DETERMINATION OF AN ABSTRACT SIMPLE GROUP
OF ORDER 27-3%-5-7
HOLOEDRICALLY ISOMORPHIC WITH A CERTAIN ORTHOGONAL GROUP
AND WITH A CERTAIN HYPERABELIAN GROUP*

BY

LEONARD EUGENE DICKSON

1. Among the known simple groupst occur an orthogonal group and a hyper-
abelian group of the same order 27-3°-5-7. They are shown to be holoedrically
isomorphic in this paper. We first determine in §§ 2-14 an abstract group T'
(§§ 4, 2) simply isomorphic with the orthogonal group. This is accomplished
by means of a rectangular array, a direct method of procedure employed by the
writer in two recent papers in the Proceedings of the London Mathe-
matical Society (vol. 31, p. 30; vol. 31, p. 351).

§3 2, 8. Rectangular array for the orthogonal group O, , with respect to
the subgroup O, ,.

2. The general orthogonal group of senary linear substitutions of modulus 3
having determinant unity has a subgroup /7 of index two.f The group A has
as maximal invariant subgroup the group of order two generated by the substi-
tution C which changes the signs of the six indices. The quotient group is a
simple group O, , of order 27-8°-5-T7. The substitutions of /7 which affect
only the indices £, ---, £ form a simple group O, , of order 2°-3*-5 and of
index 2-126 under /7.

In a paper communicated December 28, 1899, to the London Mathematical
Society, the writer has shown that O, , is simply isomorphic with the abstract
group G' generated by the operators %, £,, E,, B, W subject to the genera-
tional relations :

1) E=E-=E=B=W-=I,
(2) (B\E,) = (E,E,)’ = (B\E\}’ = (E\E,)’ = (B, E)" = (BE) =1,
3) WE, = BEEW, WE,=BW, WB, = BE,W,

* Presented to the Society (Chicago) April 14, 1900. Received for publication January 15, 1900.

t See the list of known simple groups in the Bulletin of the American Mathemat-
ical Society for July, 1899.

{ American Journal of Mathematics, vol. 21 (1899), pp. 193-256.
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4) WB,= BB,EEE*W?,
() WE,E,E WE, = l;E,EEE WEE,E W,
where for brevity we have set
(6) B,=EBLFE;, B,=EEFLBEEFLE!, B,=ZFEUFEDBEFL,.
From the above relations we derive the following :
™ EEW=BWE = WE,E,,
(8) WE;=E;WB,, EBB,=BE,.
Indeed, we have |
WE:= WE,EE,EE,= E,EEEWE,=EE,-B,W=E,WBD,,
EBB,=EB -EBE:=(EDB)BE =BE,.
The isomorphism is defined by the following correspondences :
) E~E = EEE), B~E=EE)EE), E~E = EL)ER
E=6—&—§—&
E=6—-E+E+E
E=6+E6E—-§+E
E=6+&+6—E
(1) B ~0C, B,~C0C, B,~C0C0C, B,~CC,
where C; denotes the orthogonal substitution changing the sign of ;.

(10) W~ W =

3. The group O, , is extended to the orthogonal group A by the substitution

P = (£8) (8.8)-
The substitutions of X replace £, by every one of the 2-126 = 3° 4 3? linear
functions *

f) ;:aifi [ éa? =1 (mod 3)] .

=1
It follows that all the substitutions of A are given by the formula

S. 0, (i=1,2,---,2-126),

175,38

where the 2 -126 substitutions S, replace £ by the 2- 126 distinct linear functions
(/). In the quotient group O, ,, S; and CS,;= S,C become identical. De-
note by S (¢=1, ---, 126) the corresponding distinct substitutions of O, ,.

*American Journal of Mathematics, 1. c., foot of p. 195.
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A rectangular array of the substitutions of O, , is therefore given by the formula :
S0, , (i=1,¢, -, 126).
To determine the S, we note that the linear functions (/') are of the forms:
£, £EEELE EE.

Sinece — 1 is derived from f by the substitution C, we take only one of each
pair ==/ in determining the S;. For six of the .S; we may take

(@) I, F, EF, E'F, EE'F', E.E,E'F'
which replace £ by &, &, &,, &, &,, , respectively.

