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Abstract—In this paper, a method available for accurate mea-
surements of lossy liquids is presented, tested on standard mate-
rials, and compared with the perturbation technique commonly
adopted in cavity measurements. The method is based on numer-
ical solving a complex characteristic equation. Realization of the
method was done using anE010 cylindrical cavity. Results show
that measurement errors may be decreased with application of the
method presented. The method excludes uncertainties in complex
permittivity determination when material has losses and high per-
mittivity.

Index Terms—Biological liquids, cylindrical cavities, losses, per-
mittivity measurement.

I. INTRODUCTION

A CCURATE microwave (MW) methods for complex per-
mittivity measurement are needed in the investigation of

bio-materials, application in medicine, industry, and simulation
of interaction a radiation with the human body, etc. [1]–[13].

It is known that bio-materials are often liquids (blood, lymph,
physiological solutions, etc.) or presented and investigated in
solutions (proteins, carbohydrates, and lipids). Such bio-liquids,
having in its basis water, are characterized with high values of
permittivity. Also, most bio-liquids have significant losses at
MW frequencies. The electromagnetic properties of these ma-
terials are sensitive to the temperature [1], [3], [13].

In measurements of complex permittivity of bio-materials
at MWs, different modifications of waveguide and transmis-
sion-line methods have been successfully used [2], [5]–[9]. As
alternatives to the above mentioned, the methods using cavi-
ties have also been applied for complex permittivity measure-
ments [10]–[14], [20], [21]. The first group permits processing
measurement at continuos and wide frequency band, while the
second one is characterized with higher measurement precision
and convenient for measurement of small quantities of liquids.
Basically, in measurements using cavities, the perturbation ap-
proach is commonly applied, which is characterized with lim-
itation on permittivity and losses values as well as sample di-
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mensions [1], [14], [21]. The method suggested is based on the
resonator’s technique. However, it is freed of the principal lim-
itations inherent perturbation approach due to direct numerical
solving of a complex characteristic equation.

II. FORMULATION

A. General Formulation for Model

The perturbation technique and their modifications permit to
link via simple formulas changes in the resonant frequency and
loaded factor determined by sample presence with its com-
plex permittivity [1], [21]. The formulas are obtained by lin-
earization of rigid integral equations, with respect to cavity and
sample geometry [18], or expansion into a power series for func-
tions of a nonlinear characteristic equation using first terms only
[21]. However, in those papers, estimating formulas for the re-
mainder terms were not be presented. Consequently, a validity
of the complex permittivity values is open for a discussion if ma-
terials have high permittivity and loss tangent. In these cases, ad-
ditional systematic measurement errors may reach several per-
cents in permittivity value [15].

A model presented below has no restrictions in complex per-
mittivity values of materials under testing and takes into account
losses in cavity walls, as well as an influence of coupling ele-
ments.

In this section, the relationship between electrical parameters
of a cavity with a dielectric sample to be measured and complex
permittivity of the same material is considered.

At first, it is necessary to relate an unloaded resonant fre-
quency with complex natural frequency of the mode resonated
from an analysis of a forced oscillation problem of cavity
volume with a sample to be tested. In this analysis, normal
orthogonal functions of the cavity are used. Relationship
between the resonant frequency of an unloaded cavityand
the real part of complex natural frequency of the mode
resonated may be obtained with respect to losses in the cavity
walls [16], [17]. The relationship is valid for a cavity having
arbitrary shape and can be written in the following form:

(1)

where denotes

(2)
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and is a skin layer depth and is a complex amplitude of
the magnetic field being a natural function of a cavity volume
with a dielectric sample. is obtained by the field-matching
method for the case of walls without losses and is a tan-
gential component of at the resonator walls.

The imaginary part of complex natural frequency is calcu-
lated from

(3)

where is the factor dependent on losses in the sample
measured only with

(4)

where is the unloaded factor of the cavity with a sample,
is the partial factor determined by losses in cavity walls,

and is determined by

(5)

It must be pointed out that an imaginary part of complex nat-
ural frequency according to (3) is determined by losses in
material under test only and does not include losses in cavity
walls or external losses.

It should be mentioned that and are rigorously iden-
tical to each other for a volume without losses or for a volume
with uniform lossy filling, but they are different, in the general
case, for a nonuniform lossy filling [17].

Note that and are depended on the complex permit-
tivity value of a sample to be measured. Hence, behavior of
and with the complex permittivity value of a sample should
be investigated with respect to the type of mode used, sample,
and cavity configurations. The situation will be discussed in
Section II-B for conditions used in measurements carried out
below.

