«“D” LINES ON QUADRICS*
BY
ALEXANDER PELL

§1. Introduction.

§1. The «D” lines so named by E. CosSERAT 1 were considered originally
by DarBoux.i They are the lines drawn upon a surface in such a manner that
the osculating sphere at every point is tangent to the surface at that point.
From this definition DArRBoUX deduced their differential equation :
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The summations refer to the coordinates x, y,z; F(x, y, z) = 0 being the
equation of the surface under consideration.
Applying this equation to the quadric surfaces we obtain
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In the same memoir DARBOUX showed that by using elliptic coordinates the

variables in (2) can be separated. The equation then becomes

vD*—u du _ VD — v dv
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Here u = constant, v = constant are the equations of the lines of curvature
of the quadric, and «, b, ¢ are its semi-axes.

These lines have attracted considerable attention; and ENNEPER,§ RiBaU-
COUR,|| and E. CosseraT 9 have attempted to study them upon surfaces in
general. :

* Presented to the Society at the Columbus meeting, August 25, 1899, under another title
and in a somewhat different form. Received for publication May 11, 1900.

tComptes Rendus, 1895.

fComptes Rendus, 1871.

4Gottinger Nachrichten, 1871.

|Comptes Rendus, 1875.

T loc. cit.
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The object of this paper is to apply the theory of elliptic functions to the in-
tegration of the differential equation (3) given by DarBOUX and to obtain an
idea of the appearance of these lines and some of their properties.

§§2,3. «“D?” lines on central quadrics.

§2. The geometrical interpretation of (2) for the case under consideration
gives the following theorem :

L. For any central quadric the semi-diameter, drawn parallel to a tangent
to a « D line on that surface, is constant in length.

Conversely, let us find the differential equation of the curves on the surface
of a central quadric such that the semi-diameter parallel to the tangent to these
curves is constant in length. ‘

We have for any central quadric,

1 cos’e sin‘o

(4) DT + v

where u, v are the parameters of the lines of curvature,  is the angle of the
curve with the lines of curvature v = constant, and D the semi-diameter parallel
to the tangent to the curve. We suppose D constant.

If £ and @ are the first fundamental coefficients of Gauss’s theory and

S() = 4(a® — u) (B* — w) (¢* — u),

then B 1_1(@: _U} o E(?i' :ﬁ)
A Ol
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Substituting into (4) we shall have
VD'—udu VD —vde

T T YA
and since this equation coincides with (3) we can say :

IL. The « D lines on central quadrics are the only lines satisfying the con-
ditions of the theorem 1.

§ 3. The differential equation (3) when transformed into polar coirdinates :

x = «wcos ¢sinyr,

. y = bsin ¢ sinyr,
z = ccosyr,
becomes
2
(%) dy? + sin® Y d¢* = i;, .
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This equation leads easily to the theorem:
IIL. The length of @ portion of the central projection of the “D ” line upon
a concentric sphere of radius D is equal to the projected portion of the “1)”
line.
§§ 4-11. «D” lines on an ellipsoid.

§ 4. The equation (3) we write as follows :

(6) (D* —wdu (D’ —v)dv _
2v/ R(u) 2v/ R(v)

where

)

R(6) = (a* — 6) (* — 6) (¢ — 8) (" — 6).
We suppose @ > b >c. To (6) we join the following two :
du dv
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where U is a new parameter, used by WEIERSTRASS ; the second equation can
be obtained from
ds = v Edusine + v G dv cos o,

V(e — D

. Vv (Dz — )
sin w = — — Y\Z_ T
Dvu—vo

DvViu—w
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§ 5. Let w = constant determine the confocal hyperboloid of two nappes,
and v = constant, that of one nappe. Then

> u>0E> 0> 3.
If sin @ and cos @ be real we must have
u>D*>v.
Therefore three cases present themselves :
HD=0, 2)D*>0, 3)D>b.

The first case as indicated by DARBOUX gives us the circular sections of the
ellipsoid. Theorem I gives the same result and leads to the following theorem:

IV. Through every umbilic passes only one “D” line—the circular section
parallel to the tangent plane at the opposite umbilic.

§ 6. Passing over to the second case, in which /) > 1% we see that in (6)
and (7) u varies from 7)* to «*, v'from ¢’ to *.
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To accomplish the inversion of the system (6) and (7) we use the substitution
given by HALPHEN * for the case when the roots of the quartic are known.
Put

— = — @,(%ﬁ_ D __3:’,('%7‘) p(t) — e,
=== —e@ T T — e e =GN
0 — b= — _PGY et —e

oM — & () — o(IN)’
0 — ¢ = ‘g)’(%x) p(t) — e

TR — e 9(t) — e(3N)°

When 6 varies from I to a?, we must take ¢ purely imaginary and let it vary
from o, to 0 ; when 6 varies from ¢ to b*, ¢ — », must be purely imaginary
and must vary from 0 to o,; ®, and w, are the half-periods of the elliptic func-
tions introduced, the first real, the second purely imaginary.

Let ¢, be the parameter ¢ corresponding to wu; ¢, that corresponding to .
Then ¢, varies from w, to 0; ¢, from o, to w, + .

We can easily write :

o= ¢ (D= @) (& =)+ (B @) (= DY} >0,
(8) =3 {(D’=a) (=) + (- (0= DY} >0,
o= 1y (B — ) (D — &) 4 (¢ — ) (D — B} <0.

Also
a8 e e
@~ o — @y =Y EO =g
Therefore
du . dv .
—idt,.

