) is plotted.

Dependence ofhvi2 on
 is given by (3), which can be rewritten as

p =
E

a2
� (1� a2)2 = f(a2) (say) (6)
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Fig. 3. Experimental setup for observing demodulation by the APRx.

where

p =



!o=2q
and hvi2 = a2:

The Taylor expansion of (6) along with (5) gives the sensitivity of
APRx as

S = ��
!o
q

po
E

a
� 2 (1� a2o)

(7)

a2o corresponds to the power at a normalized frequency errorpo. Using
the above expression, one can also find the distortion components at
the output of the APRx [5].

C. Demodulation Performance

To audit the detection performance of the APRx, an experimental ar-
rangement, as shown in Fig. 3, is made. The patch is biased by using a
broad-band bias T from Anritsu, Tokyo, Japan. The antenna oscillates
at a frequency of 9.866 GHz when the diode bias is 14.2 V. The spectral
purity of the signal is quite good. In the steady state of operation, the
temperature variation of frequency is about 400 KHz around its center
frequency and has a close to carrier FM noise of�99.7 dBc/Hz mea-
sured at 200-kHz offset. A voltage tuning range of 170 MHz is obtained
(power variation<1.5 dB), when the bias voltage is varied from 10 to
14.6 V.

The active antenna is irradiated from a standard gain (18-dB speci-
fied) X-band horn antenna from a line-of-sight distance of 1.0 m and
connected to a microwave frequency generator. A 1.0-MHz sinusoidal
tone signal obtained from a Philips 807/DRF RF oscillator is used to
frequency modulate the microwave carrier. The generator has a fre-
quency sensitivity of 6 MHz/V and peak-to-peak swing of the tone
signal is 40.78 mV. This gives an FM index(�f=fm) of 0.122. The
reception capability of APRx was also tested in a multichannel (two-
channel, in our case) environment. The interfering signal (frequency
separation= 40 MHz) is generated from a Marconi source and power
combined in order to transmit both the carriers simultaneously from
the horn antenna. The oscillator frequency is slightly bias tuned to cap-
ture the desired carrier. Injection-locking phenomenon is observed on
a Spectrum Analyzer by using another similar type horn antenna (cf.
Fig. 3). The lock range is approximately 6.0 MHz at an approximate
locking gain of 20 dB (transmitted carrier power= 10:0 dBm). The

demodulated output is obtained at the output port of the bias T and
its amplitude depends upon the demodulation efficiency of the injec-
tion-locked oscillator, which is adjusted by varying the diode bias. The
bias T has been used for experimental demonstration. However, the
RF choke would have some low frequency rolloff. In actual circuit, it
should be replaced by a low dc resistance in order to have a uniform
response over the demodulation band.

The demodulated signal (in the absence of any interfering signal) is
compared to the original test tone, and an online fast Fourier transform
(FFT) analysis reveals that distortion is only about 1%. However, slight
disadvantage with the present scheme is the reduction in the locking
range, which can be calculated [6] by using the relation


e = 
l � 8�f: (8)

In our case,
l = 6:0 MHz and�f = 0:122 MHz, thus, the effective
locking range reduces to 5.024 MHz.

In the presence of the interfering carrier, the information signal be-
comes heavily corrupted by beat frequency noise, as shown in Fig. 4(a).
The beat frequency noise may easily be removed by using even a pas-
sive low-pass filter. An oscillogram of the filtered signal is shown in
Fig. 4(b).

III. A PPLICATION PROPOSAL

The APRx as proposed here will be very useful for short-range com-
munication, as it is based on the principle of injection locking. Such
proposition will be extremely suitable for indoor or premises commu-
nication and LANs. For duplex communication, it would be suitable
to use two separate active patches as the transmitter (Tx) and receiver
(Rx). A varactor tuned active patch, as demonstrated in [3], and fitted
with a high power diode may be used as the Tx. Data outputs from
computers or multiplexed voice signals for wireless private branch ex-
change (PBX) application are to be applied to the varactor terminal for
frequency modulation of the microwave carrier. Frequency modulation
is also possible by modulating the bias current of the Gunn diode. Bias
modulating an APTx by test-tone signals have frequencies of 1.0 and
2.0 MHz, respectively, and demodulation performance of the APRx is
observed to be quite satisfactory. This demonstrates the possibility of
the proposed scheme. However, the distance between the Tx and Rx
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(a)

(b)

Fig. 4. Demodulation of the test-tone signal in an interfering environment. (a) Signal heavily corrupted by the beat noise. (b) Filtered signal completely removed
off beat noise.

has been reduced to 0.6 m in order to keep the locking range the same
as earlier. This restriction is imposed due to the low radiated power
(25-mW diode,EIRP < 125 mW) by the Tx antenna. Use of a high
power diode (preferably 100 mW), accurate broadside alignment of the
Tx antenna, and low-power diode (10 mW) for the APRx can increase
this range. For the transmission of voice or data signals, this will not
impose much restriction on available locking bandwidth. For two-way
communication, two separate frequency ranges may be used. An ad-
jacent channel may be a signal transmitted from another active patch
transmitter carrying data from a separate hub. Oscillator lock range may
be increased by means of varactor control of frequency and, in that case,
close-circuit video transmission may also be possible.

