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Abstract—Stepped-impedance resonators have been thoroughly
studied in this paper. Two equations for odd- and even-mode res-
onance are derived from a new network model. The size and res-
onant frequencies of the resonator could then be designed based
on these two equations. A new resonator-embedded cross-coupled
filter, constructed by stepped-impedance hairpin resonators and
miniaturized hairpin resonators, is presented. This new filter is
very compact and has lower spurious response. A 0feed struc-
ture, which adds two transmission zeros to the filter response, is
also studied. The two zeros are so close to the passband that the
selectivity and out-of-band rejection of the filter are significantly
increased. The design has been verified by experiment results.

Index Terms—Coupled transmission lines, transmission-line res-
onators, elliptic filters, microwave circuits.

I. INTRODUCTION

I N MICROWAVE communication systems, small-size and
high-performance filters are always needed to reduce the

cost and enhance the system performance. They can be de-
signed in many different ways and by using different materials.
Among them, planar filters are particularly attractive because
they are compact and easy to manufacture. Therefore, there has
been much research conducted on planar filters and their com-
ponents, i.e., planar resonators [1]–[9]. For example, hairpin
resonators, stepped-impedance resonators, and miniaturized
hairpin resonators are used to make filters more compact, and
elliptic filters can be realized by introducing cross-coupled
effects.

Since resonators are the basic components of a planar filter,
it is necessary to select proper resonator types used in filter de-
sign. A conventional half-wavelength open-line resonator is al-
ways too large [1]. To reduce the circuit size, Cristal and Frankel
[2] folded the open-line resonator to form a hairpin resonator.
In 1989, the miniaturized hairpin resonator was developed by
Sagawaet al. [5]. The coupled lines at the ends of this struc-
ture are used as a capacitor in order to reduce the resonator size.
Therefore, this miniaturized hairpin resonator is much smaller
than the hairpin resonator. Actually, this type of resonators is
a variation of stepped-impedance resonators [4]. To begin this
paper, many undiscovered important characteristics of this res-
onator will be discussed.

First of all, a new network model for miniaturized hairpin
resonators is proposed. This new model accounts for all reso-
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nant modes. Two design equations are then derived based on this
model. One of them is for the odd resonant modes and the other
is for the even resonant modes. With some modification, these
two equations can also be applied to similar resonators, such as
stepped-impedance resonators and stepped-impedance hairpin
resonators. A cross-coupled filter based on miniaturized hairpin
resonators has been designed, fabricated, and measured to verify
these equations. It is interesting to note that this new filter has
an extra transmission zero, which can be adjusted for better re-
jection of interference signal without sacrificing the passband
response.

Besides selecting resonator types, filter topology must also
be considered carefully. Traditionally, parallel-coupled-line
filters and hairpin filters are widely used in microwave circuits
[1], [2]. They are constructed by identical resonators cascaded
in series. With this topology, only Chebyshev and Butterworth
responses can be realized. In order to enhance filter perfor-
mance, cross-coupled filters, which can realize elliptic or
quasi-elliptic response, were proposed in [3], [7], and [8]. In
this paper, a new cross-coupled filter using resonator-embedded
topology is presented. There are two types of resonators in this
filter topology: the stepped-impedance hairpin and miniaturized
hairpin resonators. They are specially arranged and designed
to reduce the circuit size, create the cross-coupled effect, and
lower the spurious response.

Finally, a 0 feed structure of a four-pole cross-coupled filter
is studied. Compared with those filters designed with a 180feed
structure [7], [9], a filter with this new feed topology has two
extra zeros near its passband. This makes the filter have steeper
rejection. The new design has been verified by experiment re-
sults.

II. RESONANT CONDITIONS OF STEPPED-IMPEDANCE

RESONATORS

Fig. 1(a) shows a typical miniaturized hairpin resonator and
its parameters. The coupled-line section of this resonator can be
modeled by an ideal transformer and two open stubs, as shown
in Fig. 1(b) [10]. The turn ratio of the ideal transformer is
. The characteristic impedance of open stub 1 is half of the

odd-mode impedance of the coupled lines, and the impedance
of open stub 2 is half of the even-mode impedance of the coupled
lines.