The substitution W’ F" replaces £, by w = §, — &, — £, — £,. Consider the 2°
products &’ of an even number of the C;(i=1, --., 6). If a particular A
replace w by o, the four substitutions X', CK', C.C.K', C C,C,C. K’ re-
place w by either w or —w. Hence, of the 2° substitutions A, we need only
consider 2* representatives, as

K| =1, K=CC(i=2,--5), K,=CCC0,,

]{; = 00,00, K[ = (/0.
The substitutions A7, W F" may therefore be taken as eight of the .S}, distinct
from the above six.

Using for the moment the notation 1234 for & + &, + &, + £,, we find that
the substitutions

, 1, E,, E\E,, E\E,E,, E'E,E,, F', E,F', E'F', E,E'F',
© E\F', EE\F', E\E,F', E'E,F', E\E,E,F', BE,EE,F,
respectively replace 1234 by 1234, 1235, 1245, 2345, 1345, 2346, 1346, 1246,
1236, 1356, 2456, 1256, 2356, 3456, 1456, giving each of the 15 combinations
of 1, 2, 8, 4, 5, 6 four at a time.

It follows that we may take as our 126 substitutions .S the six substitutions
(«) and the 120 obtained by multiplying the 16 substitutions (b) on the right
hand by KW' F' (j=1,2,.--,8). We have therefore explained the origin
of the table given in § 7. Indeed, from that table we obtain a rectangular array
for O, , by replacing the group G by O; , and accenting all the letters.

©

§§ 4-14. Determination of the abstract group T'.

4. Consider the abstract group I' obtained by the extension of G by an oper-
ator F subject to the relations:

(12) F*=1, (EFy=1,
(13) B.F = FB,B,,

Trans. Am. Math. Soc. 24
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(14) E,EF = FEE,,
(15) EEF = FEE,,

(16) WFWF=FWFW,

an WV=VW, V=FEEEEEF=V"",
(18) FW*B B ,FEWEFWF = B E,WE,.

We readily verify that the generators £, K., E,, B, W', F' of O, ,
satisfy the relations (12)...(18).* Note that V ~ V' = (EE,)(EE,). The
order of T is therefore at least as great as the order of O, ,. To complete the
proof of their simple isomorphism it remains only to prove that the order of T’
is at most as great as the order of O, ,.

5. From the relations (1), ---, (8), (12), ---, (18), we proceed to derive a
number of relations needed below. From (14) and (15) we find

19) EEEEF=FEE E'E,=FEE,.
Taking the reciprocal of (19) and multiplying on the right and left by 7, we get
(20) FEE, = E;EEEF = E,EELEL.
From (20) we find
(21) E =EFEEFEFLE,.
From (12) and (14) we get
(22) FEFE,F=FEFE EEF=FEFEFELE = EEFLE,.
From (12) and (7) we find
EEEFEELE = EEE FEF -EE = EFEEE; EEEEF
=K FEFLE EEEEF=FLFEEEEEF=ETV:
(23) EV=LEFEEFEELFL,.
(24) EVEV=(ELEEFEEE)Y=1I.
Taking the reciprocal of (13) and applying B? =1, B B,= B,B,, we find
FB = B,BF=B, FBB =BFBDB,:
(25) B,F = FB,.

*In regard to the relation corresponding to (18) it should be remarked that for orthogonal
substitutions there occurs an additional factor C in one member.
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Transforming (13) by E,E,, which by (15) transforms Z" into itself, we get

(26) B B,F = FB/B,B,.
By (138), B,B,F = B,FB,B,. Hence from (26) we find
(27) B,F = FB,.

Applying (1), (2), (6), (8) and (14), we find *

E,EBF = BB,BEEF = BB,BFEE,,
E,EFBB,=FE'EBB,=FBB,BEE,.
Equating these products by virtue of (13), we find
(28) B B,B,F = F'B B,B,.
Combining (28) with (26) and (28) with (25), we find respectively
(29) B.F = FB,B,,
(30) B B,B,BF = FB B,.

Hence F transforms any product formed from B, B,, B,, B, into another
such product.

6. Corresponding to the orthogonal substitutions A", defined by formule (k)
of §3, we have the following operators of I':
]{1=I’ Arz‘_‘Bl’ I(3=Ble’ K4=B1B233’

A,= BB,B,B, K,=BBB, K =BB, K,=DBMB,B,.