IV. CONCLUSION

A Gunn diode mounted APRx has been investigated for the re-
ception of FM microwave signals. Current well/valley phenomenon
has been successfully utilized to demodulate the baseband infor-
mation. The carrier is locked on to the patch oscillator by means
of bias tuning (tuning sensitivity�38 MHz/V) the APRx. With
the present system configuration, it is not difficult to realize a
faithful demodulation bandwidth, which can successfully accommo-
date quite a large number of voice or data channels. The unique-
ness of the receiver lies in its simplicity, as it avoids the use of

IF stages. It also works well in a multichannel environment due to
noise filtering property of an ILGO. Due to its simple circuit con-
figuration and similarity in Tx and Rx architecture, an active patch
antenna as demonstrated, is well suited for commercial and mili-
tary application as a two-way microwave communication system.
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High Combining-Efficiency -Band Spatial
Power-Combined Array Using a

Multilayered Packaging
Architecture

Sean M. Duffy and Mark A. Gouker

Abstract—The design of a high combining-efficiency spatial power-com-
bined array is described in this paper. A multilayered stacked stripline ar-
chitecture enables a compact stable design. An array incorporating antenna
active impedance and proper amplifier matching is measured with a com-
bining efficiency of 87%, radiating 6.8 W of an available 7.8 W into the
ideal uniformly illuminated array directivity at 10.1 GHz.

Index Terms—Active arrays, antenna array mutual coupling, MMIC am-
plifiers, multilayered microwave circuitry, power combiners, packaging.

I. INTRODUCTION

The promise of spatial power combining [1] using solid-state de-
vices has been illustrated with designs for high power [2]–[4] and at
millimeter-wave frequencies reported in [5]–[8]. However, the success
of any spatial power-combined array rests on the ability to effectively
combine the output power from a number of solid-state devices. There-
fore, the output circuitry and antenna are a critical aspect to the overall
design. An effective measure of the output of a spatial power-combined
array is the combining efficiency [1], [9].

Previous spatial power-combining efforts have primarily focused
on maximizing output power without as much consideration to max-
imizing combining efficiency [2]–[8]. The best combining efficiency
results inX-band have been 71% [2], [4]. In the work described
in this paper, high combining efficiency is achieved by presenting
the optimum impedance to the amplifier found using a load–pull
technique and by considering active antenna impedance through
inclusion of array mutual coupling with edge effects. In addition, a
compact multilayered circuit architecture is used to minimize line
lengths and associated line loss. An example 4� 4 array design is
presented which has a combining efficiency of 87% at 10.1 GHz.
The design techniques and package architecture described have wider
application than spatial power combining, including phased arrays
and other active arrays.

II. OVERVIEW OF DESIGN

The spatial power combining in this paper combines the outputs from
an array of monolithic-microwave integrated-circuit (MMIC) ampli-
fiers using a circuit-fed tile-approach architecture [4], [7]. The input
signal is distributed by a corporate-fed circuit structure, and the output
signals are radiated to space via cavity-backed microstrip antennas. The
improvement described in this paper is the multilayered stripline pack-
aging architecture shown in Fig. 1(a) and (b). The MMIC amplifiers
are placed on the bottom stripline layer where they can be attached
to the heat sink for proper thermal management and the antennas are
placed on the top stripline layer. The architecture features the isola-
tion of circuit elements using ground-plane-to-ground-plane shorting
vias, the placement of amplifiers in individual closed cavities, and the
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(a)

(b)

Fig. 1. Spatial power-combined array package consisting of two stacked
stripline layers. (a) Side view. (b) Cut-away view.

compactness inherent in the use of multilayered circuitry [10]. In ad-
dition, the multilayered packaging architecture improves the stability
of the active array, an issue that becomes increasingly important when
high-gain amplifiers are employed [10]. The various circuit compo-
nents including the cavity-backed patch, RF stripline layer-to-stripline
layer via, and buried cavity provide an isolated efficient circuit design.

The operating characteristics of the 16 MMICs (TGA8031-SCC,
Texas Instruments Incorporated, Dallas, TX) used in the array design
are large-signal gain of 30.9-dB dc–RF efficiency of 29.7%, output
power of 490 mW with a�10� phase variation. The first aspect to the
improved combining efficiency is load–pull measurements performed
on the MMIC amplifiers in the cavity with a reference plane in the
stripline section just outside the cavity, as shown in Fig. 1(a). This
choice of reference plane bundles the effect of two sets of wire bonds,
substrate, and ground-plane discontinuities, and the cavity-to-stripline
transition. The load impedance for maximum output power at 10 GHz
is approximately90� j 10 
 for the MMIC amplifiers in the array.

