ON THE DETERMINATION OF SURFACES CAPABLE OF
CONFORMAL REPRESENTATION UPON THE PLANE IN SUCH A
MANNER THAT GEODETIC LINES ARE REPRESENTED BY
ALGEBRAIC CURVES*

BY

HENRY FREEMAN STECKER

Introduction.

BeLTRAMI has shown  that surfaces of constant curvature can be built upon the
plane in such a manner that the geodetic lines shall go over into straight lines,
and that this result is true for no other surface. He considered this as the
simplest case of building one surface upon another in such a manner that the
geodetic lines of one surface shall go over into the geodetic lines of the other.
The general question was later solved by Dint. 3 It is an immediate consequence
of BELTRAMI’S memoirs that surfaces of constant curvature are the only surfaces
that can be built conformally upon the plane in such a manner that the geodetic
lines shall go over into straight lines or ares of circles. § This latter fact sug-
gests a generalization of BELTRAMI’S problem different from the one which he had
in mind, i. e., to so build a surface conformally upon the plane in such a manner
that the geodetic lines shall go over into algebraic curves. It is proposed to con-
sider that question.

§1.
‘We consider a doubly infinite system of algebraic curves in the plane :
@) Fx,y)+ AF(x,y) + BF (x,y)=0,

where A and B are the parameters of the system.
‘We think of the surface as given by

x, = p(u, v) (i=1,2,3),

* Presented to the Society February 23, 1901. Received for publication November 20, 1900.

tAnnali di Matematica, vol. 7, 1866.

t Annali di Matematica, ser. 2, vol. 3, 1870.

§ For an independent proof of this proposition see F. BUSSE, Inaugural Dissertation, Berlin,
1896.
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where u and » are rectangular surface coordinates, i. e., such that the systems of
curves u = const., » = const., intersect orthogonally.
Let the relation between the surface and the plane be given by

= ‘l"l(/‘" V)’ Yy= ‘1’2(/"’ v)‘
Then we write f(u, v) for #(y,, ¥,) and equation (1) becomes

(2) Sow,v) + Af(k, v) + Bfy(p,v) =0,
and from this we find :
3) Sy v) + Afy(ws v) + Bf((w, v) =0,
(4) Ss(w> v) + Af (s v) -+ Bf(p, ») =0,
where

Sl =N g D) g,

Sy = T 4 2 0D g, o T D

«?f(#' 2" g, 4 VLB Y)
o ’

From (2), (3) and (4) we obtain

A
b SIS Si|=0
. S S
‘We write
7, 2, o, o, o,
M = ow’ Pe=",5 Ma= opr’ Mia =300 M = ouov’

Making use of these abbreviations, substituting for /7 and f7 their values, and
expanding in terms of the first row, we have from equation (5):

Ny dp + nyudy  my dp? + madvt + 2mydpdy + n,d*p + ny,d'y

/i nydp + ngdv  mydp? + mydi? + 2mdudy + n,d'u + ny,d’y

ndp + n,dv mdp® + mdv? + 2m dudv + n, d’p + n,d%

— f .
P lngdu 4 ngdy  mydpt + mudv® + 2mydudy + nydPu + n,d

f nydp + ndv mdu® + mdv* + 2m dudy + n, d*p + n,d% o
: Ny dp + nyudv  mydp® + myd? + 2mydpdy + nyd’p + ny,d'v ’

or

J10(23) —f,0(18) + f,6(12) = 0,
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where
m n,
0(23)_’ # “’ s+ | zzld,u,dvz+2‘ W) iy 4| ;dp.d’u
gy, | g\ Mg, 73y Mgg Tigy Mgy
n,
g | P “”;dlﬁ 2| /"t dpdv +| =" dvdp
nsz 31 T3y, n Mgy Tgy Mgy

with corresponding expressions for 6(18), 6(12).

for terms in du?:

Adding like terms, we have

Ny MMy, nymy, Ny My
{f(m v) — fr> v) + o5 v) }dﬂs,
T Mg 31773, 219
or
fl('””v) Ny My
Q) SA#sv) ny my | dil.

So(w,v) g

mSI

And we easily see that we have like determinants for the coefficients of the other

terms.
tion is:

Indeed if we write [11] for the coefficient of du®, our differential equa-

[11]dp + [22]d + {2[18] + [21]}duldv + {2[28] + [12]} dpds?

M

where A is the determinant | j;nzlnszl .

+ A(dpd® — dvdu) =0,

For shortness we write equation (7) in the form :

8 adp® + adv® + adp’dv + a,dpdv? + a(dpd®y — dvd*u) = 0.
) 1 4 2 3 5

§2.
The geodetic lines of our surface are given by the differential equation :
d G o G
G — 3K 5 du® + [E I —2-G’ ] du’dv
©)
oF G
+ [G ¥ AH — ] dudv* + E G(dudv — dvd’p) =

we are to compare this with equation (8). This comparison gives the following

system of partial differential equations :
06,08

(10)
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From this system we eliminate A by means of the last equation and obtain :

