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Abstract—An improved and accurate technique for the recon-
struction of radially dependent permittivity profiles in cylindrical
objects illuminated by higher order TE and TM cylin-
drical modes is presented in this paper. The technique is based on a
general kind of integral transform of the measured frequency-de-
pendent reflection data and the recently suggested renormalization
technique to obtain a unique solution of the corresponding inverse
problem. Nonlinear Riccati-similar differential equations for
a properly defined reflection coefficient for both TE and
TM cylindrical modes have first been derived in a unified way
for this purpose. These equations have then been inverted using
our proposed renormalization technique to uniquely obtain the
unknown permittivity profile in terms of a Hankel transform of
measured reflection coefficient data. About 150–200 measurement
data points over a wide frequency band (wavelength ranging from
one-fifth of the inner diameter of the cylindrical object to infinity)
have been used for the reconstruction. A dummy time variable has
been introduced to improve the overall reconstruction process.
This variable has then been transformed into the spatial one
with the help of a proposed numerical algorithm. A number of
reconstruction examples has been considered and a very good
agreement has been found between the original and reconstructed
profiles even for very high values of permittivity.

Index Terms—Biomedical electromagnetic imaging, electro-
magnetic scattering inverse problems, microwave imaging, remote
sensing, tomography.

I. INTRODUCTION

RECONSTRUCTION of permittivity profiles in a cylin-
drical coordinate system plays a very significant role in

a number of research areas because of its wide variety of prac-
tical applications. Some of the applications include, e.g., envi-
ronmental studies of water content, aging and possible diseases
of trees in forests (e.g., [1], [2]), earth structure as seen from
an exploration well in oil fields [3], and imaging of human or-
gans in biomedical microwave tomography [4], [5]. Generally,
most of the methods reported in the literature for the profile re-
construction employ a source reconstruction philosophy in ei-
ther spectral or spatial domain, leading to a nonunique and un-
certain solution of the corresponding nonlinear inverse problem
(e.g., [5], [6]). A unique solution may be obtained only when
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the so-called “Born approximation” is used [7]. However, only
objects with very low permittivity can be reconstructed using
this approximation.

An alternative approach for reconstructing the permittivity
profiles in planar structures is the Riccati differential-equation
technique [8], which has been improved and combined with
“renormalization techniques” in recent years to cover objects
with higher profile’s contrasts [9], [10]. The main advantage
of this method is its quasi-linearity, which leads to a unique
solution. We recently applied this approach to reconstruct the
radially dependent permittivity profiles in cylindrical objects
with illumination, which represents an axially and az-
imuthally independent incident wave [11]. As exciting and re-
ceiving cylindrical modes with high modal purity (e.g., )
are generally not feasible in most of the practical cases, recon-
struction of the permittivity profile making use of a mixed-mode
illumination is recommended.

This paper consists of two parts. The first part deals with the
formulation of the direct problem. Nonlinear Riccati-similar dif-
ferential equations for an appropriately defined reflection coef-
ficient for the higher order and cylindrical modes
have been derived in a unique way for this purpose. These non-
linear equations have next been solved using MATLAB to gen-
erate synthetic reflection coefficient data for a known permit-
tivity profile. The overall formulation is quite general and can
be used for all types of cylindrical structures having outside il-
lumination.

In the second part of this paper, the derived nonlinear Ric-
cati-similar equations have been inverted using our proposed
renormalization technique and a general kind of integral trans-
form of the measured scattering data, which leads to a unique
reconstruction of the permittivity profile. It may be noted here
that because of the azimuthal dependence of the propagation
constants of these higher order modes, the solution of the in-
verse problem becomes a tedious process. The main problem
lies in the separation of the frequency and space dependences
of the radial propagation constant. We have introduced here the
concept of effective relative permittivity to tackle this problem.
Various parameters are adjusted to optimize the value of this ef-
fective relative permittivity. A dummy time variable has been
introduced as well in order to improve the overall reconstruc-
tion process. Accordingly, a numerical algorithm has been pro-
posed to reconstruct the profile in the real space domain from
this virtual time variable. A number of reconstruction examples
has been considered in Section IV.
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Fig. 1. Radially varying permittivity profile.