The second aspect to the improved combining efficiency is incorpo-
rating the antenna active impedance for a small array with edge effects.
To accomplish this, careful measured and calculated input impedances
of the output circuitry at the load–pull reference plane are found. This
impedance includes the antenna impedance, quarter-wave matching
section, transmission line, and RF via. The antenna active impedance
is calculated using Momentum,1 while the rest of the components use
circuit models [10]. Mutual coupling creates variations in the antenna
impedance across the small array. These variations have two potential
impacts on the array performance. First, they must be accounted for
optimum amplifier matching. Second, left uncorrected, the variations
cause amplitude and phase errors in the radiated signals, leading to re-
duced antenna gain. By knowing the active impedance variations across

1Agilent Momentum, Agilent Technology, Santa Rosa, CA.

0018–9480/00$10.00 © 2000 IEEE
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Fig. 2. Measured and calculated combining efficiency for the array.

the array, the matching network can be adjusted to present90�j 10 


at the reference plane for all elements in the array. In the array, two
matching states are used for the dominantE-plane coupling: one for
the inner elements and one for the edge elements.

III. M EASUREDRESULTS

The figures-of-merit for spatial power-combined arrays have been
discussed in [1]. The effective isotropic radiated power (EIRP) is mea-
sured using the Friis transmission formula for the array in the far field
using a standard gain horn with power meter. The peak EIRP is mea-
sured to be 29.0 dBW. The directivity of a uniformly illuminated array
with 0:8�o spacing is calculated2 to be 20.65 dBi at 10.1 GHz. The
peak effective radiated power is 6.8 W with an available power across
this band of 7.8 W. The combining efficiency is the ratio of the effec-
tive radiated power to the available power of the MMICs [1] leading to
a peak value of 87%, as shown in Fig. 2. The system gain is defined as
the effective radiated power divided by the input power [9] and is 28.3
dB for an input power to the array of 10 mW. The far-field patterns,
H- andE-planes with co- and cross-polarization patterns are shown in
Fig. 3. The patterns demonstrate the nearly uniform illumination of the
array with symmetric sidelobes and well-defined nulls.

IV. TABULATION OF LOSSES

The loss is tabulated for the array design. The loss can be
categorized into three main sources: amplifier load mismatch loss,
circuit loss, and directivity loss. Amplifier load mismatch loss is
the reduction in output power due to not presenting the ideal load
impedance to the amplifier. This loss for a power amplifier is
much more significant than typical small-signal mismatch loss [11]
and requires careful consideration. Impedance transformers were
designed to match to the “typical” or average load impedance,
while the MMICs have some variation about that impedance. In
this paper, every MMIC has been measured, and the deviation
from average has been tabulated. A 2% reduction in combining
efficiency is attributed to this loss factor. The second loss factor,
i.e., circuit loss, is the conductor and dielectric loss of the output
lines, RF via, and radiation efficiency of the antenna. These
losses can be calculated and/or measured usually to a fairly high
degree of accuracy. Circuit loss leads to a reduction in 7% to the
combining efficiency. The final loss factor, i.e., directivity loss,
is the reduced antenna gain due to amplitude and phase errors
at the array elements. The errors may be caused by variation in

2PCAAD, ver. 3, Antenna Design Associates, Leverett, MA.

Fig. 3. Radiation patterns for the array at 10.1 GHz.

Fig. 4. Measured load–pull contours of typical MMIC (contour lines in
dBm) and calculated input impedance of antennas (with mutual coupling
compensation), matching section, RF via and transmission line at load–pull
reference plane.

the amplifier responses either through process variations or due
to antenna mutual coupling. The predicted directivity loss due to
phase errors based on individual amplifier phase variations [12]
is 2%. A measurement of the directivity loss was made with a
near-field measurement of the radiation from the array. Calculation
of the phase and amplitude variations in the plane of the array
shows a 4% decrease to the combining efficiency due to these
nonuniformities.

A system-level loss analysis of the array also agrees with the
measured performance. The input feed line and dividers cause ap-
proximately 2-dB loss, found from individual component measure-
ments. Based on the average amplifier gain, input power, and above
output losses, the predicted output power is 6.9 W with a system
gain of 28.4 dB and combining efficiency of 89%. The close com-
parison of these loss calculations with the above-measured results
provides a degree of consistency with the analysis and measure-
ments.

A final measure of consistency is found from the calculation of
combining efficiency versus frequency. The amount of MMIC power
supplied versus frequency can be found by overlaying the calculated
impedance looking toward the antenna from the reference plane (see
Fig. 1) on the load–pull measurement (see Fig. 4). In this figure,
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contour lines show the MMIC output power as a function of load
impedance. This approximation is valid since the output power and
contour lines are approximately constant over the bandwidth of the
antenna elements. By repeating the overlay process for all 16 elements
and accounting for the circuit and directivity loss, the effective radiated
power is calculated and converted to combining efficiency, as shown
in Fig. 2.

