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Duality arguments are used to determBénstanton contributions to certain effective interaction terms of
type Il supergravity theories in various dimensions. This leads to exact expressions for the partition functions
of the finiteN D-instanton matrix model id=4 and 6 dimensions that generalize our previous expression for
the casal=10. These results are consistent with the fact that the Witten index gkthil D-particle process
should only be nonvanishing fat=10.[S0556-282(98)04616-3

PACS numbsgps): 11.25.Sq

I. INTRODUCTION potential[wherel labels elements of the Cartan subalgebra
of SU(N)]. This can be seen already in ti=2 (2 D-
When Yang-Mills theory with gauge group is reduced instanton system where the behavior of the “quenched”
to zero space-time dimensions it is a theory of vector potensystem, in which the instantons are separated by a fixed dis-
tialsA, (whereu=0,1, ... d—1 labelsd Euclidean dimen- tancelL, is qualitatively different for the supersymmetric
siong that are constant matrices and the action is simplygaseq5].
proportional to §A,,,A,]% This system is of relevance in  The partition functiorz(?) is also of interest in a separate
calculating the zero-mode contribution to Yang-Mills theory ¢qntext 1t may be identified with the bulk contribution to the
in a box[1]. WhenG_ IS SU(N) (so thaFAM IS a H_ermman Witten index for the system dfl interactingD patrticles in
trgcele;sNxN matrix) and in the I|m|tN_—>oo this ZE10°  the T-dual type IIA string theory. Indeed, it was in the con-
dimensional model was shown by Eguchi and Kawai to €Ntext of the Witten index that the partition function was evalu-

code the information ind-dimensional Yang-Mills theory . P .
[2], at least in the quenched version of the model. ated eégaﬂmtly I?)r_thezac):isal—z n [E‘)(,Z)])there it was shown
Adding fermions in a supersymmetric manner dramati-hatZz"=0, Zy"=25"=1/4, andZ;™"=5/4. These values

cally changes the nature of the model. In supersymmetri@® in accord with the lore concerning the presenc®of
SU(N) Yang-Mills theory, which exists inl=3,4,6,10, the Particle threshold bound states a=10 Yang-Mills matrix

fermions ¢ are space-time spinora€l,...,2? 1 for quantum mechanics and the absence of bound states in the
d#3 anda=1,2 ford=3) and are alst\x N matricest In  lower dimensional cases. This lore is based on a variety of
these cases the partition function can be written as duality argumentsD particles ind=10 are supposed to be

identified with Kaluza-Klein modes of 11-dimensional su-
B 1 pergravity and the presence of threshold bound states corre-
~ VoI(SU(N)) f sponds to the multiply charged modes. One signal for these
states is that the Witten index fof D particles should equal
where Syy is the supersymmetric Yang-Mills action ith  one. Thed=6 supersymmetric Yang-Mills matrix model can
dimensions reduced to a point, be obtained as a limit of type IIA string theory compactified
1 . onK3. This is a scaling limit in which a two-cycle in thé3
_ o, V= vanishes. AD2 brane wrapped around the cycle is massless
SYM_Z (AL A+ 2 r(yT LA YD), (1.2 at the degeneration point and is interpreted as a Yang-Mills
gauge particle in the dual heterotic pict{id. Since there is
andg is the string coupling constant. The larlydimit of the  a single Yang-Mills state it is important that multiply
d=10 model has been used to define a version of the matriwrappedD2 branes do not give rise to new threshold bound
theory[3,4] that is a candidate model for a nonperturbativestates and the Witten index should vanish. A similar argu-
description of type IIB superstring theory. An important ef- ment applies to the four-dimensional theory obtained by
fect of the supersymmetry is to ensure that there are exactiyompactifying type IIB string theory on a Calabi-Yau space
flat directions along which the eigenvalues Aaﬁ feel no inthe limit in which a three-cycle is degenerating. As shown
by Strominger[9] the singularity in the classical vector
moduli space is resolved by the presence of new massless

z\¥ DADye YoSmlA¥l - (1.7)

*Email address: M.B.Green@damtp.cam.ac.uk states associated with[23 brane wrapped once around the

TEmail address: gutperle@feynman.princeton.edu cycle. Again, multiple wrappings must not give extra nor-