3740 17374

Any product derived from Z,, E,, E,, B, transforms any product derived

from B,, B,, B,, B, into a product of the B;, a statement made evident by

considering the corresponding substitutions of the isomorphic group G, ,. In

virtue of the theorem at the end of §5, a like result holds when the trans-

former is any operator (for example, V') derived from ¥, £, E,, E,, B,.
Since B, B,W = WB, B,, we have on applying (30),

B,B,WFG = WFB,B,B,B,G = WFG .

Hence the products B WF G , where B runs through the 16 distinct products
of the B,, B,, B,, B,, reduce to the eight distinct products XK WFG
(j=1, ---, 8). For example, B, WFG = K, WFG .

* In establishing identities between operators of G it is frequently simpler to work with the
corresponding substitutions of the simply isomorphic group O;, ;.
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7. Consider the following set of operators belonging to I':

R =G R =FG R, =EFG
R, =EFQ@ R, =E,E'F(G R, =E,EE'FG
R, Efi:. WFG R, =EKWFG R, =E,EKXWFG

R, =EEEKWFG R, =E'E,EKWFG R, =FKWFGQ

R, =EFkWFG R, =EFKWFG R, =EEFKWFG
R,=EFKWFG R, =EEFKWFG R,=EEFKWFG
R,=E:EFK,WFG R, =EEEFKWFG R, =EEZEFKWFG

where j=1, 2, ..., 8.

From the developments given below it will follow that this table is a rectangu-
lar array of the operators of the abstract group I' with G as first row and
therefore that I' is holoedrically isomorphic with O, ,. Indeed, in §§10-14,
we prove that the 126 rows of our table are merely permuted amongst them-
selves on applying as a left hand multiplier any of the generators Z,, ,, E,,
B, W, F and therefore for an arbitrary operator of I'. Since the row 12,
contains the identity, it will follow that an arbitrary operator of I' belongs to
the above table. The order of I' is thus not greater than that of O, ,.

8. Lemma I—7he rows R,;(j=1, ---, 8) are merely permuted wupon
applying as a left hand multiplier either E, or E,.

E,R = EXWFG=KEWFG=KBWBFG
=N WFBDBG=KWFG=R,.
EEKWFG=KELWEFG=KWFEEG=KWFG=1LR,.
EIKWFG=EE EE -EKWFG=KWFG,
by the preceding results. Hence
ER,=EKWFG=KWFG=PR,.

9. Lemma IL—The rows R,; are permuted upon applying as a loft hand
multiplier the operator V defined by (17).

VR, = VEWFG = K,VWFG [by § 6]
— K\WVFG = K,WFEE:E,EE,  [by 17)]
—KWFG=R,.
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10. Theorem.— T%e application of E, as a left hand multiplier permutes the
126 rows.

By inspection we see that %, interchanges 2, with R,, B, with B,, R, with
R, B, with B, , R with B, R with B, R with RB,;. Furthermore,
ER = E,EEEFG = EEEERFG=ELEEEFG

=L EFEFEEG=EELEFG= R, [by use of (15)].
ER, = EEEEKWFG=EEEEKWFG=E,,
upon applying lemma I to replace Z, /2, by R, .
The condition for the identity £, 2, = I?,,, is

12/

E,EEFK,WFG = EEFEK,WFG,
or

FEE} E,REFKWFG=KWFG,
which is satisfied in virtue of lemma IIL
Likewise, the condition for the identity #,72,, = I2,,, is
(EE,E,F)'E(EEEF)KWFG=KWFG,
which is satisfied by lemma II since we have

FE,E,E'E,EE,EF = FEEEEEF=7V.

11. Theorem.— T'he application of E, as a left hand multiplier permutes the
126 rows.

By inspection Z, interchanges X2, with B, R with B, , B with R,
B, with 2,,,.

ER = EFQ = EFEEEEG=FEFG=R, [by (21)].
ER,=EEFG =E'EEFG=FEFEEG=EFG=R,.
ER, = ELERKWFG=EEKWFG=R, [by lemma I].
ER, = EEEEKWFG=EEEEKWFG

= ElE EKWFG = R, [by lemma I7.