When the circuit is excited at its odd modes, the fields are
antisymmetrical. The voltage at pointis zero. In addition, the
voltage at node 3 is equal to the negative of the voltage at node
4. The coupled-line section is excited at its own odd modes.
Therefore, the circuit model can be split at pointwith the
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Fig. 1. (a) Miniaturized hairpin resonator. (b) Network model. (c) Odd-mode
model. (d) Even-mode model.

conditions and , as shown in Fig. 1(c).
The circuit can then be described by

(1)

with

(2)

where . The equation for all
odd-mode resonance, including the fundamental mode, can then
be derived by using the conditions at point, and the result is

(3)

On the other hand, when the circuit is excited at its even
modes, the fields are symmetrical. The circuit is open at point

. By similar reasoning, the even-mode circuit model can be de-
rived, and is shown in Fig. 1(d) with the conditions

and . The circuit is described by

(4)

with

(5)

where . The equation for all
even-mode resonance, including the first spurious mode, can
then be derived, and the result is

(6)

It should be noted that the equation for “even”-mode res-
onance given by Sagawa [5] is not correct because it is de-
rived based on the fundamental “odd”-mode condition of the
stepped-impedance resonator given by Makimoto [4].

It is found that similar equations can also be applied to
stepped-impedance resonators and stepped-impedance hairpin
resonators. Fig. 2 shows the circuits and parameters of a typical
stepped-impedance resonator and a stepped-impedance hairpin
resonator. These two resonators can be treated as variations of
the miniaturized hairpin resonators with an infinite or large
space between the two conductors of the coupled lines. The
coupled lines become two independent transmission lines and
the center transmission-line section is unaffected. This makes

, , , and in
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Fig. 2. (a) Stepped-impedance resonator. (b) Stepped-impedance hairpin
resonator.

(3) and (6). The equations for these two resonators can then be
written as

(7)

and

(8)

where (7) is for the odd modes and (8) is for the even modes.
Equation (7) is the same as the fundamental resonant equation
given by [4], but (8) is different from the first higher order reso-
nant equation in that paper. It is more general than Makimoto’s
equation, which is under the assumption of .

III. CHARACTERISTICS OFMINIATURIZED HAIRPIN

RESONATORS

For miniaturized hairpin resonators, the fundamental mode
is the first odd mode and the lowest spurious mode is the first
even mode. Since they are very important in the design of fil-
ters, it is necessary to analyze the characteristics of these two
modes. This analysis can also be applied to stepped-impedance
resonators and stepped-impedance hairpin resonators, with the
circuit parameters given in the previous section.

According to (3), Fig. 3 is plotted to illustrate the variation of
the fundamental mode frequency due to the different impedance
ratio of to and the different length ratio of to . The
total electrical length of these resonators are selected
to be at . This makes the circuit resonate at when the
impedance ratio is equal to one. It is clear that the smaller the
impedance ratio of to , the lower the fundamental reso-
nant frequency. The resonant frequency is below or higher than

when the impedance ratio is smaller or larger than one, re-
spectively. For the impedance ratio less than one, it shows that
the larger the length ratio, the lower the fundamental resonant

Fig. 3. Effects of impedance ratio ofZ toZ and length ratio of� to � on
the fundamental-mode resonant frequency.

Fig. 4. Effects of impedance ratio ofZ toZ and length ratio of� to � on
the first spurious-mode resonant frequency.

frequency. On the other hand, for the impedance ratio great than
one, it shows that the larger the length ratio, the higher the fun-
damental resonant frequency. When the length ratio is equal
to zero, a miniaturized hairpin resonator becomes a half-wave-
length open-line resonator and the resonant frequency is fixed
at . Therefore, the impedance ratio should be as small as pos-
sible and the length ratio should be as large as possible when the
size of the resonator has to be minimized.