II. FORMULATION OF THE DIRECT PROBLEM

Let us consider a cylindrical dielectric object of the outer ra-
dius , the inner radius , and a radially varying permittivity
profile , as shown in Fig. 1. The object is located between
two conducting plates at and and illuminated by a
higher order cylindrical mode of either or polar-
ized wave of wavenumber from the outer free space ( ).
The radial propagation constant is azimuthally and axially de-
pendent for these higher order modes as compared to that of the

case [11]. The reflection coefficient is measured at the
outer radius of the cylindrical body to comply with most prac-
tical cases and, thus, the inward and outward traveling waves
are treated as being incident and reflected ones, respectively.

A. Riccati-Similar Differential Equations for the
Cylindrical Wave

First, we will consider the illumination for the anal-
ysis. The field components of cylindrical mode are given
by [12]

(1)

(2)

(3)

(4)

(5)

(6)

where the “ ” and “ ” signs represent inward and outward
propagating waves, respectively, is the Hankel func-

tion of th type and th order, is the first derivative
of the corresponding Hankel function,

(7)

is the radial propagation constant, and is the prop-
agation constant in the axial direction.

We are looking for a taper solution of the form

(8)

(9)

where is an appropriately defined reflection coefficient and
“*” denotes the complex conjugate.

We now define

(10)

and

(11)

where is the free-space intrinsic impedance.
Equations (8)–(11) can be combined together to obtain

(12)

where

(13)

Next, we rewrite Maxwell’s equations for a mode to
obtain the following forms:

(14)

From (12)–(14), we arrive at

(15)

(16)
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where

(17)

is a normalized local impedance. Next, (15) and (16) are solved
simultaneously to eliminate and to arrive at the nonlinear
differential equation for , shown in (18), at the bottom of this
page.

Equation (18) can be simplified using (11) and (17) to have
the form of (19), shown at the bottom of this page, which is a
nonlinear Riccati-similar differential equation for the radially
(and frequency) dependent reflection coefficient due
to a higher order illumination.

B. Riccati-Similar Differential Equation for the
Cylindrical Wave

The analysis for the illumination is done in a similar
way as for the illumination. The electromagnetic-field
components for this mode are given by [12]

(20)

(21)

(22)

(23)

(24)

(25)

where is the permittivity in the dielectric medium
and the other symbols have the same meaning as in the
case.

Here, we are looking for a taper solution of the form

(26)

(27)

Next, we define

(28)

where is the free-space intrinsic admittance.
The following points may be noted here: 1) the field com-

ponents considered in the case are and [see (26)
and (27)], which is complementary to the case, where
and (12) are considered and 2) the admittanceis consid-
ered for analysis in the case, whereas in the case,
the impedance is considered. The reason is that the field com-
ponents involving the derivative of Hankel functions are always
taken in the numerator in order to simplify the overall analysis.

Next, (26)–(28) can be combined to obtain

(29)

where

(30)

(18)

(19)
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Now, for a mode, Maxwell’s equations are rewritten
as

(31)

(32)

where

(33)

is a normalized local admittance.
Equations (31) and (32) are now solved simultaneously to

eliminate and to arrive at the nonlinear differential equation
for , shown in (34) at the bottom of this page.

Equation (34) can then be simplified using (29), (30), and (33)
to arrive at (35), shown at the bottom of this page, which is a
nonlinear Riccati-similar differential equation for the radially
(and frequency) dependent reflection coefficient due
to a higher order illumination.

III. I NVERSESOLUTION

A. Cylindrical Wave

Generally, in most of the practical cases,, as defined in (11),
can be replaced by its asymptotic value for . Hence,
(19) can be rewritten as (36), shown at the bottom of this page.

Following the renormalization technique proposed in [10], a
linearized version of (36) describing a virtual reflection coeffi-
cient can be defined as (37), shown at the bottom of the
next page.

It is worth noting that the second term involvingon the
left-hand side of (37) approaches zero if the Hankel functions
are replaced by their asymptotic expressions. Hence, this term
can be neglected provided that the spatial derivative of the per-
mittivity is not too high. The optimum nonlinear transformation
relating the measurable reflection coefficient to the virtual
one is found on similar bases, as in [10] and [11]. Equation

(34)

(35)

(36)
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(37) can then be integrated resulting in (38), shown at the bottom
of this page, where , as defined by (7), can be rewritten as

(39)

where , (effective relative
permittivity), (normalized free-
space wavenumber), and (normalized length in axial
direction).

