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Abstract—An efficient algorithm, based on congruent trans-
formation and model reduction, is proposed for evaluation of
frequency- and time-domain sensitivity of large linear networks
containing lossy coupled transmission lines. The sensitivity of the
voltage and current waveforms can be calculated with respect to
lumped components and parameters of transmission lines. The
algorithm is based on projecting the adjoint network equations
on a reduced-order subspace that preserves the circuit moments.
The proposed algorithm provides a significant decrease in the
computational expense for sensitivity analysis.

Index Terms—Circuit simulation, multiconductor transmission
lines, reduced-order systems, sensitivity.

I. INTRODUCTION

A DVANCES IN fabrication methods and decreasing device
sizes have significantly increased the relative contribution

of high-speed interconnects to overall signal degradation [1]. At
higher frequencies, interconnects are modeled by transmission
lines. Transmission-line analysis has, therefore, become imper-
ative at all levels of the design hierarchy from backplanes to
printed circuit boards, packages, and integrated circuits [2]. The
analysis of large systems containing transmission lines have pre-
sented additional problems to circuit simulation, stemming from
the fact that such distributed elements are modeled by partial
differential equations as opposed to ordinary differential equa-
tions, as in the case of lumped elements. A significant amount
of research has been done to overcome these difficulties and re-
duce the CPU cost of transmission-line analysis [3].

Recently, techniques based on congruent transformation have
emerged as an efficient tool to generate reduced-order passive
models of very large linear networks. These techniques have
been applied successfully to lumped [4] and distributed net-
works [5], [6] resulting in significant savings in CPU time. Such
methods allow the circuit designer to determine the response of
a given circuit.

Several techniques can be found in the literature that use
model reduction based on Padé approximation to perform sen-
sitivity analysis of linearlumpednetworks [7], [8]. Besides the
fact that these techniques cannot handle distributed networks,
their analysis requires finding the derivatives of the poles and
zeros of the reduced model. In this paper, we propose an efficient
algorithm for sensitivity analysis of transmission-line networks
based on congruent transformation techniques. The proposed
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technique handles distributed transmission-line circuit stamps
including frequency-dependent parameters without the need for
discretization of the telegrapher’s equations. The algorithm is
based on projecting the adjoint network equations on a reduced-
order subspace that preserves the circuit moments. The sen-
sitivity can then be evaluated over any number of frequency
points for the cost of one QR factorization. The remainder of
the paper is organized as follows. Section II presents the formu-
lation of the circuit equations. This is followed in Section III by
a brief description of adjoint sensitivity analysis. The proposed
model-reduction algorithm is then discussed in Section IV. Fi-
nally, the results and conclusion are presented in Sections V and
VI, respectively.

II. FORMULATION OF NETWORK EQUATIONS

Consider a linear networkcontaining linear lumped compo-
nents and lossy coupled transmission-line sets, withcou-
pled conductors in transmission-line set. Assume the network

has nodal variables, the modified nodal analysis (MNA)
matrix equations for the network with impulse input excitation
can be formulated as

(1)

(2)

where
vector of the complex variables
describing the subnetwork, which in-
cludes node voltage waveforms appended
by independent and dependent voltage
source currents and inductor currents;
constant matrices describing the lumped
memory and memoryless elements of net-
work , respectively. are formu-
lated as suggested in [4];
vector with entries determined by the in-
dependent voltage and current sources;

is a matrix
containing the frequency dependent
-parameters of all the distributed trans-

mission-line sets.
with elements , where
, with a maximum

of one nonzero in each row or column, is a selector matrix
that maps , the vector of currents entering the
interconnect subnetwork, into the node space of the
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network. The -parameters of transmission-line setare given
by [3]

(3)

where is the vector of terminal voltages of the
interconnect subnetwork and

(4)

and are the diagonal matrices

(5)

(6)

where is the length of the transmission-line set, andare the
eigenvalues of the matrix with associated eigenvectors

, where

(7)

(8)

, , , and are the per-unit-length resistance,
inductance, capacitance, and conductance matrices of the trans-
mission-line set . is a matrix with the eigenvectors in
the columns, and , where

. It is to be noted that the per-unit-length, , ,
parameters of the transmission line can also be a function of

frequency.

III. SENSITIVITY ANALYSIS

Several techniques can be found in the literature to determine
the sensitivity of the output with respect to any parameter
in the network. Amongst these, the adjoint technique has been
proven to be the most efficient method [11]. This section briefly
describes this technique. This forms a basis to propose the new
algorithm discussed in Section IV.