Similarly, Fig. 4 is plotted according to (6) for the first spu-
rious response of miniaturized hairpin resonators. The total elec-
trical length of these resonators are also selected to be
at . This makes the first spurious mode resonate atwhen
the impedance ratio of to is equal to one. This figure
shows the variation of the first spurious-mode frequency due
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Fig. 5. Coupling structures and design curves for: (a) electric coupling, (b) magnetic coupling, and (c) mixed coupling.

to the different impedance ratio of to and the different
length ratio of to . It is clear that the larger the impedance
ratio, the higher the first spurious-mode frequency. The resonant
frequency is lower or higher than when the impedance ratio
is smaller or larger than one. For any impedance ratio smaller
than one, the spurious frequency is lowest when the length ratio
of a miniaturized hairpin resonator is about 0.14. On the other
hand, for any impedance ratio larger than one, the spurious fre-
quency is highest when the length ratio of a miniaturized hairpin
resonator is about 0.21.

Therefore, properly selecting the values of, , ,
, , and is very important in the design of this type

of resonators. The size can be greatly reduced and the first
spurious-mode frequency could be properly designed.

IV. FOUR-POLE CROSS-COUPLEDFILTER DESIGN

To demonstrate the applications of the studies in the previous
section, a four-pole cross-coupled filter [3], [7] with center fre-

quency at 2.0 GHz and 3.5% bandwidth was designed. The
circuit was fabricated on the Rogers RO4003 substrate with a
relative dielectric constant of 3.38, a loss tangent of 0.0027, and
a thickness of 20 mil. In order to design a compact filter with a
higher first spurious-mode frequency, the selected miniaturized
hairpin resonator has the circuit parameters as

mil

mil (9)

The resonator has the fundamental mode at 2.0 GHz and the
first spurious mode at 4.7 GHz, which are calculated by using
(3) and (6). Fig. 5 shows the three basic coupling structures
and the design curves for this filter. The coupling structure in
Fig. 5(a) is for electric coupling because the electric fringe fields
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Fig. 6. (a) Four-pole cross-coupled filter. (b) Measured passband response. (c) Measured passband and spurious response.

are stronger near the open ends of the resonators. By similar rea-
soning, the structure in Fig. 5(b) provides a magnetic coupling
because the magnetic fringe fields are stronger near the center
of the resonators. The coupling structure in Fig. 5(c) provides
both electric and magnetic coupling. The design curves in these
figures are the results of electromagnetic analysis.

For the given specifications, the coupling coefficients and the
loaded of this filter can be found as

(10)

Fig. 6(a) shows the photograph of the filter. The size of this filter
amounts only to by , where is the guided
wavelength on this substrate at the center frequency.

The filter was fabricated and measured using an HP 8719D
network analyzer. Fig. 6(b) and (c) show the measured data. The
passband insertion loss is about 2.8 dB. This is mainly due to the
conductor and dielectric losses of the substrate. The passband
return loss is no less than 15 dB. The out-of-band rejection is
better than 27 dB at the lower stopband and 23 dB at the upper
stopband. The filter has the center frequencyat 2.0 GHz and
the first spurious response at about 4.8 GHz. These justify the
resonator design equations. It is interesting to notice that there
is a 65-dB attenuation at 3.4 GHz. This is mainly due to the

coupling of the slots in the filter layout. This should be useful
in the rejection of strong interference in the stopband and can
be fine tuned by changing the slot length without sacrificing the
passband response.

V. RESONATOR-EMBEDDED FOUR-POLE CROSS-COUPLED

FILTER DESIGN

Traditionally, a planar bandpass filter is designed with several
identical resonators. The circuit size is large and the spurious
response is usually fixed at the double of the fundamental-mode
frequency. Several types of resonators have been designed
to overcome these problems such as stepped-impedance
resonators, miniaturized hairpin resonators, and slow-wave
open-loop resonators [4], [5], [9]. These resonators are used
for reducing the filter size, but the spurious response of them
are still large. Another method is to modify the filter structure
to reduce the circuit size, such as the pseudointerdigital filter
proposed by Hong and Lancaster [6]. However, the spurious
response of this filter is fixed at the double of the funda-
mental-mode frequency. In this section, a new filter structure
with embedded resonators is proposed. The circuit size is
reduced, the spurious-mode frequency is controllable, and the
level of the spurious response is lower.

