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Abstract—An approach to hybridization of the method of mo-
ments and the finite-difference time-domain method is investigated
in this paper. This hybrid method is capable of analyzing a system
of multiple discrete regions by employing the principle of equiva-
lent sources to excite their coupling surfaces. The case of multiple
sources in the presence of scattering objects is discussed. To de-
velop the approach and test its validity, some examples are given
using the same numerical method in multiple regions: the results
compare well with other available data. The theory of the heteroge-
neous hybrid method is then developed and validated. It is shown
that this technique has the great advantage of accurately mod-
eling complex and arbitrarily oriented mobile telephone handset
antennas in the proximity of a detailed voxel representation of the
human head, as required for safety and radiation pattern assess-
ments.

Index Terms—Bioelectromagnetics, computational electromag-
netics, finite-difference time-domain method, hybrid methods,
method of moments, mobile telephones, safety.

I. INTRODUCTION

T HE frequency-domain method of moments (MoM) and
finite-difference time-domain (FDTD) method are widely

used for analyzing complex electromagnetic problems. Treating
electrically large and/or penetrable structures with the MoM
requires extensive computational resources, while accurate
models of wire and curved structures are difficult to implement
in the FDTD method. A hybrid method was thus developed that
allows efficient analysis of situations involving such structure
combinations. Hybrid methods operating entirely in the time
domain have been reported in the literature [1], [2], but the
time-domain MoM is not at the state of maturity and flexibility
of the frequency-domain version. Thus, this paper ultimately
addresses the problem of hybridization of the FDTD method
with the frequency-domain MoM—both familiar “industry
standard” techniques. The problem is divided into separate
regions, each of which may be modeled by the most suitable
method (e.g. MoM for man-made devices, FDTD for biological
tissues). The coupling between regions is accounted for by
employing the equivalence principle on the bounding surfaces.

To test the concept, the authors’ frequency-domain version
of the MoM [3], [4] was used. This employs Galerkin’s solu-
tion with polynomial basis functions in the analysis of struc-
tures consisting of wires, strips, and conducting surfaces of ar-
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Fig. 1. Basic structure of the problem.

bitrary shape, combined with small regions of inhomogeneous
dielectric. It is, however, also possible to interface with industry-
standard codes such as the Numerical Electromagnetics Code
(NEC) [5], [6]. The number of iterations required for the solu-
tion to converge was investigated, as this could have a crucial
effect on the viability.

II. V ALIDATION AND TESTING OF THEHYBRID TECHNIQUE

As a first step in developing the technique, the same computa-
tional electromagnetics (CEM) formulation was applied in sep-
arate regions, linked via equivalence-principle surfaces. After
the techniques had been developed and proven, heterogeneous
sets of formulations were investigated.

A. MoM in Two Regions

Consider the geometry of the problem given in Fig. 1. The ge-
ometry can be subdivided intoregions provided there are no
physical attachments between them. Each region can be repre-
sented as a source or scatterer. Since the problem space is di-
vided into regions, subdomains can be created by intro-
ducing closed surfaces (for , enclosing each
region. Each subdomain can then be treated separately as fol-
lows.

Initially, each source region is solved (using a preferred CEM
method) for the induced current, assuming the region to be in
free space. The induced currents in that particular region are
used to evaluate the fields on the enclosing surface. The fields
due to all source regions are then used as excitation sources for
the scattering due to all of the regions. The induced currents
in each scatterer region are used to compute the back-scattered
fields on the closed surface surrounding that region.

The effect of the back-scattered fields on a region containing
a source was accounted for as impressed excitation fields in the
source region. The new induced currents in this source region
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Fig. 2. Input impedance of0:47� dipole adjacent to a slab of simulated human
brain material (MoM/MoM coupled regions and single MoM treatment [3]).

were used to obtain excitation fields in all other source and scat-
terer regions. Scatterer regions were dealt with in the same way.
An iterative procedure was then used to obtain convergence of
the results for the interaction between the regions. This multiple
reaction iteration scheme can be stated in mathematical form,
taking as an example, the MoM expression for the current in
terms of the induced electrical currents. The induced currents in
the region at the th iteration are given by

(1)

where is the free-space current of region. This current is
zero if this region is considered to be a scatterer region.is the
current test function on region, is the scattered field due to
the test function , is the field due to the test function ,

is the induced current in region, is the iteration number,
and is the inner product of and . The second inner
product of (1) is the excitation vector due to the region.