With being a circuit parameter representing a lumped or
transmission-line element, (1) can be rewritten as

(9)

Let be the output variable of interest. We have

(10)

where is a selector vector with nonzero entries corresponding
to the output variable. The sensitivity ofwith respect to can
be written as

(11)

where is the solution of the network equations, and is the
solution of the adjoint equations

(12)

Equations (9), (11), and (12) can be solved to obtain the sen-
sitivity of with respect to . The relative sensitivity is defined
as

(13)

The definition in (13) is directly related to the partial derivatives,
however it is more meaningful when comparing sensitivity with
respect to components of different magnitudes.

The computational cost of this method is one L/U factoriza-
tion of at each frequency point. It is to be noted that, for
large circuits, this method can be computationally intensive. To
address this problem, in Section IV, we propose an algorithm to
perform sensitivity analysis on large networks using model-re-
duction techniques.

IV. SENSITIVITY ANALYSIS USING MODEL REDUCTION

The proposed algorithm to find the sensitivity of voltage and
current waveforms of the transmission-line network described
in (1) is presented in the following subsections. First, an al-
gorithm is presented for the reduction of the equations repre-
senting the original system (1) and its sensitivity (12). This is
followed by a description of the computation of the sensitivity
of the MNA matrix, required in (11). A pseudocode of the algo-
rithm is given in Fig. 1.

A. Model Reduction

The original system in (1) can be reduced by a congruent
transformation into a smaller system of size[6]. The congruent
transformation matrix is an orthonormal basis, constructed
such that

(14)

where . is the th moment of the circuit re-
sponse. The moments are evaluated using the recursive re-
lation given by [10]

(15)

with

(16)

The reduced system is formed by performing the congruent
transformation

(17)

on the original system (1). Using (17) and (1), the reduced
system can be written as

(18)

where

(19)
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Fig. 1. Pseudocode of the algorithm.

The solution of the original network is obtained by map-
ping the solution of the reduced circuit back to the original space
using (17). Such a congruent transformation was shown to pro-
duce a passive system while preserving the firstderivatives of
the original system [6].

From (17), it can be seen that

(20)

Equation (20) demonstrates that finding the sensitivity of
with respect to involves finding the derivative of the congruent
transformation with respect to , which is difficult and cum-
bersome to evaluate. In order to avoid the evaluation of ,

we perform model reduction directly on the adjoint system of
(12) through a congruent transformation . As in the case of
model reduction of the original system, the moments of
are needed for the construction of the congruent transformation

. These moments are evaluated using the recursive relation-
ship given by [10]

(21)

with

(22)
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Fig. 2. Circuit for example 1.

where is the th moment of the adjoint circuit response.
It should be noted that the factorization of can be easily
deduced from that of , which was evaluated in (16). Reducing
the adjoint circuit equation (12), we have

(23)

where

(24)

The solution of the adjoint network can, therefore, be found
by mapping back to the original space through the congruent
transformation

(25)

The sensitivity can then be found at any frequency by simply
solving the reduced systems in (18) and (23). Such congruent
transformation applied to a linear system, is shown to preserve
the first derivatives with respect to frequency, thus preserving
the accuracy of the response [6]. In addition, the matrices in-
volved in (18) and (23) are very small when compared to the
original equations (9) and (12). Hence, the solution of the re-
duced system of equations is much less computationally ex-
pensive when compared to that of the original system. It is to
be noted that the system moments and the adjoint moments
are computed using the same L/U decomposition in (15) and
(21). However, there is no obvious relationship betweenand

. Therefore two separate QR decompositions are required
to find the two transformation matrices. Furthermore, the al-
gorithm does not require and to be of the same order,
although using the same order for both transformations is rec-
ommended.

B. Calculation of

From (11), it can be seen that the derivative of the MNA
equations is required to calculate the output sensitivities. The
method of calculating this derivative, however, depends on the
type of the parameter. The following subsections briefly de-

scribe the computation of when represents lumped
and distributed elements.

1) Sensitivity with Respect to Parameters of Lumped Compo-
nents: When represents a parameter of a lumped element, it
can be seen from (2) and (11) that

(26)

which can be easily evaluated [11].
2) Sensitivity with Respect to Electrical Parameters of Trans-

mission Lines: If represents an electrical parameter of a dis-
tributed element, it can be seen from (2), (3), and (11) that

(27)

In order to compute using (27), we need to find the
derivatives of with respect to . It can be shown that

satisfies the relation [9]

(28)

From (28), it can be seen that the sensitivity of depends
on the partial derivatives of the eigenvaluesand eigenvectors

of the matrix , which can be obtained using

(29)
where is the identity matrix.

3) Sensitivity with Respect to Physical Parameters of Trans-
mission Lines:While sensitivity with respect to electrical pa-
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Fig. 3. Inductance per unit length of transmission-line B.