V. CONCLUSION

This paper described a spatial power-combined array using a mul-
tilayered packaging architecture. Efforts to maximize combining effi-
ciency were undertaken due its direct impact on overall system per-
formance. Measured results agree well with predicted values, demon-
strating the concepts and implementation.
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Design of Waveguide Narrow-Wall Short-Slot Couplers

Louis W. Hendrick and Ralph Levy

Abstract—It is shown that the broad-band coupling properties of
narrow-wall short-slot directional couplers and hybrids are due to the
effect of the evanescentTE mode in the coupling region. This causes
a change to the effective phase length of the even-mode circuit, especially
when a central tuning element is used. Using the results of a previous paper
on the formation of an equivalent circuit from the generalized scattering
matrix, an equivalent circuit for the even mode of the coupler is formed,
clearly depicting the effect of theTE mode.

Index Terms—Directional couplers, hybrid junctions, waveguide
couplers.

I. INTRODUCTION

The motivation for this paper arose from the requirement for a large
number of narrow-wall WR51 directional couplers for an antenna feed
network operating in the 20-GHz band with coupling values in the
range of 3–8 dB. Existing design theories in the literature do not appear
to have the required accuracy. Initially, a finite-element field analysis
program (HFSS) was used in an attempt to optimize the dimensions of
the four-port circuit, but this proved to be too slow and failed to con-
verge in a reasonable time. It was necessary to develop means to design
the couplers reasonably quickly with only minor degrees of optimiza-
tion.

A major first step is to perform the HFSS analysis for the two-port
odd and even modes of the symmetrical structure shown in Fig. 1, the
circuit theory of symmetrical four-ports being described in [1]. The
device becomes a good directional coupler when the individual modes
are simultaneously matched. The coupling to port 3 is given by

S31 [dB] = 20 log
10

sin(�=2) (1)

where� is theS21 phase difference between the two modes. Hence, the
condition for this to be a 3-dB coupler or hybrid is that� is close to 90�

[2].
The odd mode has an electric wall at the symmetry plane and is

simple to match. It is also simple to analyze using circuit methods.
However, the even mode has a magnetic wall in the slot region and is
a relatively complex circuit.

Some work on the junction between the terminating waveguides and
the even-mode region has been reported in the literature [3]–[5]. Ref-
erence [3] applies only to common walls of zero thickness, while the
results are presented in a form not readily applicable to an engineering
problem. The attempt to use the results in [2] appears to be incomplete
because it fails to take into account the major effect of interactions be-
tween the discontinuities, which turns out to be of greater importance
than any variation or compensating effect of the phase of the reflected
waves at the ends of the coupling region. The same argument applies to
[4, Sec. 7.7], which (as intended) gives the equivalent circuit of the dis-
continuity without any information on higher order mode interactions.
Reference [5] has been found to give useful results for 3-dB hybrids
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Fig. 1. Waveguide narrow-wall short-slot coupler.

with slight deviations in coupling and band centering, but the error in-
creases for coupling values looser than 3 dB. This is due to more signif-
icant interactions when the coupling slot becomes shorter, as discussed
in Sections III and IV.

A description of a somewhat different version of the short-slot cou-
pler where the coupling slot is less than the full height of the waveguide
is given in [6]. In this case, theTE30 mode is propagating in the cou-
pling region, which is not the case for the “normal” short-slot coupler
considered here. The frequency dependence of the coupling of this ver-
sion of the short-slot coupler [6] is not particularly flat, varying almost
linearly over the band. Other interesting contributions [7], [8] describe
multislot narrow wall couplers having good coupling characteristics.
Further description and other references may be found in [9].

Evidently, the design of a short-slot coupler is a situation where
modern field theory software may be applied to analyze the even- and
odd-mode circuits, followed by derivation of equivalent circuits in
order to facilitate realization of a given coupling value with balanced
coupling over the designated frequency band.

Returning to consideration of the coupler of Fig. 1, the width of the
coupling region is usually considerably less than twice the width of
the terminating waveguides, and transitions are used to match into the
odd-mode circuit. Thus, for theKu-band hybrid to be discussed here,
the slot width is 0.798 in and transitions are required to match from the
0.51-in-wide input waveguides. Inevitably their presence complicates
the analysis and the basic theoretical work concentrated on solving the
problem without transitions, terminating the coupler in nonstandard
narrow-width waveguides. The transitions may be incorporated as a
later refinement.

II. HYBRID DESIGN FOR THE18.25–19.75-GHz BAND

Initial attempts to analyze the even-mode circuit were based on the
formation of transfer matrices of the component parts of the circuit,
including the transition region, uniform coupling regions, and central
capacitive matching element (necessary to match the even-mode cir-
cuit). The product of the transfer matrices should then equal the overall
transfer matrix determined from the overall scattering matrix of the
even mode. However, it was found that the transfer matrix formed from
the component parts of the circuit did not equate to the overall matrix
formed by direct HFSS analysis. Evidently there has to be some evanes-
cent-mode interaction taking place.

The dimensions of a typical hybrid are shown in Fig. 2, and the scat-
tering transfer matrices (STMs) of the component parts of the even- and
odd-mode circuits, i.e., the end discontinuities, connecting waveguides,
and central capacitive matching element, were formed and multiplied
together in the appropriate order to form overall STMs. The same op-
eration was performed on the circuits without the capacitive matching
element to give extra information, which proved to be of some use.