We will define the fermions with the Minkowski signature for malizable states if the mechanism for resolving the singular-
space-time before passing to a Euclidean signature. ity is to work. Thed= 3 partition functioan\?) is believed to
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vanish[7,6,1Q so this case is qualitatively different from the configurations of disconnected disks with Dirichlet boundary
higher d cases. The relevant Euclidean brane configuratioonditions, as described {i4] for the d=10 case(and in
would be the Euclideab?2 brane wrapping a three-cycle in [15,16 for the bosonic string The lowest nontrivial pertur-
a Calabi-Yau fourfold. However, such cycles do not preservédative contributions of this kind will be evaluated for tte
half the supersymmetrigd.1]. =4 case in Sec. IV A in order to confirm the general struc-
In [12] we demonstrated how thie=10 zero-dimensional ture of these corrections, although perturbation theory alone
matrix model partition function for arbitrar, Z({, could  cannot verify the detailed form (& .
be extracted from the expressions for certain protected terms We will discover that
in the type 1IB effective actior(such as theR* term). We
also showed how this is compatible with a nonvanishing 2(10_ i
Witten index. This discussion will be reviewed and extended N _n;N m?’
in Sec. Il. Thed=6 case will be considered in Sec. Il where
the matrix model of relevance close to a degeneration poirThe d= 10 result was given ifi12] and agrees with the ex-
at which a single two-cycle ifK3 shrinks to zero volume pectation that the Witten index should equal one. @ke5
will be arrived at by considering a scaling limit of the thresh-andd=4 results agree with the expectation that the Witten
old corrections derived ifiL3]. In Sec. IV this will be further index vanishes in these cases as well as with the results of
extended to thel=4 case where the matrix model is associ-[17]. The relation of these results to the argumentlB] is
ated with the degeneration of three-cycles in Calabi-Yawobscure.
spaces of9].
. Ir_1 all these cases we are intereste_d in extrac?ing the lead- || 4=10 AND M-THEORY-TYPE IIB DUALITY
ing instanton contributions to the various terms in the effec-
tive action. These terms can be expressed in the string frame An important ingredient of the web of nonperturbative
in the form dualities is the correspondence betwdétheory onT? and
type Il string theory orSt. The original arguments for this
were motivated by the form of the leading terms in the low
J d¥xgF @ (p,p)P(¥)+c.c., (1.3 energy effective actions for these theofi#8—21]. This gen-
eralizes to the richer structure of the next terms in the low
where P(¥) is a combination of fieldgsuch asR* and re-  €nergy expansion that include, for example, fifaerms and
lated terms in thel=10 casg¢andp= y+ie~ ¢ is a complex Other terms of the same dimension. We will review the form
combination of RamorngiRamond (RPR) and Of these terms and how they are related to the Witten index

Neveu-SchwarzNeveu-Schwarz (NSNS) scalar fields. for thed=10 D-particle system in this section.
The particular moduli that are identified gsand ¢ depend The connection with the Witten index was made{ 1]
on the context. For large™* (weak coupling the function ~ Where we suggested how the analysis of the Bvparticle

F&(p.5) can be written as an expansion that has the eneriaystem in[6] and[7] should generalize to an arbitrary num-
foﬁngp 2 P g ber of D particles in the case af=10. For any value ofl the

index has the form

1

2 (1.6)

6) __—-(4) _
zQ'=2{=

Fp'=pert+ 2, Girp.p). (1.4 1= lim tr(—1)Fe =1+ o™, (2.1

B—

where pert. denotes a finite number of perturbative Cont”bu\'/vhereHN is the N D-particle Hamiltonian]éﬂ?k is the bulk

tions andgy ’» containsN-instanton effects. For the leading . hiribution to the index and is identical to the zero-

order in the weak coupling expansion this has the form  jimensional partition function

G0~ cZI(Sy)%+Pe 27NNV (14 0(1NE™ %)) Iuh= lim tr(—1)Fe Pn=20, 22

B—0
=z93p, (1.5

and 51" is a boundary contribution given by
where the constanéy depends only on the dimensiah
while p is the number of fields in the interactidnin linear- wn_ 7 d
ized approximation andsy is the N-instanton actionSy ol _fo dﬁﬁ
=Ne . The quantityz(!, is identified with the partition
function defined earlier in terms of the zero-dimensional re- The boundary term was found to arise in tNe=2 case
duction of super Yang-Mills theory. The measus’  from the region of moduli space in which the two particles
=(Sy) e 2"(NTINY - defined by Eq(1.5), is independent are separated and noninteractif§y7]. This region is de-
of the interaction term being considered. The general strucscribed by quantum mechanics of two free particles on the
ture of these interactions can be obtained by considering peprbifold spaceR?™1/S,. In [12] it was assumed that, in the
turbative string contributions around R-instanton back- d=10 case, for generdl the boundary term comes from the
ground. This requires a sum over world sheets that includebvious generalization of this region to the regions of moduli

tr(—1) e AN, 2.3
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space in whichm (>1) D particles of chargé are separated, which transforms under modular transformations as a form
where N=km. A key assumption is that the separatedof holomorphic weight p—4) and antiholomorphic weight
chargek bound states also behave as free particles. This re- p+4 which we will write as
gion is then described by quantum mechanic®8f /S,
and summing over the all values wfleads to the expression Weight f,=(p—4,—p+4). (2.8
in this case of

These functions are related to each other by the action of a

1 covariant derivative
N _ H
SIN) —mE‘N —mz. (2.9
I'(—5/2)
m>1 _op__~ T p

The Witten index follows oncé{l), is evaluated.

