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Abstract—Simple analytic expressions are derived for the
distant field generated by surface currents or via currents in
a three-dielectric-layer parallel-plate structure. These expres-
sions are useful for coupling calculations applied to microwave
multichip assemblies. Their simplicity results from making
low-frequency approximations; however, their accuracy is suffi-
cient for coupling calculations up to millimeter-wave frequencies
in typical structures. They are validated by comparison to nu-
merically determined results. Examination of these equations
reveals some general characteristics of coupling in multilayer
configurations.

Index Terms—Ball grid arrays, coupling, microwave multichip
assemblies, microwave multichip modules, microwave packaging,
multilayer structures, mutual impedance, parallel-plate modes.

I. INTRODUCTION

T HERE ARE many situations in microwave and mil-
limeter-wave packaging where one is concerned with

undesirable coupling between circuit elements. These cases
often involve multiple dielectric layers bounded on the top
and bottom by conducting planes. Examples include stripline
circuits, microstrip circuits with a shield, or modern low-cost
packages such as ball grid arrays (BGAs), multilayer ceramic
packages, or other multichip modules. Circuits usually consist
of surface currents on the interfaces between layers and vias
through layers. When circuit elements are close to each other,
they couple by means of their reactive fields (capacitive or
inductive). When there is more separation, they couple by
means of a propagating parallel-plate wave. This paper is
concerned with the latter.

Calculating the voltage generated at one point due to a cur-
rent at another point (the mutual impedance) can be obtained by
numerical means [1], [2]. This has been done for many years,
and for very complicated structures, it is the best way to pro-
ceed. However, for many cases, a simplified analytic expression
would be good enough, and would lend some physical insight
into the layer characteristics that promote or inhibit coupling.

In this paper, we derive a set of approximate analytic expres-
sions for the electric fields at one point due to surface currents or
via currents at another point. We will focus on the case of three
dielectric layers between two conducting planes, as illustrated
in Fig. 1. We make several key approximations as follows:
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Fig. 1. Three-layer parallel-plate configuration where via and surface currents
at � = 0 generate fields at a distance.

1) source and field points are separated enough that no
evanescent field coupling occurs;

2) conducting planes are sufficiently close together that only
the lowest order parallel-plate mode propagates in the di-
electrics;

3) frequencies of interest are low enough that the parallel-
plate mode is quasi-TEM.

These requirements are satisfied in many practical structures for
frequencies into the millimeter-wave range. The expressions are
derived for fields emanating from short current elements on in-
terface surfaces (electric dipoles) and for uniform currents ex-
tending through any one of the layers shown in Fig. 1. These
current elements could be part of a more complicated element,
e.g., a grounded spiral inductor or a transmission line, or they
could also be equivalent sources for an entire microwave inte-
grated circuit (IC) in a multichip module [3].

In Section II, the simplified expressions are derived. Sec-
tion III shows some verification results. Lastly, we discuss the
implications of these expressions and draw conclusions.

II. DERIVATION OF SIMPLIFIED FORMULA

Referring to Fig. 1, we consider a set of via currents or surface
currents located at the origin creating fields at some distance

where they may couple to other circuit elements. In general,
these currents excite fields that can be expressed as a combina-
tion of TM to -fields and TE to -fields. Exact expressions for
these fields can be written in terms of complicated spectral in-
tegrals [4]. If the cover and ground planes are sufficiently close
together, all the TE fields of the structure are evanescent and,
at large , they decay to a negligible level. This leaves only the
TM fields. These can be written in terms of a-directed mag-
netic potential as follows.
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When the source is an-directed unit dipole at
, the potential at large is

(1)

where , the operator is defined to be the

inverse Fourier transform, and the functions, are de-
fined in Appendix A. For a -directed unit dipole, the derivative
in (1) is taken with respect to rather than .

For a -directed filamentary current, located at and
extending from to with a strength such that

(2a)

where

(2b)

, and is defined in Appendix A. For a
filamentary current located at and extending from
to with a strength such that

(3)

and, as before, the admittance functions is defined in Ap-
pendix A.

Equations (1)–(3) are all rigorous expressions for the TM part
of the fields generated by the current elements described above.
In what follows, we focus on (2). Equations (1) and (3) can be
simplified using the same procedure.