The results for the coupling of the hybrid with the matching element
included are given in Fig. 3, which compares the coupling derived from

Fig. 2. Dimensions of WR51 short-slot hybrid.

Fig. 3. Analyses ofKu-band hybrid: (a) by multiplication of two-port
scattering transfer matrices and (b) by analysis of the entire even- and
odd-mode circuits.

the component STMs with the HFSS analysis of the entire even- and
odd-mode circuits, the latter, of course, representing the correct per-
formance. The deviation of the 31 couplings is seen to be quite large,
and increases with increasing frequency. Inspection of the even- and
odd-mode circuits showed that this was due almost entirely to the lack
of agreement between the even-mode circuits and, in particular, to a
phase difference between the values ofS21, as shown in Fig. 4 (plot
labeled “With Cap.”). This phase difference displays a monotonic in-
crease with increasing frequency, varying from just over 2� at 17.5 GHz
to 10.7� at 20.5 GHz. This is the reason for the worsening deviation with
increasing frequency of the 31 couplings, shown in Fig. 3, since the hy-
brid coupling is dependent mainly on the phase difference between the
even and odd modes, as given by (1).

Calculations were also carried out without the central matching ele-
ment, and the deviations between the transfer phases of the even modes
formed from the component matrices and from the entire structure are
also plotted in Fig. 4 (“No Cap.”). It is seen that the deviations are now
much less. This is a significant result, demonstrating the more severe
interactions between the ends of the coupler and matching element.

III. I NTERACTION HYPOTHESIS

It soon became evident that the significant interaction effects seen
only in the even mode must be due to theTE30 mode below cutoff
at 22.185 GHz, which is not too far above the band of operation. At
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Fig. 4. Even-mode phase error due toTE -mode interaction for the
Ku-band hybrid with and without the central matching element.

Fig. 5. Coupling, return loss, and isolation of the 4.77-dB coupler with and
without theTE -mode interaction.

the upper frequency of 20.5 GHz, the attenuation per unit length of the
TE30 mode, as given by

Atten: = 54:6=�g dB (2)

where the guide wavelength of the mode below cutoff,j�g, is 39.2
dB/in. Thus, within the slot of length 0.549 in, the attenuation is 21.5
dB, equivalent to a voltage reduction of 0.084. This is quite significant,
but at the center of the coupling region is much larger since, here, the
attenuation is only 10.75 dB, corresponding to a voltage reduction of
0.29.

In the case of the odd-mode circuit, the next higher mode isTE40

with a cutoff at 29.58 GHz. At 20.5 GHz, the attenuation here is
98.64 dB/in, which is comparatively insignificant. There is no large
central discontinuity in the odd mode to be of any concern, and the
voltage interaction between the slot ends is only 0.002.

IV. DESIGN OF A4.77-dB COUPLER WITH NO CENTRAL MATCHING

ELEMENT

It has been found possible to design couplers with couplings in the
approximate range of 4.5–7 dB without a central matching element. In
this range, it is possible to choose a slot width to match out the discon-
tinuities at the ends of the even-mode circuit. The form of the nominal
4.77-dB coupler is shown in Fig. 1, with dimensions ofa0 = 0:400 in,

(a)

(b)

Fig. 6. (a) Equivalent circuit normalized element valuesX ,X ,X , andB
for the coupler for the 4.77-dB coupler. — — —:X , ——: X , –�–�–�: X ,
– – – –:�10�B. (b) Normalized impedance valuesZ andjX .

a1 = 0:395 in, andb = 0:05 in with a slot length of 0.495 in. The the-
oretical coupling and isolation are shown in Fig. 5, derived from a com-
plete analysis of the even- and odd-mode circuits, with and without the
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TE30-mode interaction. In the exact case the analysis indicated an iso-
lation>30 dB over the operating frequency band of 18.95–20.95 GHz.
The same coupler was treated as an example in [10], which presents
the theory for the analysis of the even-mode circuit to include theTE30

mode, followed by the generation of an equivalent circuit. Since cou-
plers of coupling looser than 3 dB have slots of shorter length, the in-
teraction effects of theTE30 mode are quite pronounced, even when
there is no central matching element.

The equivalent circuit of the coupler takes the form shown in [10,
Fig. 5]. Values of the elements in this equivalent circuit for several
values of the half-slot widtha1 are shown in Fig. 6(a). It is seen that the
series circuit elementsX1, X2, andX3 have linear frequency depen-
dence over the 18.95–20.95-GHz band, while the shunt elementB has
smooth monotonic variation with frequency. The characteristic imped-
ancesZ02 andX03 shown in Fig. 6(b) are also monotonic, withX03

rapidly increasing at higher frequencies as the cutoff of theTE30 mode
is approached. It is obvious from [10, Fig. 5] that the higher order mode
has more effect at higher frequencies since then the attenuation of the
parallel path is less.