By making use of Eq(2.2) the expression fokl) can be  \yhere
identified with the coefficient of thl-instanton contribution
to the expansion of certain protected terms in the type IIB ] d

effective action. These terms incluf®4,22,23 =—+, (2.10
dp  2p
f d'%/ge [ f4(p,p)R*+ f1g(p,p)N1o+- -], acting on a @,d) form converts it into ad-+2,d) form.
(2.5 The expansion of the coefficient functions for small cou-

pling, e— 0, gives perturbative tree-level and one-loop con-
where R* denotes a specific contraction of four Riemanntributions together with an infinite number @-instanton
curvatures)\® is a specific 16-fermion terrfwhere\ is the  (and anti-D-instanton terms. The absence of higher order
spin-1/2 Weyl fermion of the type IIB theoyyand the terms perturbative corrections is presumably related to the fact that
indicated by dots are other terms of the same dimension thahe terms in Eq(2.5 are given by integrals over half the
are related by supersymmetfg3,24]. Such terms include on-shell superspace. An indirect argument for such a non-
PP+ 2,1,G2G*2,13G® and many others, wherg, is the  renormalization theorem has been advancei@#. The ex-
Weyl gravitino andG is a complex combination of the pansion off, can be written in the forngl.4):
Ramond-Ramond (RR) and the Neveu-Schwarz—Neveu-

Schwarz (N®NS) antisymmetric tensor field strengths. o . 272 ” 10
The functionsf,, f;5, and the other coefficient functions are e "f,=2{(3)e7??+ 3 Gt NZ1 Y, (21D
nonholomorphic modular forms that depend on the complex -
scalar field where[33]
p=cO+ije % (2.6)
B o™ 1
wherec® is the RRR scalar andg is the dilator® These C=(-1"7 ['(-5/2+p)T(11/2-p)" 2.12
coefficients are generalizédonholomorphit Eisenstein se-
ries and are given by The first two terms in Eq(2.11) have the interpretation of
the tree-level and one-loop string terms while the instanton

, _ ~ X . . i
fp=p§2 . (m+np)P 11’2(m+np) Pt52 (27 ﬁgg. anti-instanton terms are contained in the asymptotic se
m,n .

1
g&%‘:f=<8w>1’2($ —2)<2wNp2>1’2
N[m M

© o0

Copr  _2ain Co.r —27iNp
X miNp miNe |, 2.1
2y N & 2y EaNeyy (213
where
(=1)° a3 rr-12
Cor =5 ' — — . (2.19
2'(r=p+4H)! T'(p—5/2) T(—r—1/2)

2For related work orD-instanton effects in toroidally compactified type Il theories §28—27 and in type | theories sef28—30.
SL(2,Z)-invariant expressions for higher dimensional terms in the type IIB effective action have also been prof84ee8ih24.
3In earlier paper$14,23 the functionf, was denoted—a more uniform notation is adopted here.
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The expressiof2.13 is somewhat formal since the series exp(—S,) where theN D instanton action is given by
multiplying each(anti)instanton contribution are asymptotic

expansions of Bessel functions for large arguments. Sy=Ne % Vol(S?), (3.9
From Eg.(2.13 we see that the leading contribution to

the N D-instanton contribution irg(Nl’%)(p,;) is where ¢¢ is thed=6 dilaton. We will obtain the expression

