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Abstract—An efficient algorithm, based on congruent trans- technique handles distributed transmission-line circuit stamps
formation and model reduction, is proposed for evaluation of including frequency-dependent parameters without the need for
frequency- and time-domain sensitivity of large linear networks giscretization of the telegrapher's equations. The algorithm is
containing lossy coupled transmission lines. The sensitivity of the based on proiecting the adioint network equations on a reduced-
voltage and current waveforms can be calculated with respect to proj 9 | ) q_
lumped components and parameters of transmission lines. The order subspace that preserves the circuit moments. The sen-
algorithm is based on projecting the adjoint network equations sitivity can then be evaluated over any number of frequency
on a reduced-order subspace that preserves the circuit moments. points for the cost of one QR factorization. The remainder of
The pmp.ose‘f a'go”th”f‘ provides a S'grl"f'c.am decrease in the na paper is organized as follows. Section Il presents the formu-
computationa eXp_ensfe _Or Sen_S't'V'ty ar?a ysis. o lation of the circuit equations. This is followed in Section Ill by
i '”deXdTem(‘jS—%'rCU't st|mulat|on, TPU,”'CO”dUCtor transmission 3 prief description of adjoint sensitivity analysis. The proposed
Ines, reduced-order systems, sensitivity. model-reduction algorithm is then discussed in Section IV. Fi-

nally, the results and conclusion are presented in Sections V and
|. INTRODUCTION VI, respectively.

DVANCES IN fabrication methods and decreasing device
sizes have significantly increased the relative contribution Il. FORMULATION OF NETWORK EQUATIONS

of high-speed interconnects to overall signal degradation [1]. AtConsider a linear networkcontaining linear lumped compo-
higher frequencies, interconnects are modeled by transmissifihts andV, lossy coupled transmission-line sets, withcou-
lines. Transmission-line analysis has, therefore, become impgied conductors in transmission-line gefAssume the network
ative at all levels of the design hierarchy from backplanes ¥has N nodal variables, the modified nodal analysis (MNA)
printed circuit boards, packages, and integrated circuits [2]. Theatrix equations for the network with impulse input excitation
analysis of large systems containing transmission lines have pg&n be formulated as

sented additional problems to circuit simulation, stemming from

the fact that such distributed elements are modeled by partial A(s)X(s) =B (1)
differential equations as opposed to ordinary differential equa-

. : . As)=H+sW+Y 2
tions, as in the case of lumped elements. A significant amount () +sW+Y(s) (2)
of research has been done to overcome these difficulties an%ﬁ'er e
duce the CPU cost of transmission-line analysis [3]. X(s) € CN vector of the N complex variables

Recently, techniques based on congruent transformation have
emerged as an efficient tool to generate reduced-order passive
models of very large linear networks. These techniques have
been applied successfully to lumped [4] and distributed net-
works [5], [6] resulting in significant savings in CPU time. Such
methods allow the circuit designer to determine the response of "’
a given circuit.

Several technigues can be found in the literature that use
model reduction based on Padé approximation to perform sen

describing the subnetwor, which in-
cludes node voltage waveforms appended
by independent and dependent voltage
source currents and inductor currents;

H e R¥*N  constant matrices describing the lumped
memory and memoryless elements of net-
work ¢, respectively W, H are formu-
lated as suggested in [4];

T N i ; i in-
sitivity analysis of lineatumpednetworks [7], [8]. Besides the Bed \éigté)rr“\j/v;:: 32&232 (;itgrcrzlr?:gt Z%H;selg_
fact that these techniques cannot handle distributed networksY(s) _ E;]Ll DiYx(s)DL is a matrix

their analysis requires finding the derivatives of the poles and
zeros of the reduced model. In this paper, we propose an efficient
algorithm for sensitivity analysis of transmission-line networks

based on congruent transformation techniques. The propoi‘,ﬁ({j

containing the frequency dependent
y-parameters of all the distributed trans-
mission-line sets.
= [d;;] with elementsd;; < {0,1}, where
t € {1,2,...,N}, 5 € {1,2,...,2n;} with a maximum
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network. They-parameters of transmission-line gedre given Equations (9), (11), and (12) can be solved to obtain the sen-