The coupling obtained from multiplication of the individual scat-
tering transfer matrices neglecting theTE30 mode, as shown in Fig. 5,
demonstrates the same increasing deviation with increasing frequency
(compared to the precise analysis) as the hybrid described in Section
III. Calculation of theS21 phase error, as also described in Section III,
gives a monotonic increase from 0.134� to 1.697� over the band, which
agrees with the observed coupling differences. The coupling and iso-
lation of the coupler derived from the equivalent circuit of [10, Fig. 5]
is virtually identical to that obtained by direct analysis given in Fig. 5
here, confirming the validity of the equivalent circuit.

V. CONCLUSION

The flat coupling obtainable in the classic short-slot coupler is due to
the effect of the evanescentTE30 mode in the coupling region, which
has a major effect on the performance. Actually, it appears to be dif-
ficult or even impossible to obtain flat coupling unless this mode is
significant, requiring a defined width of the coupling region so that the
mode cutoff frequency is correctly located. The frequency variation of
the phase “error” caused by theTE30 mode has an opposite slope to
that of the dominant-mode phase, and the resulting phase compensa-
tion results in flatter coupling.

An equivalent circuit for the even mode, based on the formation of
equivalent circuits from the generalized scattering matrix, has been de-
rived, and all of the circuit elements have monotonic variation with fre-
quency. The effect of theTE30 mode is clearly indicated as a parallel
path connecting the input and output ports of the equivalent circuit.

Future work could be carried out to express the elements of the
equivalent circuit in terms of dimensions, probably requiring an appli-
cation of mode-matching theory. Operations on the equivalent circuit,
such as new reference plane locations, may be required.
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Nonlinear Gain Compression in Microwave Amplifiers
Using Generalized Power-Series Analysis and

Transformation of Input Statistics

Hector Gutierrez, Kevin Gard, and Michael B. Steer

Abstract—Two methods are presented for the estimation of gain com-
pression generated by a digitally modulated carrier passed through a non-
linear RF circuit. The first one is based on developing an analytical expres-
sion for gain compression based on the transformation of input signal sta-
tistics. The second one is based on approximated expressions derived from
generalized power-series analysis. The techniques are evaluated by com-
paring measured and predicted gain compression in a CDMA system.

Index Terms—CDMA, gain compression, intermodulation distortion, mi-
crowave amplifiers, nonlinear power amplifiers.

I. INTRODUCTION

Gain compression in nonlinear amplifiers with digitally modulated
signals occurs at lower powers than that for one-tone signals. This is
attributed to the nonunity peak-to-average ratio (PAR) of digitally mod-
ulated signals, with most of the compression being due to the peak
signals. The PAR is a crude characterization of a digitally modulated
signal, and a more accurate representation is to use the auto-correlation
statistics of the signal or to treat the signal as being composed of a large
number of uncorrelated tones. This paper develops expressions for gain
compression with digitally modulated signals using both characteriza-
tions above. Gain compression is derived using a statistical approach
previously used for arriving at the statistics of the signal at the output
of a nonlinearity given the statistics of the input signal [1].

The alternative expression uses earlier research to evaluate the non-
linear response to a multitone signal [2], [3]. This expression has been
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modified to account for the tones being uncorrelated. Gain compres-
sion predicted using the two techniques is contrasted and compared to
measurement.

II. GAIN COMPRESSION OF ACOMPLEX GAUSSIAN SIGNAL PASSED

THROUGH A NONLINEAR DEVICE

A block diagram of the baseband equivalent quadrature modulator
cascaded with a nonlinear element is shown in Fig. 1 [1], with the dig-
ital quadrature modulated signalz(t) modeled as the quadrature addi-
tion of x(t) andy(t) as

~z(t) = A(t)ej�(t) = x(t) + jy(t): (1)

The nonlinear device is represented by the complex power series

~G(z) =

N

i=1

~ai~z
i = ~a1~z + ~a3~z

3 + ~a5~z
5 + . . . + ~aN ~zN (2)

the coefficients of which are extracted from conveniently obtained
AM–AM and AM–PM data, following conversion of an envelope
characterization to a baseband equivalent characterization (see
Section III). It is important to realize that (2) represents a general
nonlinear transfer characteristic, not a gain expression. The procedure
followed here is to calculate the auto-correlation function of the
output of this system by applying an input signal, characterized by
its complex auto-correlation function, to a model of the nonlinearity
described by (2). This section derives a general gain expression
for a modulated carrier passing through a memoryless bandpass
nonlinearity, considering carrier effects. Following the development
in [4], an amplitude- and phase-modulated carrierw(t) with carrier
frequency!c is modeled as

w(t) = A(t) cos[!ct+ �(t)] =
1

2
~z(t)ej! t + ~z�(t)e�j! t

(3)

whereA(t) and�(t) are the amplitude and phase modulation, andz(t)
is the quadrature signal (1). Using the binomial expansion, thenth
power ofw(t) is

w
n(t) =

1

2n

n

k=0

n

k
~z(t)

k

~z�(t)
n�k

e
j! (2k�n)t

: (4)

Consider now only the frequency terms centered at the carrier fre-
quency (this is usually referred as the first zonal filter at the output of
the nonlinearity). This implies2k� n = �1 for oddn only. Equation
(4) then becomes

w
n(t) =

1

2n�1

n
n+1

2
~z(t)~z�(t)

((n�1)=2)

~z(t): (5)

Combining (4) with the complex transfer characteristic (2) yields the
bandpass nonlinear gain expression

~G(z) = ~z(t)

N

n=1

~an
2n�1

n
n+1

2
~z(t)~z�(t)

((n�1)=2)

: (6)

Fig. 1. Baseband equivalent quadrature modulated nonlinear amplifier.