The current , due to the fields on the surface enclosing
region , can be expressed as follows:

(2)

where and are the equivalent electric and magnetic
currents on the surface.

Two examples may be used to test the method:
Example 1: Fig. 2 shows the input impedance of a dipole of

length and radius , located adjacent to a slab of
simulated human brain material, for different distances between
their centers. The slab has dimensions ,
relative permittivity 41.3 and conductivity 0.83 Sm. The re-
sults of the hybrid method, using two separate coupled MoM
regions, are in excellent agreement with results using a single
MoM region [3].

Example 2: Three parallel dipoles of length and ra-
dius were considered in order to test the validity of
the hybrid method with multiple sources (Fig. 3). Each of them
was treated as being within a separate domain and two of them
were excited by delta source generators of amplitude
V. The input impedances versus the number of iterations are
shown in Figs. 4 and 5. Rapid convergence is observed within

Fig. 3. Antenna geometry of MoM/MoM Example 2.

Fig. 4. Input resistance of the source dipoles in Fig. 3.

Fig. 5. Input reactance of the source dipoles in Fig. 3.

a few iterations. The impedances obtained were
and for Sources 1 and 2 respectively. A separate
(single region) MoM model of the system was also run, giving
corresponding impedances of and , thus
confirming the accuracy of the two-region result.

III. H ETEROGENEOUSHYBRID (MoM/FDTD) TECHNIQUE

Fig. 6 shows an outline diagram of the iteration flow-chart
for the proposed MoM/FDTD hybrid method. In this method,
the frequency-domain version of the MoM is used and, hence,
simple Fourier transforms (including phase information) have
to be applied between each iterative step. The source and scat-
terer are located in two separate regions. The induced currents
for the source region are obtained, excluding the effect of the
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Fig. 6. Iteration flow-chart for MoM/FDTD model.

scatterer, using the frequency-domain version of the MoM. The
fields due to these currents are obtained on the closed surface
(Huygens surface) [7] that separates the source from the scat-
terer. Oscillating with respect to a reference phase of the source,
these fields or their equivalent surface currents are converted to
time-domain excitation incident fields or current sources using
an inverse discrete Fourier transform. The FDTD algorithm is
now executed with these time-domain sources to obtain the in-
duced currents on the scatterer. The back-scattered fields on the
source side of the Huygens surface are considered to be the exci-
tation sources for the source region. These fields or their equiv-
alent current sources are transferred to the frequency domain
using a discrete Fourier transform, in which the phase differ-
ence relative to the reference phase of the source is taken into
account. The MoM is then used in reverse to evaluate the in-
duced currents on the source region due to both the source ex-
citation region and the induced equivalent-current sources from
the FDTD method. The method is repeated until a steady-state
solution is obtained.

A. Theory of the Method

Firstly, consider Fig. 7, which shows (as a general example)
two source regions (1 and 2) and one scatterer region. The
source regions are bounded by the equivalence-principle closed
surfaces ( , ). The method starts by applying the MoM
for each source separately (assuming internal excitation exists
in each source region). The fields on the equivalence-principle
surfaces can then be computed using the previously cal-
culated currents in each region. Thus, the excitation surface
currents that are required to run the FDTD, including the
scatterer region, can be evaluated as follows:

S (3)

S (4)

where and (for , ) are the scattered electric
and magnetic fields on the equivalence-principle surfaces
( , ), respectively. and are the equivalent surface
currents on the equivalence-principle surfaces, respectively.

is the th unit vector directed outwards from theth closed-
surface .

Thus, these currents are treated as the source in the FDTD
domain, propagating fields to the scatterer by using theand

time-domain equations. The scattered regions are considered
to be inside each of the equivalent closed surfaces shown in
Fig. 7, whereas the total fields are considered to be exterior to

Fig. 7. Basic structure of the hybrid MoM/FDTD formulation in multiple
regions.

the equivalent surfaces (other configurations of the surfaces are
possible: those which minimize the size of the Huygens surface
are normally the most efficient). Thus, the time-domain equa-
tions on the surfaces (for , ) can be stated as follows:

(5)

(6)

The resulting difference equations for the electric- and
magnetic-field components, based on (5) and (6), are given in
[8] by applying the total-field/scattered-field formulation. The
back-scattered fields for each source region were computed by
FDTD at ( th closed-surface interior to the surface and
bounding theth source region). These fields for theth source
region include the effect of the scatterer and source region
(where ) and, hence, each source region will be treated
separately to determine the new current distributions using the
MoM as follows.