The above defined parameterdepends on the wavenumber
. For a systematic solution of the inverse problem, the pa-

rameter should be frequency independent, which is not gener-
ally true and necessitates introducing some simplifying assump-
tions. One possibility is to substitute the average value ofover
which the scattering data is measured into. It has been ob-
served, however, that the overall reconstruction process is much
sensitive to the lower value of . As a matter of fact, the recon-
struction is quite good, if the value of in is taken as three to
four times of the lowest value of the wavenumber at which the
measurement is carried out. By considering as
a boundary condition, we simplify (38) into (40), shown at the
bottom of this page.

Now, let us introduce a virtual time variableaccording to

(41)

The above approximation is valid provided is not
too large.

From (39)–(41), we get

(42)

where use is made of the identity

(43)

with

(44)

We now introduce the truncated Hankel transform of
according to

(45)

(37)

(38)

(40)
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where is the highest wavenumber at which the reflection co-
efficient is measured.

Inserting (42) into (45) results in

(46)

where

(47)

corresponds to according to (41), and

(48)

is a variable-resolution selective function with a maximum at
. It can be used to sample at according

to

(49)

with as the inverse function of .
Finally, the unknown permittivity profile can be readily

reconstructed as

(50)

where is the permittivity at the outer air–dielectric inter-
face and is a dummy integration variable.

B. Cylindrical Wave

For the inverse solution and reconstruction of the permit-
tivity profile using illumination, we start with (35) and
follow exactly the same procedure and apply the similar kind of
boundary condition as for the case. The virtual reflec-
tion coefficient for this case is given by (51), shown at the
bottom of this page.

Equation (51) is simplified making use of (41) and (43) to
obtain the following:

(52)

Next, the truncated Hankel transform is introduced as in the
TE case and the different terms in (46) are obtained as follows:

(53)

(54)

Finally, the unknown permittivity profile is recon-
structed as

(55)

where all the symbols have the same meaning as in the
case.

C. Numerical Inversion Algorithm

The permittivity profile as being reconstructed according to
(50) uses the virtual time variable. To reconstruct the actual
radially varying permittivity profile, we need to convertinto
the space variable. Thus, our concern is to find accurately
the value of , which corresponds to the particular value of.
Below we present a simple numerical algorithm based on (41)
and (50) for this purpose.

Let

(51)
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then (50) becomes

Starting with , we follow the development
of in a very small time step

1) At

2) In general, at

with

where corresponds to according to (41).
As is already determined at sampled intervals,

and the interval is chosen to be very small,
the exact value of corresponding to the particular value of

can be very accurately determined in subsequent steps using
the above algorithm.

The above algorithm is basically valid for a illumina-
tion. The algorithm for the case can, however, be devel-
oped using (41) and (55) exactly on similar lines as described
above.

IV. RECONSTRUCTEDEXAMPLES

Figs. 2 and 3 show the actual and reconstructed linearly
varying permittivity profiles for a illumination for a quite
high relative permittivity. As can be seen from (50) and (55),
the reconstruction of the radially varying permittivity profile
using a higher order TE illumination is simpler, as compared
to that corresponding to a higher order TM illumination. It is
also obvious from (39) that for the cylindrical objects having
finite axial length, the radial propagation constant depends on
the axial direction if it is not possible to excite the lowest order
radial mode ( ). It is, therefore, always recommended
to use a TE illumination when the cylindrical object has a
finite length in the axial direction and the radial propagation
constant can no longer be taken to be independent of the
axial length. Another parameter, which is very critical for the
reconstruction of the finite-length cylindrical object, is the
lowest value of the normalized free-space wavenumber over
which the measurement is carried out. Ideally, this value should
vanish [see (45)]. However, since the Hankel functions are
singular when their arguments approach zero, we thus skip this
point and start from any finite value close to zero. Another
possibility is to replace the Hankel functions by their small

Fig. 2. Actual and reconstructed profiles for the linear case (TE mode).