by [3] sitivity of V" with respect to\. The relative sensitivity is defined
as
Y Vi =1, 3 oV
Sx=A—. (13)
whereV(t) € R* is the vector of terminal voltages of the A
interconnect subnetwork and The definition in (13) is directly related to the partial derivatives,
4 -1 ) —1 however it is more meaningful when comparing sensitivity with
S;E1 S, S,E.S, ) ;
Yi=|cpalt qpaotl- (4) respect to components of different magnitudes.
S:E.S;t S,EqS; ) . . :
The computational cost of this method is one L/U factoriza-
E, andE; are the diagonal matrices tion of A(s, A) at each frequency point. Itis to be noted that, for
large circuits, this method can be computationally intensive. To
. 14e 2md address this problem, in Section 1V, we propose an algorithm to
E, =diag—————,i=1...Ny (5) . .
— ¢—2vd perform sensitivity analysis on large networks using model-re-
_ 2 . duction techniques.

IV. SENSITIVITY ANALYSIS USING MODEL REDUCTION
whered is the length of the transmission-line set, aifcare the

: | f th . ith iated ei The proposed algorithm to find the sensitivity of voltage and
e'gwr\]’:r:es of the matriX; Y';, with associated eigenvectors, . ant waveforms of the transmission-line network described
xi’

in (1) is presented in the following subsections. First, an al-
gorithm is presented for the reduction of the equations repre-
Z; =R+ sL 7 ) > ) e
senting the original system (1) and its sensitivity (12). This is
Y. =G+sC. (8 followed by a description of the computation of the sensitivity

Ny x Ni . ) of the MNA matrix, required in (11). A pseudocode of the algo-
R,L,C, andG ¢ ® are the per-unit-length resistance i m is given in Fig. 1.

inductance, capacitance, and conductance matrices of the trans-
mission-line set. S, is a matrix with the eigenvectors; in o \odel Reduction

the columns, ané; = ZZISUF, wherel’ = diag{v;,i = . .
1...Nu}. Itis to be noted that the per-unit-lengl, L, C, The original system in (1) can be reduced by a congruent

G parameters of the transmission line can also be a functiontginsformationinto a smaller system of siz€]. The congruent
frequency. transformation matriXQ is an orthonormal basis, constructed

such that

[ll. SENSITIVITY ANALYSIS span(Q) = span[My -~ M,] (14)
Several techniques can be found in the literature to determine ) ) o
the sensitivity of the output with respect to any parameterWhereQ € R4, Af; is the ith moment of the circuit re-
in the network. Amongst these, the adjoint technique has bedPnse. The moment/; are evaluated using the recursive re-
proven to be the most efficient method [11]. This section briefkation given by [10]

describes this technique. This forms a basis to propose the new oA
algorithm discussed in Section IV. " Her M,_,

With X being a circuit parameter representing a lumped or [A]ls=oM; = — Z G PP R (15)
transmission-line element, (1) can be rewritten as o r!

A(s,\)X(s,\) = B. (9) Wwith
Let V be the output variable of interest. We have [A]l;=0Mo = B. (16)
V =d'X (10) The reduced system is formed by performing the congruent
transformation

whered is a selector vector with nonzero entries corresponding N
to the output variable. The sensitivity Bfwith respect to\ can X(s) = QX(s) a7

be written as on the original system (1). Using (17) and (1), the reduced

ov. _,0A (11) system can be written as
ax - Tran S .
A(s)X(s) =B (18)
whereX is the solution of the network equations, aXd is the
solution of the adjoint equations where

~

Al(s, VX, =d. (12) A=Q'AQ B=QB. (19)
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[H,W,Y(s),B,d] = FormMna();
A(s) =H+W+Y (s5) ;

// Form reduced order model
[K,K,]= getMoments(A,B,d);
Q = orthonormalize(K);

Q, = orthonormalize(K,);
A(s) = 0'a(s)Q;

A (s) = Q'A'(5)Qy;
B = ¢0'B;
d, = 0,'d;

// Perform sensitivity analysis on reduced system
for each freguency point .
solve A(s)i = B, solve A (s)%, = d,
x = Qx ; x, = Q.%,
evaluate dA/d\ as described in secion IV.B