The output auto correlation is then obtained by taking the moments of
(6) as follows:

~Rgg(�) = E ~G(~z1) ~G
�(~z2)

=

N

n=1

N

m=1

~an~a
�

m

2n+m+1

n
n+1

2

m
m+1

2

�E ~z1~z
�

2(~z1~z
�

1)
((n�1)=2)(~z2~z

�

2)
((m�1)=2) (7)

whereN is the order of the polynomial model andn andm are integer
indexes. The evaluation of (7) requires finding a closed-form expres-
sion for the expected value

E ~z
(n+1=2)
1 (~z�1)

((n�1)=2)~z
(m�1=2)
2 (~z�2)

((m+1)=2)
: (8)

A general expression for this expectation can be induced by expanding
(8) for several values ofn andm, and collecting terms of equal order.
This yields a closed-form expression for gain compression

~Rgg(�) = ~Rzz(�)

N

n=1

N

m=1

n!m!

2n+m�2

�

n
n+1

2

m
m+1

2
R
((n+m�2)=2)
zo ~an~a

�

m

= ~Rzz(�)

N

n=1

n!

2n�1

n
n+1

2
~anR

((N�1)=2)
zo

�

N

n=1

n!

2n�1

n
n+1

2
~anR

((N�1)=2)
zo

�

(9)

whereRzz(�) andRgg(�) are the input and output auto-correlation
functions, respectively, andRzo = Rzz(0) is a magnitude proportional
to the average power of the input signalz(t). This is a more general
result than [1, eq. (9)] since none of the expected values of the cross
products (8) are assumed to be zero.

III. N ONLINEAR GAIN COMPRESSIONBASED ON GENERALIZED

POWER-SERIESANALYSIS

Previously, the authors have developed a formula for the phasors at
the output of a nonlinear system described by a generalized power se-
ries (GPS) with anN -tone input [2], [3]. The GPS yields a determin-
istic expression for the output of a polynomial nonlinearity, consid-
ering a multitone input signal. When the input has a very large number
of frequency components (such as in a CDMA signal), evaluation via
power-series analysis might become computationally prohibitive, and
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a statistical description of the input–output transformation such as the
one outlined in Section II is necessary.

A phasor component of the outputYq with radian frequencyfq can
be expressed as a sum of intermodulation productsUq [2], [3]

Yq =

1

n=0 n ;...;n

jn j+...+jn j=n
n f +...+n f =f

Uq(n1; . . . ; nN) (10)

where a set ofnk ’s define an intermodulation product,n is the inter-
modulation order, and

Uq(n1; . . . ; nN ) = K(n1; . . . ; nN ) 1 + T
0(n1; . . . ; nN )

(11)

is given in terms of the intermodulation termK, which, forn 6= 0, is

K(n1; . . . ; nN ) = ~an
n!

2n

N

k=1

(X+

k )jn j

jnkj!
(12)

whereXk is the phasor of thekth input tone, and the saturation term
T 0

T
0(n1; . . . ; nN ) =

1

�=1

(n+ 2�)!

n!22�
~an+2�
~an

�

N

k=1

jXkj
2S jnkj!

Sk!(jnkj+ Sk)!
: (13)

In the above,X+

k = Xk for nk � 0, andX+

k = X�
k , its complex

conjugate, otherwise. TheSk ’s are integer sequences defined by the
summation index�.

Considering only first-order intermodulation(n = 1) enables gain
compression to be described. The correlated component of the output
at frequencyfq due to a multitone input signal (of uncorrelated com-
ponents) of equal amplitudejXkj = jXqj, k = 1; . . . ; N is

Yqc = Kqc(1 + T
0
qc) (14)

whereKqc = ~a1Xq and

T
0
qc =

�

�=1

(1 + 2�)!

22�
~a1+2�
~a1

S ;...;S
S +...+S =�

N

k=1

X
2S
q

(1 + Sk)!
: (15)

Now, if the input is a single tone(q = N = 1), (14) and (15) reduce to

Y1 = ~a1X1 +

�

�=1

b1+2�jX1j
2�
X1 (16)

where the~a andb coefficients are related by

~a1+2� = b1+2�
22��!(1 + �)!

(1 + 2�)!
; � = 1; . . . ; �m: (17)

Thus, (16) is an envelope behavioral model with the effect of the
carrier embedded in the model coefficients. However, an instantaneous
model or baseband equivalent behavioral model, with coefficients~an
obtained using (17) is required to determine the effects of multitone
input signals, including gain compression. The standard nonlinear
gain expression (16) relates a phasor at the input to the phasor at the
output, and corresponds to the complex gain measured in AM–AM
and AM–PM characterization.