for Z{®) from the form of these four-derivative interactions in
(10) _ -(10) — 712+ py—2m(Sy+iNc() ® the effective action.
Gnip~ 2 (2mS) e (1+ofe )()2’ 15 This is seen by considering one-loop threshold corrections
' to the heterotic string ofi®=T*x T2 [13]. One of these is of
where theN D-instanton action is given bgy=Ne ¢. This  the form F,R? term whereF; is a function of the vector
expression is of the fornil.5) with a,;g=—7/2, x identified ~ multiplet moduli while the other i§,3,,¢d,$d"3" ¢ where
with ¢(© and with F, depends on the hypermultiplet moduli only. Since the
heterotic dilaton lies in a vector multiplet the heterotic one-
710 _ ; i (2.16 loop calculation of the threshold functidf, is exact. In this
N 29 . .
mN- M manner the form of; may be determined in type IIA on
K3Xx T2, which may then be related by duality in one of
which has been normalized so th{”=1. the T2 directions to type 1IB. This duality, which exchanges
The powera,o=—7/2 in Eq.(1.9) arises from the combi- the Kénler modulus and complex modulus Bf, exchanges
nation of ten bosonic zero modéeach contributingSy?) a two-brane wrapped on a two-cycle for the world sheet of a
and 16 fermionic zero moddgsach contributingsf’s). The D string wrapped on the same cycle. The six-dimensional
numberp is the number of external fields in the linearized four-derivative terms can then be found by taking the large
approximation to the interaction ternp£4 for R*, p=16  volume limit of the type [IBT?,
for A6, etc). Thus, following[13], we may write the six-dimensional
We have thus determined the factor that is to be identifiedne-loop result forF; in terms of type 1IB variables and
with the partition function of the SU{) zero-dimensional extract the various perturbative and nonperturbative contri-
matrix mode. Combining Ed2.16 with Egs.(2.2) and(2.4)  butions by expanding in the appropriate couplings. The ex-
gives the result for the Witten inde®.1) of thed=10 case:  pression f0ﬂ~:1 is given in Eq.(6.2) of [13]:
(N) _ t
| 1, (217) F1=87T+29_¢6 2 ﬁc<¥) (qt(M+L)q)1/2
which indicates the presence of at least one bound state for N#0,q'#0

each value of\. qi(M +L)q)1’2

K1[27T|N|( > e %
lll. d=6 AND HETEROTIC-TYPE Il DUALITY

In this section we wish to consider type IIA compactified 1N€  matrix M parametrizes the moduli space
to six dimensions ork3, which is equivalent, via strong 0(29'42)/0(4'20R)/O(4R)XO(ZO’R?' L is the metric on
coupling duality, to the heterotic string oFf'. This theory (he Signaturé20,4 Narain lattice andy' are integer charges
has two eight component supercharges. At special points if{1at Parametrize the lattice moments @ndp,) that satisfy
the heterotic moduli spacg1, o additional massless states 2_ 1t 21 ting
appear, leading to a perturbative enhancement of the gauge pi=2a(M+L)q, pr=zq(M-L)q. 33
symmetry. On the type lA side these are associated WBh g |evel matching and mass-shell conditions for perturba-
branes wrapping a \_/amshn@ in the K3. T_he absence of e heterotic states are
bound states of multiply wrappdd2 branes is demanded by
the absence of an infinite tower of such massless gauge state%(plz_ pf) =N,—N,+1, m?= %(p|2+ pr2) +N;+N,—1.
on the heterotic side. A-duality transformatior(in the Eu- (3.9
clidean time directiojy maps theD2 brane of type IIA to the
Euclidean world sheet of B string in type 1IB. Thisis @  The degeneracy facto€(k) in Eqg. (3.2 is defined by
instanton from the six-dimensional point of view. 7 (1) =3y-_,C(k)e ¥ (nis the Dedekind functionand

Since theS? is chosen to be a supersymmetric cycle suchds is the six-dimensional type 1IB dilaton. The Wilson lines
an instanton preserves half of the supersymmef@6k The Y; of the heterotic string correspond tozR fields dimen-
eight broken supersymmetries generate fermionic collectiveionally reduced o3 on the type Il side.
coordinates which have to be soaked up by external sources In [13] the expressior(3.2) was used to determine the
in order to give nonzero correlation functions in an instantornonperturbative effects in the decompactified limit in which
background, thereby generating new interaction vertices. Thiéhe volume of theK3 is infinite, which confirms the form of
simplest such term will be an eight-fermion term. Among thethe d= 10 D-instanton terms described in Sec. Il. Here, we
other terms related to this by supersymmetry is the fourwish to use Eq(3.2) to extract thed=6 D-instanton correc-
derivative termd, ¢d,¢d*3"¢. In the background oN D  tions coming from Euclidea® branes wrapping the two-
instantons such vertices are weighted with a factorcycles ofK3. Using the mass-shell condition it is easy to see

eZ’n’iNYiqi. (32)
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from the heterotic side that the extra state with vanishingsingularity of the hypermultiplet moduli space. Following
mass has a charge satisfyigtig/2=—1 and a mass given field theoretical arguments given [87] a corrected metric
by on the moduli space near the conifold was derived3@al.
The metric was determined in the linit-0 keeping|z|/\
fixed (whereN is the string coupling in which the details of
how the conifold is embedded in the Calabi-Yau do not play
any role (neither does the fact that the hypermultiplets pa-
To isolate the instanton effects on the type IIB side we tung@ametrize a quaternionic instead of a hypeihlkéa geom-
the moduliM in such a way that.— 0 for a specific charge etry). The expression for the metric [1838] is given (in the
vectorq;, such thatue™ %6 is fixed. The degeneracy of this string frame by