The th equivalent surface currents due to these fields that
represent an additional source to the MoM domain are given by

(7)

(8)

where and (for , ) are the back-scattered electric
and magnetic fields on the equivalent surfaces( , ),
respectively. and are the equivalent surface currents on
the equivalent surfaces ( , ), respectively.

Now, the voltage back-scattered (the excitation for the MoM)
on the th source region can be evaluated using the reciprocity
theorem

for

(9)

where and are the electric and magnetic test fields of the
th source region. If the cell meshing used in the FDTD region

is very small compared with the operating wavelength, (9) can
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Fig. 8. Model used to test the hybrid MoM/FDTD method: a dipole adjacent to a thin dielectric slab.

Fig. 9. Convergence of the real part of the total current along the dipole versus
segment number compared with a pure-MoM solution for the same problem [3]
and a pure-MoM model of the dipole in free space.

be simplified and discretized by changing the surface integral
to summation over the cell outer surfaces and evaluating the
voltage back-scattered, corresponding to the center of the cell
surface; thus,

for (10)

where is the th position vector of the center of the cell
surface , is the total number of the cell surfaces on

Fig. 10. Convergence of the imaginary part of the total current along the dipole
versus segment number (with comparisons as in Fig. 9).

the th equivalent surface , and is the surface area of
the cell.Therefore, and are considered to be theth
equivalent surface currents at the center of the cell surfaceof
the equivalent closed surface . Since the excitation voltages
of each source region are known, the MoM can be executed to
compute the new currents (for each source region) and the pro-
cedure can be repeated until the steady-state solution is reached.

B. Results

Several examples were simulated as follows to test the pro-
posed method.

Example 1: In this example, the field induced in a thin slab
of simulated brain material was studied; the slab had dimensions
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(a) (b)

Fig. 11. Computed SAR distribution in a plane through the center of a sphere adjacent to a dipole (SAR expressed in dB, normalized to the maximum SAR) (a)
Hybrid MoM/FDTD (max. SAR, normalized to 1 W radiated= 14:5 dB). (b) Pure FDTD (max. SAR, normalized to 1 W radiated= 15:6 dB).

(a) (b)

(c) (d)

Fig. 12. (a) Geometry of the 1710-MHz helical antenna on a metal box simulating a handset (dimensions in mm). (b) SAR distribution (normalized to maximum
SAR) over horizontalx–y-plane of the realistic head through the maximum SAR point, adjacent to helical antenna handset rotated by 30�. (c) As (b), for vertical
y-z plane. (d) As (b), for verticalx–z-plane within head, 2.5 cm from side nearest to handset.

and was inserted into the scatterer re-
gion. As shown in Fig. 8, the separation distance between the
dipole and dielectric was chosen to be . Figs. 9 and 10

show that the solution for the real and imaginary parts of the
total current along the wire antenna converges in four iterations
of the hybrid method. Also, the figures show standard single-do-
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main MoM solutions for the current distribution when the dipole
is in free space and when the dielectric is included [3]. Good
agreement between the results of the two methods is observed,
taking account of the very different treatments used to represent
the dielectric. The geometrical configuration chosen for this ex-
ample was such that the scatterer region, modeled by FDTD,
was a sub-domain within a larger MoM region. For situations
involving coupling between a small source and a relatively large
dielectric mass (e.g., between a mobile telephone and the human
head) the most efficient strategy is to make the MoM source
region a sub-domain within the scatterer’s FDTD region. This
minimizes the size of the Huygens surface and, hence, mini-
mizes the computational task.

Example 2: A half-wavelength dipole antenna of radius
1 mm was modeled using the MoM at an operating frequency
of 900 MHz. This was placed within an equivalent Huygens
surface of size 10 10 70 cells, modeled inside the FDTD
problem space, which was of size 138112 112 cells with
a cell size of 2.5 mm. A biological sphere of radius 20 cm was
modeled with the following electrical properties: ,

S/m, kg/m . The distance between the
sphere and the dipole was 0.5 cm. The perfectly matched layer
(PML) absorbing boundary condition (ABC) [9] was used,
with a thickness of six cells. The specific absorption rate (SAR)
distribution calculated using the hybrid method is given in
Fig. 11(a), which is in excellent agreement with the result of
a homogeneous FDTD simulation, shown in Fig. 11(b): in the
FDTD model, the same cell size was used with a dipole feeding
gap of 2.5 mm. Using the hybrid method, and normalizing to
1 W radiated from the dipole, the power absorbed in the bio-
logical sphere was found to be 734.24 mW, the maximum SAR
in any cell was 28.93 W/kg, and the maximum SARs averaged
over 10 and 1 g were 9.443 and 15.43 W/kg, respectively. The
input impedance of the dipole changed from to

in the presence of the sphere. The hybrid method
converged after three iterations: the maximum SAR found after
the first iteration was 29.57 W/kg, which is only 2.2% different
from that of the third iteration.