ER,= EEFKWFG = EXE,E:EFKWFG
— B:EFE,EKWFG=EEFK,WFG = R, ,

upon applying (14) and lemma I.
The condition for the identity 2/, = R, is

(E,B:F)\E(E,E'F)K,WFQ = K,WFG,
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and it is satisfied in virtue of lemma II since
FEEEEFEF=FEEEEFEF=FEEEEEF=1V.
ER, = EEEFKWFG = EEEFKWFG
= E,EE, E,.EFKWFG [bylemma I and (14)]
= EEEFKWFG =R, .
The condition for the identity E R, = R, is
(B\E,EF)E(EEEF)KWFG=KWFG,
and it is satisfied by lemmas I and II since we have

FE,E,E*E,E,E,E,F = FE,E,E EEEF

— FE,E,E,E,E,E,F = FE,E:E,E*E,E,F
= FE,E*E,E,E, E*E,F = FE,E*E,EE,FE,E, = VE,E,.

1773

12. Theorem.— T%e application of F' as a left hand multiplier permutes the
126 rows.

FR, = R,.
FR,=R,;.
FR, = FEFG = EFE'E,EG=LEFG= R, [by(22)].
FR, = FE,E'FG = B’E,FEFG [by (14)]
— FF, FIFEIG = EEEFEG by (12)]
FR, = FEEE!I'G= E,EFE, FG [by (21)]
=EE, FR,= EELR = EEE'FG=R,.
FR, = FEK, WFG = EEFEKWFG [by (21)]
=R EFRKWFG= R, [by lemma I].

The condition ¥R, = R, or
(B\E,EF)F(EE)KWFG = K,WFG
is satisfied by lemma II, since we have, by (20),
FEEEFE,E, = FEEFE? E'EEEF = FEE*EEEF=V.
FR, = FEIEEKWFG = EEEFEWFG = R,
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since by (14) and (15) we have
FEIE,E,= E,EFE, = EE-EEFE? = EEFE?.

The condition for the identity F'R, = I, is satisfied by lemmas I and IL:
(E\E,E)"'FEEEKWFG=EVEWFG=KWFG [by(23)].

FR, = FEZFK; WF@ = EfFEszEIK; WFG@ [by (22)]
= EIFKWFG = R, [by lemma I].
FRQJ. = FEzEfF](: WFG = R, = E,E:FK,WFG ,
since
FEEF = E'EFEF = EE, E'FE?
= E,EE’E,FE? = E,EFE,E, - Ef.
Fij = FESF](:. WFG = R, = EEFKWFG,

since

FEF = FEE -E}F = E,E - FEF = EE*FE, = EEFE, .
The condition for the identity FR, = R, , viz.,
(E,EIEF)FEEIEF)K WFG = K, WFG ,
is seen to be satisfied in virtue of lemmas I and II as follows:

FE,E E,FE,EIEF = EEFEFEEIEF = E,- FE?EE, - E,E*E,F
=EEL -FEEEEF [by(22)]
= EFEE:EEEF=ETV.

13. By (21), E, is expressed as a product of the E,, E,, . Hence by

§§10-12, E| permutes the 126 rows when applied as a left hand multiplier.
From the following relations given under formulz (8), (2), (13) above,
B\E = EBB,, BE=EDB, BE=EB, BF=BB,,
and from the remarks in §6 concerning the & (j=1, ---, 8), it follows that
B, applied as a left hand multiplier permutes the 126 rows. Then by (6) a
like result holds for B,, B, and B,.

14. Theorem.— The application of W as a left hand multiplier permutes
the 126 rows.
Wk = R,.
WR = WFG = R,. \
WR,= WE,FG = BWFG = B WBB,FG=K,WFG=R,.
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WR,= WEFG=E:WBFG=EWFG=KWFG =R,
[by lemma I7.
WR, = WE,E:FG = E,E WE FG = E,EB,EEWFG
=B,E,E -EEWFG=B,WEEFG=KWFG = 1R,.

The condition for the identity W, = I is that (E,E,E;F)WEE,EF
shall belong to G'. We shall verify that it equals Z\ F,E.E,WE,E EE?.
The condition for this equality may be written

(EEEE)'FEEEWELEEEEEE) "= W.
By (28), the left member is equal to
LEVWEVE,=EEWVE VE, [by (17)]
= E,EWEE,= W [by (24) and (7)].

Each row R, is of the form AKX WFG , where A denotes a product built
from £, £,, E,, F. But E , E,, K, each transform I{j into some X, a

3
statement made evident by considering the isomorphic orthogonal substitutions.
Furthermore, by §6, ¥ transforms A’ into some A,. Hence each row R,
may be given the form K A WFG .