state isC=1. Expanding the Bessel functidq, for large

g (M+L)q
T2

2

(3.5

e ives the leading nonperturbative contribution:
we 9 b d52=V‘1(dt—Axdx—XAzdz—XAZsz)
1/2
Fi~ X e % |ll\Ll|372 g 2mINlne” Peg2miNg | ¢ o 1
N70 +V dx2+Fdzdz : 4.2
1 .
_ /24— 2w Sy + 2miNS 2c(?) : . .
_NE;&o N2 (Sy)HeemzrvrzmilseTtc.c, (3.6 The four scalars in the hypermultiplet comprise the com-

plex field z associated with the complex structure deforma-
where we have kept only the first term in an asymptotiction parametrizing the conifold limit ang,t which are the
series of perturbative fluctuations around theinstanton reduced RoR three forms corresponding to the elements of
backgroundc(® is the two-form ReR potential that couples the cohomology associated with the cycjeand the dual
to the wrappedD-string world volume, and we have used cycle, respectively. The scalar potentMlin Eq. (4.2) is
w=Vol(S?)/a' so thatSy=|N|ue % is the instanton ac- given by’
tion. This expression again has the foth5 with ag=

7 D e 1 (A% 1
—3/2 andp=2, wherey is identified with f¢(®). With this Ve |n(_2) + =S cog2mNX)Ko(27N|Z)/N),
identification we determine a7 "\ || T =0
. 4.3
Z(NG)ZW, (3.7 and the vector potentiah is determined byV V="V XA to
be,
a result which was also derived i&7] using apparently dif- 1
ferent arguments. A=—— 9
This result implies that the bulk term in the Witten vertex X 27
is 1{N)=1/N2. In the absence of multD-particle threshold L
bound stategmultiply wrappedD2 brane§ the boundary AT ;
contribution to the index is that dfl free particles, namely, A=he T NZO sin2aNx)Ky(2a|NZ/N). (4.9

81N =—1/N?. This is consistent with the expectation that

the Witten index ("), + 81 ™) should vanish in the=6 case. ~The instanton terms again become apparent by expanding the
Bessel functiorK, for large values ofz|/\,

1 [A%??
We turn now to consider the type Il string theories com- V~ 4 In( N2

IV. d=4 AND THE CONIFOLD
2 -
+= 2 (2mNe ®) Yz 2mNe

T
pactified on a Calabi-Yau threefold near a conifold singular- N=0
ity. In the simplest case a nontrivial three cyglavith period X cog2mNX)(1+0(1/Ne™ ®)), (4.5
where we have set=\e” "1 so that|z]/A=e~® and

z:j Q (4.2
4 dzdz=M\%e ??(dd +id 6)(dd —id 6). (4.6)

vanishes in the conifold limit. As pointed out by Strominger
[9] the singularity in the vector multiplet moduli space of the
classical type IIB theory is interpreted in the low energy
guantum theory as the one-loop effect of a light hypermul-

tiplet produced by &3 brane wrapping the cycle In con- > G\ hed®dd, 4.7
trast to the vector multiplet moduli space the hypermultiplet N#0

moduli space can receive both perturbative and nonperturba-

tive corrections. It was suggested[B6] that for type 1A on

the same Calabi-Yau space Euclidéa? branes wrapping “In order to avoid notational confusion we are using the symbol
lead to large instanton effects which smooth out the classicahstead ofu to represent the renormalization scale.

From this it follows that the nonperturbative contribution
to theddd®d component of the metric has the form

046007-5



MICHAEL B. GREEN AND MICHAEL GUTPERLE PHYSICAL REVIEW D58 046007

WheregN »e has a leading\-instanton contribution of the brane wrapped on a supersymmetric three-cycle preserves

form (4.5), four of these. Hence there are four fermionic zero modes and
this leads, for example, to a “’t Hooft” four-fermion inter-
11 action vertex/36]. The leading contribution to this interac-
/2.27mINXq—27S
gN *e 5 83 € te.c., (4.8 tion comes from a world sheet consisting of four discon-

nected disks with a fermion vertex operator attached to the
and where the action for a chargkinstanton is given by interior of each and one fermionic zero mog®en string
o attached to each boundary. This four-fermion vertex is re-
Snv=[Nle"®. (4.9 lated by supersymmetry to the metric for the hypermultiplets
that we have been considering. The leading instanton contri-
bution to this metric comes from a world sheet consisting of
two disconnected disks with a vertex for a hypermultiplet
modulus inserted to the interior of each and two fermionic
zero modes attached to each boundary.
The vertex for the hypermultiplet modulds' is given by