Fig. 7(a) shows the topology of this new resonator-embedded
four-pole cross-coupled filter. It is constructed by two types of
resonators. One is the miniaturized hairpin resonator and the
other is the stepped-impedance hairpin resonator. In order to re-
duce the filter size, the miniaturized hairpin resonators are em-
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Fig. 7. (a) New resonator-embedded cross-coupled filter. (b) Electric coupling
structure. (c) Magnetic coupling structure. (d) Mixed coupling structure.

bedded in the stepped-impedance hairpin resonators. This new
filter has a fourth-order frequency response, but it is smaller
than a hairpin-resonator filter with a second-order frequency re-
sponse. Moreover, this special arrangement of resonators pro-
vides an additional signal path from the input resonator to the
output resonator. This helps to create the cross-coupled effect.
The frequency response of this filter could be elliptic or quasi-el-
liptic if properly designed. The first spurious-mode frequency
can be predicted by using the equation derived in Section II.
Since the miniaturized hairpin resonators are on the main signal
path, the spurious-mode frequency will be dominated by the
characteristics of these resonators. Another advantage of this
new filter is that the level of the first spurious response is lower.
This is because the first spurious-mode frequencies of these res-
onators are not the same. It is important to note that unwanted
coupling effects in the stopband will increase when the center

section of the resonator is too close to the resonator. For-
tunately, this can be overcome by using the 0feed structure,
which will be discussed in the following section. Fig. 7(b)–(d)
shows the three coupling structures encountered in this new
filter. The coupling structure in Fig. 7(b) leads to an electric
coupling and Fig. 7(c) leads to a magnetic coupling. Fig. 7(d) is
similar to the mixed coupling structure in Fig. 5(c), except it is
a dual-arm coupling structure. The coupling coefficient must be
found by electromagnetic simulations.

A cross-coupled filter with this new resonator-embedded
structure was designed with a center frequency at 2 GHz and
5% bandwidth. It was designed and fabricated on the Rogers
RO4003 substrates. The parameters of the miniaturized hairpin
resonators used in these structures are the same as those used
in Section IV. The coupling coefficients and the loaded of
this filter is found as

(11)

Fig. 8(a) shows the photograph of this filter. The size of this filter
amounts only to by , where is the guided
wavelength on this substrate at the center frequency.

The measured data is shown in Fig. 8(b) and (c). The pass-
band insertion loss is about 2.4 dB and the passband return loss
is greater than 15 dB. The out-of-band rejection is better than
30 dB. The filter has the center frequencyat 2.01 GHz and
the first spurious response at about 4.8 GHz. Its first spurious
response is about 10 dB lower than the filter designed in Sec-
tion IV.

VI. 0 FEED STRUCTURE

The input and output of a planar filter are usually achieved
by tapped feed lines because they are simple and easy to de-
sign [11]. For a half-wavelength planer resonator, there are two
proper feed points at the opposite locations about the center of
the resonator. Fig. 9 shows two electric coupling structures con-
structed by hairpin resonators with different output feed points.
In Fig. 9(a), the signals at the input and output feed points are
in phase when the circuit is resonant at its fundamental-mode
frequency, while in Fig. 9(b), they are out-of-phase. Both of
these arrangements work, but the feed structure in Fig. 9(a) will
create two more transmission zeros in the stopband. The first
zero occurs at the frequency when the length of arm (2) of the
input resonator approaches a quarter-wavelength and the other
occurs at the frequency when the length of arm (1) is near a
quarter-wavelength. To prove this, the equation for the insertion
loss at these two frequencies are derived. When the length of arm
(1) is a quarter-wavelength, the matrices for the upper
and lower signal path of the coupling structure in Fig. 9(a) can
be derived as

(12)

and

(13)
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Fig. 8. (a)Resonator-embedded cross-coupled filter. (b) Measured passband response. (c) Measured passband and spurious response.