The evaluation of (13) in CDMA systems can be computationally
prohibitive due to the large number of frequency components required
to accurately represent the modulated signal. An asymptotic expres-
sion for the compression termT 0 can be obtained by assuming that the
tones of the input signal are uncorrelated and the number of tonesN is
sufficiently large. Thus, the asymptotic saturation termT 0

qc is

T
0
qc =

1

~a1

�

�=1

~a1+2�
(1 + 2�)!

�!21+2�
jXqj

2� (18)

Fig. 2. Prediction of nonlinear compression based on GPS analysis of (13).

and is called the asymptotic gain-compression expression. This expres-
sion does not use the statistical properties of the phase since (18) is an
approximation. On the other hand, the method outlined in Section II
considers phase characteristics when computing the auto correlation of
the output signal since phase is included in the signal model [see (3)
and (4)].

IV. RESULTS AND DISCUSSION

A. Behavioral Model

The AM–AM and AM–PM curves for a 900-MHz CDMA power
amplifier with 23-dB gain were obtained using a single-frequency input
power sweep and a vector network analyzer [1], [5]. A complex power
series of order 13 was fitted to the AM–AM and AM–PM data from
a 900-MHz CDMA power amplifier, using least-squares optimization.
The resulting envelope behavioral model was then transformed into the
baseband equivalent instantaneous behavioral model using (17). The
power-series model was verified by comparing measured and predicted
AM–AM and AM–PM data, as shown in [1].

B. Prediction of Gain Compression

The baseband equivalent behavioral model (1) was first used with the
GPS model (13) to predict gain compression of the digitally modulated
carrier, by simulating the expression for the saturation term(T 0) at
different input power levels.

Due to the computational complexity involved in evaluating (13),
only a few tones were used. Results are shown in Fig. 2, where the
solid line represents measured CDMA gain, and the dashed and dotted
lines correspond to compression factor [T 0 in (13)], calculated for sev-
eral multifrequency inputs whose power match the measured available
power, scaled by the linear gain coefficient~a1. The one-tone result cor-
responds identically to the measured AM–AM characteristic since it
was measured using a single tone. The amplitudes of the phasors in
(13) were derived from the input signal power, considering that tones
were uncorrelated, so that the input power was divided equally among
the tones. This assumption is not sufficient when predicting spectral
regrowth [1]. Compression is expected to occur at lower output power
levels in CDMA signals than in signals that only include a few tones.
This effect is not properly predicted by this model, partly due to the
least-squares process used in determining model coefficients, resulting
in a small residual error in the first-order coefficient. The asymptotic
expression that assumes a large number of input tones (18) was also
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Fig. 3. Prediction of nonlinear compression based on GPS analysis. The
asymptotic expression, i.e., (18), is compared to the exact solution of (13).

Fig. 4. Prediction of nonlinear compression. The exact solution of the GPS
analysis of (13) is compared to the autorrelation transformation method of (9).

simulated and compared to the exact result for four tones, and to gain
measurements. Results are shown in Fig. 3. The asymptotic gain com-
pression (18), while computationally less demanding than the exact so-
lution (13), yields less accurate estimates than the four-tone exact so-
lution due to the approximations involved in (18).

The accuracy of the modeled gain-compression characteristic in-
creases with the number of uncorrelated input tones considered. This
provides important insight into why gain compression with digitally

modulated signals occurs at lower power levels than with a single tone.
With many uncorrelated input tones, gain compression is dominated
by a saturation effect [T 0 in (13)]. Gain compression was also simu-
lated using the auto-correlation method (9), and compared both to gain
measurements and the four-tone simulation obtained from the exact
GPS solution of (13). Results are shown in Fig. 4. The two methods
track each other up to weak gain-compression levels. At high output
power levels, the statistical method underestimates compression since
the output auto-correlation expression [1] could only be expanded up
to ninth order due to the computational complexity involved. Similarly,
the GPS prediction tends to underestimate compression since higher
order intermodulation components(n > 1) in the output signal were
neglected.

V. CONCLUSION

Two methods for the estimation of gain compression of digitally
modulated signals passed through a nonlinear amplifier, modeled by a
complex power series, have been presented in this paper. The first one
uses statistical properties of the moments of the modulated signal to
develop a simple expression for gain compression. The second, based
on GPS analysis, provides two different expressions to predict gain
compression, one based on the exact GPS solution (13), and another
one based on assuming a very large number of tones [see (19)]. Both
methods are qualitatively well suited to predict output power levels at
which compression occurs, and the exact GPS solution can be used
favorably even with relatively small numbers of tones. GPS analysis
has also been used to derive an expression that relates an envelope be-
havioral model (for which parameters are readily available from sweep
continuous wave (CW) tests) with an instantaneous power-series non-
linear transfer characteristic such as (2). These methods provide com-
putational tools to the amplifier designer to predict gain compression
given a polynomial model of the device that is readily available from
AM–AM and AM–PM data.
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