In writing Eq. (4.8) we have kept only the leading contribu-
tion to the N-instanton term, which does not get contribu-
tions from the expansion of the expression #y in Eq.
(4.4). The expressior4.8) is again of the form(1.5) with y
identified withx, p=2, a,=—1/2 and with

2= (410 Vo=e et e, (419

whereq andq denote the left and rightmoving(ll) charges
€of the field @' of the internalc=9 N=2 superconformal
field theory, which is associated with the compactification on
the Calabi-Yau manifold. For type IIA compactified on a
Calabi-Yau the hypermultiplets parametrize the complex
structure moduli space and the scalars in thesNS sector
are associated with elements of the cohomoldﬂfy1 and
H12wh|ch are given by ¢,c) primary fields®! 1and @,a)

fie elds®' , _,, respectively. The RR vertices are related to
Othese by spectral flow.

In [39] it was shown that there are two possible boundary
conditions calledA andB [connected to the two topological
twists of N=2 super conformal field theor¢SCFT) [40]]
which correspond to branes wrapping middle and even di-

The appearance @-instanton induced terms in the effec- mensional cycles, respectively. Hence #hdéoundary con-
tive action can be seen in string perturbation theory arounditions are relevant in our case and the supersymmetry
an instanton background following the same kind of argucharges are given in the 1/2 picture by
ments made in14] for the ten-dimensional theory. For the

As with thed=6 case this expression is consistent with the
absence ob-particle bound stateggnd agrees with the result
in [17]).

In identifying the measur¢4.8) it was important that we
used the metric for the fluctuations @f rather than of the
field z. These metrics differ by a factor afe™?®. A way to
check that this choice of normalization is appropriate for
extracting the form oZ{}" is to emulate the way in which the
instanton measure can be evaluated in field theory by co
sidering the contributions of perturbative fluctuations aroun
the instanton background to correlation functions.

A. Perturbative fluctuations around a stringy D instanton

lowest order in a perturbative expansion the world sheetcon- Q2 .. =~ 12¢gag~1(312H 1 jo - 1126 agi (V3/2H
sists of a number of disconnected disks with closed-string
vertex operator insertions and witd-instanton boundary e~ U26Gagi (V3IH + — 124 Qan—i(V3I2H
o . : ) Q 12 e ie Se
conditions which can be implemented by constructing an ap- (4 12

propriate boundary state. Th# instanton preserves half the
space-time supersymmetry so that a combination of the leftand in the+1/2 picture by
moving and right-moving space-time supersymmetry charges

annihilate the boundary state. Applyimgfrom the broken Q3. =e2( yﬂs)aaxﬂe‘iM/Z)H

supersymmetries to the boundary state generates a boundary - _

state,|B),, wheren denotes the number of fermionic zero *iel?(y,S)29x e (I,

modes, which correspond to fermionic open string ground '

states attached to the boundary. Nonvanishing correlation Qi‘/k:eﬂ&b( yMs)éax/«Le—iW?/Z)H

functions arise when a sufficient number of these fermionic - _

modes are integrated—sixteen for the type 1IB theondin +iel?( —yMS)a(;XMei(VZIZ)H_ (4.13

=10 considered if14] (and Sec. ), eight in thed=6 case

in Sec. Il and four in thel=4 case in Sec. IV. Here the unbarred fields denote leftmovers and the barred

Here we will only consider thel=4 case where the in- fields denote rightmovers) denotes the bosonized superg-
stantons are Euclidedd2 branes wrapped on a three-cycle host, S* and S? are S@4) spin fields of opposite chirality,
of a Calabi-Yau threefold. The implementation of the bound-andH is the free boson associated with th€lJcurrent of
ary conditions in this case, as well as the construction anthe internalc=9 SCFT. TheA boundary condition enforces
properties of the associated boundary states were discuss€d |B)=0 andQ _ are the vertex operators for the fermionic
in detail in[39]. Type IIA compactified on a Calabi-Yau collective coordinates of the instanton. The disk amplitude
manifold has eight real supersymmetries and a Euclid@®an is then given by inserting one scalar vertex and two vertices
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for supercharges of the broken supersymmetsash ampli-  is necessary to consider the fluctuations of the fieldsd 0
tudes were evaluated in the ten-dimensional cag&4m1]): instead ofz,z which can be accomplished by the change of
B variables(4.6).
el coe e ¢d' —e*X(7)cO? f dx, 08 > The Ieadlng m_stanton correction for to the metric for the
d 6162< qq®  (CQ-(x) | dXQ=(x2) R®R scalarx is given byVdxdxand is also reproduced by