In virtue of the following relations between orthogonal substitutions,

W' C,0,=C,C.E,W, W' 0,0, =C,C.EE,E, W',
w’ 0104 = azO:;E;E;E;2 7,
W' C,0,=C.C,W", W' 0,0,0,0,=C,CE E,E>W?,

W'C,C,C,C,=C,C.E?E,E,W"*, W'C,C,C.C,=CCLE,W?,
we have in the isomorphic group G the general relation
WK,= KA W=
where A’ is derived from £, and Z,. Hence
WR,=WEKAWFG=KA W-AWFG .

But, by §§ 10 and 13, A or A’ when applied as left hand multiplier permutes
the 126 rows. Hence it remains only to prove that 37 (and hence also W 1)
permutes the rows I, = A WFG when applied as a left hand multiplier.

WR, = W*FG = B,B,B,B,WB,B,B,BFG = BB,B.B,WFG
—KWFG=R,.
WR, = WFWFG=FWFWG = FWFG = R, [by (16)].

61 —
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The condition for the identity WZI, = IZ,, is that the operator
(B EKWEY'WEWF = F(W*K,EEWE,W)F

shall belong to G". To it corresponds in the orthogonal group a substitution
which corresponds to

S = B,BEEEEWEELE:.
‘We proceed to prove that in the abstract group I":
FSF=W'KEEWEW=T,.

Now

FSF = B,FE,

1772

E,E,-E,W*E,E,E*F
= B,E,E,E,E,V-E,W'E,E,E’F [by (23)]
= B,E,E,E,VW*EE,- E,E,F’F [by (24) and (7)]
= B,E,E,E,W*E,E,E*FE,E,E, E,E,EE*F [by (17) and (23)]
- B

E,E,E,W*E,E,E*FE,EF

3712
= B,EE,EW'E,E,EE, =T, [by (15)].

LRt b et}

It remains to prove that the products denoted by 7| and 7, are equal. Each
belongs to the group G ; they will therefore be identical if the corresponding or-
thogonal substitutions are identical. But to both 7} and 7, there corresponds
the same orthogonal substitution, viz.,

f;='§1, §;=—§2+fs—f4+§5, E;= Ez_§3_£4+f5’
§;=_‘Ez_§3_€4_§5’ E;=_E2—Eg+£4+§5°
The condition for the identity WR, ), = R, ,

(E,FBB,WF) ' WE,FWF

is that the product

101

shall belong to G'. It is satisfied in virtue of relation (18).
In view of the following relations derived from (3) and (8),

I;tﬁé = 1;3]17’ 147151 = 1?312;221117’ IJTZ?? = 1?319312;]17’
WR,,, WR, and WER,, are each of the form
DWEWFG = DWR, = DR,

33

where D is derived from B,, E , E,. Also WR,,, WR, , WR,, are each

of the form
DWFWFG = DWR, = DR,,.
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Finally, the products WR, (i =11, 12, 138, 14, 15) are each of the form
DWEFWFG=DWR,,=DR,,.

By the results of §§10 and 18, each of the products DR,,, DR, DR

equals some row %, or .

107

§$ 15-17. Isomorphism and correspondence of generators between the orthog-
onal and hyperabelian groups.

15. The simple group #, , of order 25920, which is derived from the decom-
position of the Abelian group of modulus 3 on four indices, is simply isomorphic
with the simple subgroup O, , of the quinary orthogonal group of modulus 3. *
We proceed to determine the operators of the former group which correspond to
the generators £, E,, E;, C,C,, W’ of thelatter. We first determine the
operators of O, , which correspond to the generators + B,, B,, B,, B,, B,,
B of H, , given on pages 65 and 67 of volume 31 of the Proceedings of
the London Mathematical Society. Of the two possible forms for 5,

we choose that one given by v, = 1 (mod 3), viz.,

1 1 0 0

0 1 0 0
B ==+

0 0 1 0

0 0 -1 1

By the general correspondence set up in §5 of the paper cited in the foot-note,
we find that B corresponds to the substitution

T O )

‘= 1 0 0 0 0

Y,= 0 1 0 1 0

(31) Y,= 0 2 1 2 1
¥Y,= 0 0 0 1 0

¥,= 0 o0 o0 2 1

leaving invariant modulo 3 the function

4’ = Ef + 17131724 - If'141723'

*Transactions of the American Mathematical Society, vol. 1, p. 95.
t The substitutions B: enter 715 alone and are to be distinguished from the earlier B;.
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‘We introduce the new indices

82) §,=—Y,— 1, : 535 K3+K4+Y23_qu
E=—Y,+ YV, + Y+ ¥, §=—-F,+ 1,
Then
p=E+E+E+E+E (mod 3) .