The presence of coupling elements provides additional fre-
quency shift, and neglecting this effect may cause some sys-
tematic error in complex permittivity measurements. To eval-
uate this effect, the method of equivalent circuits is applied [18],
[19] For the case of a two-port coupled cavity, it gives

(6)

where is the measured resonant frequency of the loaded
cavity, and are reactances normalized to system
impedance, and and are external factors of input
and output circuits, respectively.

Secondly, it is necessary to link the complex natural fre-
quency of the mode resonated and the complex permittivity of
the material to be measured. It may be done analytically for the
cavity with a dielectric sample via a characteristic equation if
the cavity volume and sample have a simple geometry, thus, the
configurations of the resonator and sample under testing should
be chosen to minimize possible measurement error caused by
the model approximation.

Fig. 1. CylindricalE cavity with a sample placed on the axis of the cavity.

Fig. 2. Example of a location of the minimum for an absolute value of function
(7). The value of" in the minimum is relative complex permittivity of the
measured liquid. The liquid is 0.6% gelatin water solution at 23�C in a glass
tube. Complex permittivity of the glass is" = 6:815 � 0:0897j. Inner and
outer tube radii are 0.293 and 0.897 mm, respectively. Cavity radius is 38.189
mm. Value" in the minimum is evaluated as68:44� 11:18j for this sample
at 3 GHz.

B. Model Realization Using Mode

For realization of the model satisfying the above demands, the
mode of the cylindrical cavity is used. The configuration

of the resonator containing a material under testing is shown in
Fig. 1. The reasons in favor of such a choice are as follows.

1) The configuration permits to obtain a relationship be-
tween electrical parameters of the cavity and the complex
permittivity of a sample to be measured in the analytical
form.

2) natural frequency of a hollow cavity is determined
by the minimum set of dimensions, namely, radii (Fig. 1).
As a result, the measuring error depending on dimensions
is reduced.

3) The mode has no field variations along the axis. For-
mulating boundary conditions near holes provides some
difficulties for modes having field variations along the
axis.

4) Relative error of permittivity measurement due to a
sample insertion hole for the mode was estimated to
be less then 0.1% for the measurements carried out. The
estimation was processed with the approach presented in
[10].
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Fig. 3. Measured results for sodium chloride water solutions at 3 GHz. Probability for the confidence interval is 0.9. (� �) is the simple perturbation approach.
(��) is the suggested approach.

The characteristic equation has been obtained using the field-
matching method [21] It can be written as follows:

(7)

where

(8)

(9)

and are the Bessel func-
tions of the th order of the first and the second kind, respec-
tively; parameter is

(10)

or , , , or , , , or , , , and are rela-
tive complex permittivities of free space, material under testing,
and the tube, accordingly, , , and are the cavity radius,
inner, and outer radii of the tube, accordingly,is velocity of
light in a free space, and .

Numerical experiments carried out have demonstrated that
the next estimations are valid for lossy samples used in the test

measurements

(11)

(12)

(13)

where is the unloaded factor of the hollow cavity. Expres-
sions (11)–(13) and the fact that divergences between
and , , and are sufficiently less then the measure-
ment error of allowed to use as a good approximation for

and in (1) and (4), respectively. In the general case, a
validity of such approximations should be investigated numeri-
cally using (2) for the configuration and material used. If these
approximations are not valid, the problem should be solved by
an iterative process.

Hence, the following expression might be applied to evaluate
:

(14)

In order to evaluate , the following formula obtained from (1)
is used:

(15)

Formulas (1)–(10) present analytical relationships between
, , measured tube radii and , and radius of cavity
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Fig. 4. Measured results for gelatin water solutions at 3 GHz. Probability for confidence interval is 0.9.

on the one side and the relative complex permittivity
on the other side for a known (or preliminary measured)

relative complex permittivity of the tube . Hence,
to determine the relative complex permittivity ,
the system of nonlinear equations

(16)

must be solved numerically. That is equivalent to the problem:
minimize with constraints corresponding to the
condition discussed, where is the left-hand-side part of (7).

III. EXPERIMENTAL SETUP AND MEASURINGPROCEDURE

The experimental setup consisting of a two-port cylindrical
cavity connected to a scalar network analyzer was de-

signed for measurements of complex permittivity of liquids at
different temperatures. The cavity is placed in a thermostat.