—— =idt,, .=
VERw " VERE)
On substituting the above values into (6) and integrating we have

[24E 2 )
o) o ol — el + 1Y
T ot + ot~ 31’

—2Ui=t —t,.

Introduce another parameter a, such that
2ia=1t +1,;
t,=(—=U0U)i,

l t,=(+ U).

* HALPHEN, Fonctions Elliptiques, vol. I, p. 131.

then

(10)
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Put also ,

__9'GM
P(FN) — e

Then (9) ean be reduced to

A al(IN .

o _ $(Ti + 3N Ui + §N) — 4720 o( Ui + Ma*(Ui — §N)
@ (ai) = (Ui + IN) — &=20F 2 [ — In) .

§7. We shall use this equation to calculate the coordinates x, y, z of the
points. of the « D ” lines as uniform functions of the parameter U.

Without going into caleulations which should not trouble anyone familiar
with elliptic functions we merely write the final results :

w 1 1 AN,
*T_ L . . SRRy o, (0)
a = 20,(1 ) 02U0) (0(2 Uit gn)-e
‘_’L'iaa,(%)\) + 1
+0RUI— 1N e () ),'
O4(31)
Yy 1 1 < —2 L'L&vaw(;—/\) -
c=E e o (o@UI+ N e
(1) b 2o MVe— e o207 s o o4
22 o
— o, 2Ui —3n)-e W )
2 1 1 op 0N _ '
= + T . . 0,(3A)
c 20(12) Ve —e, a(2Ui) (”1(2 Uz-}-%,—l) €
AL
o RUi—3Ne W
From (7) we obtain :
1 ds 1 1 o ”ngi; .
Ol G R
(12) ' SaUN)

Zlhm) °q
— 0,207 — IN)-e 7 )
The above expressions contain two arbitrary constants X and c, .

§ 8. The derivative ds 'd(2 U7) satisfies LAME’S equation :

1 @
; 3(2—(%‘2 =202U0) + ¢ (11 — w,).
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§9. We have seen that ¢, and f, — ®, must be purely imaginary and vary
between w, and 0. Hence ¢, — ¢, = 2U¢ must be a complex number of the
form :

o + ko, + iX,

where £ is any whole number and X varies from 0 to + w,/i.

Substituting this value for 207 in the formulz (11) and distinguishing the
cases of £ even and odd we have the two following sets of expressions, in which
A and C represent — J A and ic/A respectively:

1) L even:

®_ 717“_ e 4=l (X + IN) + e“(“'_.c”a,_(iX— )

a 20,(3IN) ' o,(iX) ’
y_ o 17 e~ AX=0ig (X + IN) —eA = Dig (§X — IN)

¢ T 204y 7, X) !
:_ Ve —e, e HE-Og(iX %7\_)-{- et =Og (i X — 57\)

c 20,(3M) o (iX) ’

S —Ai(X— . xr — ) .Y
1 ds Ve —e e300 (GX 4 IN)— et @O (i X — V)

=

D dX ™~ M203(§7\)‘ ' o, (1X)
2) k odd:

@_ 1 =g (IX + IN) 4+ et 06, (i.X — 1))

a«” T 20,10 ,(iX) ’

y_ Vea—e %X + ) 4 4T[0 — 3

b 20,(3M) a,(iX) ’

) i e 0g (1 X + IN) — /X0 (1 X — IN)
R 3\ T ) =

¢ = Foo o (iX)

1 ds Ve —e 4006 GX 4 1A) — 400 (i X — 1)
D ax= 2o(n) o(iX) -

In these formule C and X are real, C varying from 0 to o, and X
from 0 to + w,’7. k

§ 10. It is easy to establish the following properties of these curves:
1) At. the points of intersection of these curves with the lines of curvature
w = D?, they are orthogonal to these lines of curvature.
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2) They do not extend beyond the two branches of the lines of curvature
w= D".

]

3) The points corresponding to the final values 0 and w,/iof the parameter
X lie upon two plane central sections tangent to the line w = D* at the
points «w = D?*, v = ¢* and w = 1), v = b?, respectively.

4) The tangents at these points are parallel to the elements of the cylinders
touching the ellipsoid along the two plane sections.

5) Two curves corresponding to the values ¢ and '+ (4w, — In\)/4,
have a common point and a common tangent on one of these plane sections.

6) Four such curves form a continuous «2” line between the two branches
of v = D? having an inflectional tangent plane.

T) The curves (' = 0 have a cuspidal point for X = 0.

8) Lines of curvature passing through the point of intersection of two lines
corresponding to the same ) bisect the angle between them.

In the figure ML, M'L’ are the projections on the X Y-plane of the lines
of curvature w= 1*; ABCEF is the « D” line corresponding to C'=0;
ML, ML, AA,CE, are plane sections; and A'B’ isa “ D ” line corre-
sponding to a value of D nearly equal to b.

§11. The third case, in which D* < 0%, can be treated in exactly the same
manner. The expressions for the coordinates will be
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1) £ even:

w_ 1 MO 4iX) 4 e o(dr — iX))
a = * 20,03) o X) :
y_ 0 et 4 iX) — e Og (1A — iX)
b T 2050) ,(iX) ’
e Yo —e e VN 4 iX) + AP (I — iX)
¢ T 2oy(3M) o,(iX) '

2) & odd : '
@, 1 TPt iX) = P (h — iX)
a” = 20,30 (i X) '
Y _  Vea—e eV 4 iX) 4 VoI — iX)
b~ T 20,(12) o (iX) ’

p_ L i e 4 iX) 4+ oo (Ih — iX)
o = F 20 7(iX)
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