The inverse Fourier transform in (2) can be converted into an
infinite sum with each term corresponding to a pole of
[4]. The pole values of are solutions of and are the
TM parallel plate mode propagation constants. At low frequen-
cies, all such modes are evanescent, except for the lowest order
mode, i.e., the TMmode, which propagates for all frequencies.
For large , only the term in the summation is important as
all other terms have decayed to negligible size. Thus, for large
, (2a) becomes

(4)

where is the residue of at the pole .
Up to this point, the only approximations that have been used

is that all the TE and TM modes excited by the current at
have decayed away at large, except for the mode. This
kind of analysis is not particularly new, and (4) is still very com-
plicated. Next, however, we make more drastic simplifications.

We start by taking the expression for in Appendix A and
rewriting it here

(5)

By assuming , we get

(6)

Further simplification occurs by assuming .
We also rewrite as where

. Equation (6) then becomes

(7)

By setting , we can solve for , the effective dielectric
constant of the mode. This yields the not surprising result

(8)

which is an extension of the two-layer expression found in an
exercise in Harrington’s textbook [5, Ch. 4, Problem 4–13].

The residue in (4) can be determined by examiningin (2b)
and noting that is needed. Taking the derivative of (7)
and using (8) results in

(9)

The residue of can now be simplified to

(10)

where the same low-frequency approximations were used to
simplify as were used to simplify (5). This finally reduces
(4) to

(11)



JACKSON: SIMPLE ANALYTIC FORMULAS FOR NONLOCAL FIELD GENERATED BY CIRCUIT ELEMENTS 1969

which, to repeat, is the potential at largedue to a uniform
filamentary current located a and extending through layer
1 such that .

Similar manipulations of (3) results in the potential emitted
from a unit uniform filamentary current extending through layer
2 with

(12)

Likewise, in (1), the potential due to unit-directed unit elec-
tric dipoles on the surface of substrate 1 can be simplified to

(13)
(For a -directed source dipole, the derivative is taken with re-
spect to rather than .) Although (11)–(13) only give the po-
tential at , the potential is due solely to the par-
allel-plate mode and, thus, can easily be written for allin terms
of the potential at (See Appendix B).

The electric fields at the observation point can be exactly re-
lated to the potential by

(14a)

(14b)

where or depending on the electric-field component
desired. The index depends on the layer in which
the observation is being made. The electric-field functions are
still somewhat complicated, but if we again make use of the

the potential, becomes independent ofto the
lowest order. If, in addition, we write in terms of , (14a)
and (14b) simplify to

(15a)

(15b)

(15c)

where is valid at all and are valid only on the
dielectric interfaces.

Equations (11)–(13) and (15) are the principle contributions
of this paper. Similar low-frequency approximations have been
made to simplify the surface-wave field launched from a surface
current on an open dielectric slab [6].

III. V ERIFICATION

The following examples will be used for validation of the
simplified formula presented above. Consider first the-field

Fig. 2. Comparison of the frequency response of the normalized electric field
calculated analytically (—) using the simplified equations and numerically(��
�). Results show fields generated by a surface current(E ) and by a via
current(E ) when the layer structure isd = 0:4 mm, " = 4:4, d =
0:7 mm," = 1, d = 0:375 mm," = 9.

in layer 1 due to a -directed current passing through layer
1. Using (11) and (15a), we get

(16)

where is calculated from (8). As a second example, consider
the -field excited in layer 1 due to an-directed current of
length located at on the surface of layer 1. Assuming
that the observation point is and , (13) and (15a)
result in

(17)

where . Equations (16) and (17) are very simple
equations. They can be evaluated using a calculator if the large
argument approximation to the Hankel functions is made. De-
fine the normalized field and to be the expressions that
result when (16) and (17) are divided by and ,
respectively. In addition, assume that and both equal
1 A mm. Fig. 2 plots and versus frequency for a layer
structure consistent with what can be found in a BGA [7]. Fig. 3
plots and for a layer structure that is representative of
monolithic microwave integrated circuits (MMICs) in a multi-
chip module if there is a uniform sealant layer.