Example 3: A normal-mode helical antenna mounted on the
top corner of a metal handset box was investigated in the pres-
ence of a realistic head image, taken from a magnetic resonance
imaging (MRI) scan of a real human head. The image has a res-
olution of 0.909 0.909 1.480 mm and is segmented into 13
different tissue types [10].

Fig. 12(a) shows the geometry of the MoM-modeled handset:
point corresponds to the projection of the ear canal on to the
metal box. The helical antenna, having 5.2 turns, is modeled
by using curved segmentations [4] and it was driven at 1710
MHz by a delta-gap generator at its base. The wire radius is
0.4 mm and radius of the helix and pitch distance are 2 and
2.5 mm, respectively. The dimensions of the box are 120 mm

55 mm 20 mm and it is located 5 mm from the head such
that the local horizontal axis (ear to ear) of the head is 30 mm
below the top surface of the box. The distribution of the SAR
in orthogonal slices of the head for the case where the handset
is rotated by 30 is shown in Fig. 12(b)–(d). The rotation is
about the -axis in Fig. 12(a) and is in such a direction as to
bring the handset into a “natural” pose: it would be virtually

Fig. 13. Near-fieldE distribution along thez-axis atx = 0, y = 1:5, 2, and
3 cm for the helical antenna handset in free space, using the hybrid MoM/FDTD
method (head region represented as free space), and compared with NEC [5].

impossible to model such a helical antenna in this pose using
pure FDTD. The near fields of the helical antenna handset,
computed without the head, but retaining the FDTD region
as free space, are presented in Fig. 13, whereis displayed
versus the distance in the-direction at distances of 1.5, 2,
and 2.5 cm, respectively, in the-direction, at . Very
good agreement with the industry-standard program NEC [5]
is obtained. The radiation patterns for a vertically positioned
helical antenna handset, obtained using a frequency-domain
near- to far-field transformation of the hybrid method, with
and without the head, are shown in Fig. 14.

IV. CONCLUSIONS

The hybrid treatments of the electromagnetic behavior of cou-
pled multiple regions using both homogeneous and heteroge-
neous CEM formulations have provided stable and accurate re-
sults. The results of test cases were in excellent agreement with
published results and physical expectations. The number of iter-
ations required to account for the multiple reactions between re-
gions was investigated: rapid convergence was found for struc-
tures consisting of two or more regions.

The method is particularly useful for analyzing complex
problems involving coupling between antennas and dielectric
volumes, especially biological tissue. This is because it permits
the computationally efficient FDTD method to be used for the
dielectric, but the MoM, which represents conducting structures
more accurately, for the antenna. Thus, it can be concluded
that the hybrid MoM/FDTD technique is very good for safety
assessment and field simulations of arbitrarily oriented mobile
telephones using helical antennas, as are increasingly being
used as the main antenna in commercial mobile telephone
handsets.

Depending on the problem investigated, it appears that, in
general, only two or three iterations are required for conver-
gence and it would appear that five might be expected to be
a realistic maximum. Thus, bearing in mind the need to run
two different models and handle the coupling between them, the
computational cost of the hybrid technique is roughly between
four and ten times that of a comparable FDTD simulation that
uses the same cell size: this is normally within the capability of
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(a) (b)

(c) (d)

(e) (f)

Fig. 14. E andE far-field components in decibels for vertically oriented helical antenna handset with and without realistic head. Scale: dBV/m normalized
to 1-m distance with 1-V drive to antenna. (a) Azimuth patterns(� = 90 ). (b) Azimuth patterns(� = 90 ). (c) Elevation patterns(� = 90 ). (d) Elevation
patterns(� = 90 ). (e) Elevation patterns(� = 0 ). (f) Elevation patterns(� = 0 ).

modern computers. On the other hand, the hybrid method is able
to model problems with curved arbitrarily oriented structures in

the vicinity of inhomogeneous materials, which is not possible
with any other method.
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