Fig. 9. Electric coupling structures of hairpin resonators with: (a) 0� feed structure and (b) 180� feed structure.

where

and

are the matrices of the transmission-line arm (2), the
mutual capacitor, and the transmission-line arm (1) in this cou-
pling structure. The admittance matrix for each signal path is

(14)

where or for the upper or lower signal paths. The admit-
tance matrix for the whole coupling structure is given by

(15)

The insertion loss can then be derived as

(16)
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Fig. 10. (a) Resonator-embedded cross-coupled filter with zero-degree feed structure. (b) Measured passband response. (c) Measured passband and spurious
response.

For an example, GHz, pF, S, and
, this equation gives

(17)

Therefore, there is a deep attenuation (more than 60 dB) in the
frequency response when approaches . This frequency
is higher, but near the resonant frequency of the hairpin res-
onator because the length of arm (1) is a little bit shorter than
the half-length of the hairpin resonator. With similar derivation,
it can be shown that there is another deep attenuation in the
frequency response when approaches . The frequency is
lower, but also near the resonant frequency of the hairpin res-
onator. These two zeros are very helpful for out-of-band rejec-
tion because they are close to and on opposite sides of the pass-
band. By similar reasoning, the electric coupling structures in
miniaturized hairpin resonators or stepped-impedance hairpin
resonators will also have similar response when 0feed struc-
ture is used.

As mentioned previously, for a good out-of-band rejection,
the resonator in the new resonator-embedded filter should not
be arranged too close to the resonator. However, by using the
0 feed structure, these two resonators can now be placed closer
without degrading the signal rejection level because the created
two zeros can help to increase the rejection in the stopband.

A resonator-embedded cross-coupled filter with 0feed
structure was designed to verify the studies. This filter is the
same as the filter design in Section V, except the feed structure.
Fig. 10(a) shows the photograph of this filter. The measured
data is given in Fig. 10(b) and (c). The passband insertion loss
is about 2.4 dB and the passband return loss is greater than 15
dB. The out-of-band rejection is better than 35 dB. It is clear
that the out-of-band rejection is increased. Compared to the
filter design with a 180feed structure, this filter has two extra
transmission zeros at the stopband: one is at 1.72 GHz and the
other is at 2.53 GHz. These two deeps are close to the passband
and make the out-of-band rejection much better than the filter
designed in Section V. The level of the first spurious response
is also lower than the filter designed in Section IV.

VII. CONCLUSION

Two simple equations derived from a new network model
for miniaturized hairpin resonator have been presented in this
paper. These equations can also be applied to other types of
stepped-impedance resonators. The resonant frequencies can be
accurately predicted by using these equations. The impedance
and length of the transmission lines and the coupled lines should
be properly selected to minimize the circuit size and control
the spurious response. A new resonator-embedded cross-cou-
pled filter structure, constructed by stepped-impedance hairpin
resonators and miniaturized hairpin resonators, has also been
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presented. The circuit size of this new filter is smaller than the
half-size of the same order direct-coupled planar filter. The level
of the first spurious response is also lower than filters designed
by using only one type of resonators. Finally, a 0feed struc-
ture for four-pole cross-coupled filters has also been proposed.
Filters with this type of feed structures can create two extra
transmission zeros on opposite sides of the passband. The se-
lectivity and out-of-band rejection of these filters are increased
without any side effect on the passband response. Several filters
using miniaturized hairpin resonators and stepped-impedance
hairpin resonators has been designed, fabricated, and measured
to verify the studies and demonstrate the applications. Among
them, a traditional four-pole cross-coupled filter was designed.
The results prove that the design equations for the miniaturized
hairpin resonators are correct. Moreover, an adjustable trans-
mission zero is found in the stopband. It is due to the coupling of
the slots in the filter layout and could be useful for the rejection
of interference signal in a communication system. Two other
filters with different feed structures were designed by using the
new resonator-embedded topology. The measured results again
verify the design equations for the miniaturized hairpin res-
onators. The signal level of the first spurious response is also
lower than common planar filters. These filters also indicate that
the 0 feed structure can make a typical four-pole cross-coupled
filter have higher selectivity and larger stopband rejection.
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