To validate these equations, we also plot the more rigorous
evaluation of at based on (4) and (14a). The residue
of the full transcendental function was evaluated numeri-
cally. The -mode propagation constant was evaluated
by numerical solution of , where is given by (5).
The reader is reminded that the only assumptions made to get

from (4) and (14a) is that the all TE and TM fields, except
the mode are evanescent and have decayed to negligible
levels at the observation point. at was evaluated in
the same manner. These more rigorous evaluations ofand
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Fig. 3. Normalized electric fields generated when the layer structure isd =

0:1 mm," = 12:9, d = 0:1 mm," = 3, d = 0:3 mm," = 1.

are noted in Figs. 2 and 3 with a dashed line. For frequen-
cies below 30 GHz, the agreement with the approximate calcu-
lations is better than 10%. The worst agreement is for the first
layer set when the source is a-directed current. Errors were
under 20% at 45 GHz. In many applications, it is only neces-
sary to know the coupling to within several decibels, and 20%
error is quite acceptable. In addition, if the effective dielectric
constant is determined from the numerically evaluated
rather than from the approximate equation (8), then the 20%
error at 45 GHz drops to under 4%.

IV. DISSCUSSION

Simple expressions such as (11)–(13), and (15) are not only
convenient to use, but they also give some insight into coupling
between circuits in different parts of a structure. For purposes of
calculating coupling within a multichip module, most radiating
circuits can be approximated by a few electric dipoles [3]. Thus,
the equations developed here will apply.

Using (16) and (17) as examples, we note that the field (and,
thus, the coupling) from vias increases proportionally with fre-
quency, but the field from surface currents increases like the
square of frequency. By setting to one the magnitude of the ratio
of (16) to (17) and recalling that, at large distances, the magni-
tude of the Hankel function and its derivative are equal, we find
that the effective length of a surface current needed to emit
a field equal to the field emitted from a single via is

(18)

Thus, for example, the layer structure described for Fig. 3 has
an effective dielectric constant of 1.46. At 5 GHz, it would take
a surface current as long as ten substrate thicknesses to radiate
as effectively as a via through the substrate. The conclusion is
that vias are an important source of coupling.

Equations (13) and (15b) show an interesting characteristic of
coupling to surface currents. If the layer structure is chosen such

that the effective dielectric constant of the parallel-plate
mode is equal to the dielectric constant of substrate 1, then there
will be no coupling to or from surface currents on the surface of
substrate 1. As one would expect, (15c) shows the same effect
for currents on the surface of substrate 3 if . For ex-
ample, if the layer structure used for Fig. 2 were changed such
the and , then the effective dielectric con-
stant will turn out to be 1.86 as well, and there will be no cou-
pling to surface conductors on layer 3. There, however, will still
be coupling between vias or between vias and surface currents
on substrate 1. This type of design may be useful in some appli-
cations. The reader is cautioned that reactive field coupling will
still occur, and that these conclusions are subject to the assump-
tions made in deriving (15).

Although the equations developed here assume a structure of
infinite lateral extent, they also have ramifications for enclosed
structures. If a rectangular package can be modeled as having
either electric or magnetic sidewalls, then the field at a point in-
side is due to the field generated by the enclosed currentsplus
all the fields generated by images of the generating current in
the enclosure side walls. Equations (11)–(13) and (15) would
also apply for calculating the field from the images. Therefore,
the degree of coupling within an enclosed package is also pro-
portional to the factors present in the simplified equations.

V. CONCLUSIONS

A set of simple analytical equations has been derived for ap-
proximating the distant field generated by surface currents or
vias in a three-layer parallel-plate structure. Such structures may
be found in modern multilayer multichip microwave modules.
The equations are valid at frequencies where only the lowest
order parallel-plate mode is propagating. The effect of the layer
structure on coupling between vias and surface currents is made
evident by these equations.

APPENDIX A

The following quantities are often used in deriving spectral
Green’s functions in multilayer dielectrics. The derivation tech-
nique was originally developed by Itoh [2]

(A1)

(A2)

(A3)

APPENDIX B

The magnetic potential for a TM field in a three-dielectric-
layer parallel-plate waveguide is shown in (A4) at the top of the
following page.
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(A4)
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