Fig. 4. Resistance per unit length of transmission-line B.

rameters of transmission lines is a useful measure, it is often an
intermediate step in the calculation of sensitivity with respect to
physical parameters such as width because ultimately physical
parameters are the design parameters. Supposeis a physical
parameter of a transmission-line system withconductors. A
simple expression for the output sensitivity can be written as

(30)

The above formulation requires the computation of the sen-
sitivity of the output with respect to all electrical pa-
rameters of the transmission lines. For example, an interconnect
containing four coupled lines will have 65 electrical parameters
(including the length), but only ten physical parameters. Since
the number of physical parameters is much smaller than that of
the electrical parameters it is much more efficient to include the
physical parameters directly in (29). The derivatives of the elec-
trical parameters with respect to the physical parameters can be
found using numerical methods [13]–[15], but for many cases,

Fig. 5. Relative sensitivity ofV with respect to capacitance per unit length
of transmission lineA.

Fig. 6. Microstrip line from the numerical example.

Fig. 7. Time-domain response.

simple analytical expressions for the electrical parameters (such
as those in [16]) can be used.

V. NUMERICAL EXAMPLE

Example 1: To demonstrate the accuracy of the proposed
algorithm, a circuit (Fig. 2) containing a transmission line with
frequency-dependent parameters was considered. Figs. 3 and
4 show the dependency of the per-unit-length inductance and
resistance on the frequency. The input to this circuit is a 40-ns
pulse with 2-ns rise and fall times. The proposed algorithm
was used to find the sensitivity of the output voltage
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Fig. 8. Relative sensitivity with respect to resistance per unit length.

Fig. 9. Relative sensitivity with respect to inductance per unit length.

with respect to the per-unit-length capacitance of transmission
line . The time-domain sensitivity was then found using the
fast Fourier transform (FFT). The results obtained using the
proposed technique and perturbation method are compared in
Fig. 5. No noticeable difference was observed.

Example 2: To demonstrate the efficiency of the method, a
relatively large interconnect circuit consisting of 458 resistors,
inductors, and capacitors and 12 transmission lines (Fig. 6) is
considered. The input pulse and the output response at the node
of interest are shown in Fig. 7. The relative sensitivity with re-
spect to the parameters of one of the transmission lines was
computed using the proposed algorithm. The time-domain sen-
sitivity was obtained using the FFT and is shown in Figs. 8–11.
The response obtained from the proposed reduced-order ad-
joint technique matched those of the conventional adjoint tech-
nique with no noticeable difference. Two expansions were used
to match the sensitivity up to 1 GHz. Only two L/U decom-
positions of the original system and one QR factorization of
the subspace were required to obtain the response at 100 fre-
quency points. Note that computation cost of the QR factor-
ization needed to find the congruent transformation is compa-
rable to that of one L/U decomposition. The adjoint technique

Fig. 10. Relative sensitivity with respect to capacitance per unit length.

Fig. 11. Relative sensitivity with respect to transmission-line width.

TABLE I
OMPARISON OF THETOTAL EXPENSE FORDIFFERENTMETHODS

required 100 L/U decompositions. Table I compares the number
of L/U decompositions required for sensitivity analysis with re-
spect to ten different parameters at 100 frequency points.

VI. CONCLUSIONS

An efficient algorithm, based on congruent transformation,
for evaluating the frequency- and time-domain sensitivity
of large lossy coupled transmission-line networks has been
presented in this paper. The algorithm is based on projecting
the adjoint network equations on a reduced-order subspace
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that preserves the circuit moments. Using this algorithm,
output sensitivities of large linear networks can be calculated
accurately with respect to lumped components and parameters
of distributed elements. The proposed algorithm provides a
significant decrease in the computational expense for sensitivity
analysis.

REFERENCES

[1] M. Nakhla and R. Achar, “Modeling and simulation of high-speed inter-
connects,” inHandbook on VLSI. Boca Raton, FL: CRC Press, 2000,
ch. IV.

[2] A. Deustsch, “Electrical characteristics of interconnections for high-per-
formance systems,”Proc. IEEE, vol. 86, pp. 315–355, Feb. 1998.

[3] E. Chiprout and M. Nakhla,Asymptotic Waveform Evaluation and
Moment Matching for Interconnect Analysis. Norwell, MA: Kluwer,
1993.

[4] A. Odabasioglu, M. Celik, and L. T. Pileggi, “PRIMA: Passive reduced-
order interconnect macromodeling algorithm,”IEEE Trans. Computer-
Aided Design, vol. Aug., pp. 645–654, Aug. 1998.

[5] Q. Yu, J. M. L. Wang, and E. S. Kuh, “Passive multipoint moment
matching model order reduction algorithm on multiport distributed
interconnect networks,”IEEE Trans. Circuits Syst. I, vol. 46, pp.
140–160, Jan. 1999.

[6] P. K. Gunupudi, M. S. Nakhla, and R. Achar, “Multi-point multi-port
reduction of high-speed distributed interconnects using Krylov-space
techniques,” inProc. IEEE Int. Circuits Syst. Symp. Dig., vol. 6, June
1999, pp. 242–245.