AV/0h = x(0A/IN)x
endfor
quit;

function orthonormalize(A)
[m,n] = size(A)
for i = 1 to min(m-1,n)
= A(i:m, 1) + sign(A(i,i))e; // e; is the first column of the

u; = u;/norm(u;) // identity matrix

A(i:m,i:n) = A(i:m,i:n) - 2u;(u;TA(i:m,i:n))
end for
return(A);
end function

uj

function getMoments(A,B,d)
[L,U] = 1u(A);
sum = 0; sum2 = 0;
for i = 1 to num _moments_needed
for k = 1 to i-1
sum -= kth_derivative_of_ A*N(n-k)/factorial (i);
sum2 -= transpose(kth derivative_of A)*M(n-k)/factorial(i);
/* The kth derivative of A(s) is computed as described
in Section IV.A.*/
end for
N; = forward_backward_subst (L,U, sum);
M; = forward backward subst(U’,L’,sum2);
end for
return [N,M]
end function

Fig. 1. Pseudocode of the algorithm.

The solution of the original networ is obtained by map- we perform model reduction directly on the adjoint system of
ping the solution of the reduced circuit back to the original spa¢&2) through a congruent transformati@y,. As in the case of
using (17). Such a congruent transformation was shown to proedel reduction of the original systegm the moments oKX,
duce a passive system while preserving the filderivatives of are needed for the construction of the congruent transformation

the original system [6]. Q.. These moments are evaluated using the recursive relation-
From (17), it can be seen that ship given by [10]
X  9Qg Jd 4 . oTAY a
—=—=X+Q=X. (20) P 5 i
ox  0A aA [AY]]smoMf = — Z % (21)
Equation (20) demonstrates that finding the sensitivitXof r=1 "

with respect to\ involves finding the derivative of the congruent,;ip,
transformatior with respect to\, which is difficult and cum-
bersome to evaluate. In order to avoid the evaluatiah@fo), [AT]|;=oMG =d (22)
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Fig. 2. Circuit for example 1.

whereM¢ is the ith moment of the adjoint circuit responsescribe the computation ag¥A. /A when A represents lumped
It should be noted that the factorization Af can be easily and distributed elements.
deduced from that oA, which was evaluated in (16). Reducing 1) Sensitivity with Respect to Parameters of Lumped Compo-

the adjoint circuit equation (12), we have nents: When A represents a parameter of a lumped element, it
. . N can be seen from (2) and (11) that
A (5)X,(5) =d, (23) OA OH  OW
where DD (26)
which can be easily evaluated [11].
=Q'A'Q, d,=Qld. (24) 2) Sensitivity with Respect to Electrical Parameters of Trans-

mission Lines:If A represents an electrical parameter of a dis-

The solution of the adjoint network can, therefore, be foungipyted element, it can be seen from (2), (3), and (11) that
by mappingX, back to the original space through the congruent oA 0 5 M

transformation —Y — Y DyYy(s)Di. 27
A N 8)\ (s) 8)\; Kk Yk (5)Dy (27)
Xa(s) = QaXals). (25) In order to comput@A /oA using (27), we need to find the
The sensitivity can then be found at any frequency by simpfigrivatives ofYy(s) with respect toA. It can be shown that
solving the reduced systems in (18) and (23). Such congrudhi(s) satisfies the relation [9]

transformation applied to a linear system, is shown to preserve a95; 0

the firstq derivatives with respect to frequency, thus preserving 9 Y% {Sv 0 } _ | ox {El Eﬂ
the accuracy of the response [6]. In addition, the matrices in- ox [0 Sy 0 95i By Er
volved in (18) and (23) are very small when compared to the A

original equations (9) and (12). Hence, the solution of the re- s 0 % %
duced system of equations is much less computationally ex- + [ OZ S} 88132‘\2 aaE)‘l
pensive when compared to that of the original system. It is to ! N o
be noted that the system moments and the adjoint moments aS,,

are computed using the same L/U decomposition in (15) and N 0

(21). However, there is no obvious relationship betw€eand =Yy a8, | - (28)
Q.. Therefore two separate QR decompositions are required 0 N

to find the two transformation matrices. Furthermore, the al- From (28), it can be seen that the sensitivitydf depends
gorithm does not requir€ and Q, to be of the same order, on the partial derivatives of the eigenvalugsand eigenvectors
although using the same order for both transformations is reg-of the matrixZr Y r,, which can be obtained using