N the two-disk process. ThedR fields have a different depen-
:?l—yﬂez(;luql)i — (D), (4.14) dence on the string couplinghe one-point function igV,)

A =N in this casg so it is important to remember that the
canonically normalized perturbative field ¥s=xe™®. The

i ; : [
where ¢' is the (on-shel) wave function for the fieldD'. metric is then of the form

One supersymmetry charge is in the 1/2 and one inth&

picture in order for the total ghost number on the disk to add 1

up to —2. The notanon(_CD') denotes the expectation value = (Sy)2Vdxd¥, (4.18
on the disk of the RR field ®' ,/, ,,, which is associated N

to @, ; by spectral flow and is the same as the topological _

amplitude derived if39]. There it was shown thgd') is ~ Which may be expressed as H4.5) with a,=—1/2 andp

independent of the Kder moduli and is given by =2.
All the other corrections in Eq4.2) are subleading in the

<q)i>:f w‘=D-J Q 4.1 coupling constant expansion ar_1d should correspond to more
y T ' complicated diagrams in the instanton background which
will not be discussed here. It would be interesting to derive
whereD denotes the covariant derivative on the vacuum lingthe form of the metria4.2) from the duality of type Il on
bundle over the moduli space of the=2 SCFT[38]. Calabi-Yau spaces and the heterotic string<@x T2. As in
The lowest order term in the correction to the metricthe discussion of threshold corrections in te-6 case,
comes from a configuration of two disks. One of these has aince the heterotic dilaton lies in a vector multiplet the non-
vertex operator for the modulus attached and the other has perturbative effects on the type Il side must be reproduced by

the vertex operator for the complex conjugaié After in- tree-level effects on the heterotic sidaking into account all

tegration over the fermionic zero modes and summation ovePders ina”). Unfortunately, relatively little is known about
the instanton sectors the expression reduces to the structure of such hypermultiplet moduli spaces from the
heterotic point of view(for a recent review segl2]).

d*e(V Vi z{
& f €(V4i€QeQ)(V4i€QeQ) 2y V. DISCUSSION
S N2 2 (= We have considered the contributionsibfnstantons to a
=d,¢ 5”05',\;0 32 2 Dif QDJJ Q, (416  variety of protected interactions i=4, 6, and 10 dimen-
7 7 sions. There appear to be no examples of such instanton
where 2&4) is to be identified with the N-instanton €ffects whend=3, which is consistent with the expected

. 3 . . .
measure—it is a factor that does not depend on the particul&f@nishing ofZ(). The interaction terms considered are ones
process being considered. that are protected by supersymmetry and in which only mul-

We now specialize for the case where the vertigess; tiply charged singlD instantons contribute since the contri-
are the moduliz,z, respectively. In the conifold limit Putions of separated multi-instantons carry extra fermionic
D,f,Q2=1 and it follows that the instanton correction to the zero modes and therefore vanish. We are thus able to isolate
metric is given by the instanton partition functioZ(!, which also only gets
contributions from single instantons.

— 3 In all the cases considered in this paper the basic structure
go +z 2N'dzdz ,\go (Ne™®)22{"(d®dd +dd) of the N-instanton calculation id dimensions follows from a
one-loop calculatiorR?~*x S with a circulatingD particle

of the appropriate type. Using duality the chargeN D in-
stanton corresponds to the contribution ofNufold winding

of the Euclidean world line of th® particle around thé&!.

In order for Eq.(4.17) to agree with Eq(4.7), G{{)pe must be  An expression of the forn(ll._S) follows in a simple manner
identified with Eq.(4.8). In the analysis of the instanton in- N €ach case, as is summarized in the Appendix. It is impor-
duced corrections of the metriz(!) is interpreted as the tant to note that in all cases there is an infinite tower of
instanton measure which is independent of the process coffUltiPly chargedD instantons. ,

sidered. On the other hand the disk amplituted4 depend . 1he correspondence, via Euclide@rduality, betweerD

on the fluctuating fields. In the case of the fluctuations of thdnstantons and particleS makes the connection with the
field zthe disk amplitud€4.14) is proportional taN/\ which

is not equal to the instanton acti&y . In order to bring Eq.

(4.17) into the general forngl.5) with a,=—1/2 andp=2 it 5Some aspects of this relation were discussefd)44.