Solving modulo 3 the relations (32), we find
1713_=_§2+§3_E47 -Y;4583+E4+E5,
1’245&2——&34-454, Y23=—=E3+§4_§5-

Expressing in terms of the new indices £, the substitution (31) to which B cor-
responds, we obtain the result :

(33) B~B = C-L 05(E3§5§4) .
Proceeding similarly with the substitutions B, ---, E5 , we find that

(34) B, ~B = C,CE,EE,E,WE,E,E'E,C,C,,
(35) B,~ B,= (00,
(36) B, ~ B, = C,C,B,C,C,,
(37) B,~ B, = C,C,E,BE,C,C,,
(38) B,~ B, = C,C,C,C,,
where the substitutions B, B; are in matricular notation
(1 0 1 1-1 -1 0 0 0 0
0—-1 0 0 O 0 1 1 1-1
1 0 1-1 1}, 0 1 1-1 1
1 0-1 1 1 6 1-1 1 1
—1 0 1 1 1 0-1 1 1 1

We proceed next to express the generators £, E,, E,, C C,, W' of the
orthogonal group O, , in terms of B’, B[, ---, B, which correspond to the
generators of H, ..

W' = B,B,B.B,, E,= B B.B'W' B,W'B’", E,= C,C,W'B,IV",
C,C,= BW'B.W'E,, E,= C,C,B.B"B,B'E,C,C,C,C,,
0,0,= B,B,, C,C,= E,C,C,E,, C,C,= B,C,C,

34730
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The corresponding Abelian substitutions have corresponding relations. The
substitutions W, W?= W-'; E'3, E,, E; C,C,, C, 04 , C’s c, CC,,
C,C, are found to be the following :

0 —1 — r1 00 1 1)
0 1 1 1 0 1-1-1
l—1-1 1 of 11 1 o’
11 0 1] —1-1 0 1]
(1 0 0—1) (1 0 0—1) ( 0 1 1 0)
| 1-1-1-1 0—1-1 0 11 1_1I
| 1-1 1 1/ 0—-1 1 0ol’l 1 o o 1.|;
|[_1 0 0—1] (=1 0 0—-1] { 1—-1 1 1J
(0 0 1 0y f 0—-1 0 0} ( 1—1 0 0
| 0 0 0 1 1 0 0 0 —1-1 0 0
}_1 0 0 of 0 0 o0—1{"1 0o 0—1 1|’
L 0—-1 0 0/ { 0 0 1 0] {( 0 o0 1 1]

lr | (—1 -1 0 0)
| 0 0 1 o0 |_1 1 0 o]
| ’ ! 0 0_1_1|'
1 0 0 0f L 0 0—-1 1]

These calculations have been checked in several ways.

16. THEOREM.—If the hyperabelian group HA, 2 be isomorphic with the
orthogonal group O, , in such a manner that the correspondences of §15
hold between the operators of their respective subgroups H, , and O, ,, then
the substitution of the group HA

4,32

I 0 0 0
0 730 0
0
0

NI
i

39
(39) 0 7-'0

0o o0 I
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in which the mark I is a suitably chosen root of the congruence
w¥=wx+1 (mod3),

must correspond to the substitution C,Cy(€ &:)(E,E,) which extends O, ,to O, ,.
In the quotient group 4, ,:, every hyperabelian substitution multiplying all
four indices by the same factor corresponds to the identity, viz., the powers of

I* 0 0 0 ¢ 0 0 O
0 71 0 0 ’O i 0 0

(40) = =1,
0o 0 170 0 0 ¢ O

0 0 o0 I 0 0 0 ¢

where we have set

(41) I’=i, I=i—-1, #=—1 (mod3).
Then since /® = 1, one has easily

(42) r'=(,C,0,.C,,

so that 7 is of period four. We readily verify the following relations :

43 I 364=6364T’ jC_YlC_Yz= 162'7_1’ C—Yl -'=6_1105__1’
) 160 - 6o, EERE<T, EEILE - 0,01,

Suppose that O, , contains a substitution 7’ which combines with the gen-
erators £, E,, E,, C,.C,, W of O, , according to the same laws by which
I combines with El, E,, E’s, C’:C_'z, W of H, ,. Assume for 7' the most
general form possible, viz.,

the simultaneous change of sign of every coefficient leaving 7" unchanged.
In virtue of the relation corresponding to (42), viz.,

I~'=r 02Q304Q; ’
we find that



368

According to the sign 4=, we find for 7., I the respective values :
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0

a

24

61

62

a65

g

0

. .

a, a,

— Gy —ay

—a; —a,
a a

a, r 0 0

0 0 a,

0 0 a,
, £

0 0 a,

0 0 a,

Ls L %6 0

0

0

a24

a3{

a,

a-l.’)