Fig. 3. Actual and reconstructed profiles for quite high value of permittivity
(TE mode).

argument asymptotic expressions and to compute (48) and (49)
analytically near the zero argument region. The selection of the
lowest value of this free-space wavenumber, however, depends
on two factors. If we take this value to be very low, then the
parameter may be quite high and comparable with ,
which may give some error in the calculation of the effective
relative permittivity in (39). On the other hand, if we take
this value to be quite high, then the reconstruction may not be
accurate, as our inverse algorithm is quite sensitive to the lower
values of . Thus, a tradeoff has to be done to optimize this
lower value of .

In Fig. 4, a illumination is considered for a case with a
unity relative permittivity at the outer radius (i.e., same as that
of free space). The object can be assumed infinitely long in the
axial direction. It may be noted here that, for the cylindrical ob-
jects, which can be taken as infinitely long in the axial direction
and where the radial propagation constantcan be approxi-
mated by the total propagation constant, illumination
is advantageous. This is because the mode is basically
the transmission line one and, hence, the overall analysis can be
greatly simplified. Fig. 5 shows the reconstruction of one more
linearly varying profile using a illumination. As can be
easily seen from all of the above linear profiles, there is an ex-
cellent agreement between the exact and reconstructed profiles
for all the cases even when the relative permittivity is quite high.
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Fig. 4. Actual and reconstructed profiles with continuity at the air–dielectric
interface (TM mode).

Fig. 5. Actual and reconstructed profiles for the linear case (TM mode).

Fig. 6. Actual and reconstructed profiles for the nonlinear case (TM mode).

Fig. 6 shows the nonlinear profile considering a illu-
mination. As evident from this plot, the agreement between the
original and reconstructed profiles is not as good as it was for
the linear case. This is because of the fact that the spatial deriva-
tive of the relative permittivity is reasonably high in this case.
However, the agreement between the actual and reconstructed
profiles is better even for the nonlinear case provided that the rel-
ative permittivity is also quite high. This is obvious from Fig. 7,

Fig. 7. Actual and reconstructed profiles for the nonlinear case (TM mode).

Fig. 8. Actual and reconstructed profiles with 5% random noise.

where, again, a illumination was used. This may be ex-
plained from (41) as in this case, the relative permittivity is high
as compared to its spatial derivative and, hence, the second term
on the right-hand side of this equation can be easily neglected.
In all the above examples, error- and noise-free scattering data
have been synthetically produced by solving the nonlinear Ric-
cati-similar differential equations for known permittivity pro-
files using MATLAB.

In Fig. 8, the scattering data contains some random noise to
comply with the actual measuring conditions. This is done by
adding some random error to the calculated reflection coeffi-
cient data , where is the
calculated reflected coefficient and is a uniformly dis-
tributed random number satisfying . As readily
observed from this example, even with 5% random noise in the
scattering data, there is a very good match between the actual
and reconstructed profiles. It is worth noting here that the in-
verse problems are generally very ill poised and, thus, they are
quite sensitive to the measuring data. Sometimes even a small
change in the measuring data may result in very large devia-
tion in the reconstructed parameter if any numerical methods
are used. Thus, the ruggedness of our inverse algorithm to the
input measuring data is also one of the main advantages of the
method proposed here.

In all the above examples, around 100 to 150 data points
covering the spectral wavelength range from infinity down to
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one-fifth of the inner diameter of the cylindrical object have
been used for the reconstruction of the profile using our pro-
posed technique. The radial distance in the above plots has been
normalized with respect to the inner radius of the cylindrical ob-
ject under consideration. A number of other permittivity profiles
have also been considered for the validation of our algorithm
and a similar reconstruction accuracy behavior was observed in
most of the cases.

V. CONCLUSION

A novel technique for the reconstruction of permittivity pro-
files in cylindrical geometries making use of a higher order
mode illumination has been presented in this paper. Two non-
linear Riccati-similar differential equations for the and

cylindrical modes have first been derived for this pur-
pose. These equations have then been inverted using our pro-
posed technique. The method proposed here gives a unique so-
lution and can be used to reconstruct profiles with higher con-
trasts as well. Several linear as well as nonlinear profiles have
been considered for the validation of our technique and, in each
case, a very good agreement was found between original and
reconstructed values. Finally, the effect of noise has been also
considered and it was observed that the technique presented here
is not very sensitive to the noise. This is especially advantageous
in the real-time measuring condition, where a few percent error
in the measurement data is unavoidable.
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