2

> G¢ho(dDdd +dode).  (4.17)
#0

z
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Witten index clear. Ind=4 andd=6 the D particle is the ~Where R is the radius of the(Euclidean circle, n is the
unique normalizable state—described by @3 brane Kaluza-Klein charge and the facto? originates from inte-
wrapped around a three-cycle of a Calabi-Yau spéoed grating over the proper times of the vertex operators
—4) or aD2 brane wrapped around a two-cycleks (for around the loop. The shift in the integer momentum is be-
d=6). In thed=10 case th® instanton is associated with a cause of & nonzero®R Wilson line in the compact direc-
pair of integers which are identified, aftduality, with the ~ tON- _ _

charge of aD particle threshold bound state and with the Intégration over the loop momentumand a Poisson re-

winding number of its world line. summation with respect t gives
The power of the instanton actiors()? that enters the dt
measure in Eq(1.5) takes the valuesy=—7/2, —3/2 and Ap=RZ>, f =tk di2g— (w?Rm?) /() ~tu? g2mimx
—1/2 for d=10, 6 and 4, respectively. This factor should m t
emerge from the Jacobian for the change of variables from (A2)

zero modes to collective coordinates. Although we have NOY heremis the winding number of the world line around the

done that calculation explicitly, thf,fe valuesayfare con- o000+ dimension. In this form the ultraviolet divergence of
sistent with attributing a_;agctor oy to each bosonic col- e 150p amplitude arises in a single zero-winding number
lective coordinate andy”" for each fermionic collective (m=0) term. The terms with nonzem give the instanton
coordinate. - . _ corrections that we are interested in here.

_ Having the exact partition function for al might be of The cases under consideration in this appendix are those
significance for the zero-dimensional matrix mo@8) and  yjth k—d/2= — 1. These one-loop amplitudes contain vertex
other applications of larght supersymmetric Yang-Mills  gperator insertions which are “maximal” in the sense that
theory. In that context it is perhaps notable that 710 gach vertex operator absorbs four fermionic zero modes and
expression(1.6) doesnot have a well-defined largl-limit.  corresponds to a two-derivative term on a bosonic field—the
The special interactions considered in this pasech as the oy vertices of linearizedR® in d=10, the two vertices of
R* term) are interpreted in the Yang-Mills matrix model as a 2pa?¢ in d=6, and the on@?¢ vertex ind=4. Note that
special class of local gauge-invariant correlation functionsj, the casad=4 such a term is related to the corrections of
These can be _express_ed as correlations of small Wilson _Iooqﬁe metric discussed in Sec. IV by an integration by parts as
that are associated with punctures, or vertex operators, in thgj|| pe seen explicitly at the end of this appendix.
string picture. After a change of variables— 1/t these amplitudes are

given by
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e (2rmRu)?

2mimx
4t )e

In general, the masg of the D particle is a function of the
moduli of the form u=f(z')e %¢ where ¢4 is the d-
dimensional dilaton. This transforms ) underT duality
For all values ofd considered in this paper the instanton- where
induced terms in the effective action may be simply summa- ,
rized by expressing them in terms of a one-loop Feynman 27mRu=2mmRf(z)e” ?d=27mf(z)e” %a=S,,.
diagram with p external states in th&-dual theory on (A4)
RY~1x S (this is the spirit in which thel=4 case was dis-
cussed in45]). Integration over the fermionic modes gives
rise to the interactioP(WV) leaving a one-loop amplitude for
a scalar field theory that determines the coefficieAf$

APPENDIX

Substituting this into Eq(A3) and expanding the Bessel
function for large argument produces a leading instanton
contribution of

which are functions of the moduli. This amplitude is given 1 _
by % F(Sm)lIZefsmeZﬁ'lmx (AS)
Ap= Rﬂ_—dIZE f dd—lpf ﬂ tPe—tIP*+(n—x)2IR?+ u?] in all cases. This assumes that theparticle circulating in
m t ' the loop is nondegenerate, which is true fibr4 andd
(A1) =6. In thed=10 case there are chargehreshold bound
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states with masseg,=ku that circulate in the loop. The
amplitude must therefore be summed okesis well as the
winding numbem. Writing N=mk the result is

1 .
Azw—z% % Hz(SN)K,l(sN)eZW'NX. (AB)

Hence the different behavior of the instanton measgjjdor
d=10 compared tal=4,6.

The loop amplitudéA2) in thed=4 case corresponds to
the one point,

1 .
PP Y, 2 INePIK_(2m|Ne™)e™, (A7)
N#0

PHYSICAL REVIEW D58 046007

whereas in Sec. IV we reviewed the correction to the metric
on the moduli space given ir88] which had the form

Ve 29,0 D, (A8)

whereV is defined in Eq(4.3). In fact the nonperturbative
contribution to Eq.(A8) is equal to Eq(A7), up to a total
derivative which vanishes when integrated. This follows
simply from the relation among Bessel functions:

I (XK_1(X))= = XKq(X). (A9)
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