ommended. 9%; 9
YU —ZrYr x| | 3¢ <8)\(ZTYT)>
B. Calculation ofdA /oA X! 0] | a2, 0
From (11), it can be seen that the derivative of the MNA o (29)

equations is required to calculate the output sensitivities. ThdnereU is the identity matrix.
method of calculating this derivative, however, depends on the3) Sensitivity with Respect to Physical Parameters of Trans-
type of the parametex. The following subsections briefly de- mission Lines: While sensitivity with respect to electrical pa-
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rameters of transmission lines is a useful measure, itis often an ¢
intermediate step in the calculation of sensitivity with respectto & ©°2
physical parameters such as width because ultimately physical Z
parameters are the design parameters. Suppisa physical
parameter of a transmission-line system wihconductors. A

simple expression for the output sensitivity can be written as o5 1 sz 25 s s 5
av zj\: N < OV R, OV L Time (sec)
9A i=1 j=1 aRiJ 9 aLi:j X Fig. 7. Time-domain response.

ov 0G;; OV 9C;;
G, ; A aC,; ox ) (30) simple analytical expressions for the electrical parameters (such

The above formulation requires the computation of the seff those in [16]) can be used.
sitivity of the output with respect to all x N? electrical pa-
rameters of the transmission lines. For example, an interconnect
containing four coupled lines will have 65 electrical parameters Example 1: To demonstrate the accuracy of the proposed
(including the length), but only ten physical parameters. Sinedgorithm, a circuit (Fig. 2) containing a transmission line with
the number of physical parameters is much smaller than thatffiifiquency-dependent parameters was considered. Figs. 3 and
the electrical parameters it is much more efficient to include tleshow the dependency of the per-unit-length inductance and
physical parameters directly in (29). The derivatives of the ele@sistance on the frequency. The input to this circuit is a 40-ns
trical parameters with respect to the physical parameters campoése with 2-ns rise and fall times. The proposed algorithm
found using numerical methods [13]-[15], but for many casesas used to find the sensitivity of the output voltagg,:

V. NUMERICAL EXAMPLE
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Fig. 11. Relative sensitivity with respect to transmission-line width.

with respect to the per-unit-length capacitance of transmission
line A. The time-domain sensitivity was then found using the
fast Fourier transform (FFT). The results obtained using the
proposed technique and perturbation method are compared i
Fig. 5. No noticeable difference was observed.

Example 2: To demonstrate the efficiency of the method, a

TABLE |

OMPARISON OF THETOTAL EXPENSE FORDIFFERENTMETHODS

# of equivalent

relatively large interconnect circuit consisting of 458 resistors, perturbation

inductors, and capacitors and 12 transmission lines (Fig. 6) is

considered. The input pulse and the output response at the noc
of interest are shown in Fig. 7. The relative sensitivity with re-

L/U Speed-up ratio
decompositions
1001 1
Conventional adjoint technique 100 10
Reduced-order adjoint technique 3 334

spect to the parameters of one of the transmission lines was
computed using the proposed algorithm. The time-domain sen-
sitivity was obtained using the FFT and is shown in Figs. 8—1%
The response obtained from the proposed reduced-order a
joint technique matched those of the conventional adjoint tecth
nique with no noticeable difference. Two expansions were used

to match the sensitivity up to 1 GHz. Only two L/U decom-

VI. CONCLUSIONS

equired 100 L/U decompositions. Table | compares the number
fGJ:/U decompositions required for sensitivity analysis with re-
ect to ten different parameters at 100 frequency points.

positions of the original system and one QR factorization of An efficient algorithm, based on congruent transformation,
the subspace were required to obtain the response at 100 foe- evaluating the frequency- and time-domain sensitivity
guency points. Note that computation cost of the QR factoof large lossy coupled transmission-line networks has been
ization needed to find the congruent transformation is comparesented in this paper. The algorithm is based on projecting
rable to that of one L/U decomposition. The adjoint techniqube adjoint network equations on a reduced-order subspace
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that preserves the circuit moments. Using this algorithr
output sensitivities of large linear networks can be calculat(
accurately with respect to lumped components and parame
of distributed elements. The proposed algorithm provides
significant decrease in the computational expense for sensiti
analysis.
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