0

[July

S O O o <o 8

By the relation corresponding to the first relation (43), 7' must be commuta-
tive with C;C,. We find in consequence for I, I’ the values:

a, 0
0 0
0 0
=+
0 0
0 —a,
L %6

0
0

oS O o 8

0

S o o o 8

16

o O o o 8

g )

0 0
0 Dy
0 0
+
0 0
0 Ay
L— % 0

S O O o o 8

The resulting substitution 7, does not satisfy the relation corresponding to (43),

rec,=ccelr,

and is therefore excluded. And I satisfies it if and only if a,, =0.
The relation I’ C,C, = C,C,I'™" is then satisfied by Z’. But the relation:

requires that a,, = a,, = 0in I’

Ic,0,=CCI™",

p

The relations :

EEI'E,E,=1, E,EI'E,E,=C0CI™",
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require in succession that a,, = a, a,, = — a,,. Evidently a,; 4 0, so that
a,= *+1 (mod 8). By suitable choice of the sign & in front of the matrix
for I’ , we may take a;; = + 1. Setting, for brevity, a,, = v, we have

0 0 0 o0 o0 1
0 —v 0 0 0 0
0 0 0 ¥ 0 0
I'==+
0 0 ¥ 0 0 0
0 0 0 0 0
-1 0 0 0 0 0
Hence, according as y = = 1, we have
I_,*l = 01 OZ(EIEG) (§3E4) *
Baut, by (39),
7 0 0 o
0 7I°0 0
==
: 0 0 130
. 0o 0 0 I

is derived from 7 by replacing 7 by 7°. But [ is defined as one root of the
irreducible congruence :

I’=1+4+1 (mod3),

whose second root is 7. Hence, by a proper choice of notation for the root 7,
we may set

I’ = 01 Oz(fl‘gs) (Esﬁ) = 01 02 F'E {2E; .
F'= C,CI'E.E,.

Hence

It follows that to /'’ must correspond the hyperabelian substitution

[o 0 —7 01
0 0 -7 I
I3 0 0 0
I3 -1 0 0

(44) F=CCJIE,E =
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17. THEOREM.— The hyperabelian group HA, . is holoedrically isomor-
phic* with the abstract group T .

From the simple isomorphism of H, , with G, it follows that the operators
E, E2 . E'3 y Bl = 01 Cé , W satisfy the generational relations 1®),---, (6)of &,
a result capable of verification by direct calculation. It therefore remains only
to prove that the operators ', E,, E,, B, = C,C,, W satisfy the generational
relations (12), ---, (18). This result may be verified by simple calculations.
‘We note the auxiliary formulze :

-1 -1 0 0) (=1 0 —1 0

| -1 1 0 ol 0 —1 L 0
0405=" 9 E‘;WEJ= 9y
‘ o 0 1 1 0 0 —1 0

0 0 1 —1] i1 1 0 —1

(1 1 —1 1) 1 0 —i 0

T o o 1 1| |1 -1 —i &
W:0,0,0,0, = V=1 :
IR i 0 —1 0

{—1 -1 0 0] (i —i —1 1]

We have therefore proved that the simple groups HA, ,» and O, , are holo-
edrically isomorphie.

UNIVERSITY OF TEXAS,
January 12, 1900.

* Addition: May 5, 1900. In the May number of the Bulletin of the Society the writer
establishes the holoedric isomorphism of Os, ,» and HAj, y2» for any p™ of the form 4/—1. As the
method there used consists in the transformation of the defining invariant of the former group
into that of the second compound of the latter group, it gives no direct knowledge of the correspon-
dences of the generators of the isomorphic groups. For p" =3, 44 15-16 of the present paper
enable us to pass readily from an arbitrary substitution of either group to the corresponding

substitution of the other,