In a general case, the reactances of coupling elements are
different. The coupling factors and then have to satisfy
the following system [22]:

(17)

(18)

This system has two solutions being a source of uncertainty.
It may be canceled by identically setting the couplings. As a
result, it is enough to only measure .

Formula (6) shows that, in order to determine frequency shift
caused by reactances of coupling elements, it is necessary to
obtain a preliminary estimation for these reactances. In any case,
inaccuracy in the determination of coupling element reactances
causes a measurement error, which may be estimated with (6).

It is also important to determine a cavity radius with max-
imum available precision. For example, the cavity used an error
in measuring being of 0.1 mm leads to an error in determi-
nation of distilled water permittivity up to 10%. Again, the
cavity radius may be determined with better accuracy via elec-

trical parameters applying

(19)

where is the first root of and, here, is the
real part of the complex natural frequency of a hollow cavity.
Numerical experiments have shown that such an approach pro-
vides the uncertainty in a cavity radius less then0.005 mm. It
corresponds to the error in permittivity less then 0.5%.

To determine complex permittivity of liquids, the parameters
of a hollow cavity (unloaded factor, radius) and the com-
plex permittivity of a dielectric tube material must be evalu-
ated preliminary for temperatures at which liquids are inves-
tigated. Tubes have different inner and outer radii. Inner radii
were varied from 0.25 to 0.3 mm. Outer radii were varied from
0.8 to 0.9 mm. Inner and outer radii of the tubes have been mea-
sured with a microscope providing errors less then1%.

As an example, the typical behavior of contour lines of
is given in Fig. 2 in a space of and .

One can see that their regularity permits to apply traditional
methods for searching extremum in a process of reconstruction
of and .

According to the method presented herein, the complex per-
mittivity for measured materials are determined with numerical
solving of the system (16). The starting guess for the numer-
ical procedure and the problem of uniqueness of the solution
are easily solved using contour plots similar to those shown in
Fig. 2.

IV. V ERIFICATION OF THE TECHNIQUE PROPOSED AND

DISCUSSION

To verify the method proposed and to investigate its ability to
resolute small variations in complex permittivity, the materials
imitating lossy biological liquids have been used [3], [13]. They
are sodium water solutions (see Fig. 3) and gelatin water solu-
tions (see Fig. 4). Measurements were carried out at 3 GHz. Re-
sults of measurements were processed to yield the mean values
of complex permittivity with confidence intervals of 0.9.

The method suggested was compared with a simple perturba-
tion technique [1], [21] using the same test samples, cavity, and
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MW setup. Results of the comparison are presented in Fig. 3.
Divergence in the real part of the complex permittivity between
the method proposed and the simple perturbation is observed.
Agreement in the imaginary part of the complex permittivity
values is better. Simple perturbation formulas give higher values
for the real part of the complex permittivity in comparison to
those measured with the method proposed. It agrees with theo-
retical analysis of the perturbation technique [23].

Analysis of the data given in Fig. 4 allows to formulate the
following comments.

1) The measurements of seems to be more informative
compared to since a higher resolution can be reached
with a temperature variations for the liquid measured.

2) The temperature behavior of demonstrates uncertainty
for concentrations over 8%. In this case, a discrepancy in

is very small for different temperatures.
3) The intersection point is observed in a behavior of loss

tangent near the gelatin’s 5% concentration. Such existing
points are undesirable phenomena in diagnostic studies.

One can see from Figs. 3 and 4 that behavior of complex per-
mittivity of complicated materials with temperature is strongly
determined by concentrations of its components.

V. CONCLUSION

Results presented in this paper show that systematic mea-
surement errors can be decreased in cavity complex permittivity
measurements with the application of the proposed method.

Taking into account applications associated with measure-
ments of biological liquids, the following advantages of the pro-
posed method should be pointed out:

• small quantity of measured material is needed, less then
0.02 L;

• measured samples are simple in preparing; hence, the high
number of samples may be measured per a unit of time;

• in comparison to transmission-line methods, there is no
uncertainties in determination for material with high per-
mittivity and losses;

• there are no model limitations associated with a value of
complex permittivity and dimensions of a sample under
testing.

The method is available for complex permittivity measure-
ments at different temperatures. Experimental setup can also be
easily modified for continues monitoring of the complex per-
mittivity of lossy liquids. The method proposed is intended to
be used in developing some medical diagnostics based on pre-
cise investigation of the behavior of the fundamental property
of bio-materials, such as their complex permittivity.
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