[7] R. W. Freund and P. Feldmann, “Small-signal circuit analysis and sensi-
tivity computations with the PVL algorithm,”IEEE Trans. Circuits Syst.
I, vol. 43, pp. 577–585, Aug. 1996.

[8] J. Y. Lee, X. Huang, and R. A. Roher, “Pole and zero sensitivity calcula-
tion in asymptotic waveform evaluation,”IEEE Trans. Computer-Aided
Design, vol. 11, pp. 586–597, May 1992.

[9] S. Lum, M. S. Nakhla, and Q. J. Zhang, “Sensitivity analysis of lossy
coupled transmission lines with nonlinear terminations,”IEEE Trans.
Microwave Theory Tech., vol. 39, pp. 2089–2099, Dec. 1991.

[10] E. Chiprout and M. S. Nakhla, “Analysis of interconnect networks using
complex frequency hopping (CFH),”IEEE Trans. Computer-Aided De-
sign, vol. 14, pp. 186–200, Feb. 1995.

[11] J. Vlach and K. Singhal,Computer Methods for Circuit Analysis and
Design. New York: VNR, 1994.

[12] Y. Saad,Iterative Methods for Sparse Linear Systems. Boston, MA:
ITP, 1996.

[13] A. E. Ruehli, “Inductance calculations in a complex integrated circuit
environment,”IBM J. Res. Develop., vol. 16, pp. 470–481, Sept. 1972.

[14] C. Wei, R. F. Harrington, J. R. Mautz, and T. K. Sarkar, “Multi-con-
ductor transmission lines in multilayered dielectric media,”IEEE Trans.
Microwave Theory Tech., vol. MTT-32, pp. 439–450, Dec. 1984.

[15] J. Venkatraman, S. M. Rao, A. R. Djordjevic, T. K. Sarkar, and Y. Nai-
heng, “Analysis of arbitrarily oriented microstrip transmission lines in
arbitrarily shaped dielectric media,”IEEE Trans. Microwave Theory
Tech., vol. MTT-33, pp. 952–959, Oct. 1985.

[16] C. S. Walker, Capacitance, Inductance and Crosstalk Anal-
ysis. Norwood, MA: Artech House, 1990.

Roni Khazaka (S’92) was born in 1973. He received
the B.E. and M.E. degrees from Carleton University,
Ottawa, ON, Canada, in 1995 and 1997 respectively,
and is currently working toward the Ph.D. degree on
model-reduction techniques for nonlinear and linear
circuit simulation at Carleton University.

He has co-authored several papers on the simula-
tion of high-speed interconnects and RF circuits, and
spent a term at Nortel Networks, where he developed
a prototype system-level simulation tool. His current
research interests include the analysis and simulation

of RF integrated circuits and high-speed interconnects.
Mr. Khazaka was the recipient of the Natural Sciences and Engineering Re-

search Council Scholarship (at the masters and doctoral levels) and the IBM
Cooperative Fellowship.

Pavan K. Gunupudi (S’98) received the B.Tech.
degree from the Indian Institute of Technology,
Chennai, Madras, India in 1997, and is currently
working toward the Ph.D. degree in electronics at
Carleton University, Ottawa, ON, Canada.

His research interests include circuit simulation,
computer-aided design of very large scale integra-
tion (VLSI) circuits, modeling and simulation of
high-speed interconnects, and simulation of linear
and nonlinear circuits.

Mr. Gunupudi was the recipient of the 1998–1999
Indira Gandhi Memorial Fellowship. He also received the 1998 Best Student
Paper Award presented at the Electrical Performance of Electronic Packaging
Conference.

Michel S. Nakhla (S’73–M’75–SM’88–F’98)
received the M.Eng. and Ph.D. degrees in electrical
engineering from Waterloo University, Waterloo,
ON, Canada, in 1973 and 1975, respectively.

From 1976 to 1988, he was with Bell-Northern
Research (currently Nortel Networks), as the Senior
Manager of the Computer-Aided Engineering Group.
In 1988, he joined Carleton University, Ottawa,
ON, Canada, where he is currently the Holder of
the Computer Aided Engineering Senior Industrial
Chair, established by Bell-Northern Research and

the Natural Sciences and Engineering Research Council of Canada. He is also
currently a Professor of electrical engineering, and founder of the High-Speed
Computer-Aided Design (CAD) Research Group. He is a technical consultant
for several industrial organizations and the principal investigator for several
major sponsored research projects. His research interests include CAD of VLSI
and microwave circuits, modeling and simulation of high-speed interconnects,
nonlinear circuits, multidisciplinary optimization, thermal and electromagnetic
(EM) emission analysis, noise analysis, mixed EM/circuit simulation, wavelets,
and neural networks.