G oE a, oF G a
99 _ 1%L _ po L 15’9 pe%,
Eap Gap—EGaﬁ’ G’av EEa,, EG%
(1)
G a or a
12 — 4 17— — 1.
QGa;L_EG%’ 2E¢7v_, EGa5
From these we have :
1 dlog G | dlogE aq,
' w —E o~
2 dlog B, olog G a
v 2 o a,
12)
g dlog B a, G
—w =" 2.E
dlog G a, E
4. e T 9,
op s G
Integrating 1 and 2 we have:
1. log G — Llog E=1log F, + log V,,
(13)
2. logE —1log G=—log F,+log U,

a2 a3
where 7 = ef %™ and F,= ef a ; U, is a function of x only and V| of »
only. Then (13) gives

G
1. =V
(14)
E
2. _G; =F 2—1 U-l .
Squaring each of these equations and multiplying it by the other we find
1 E=UiVIFiF;,
(15)
2. G=UVIFiF;t.
From these last two equations we have the following values:
1. —EG—_ UVVAFAF-
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We substitute these values in equations (8) and (4) of the system (12) and
obtain :

av, 2log a
an T/+[2Z‘:__(')ai 2] U, =85 VIAFDFUL,
1
(18) dd?+[_2.%+" (:;f,F] V,=—32 L UDFIF}V.
5

The integrals of these are:
1. Vi

s = 2FIFE + V),
19) 1
[]i

2. V* =2F¥FY(F,+ U),

where

f——‘*ﬁ'—w, F,= f"'m

and U, and V, are functions of u only and of ».only respectiyely.

These equations are sufficient to say whether or not a solution exists and to
Jind such solutions if they do exist. It is proposed to illustrate this by an ex-
ample (pp. 156-159) before going farther with the general theory.

ExampLe. We take f, = f,(v) , a function of » only; also
Swy v)=pvr, flp, v)=pt.
Then after some calculation we find the following values :
a=0,
@, = WA In(n 4 1)(8 — m) (),

20) %= pn—lyrm—2 [n(B —m)(m + B —1) f,(v) — 2n(8 — m),,d_fc'eig] ,

a,= 'uznya-;.m_s('g _ m) [Bmf;(l/) _ (/3 +m— ) df;(l/) JZ;,;EV)] ,

a, = Pl (B — m) f(v) .
From these we find :

a, n+1
&= u
g%_m+/8—-1_2 1 dfyv)
a, v Siv) dv ’
ey
4o,
a5
a, p[Bm 11 df(»), 1 d&f)] .
a_6=ﬁ[7‘(3 m—1370) dv T7E) ]_ne()°
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Then we have:

2 —_ } 2 _ nt1
fasd,u_f(n 1) " _log,u+ ’
ynt8—1

fg—idy=f(m'+,8—1)flv1—2fdlogj;(v)du_logfz() .

Therefore

yntB-—1
F1=#n+l, fl() , _F"=0,

Fa = f —_ Z—: Fdp = f —_ G(V)p—"’(”+1)+‘d/4 = ~(—2 p,

Introducing these values into (19) we have:

1. VAU =2use+Dy-imt8-Lry(y) [0(”)"_2ﬂ + 20’ Vz]

2n?
(22)

VU3 = 2uiet Dyt 8-1 £30) T, .
This requires either

() V,= K6(v) (K = constant),
) 0(v)=0.

or

Case (a). If V,= K6(v), then we find :
U} —_— x#—§(n+1) [#—2n + anK] —l,

Uls = a/.c*(”““)Uz,

which require that
A

U,= - pXED [ 4 202 K]
therefore

A

1= 2 Kp™ + 170

And for V, we find:

V1§ = x’y—«m+s—l‘y;§(,,)0(,,) ,

V= a'im+B-11 =8y .

These require that:
a’ 1;2("‘+ﬂ—1)

=Ny

Taking a’ = A’, as we may do, and restoring the value of 6(v) we have the fol-
lowing differential equation to determine f3(v):
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a’ d
(23) -‘é;(;’—) —B+m—1p! _—_{Z;EV) + Bmy=¥(v) = vmHE-IY ().

Before solving this differential equation we consider case (b). If 6(v)=0
we find :
(713 = Ap~HHD,

U3 = ape 0,

giving
A
= = y-%ntn),
=W
also
Vi = Nt ) 7,
Vi = a vt tB-1f-4(y),
-giving
a’ yXm+B-1)
VA0
And f(v) is given by
a’ )
(24) T @+ m-1m LY L B2 ) <0,

It remains then to see if f(v) can be determined algebraically.
Since equation (24) is (28) with its right hand number put equal to zero we
can consider them together.

We put
(m+8)% dz

v=e", f3(v)=e 2 2, 0=W.

After some reduction equations (23) and (24) reduce to the forms:

a _(m—B)y _ _
@) R et
. a8 (m— By
We consider the latter and simpler case first.
It gives:
0=1%+v(m— B2+ 4c.
Hence '
f 2dz
s/(m — B)‘z + 4¢”
Therefore
[ 2(m — B)% + 2(m — B)V(m — B)%* + 4c, ]m_
d=1 : e F4l
% [2(m B —2m— By (m— Pt de,] €%
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m+8
Remembering that ¢ = log » and that z = j;(v)/v+, we find after some reduc-
tion :
4cmtE
200\ — 1 .
N (VS v

and for the equation of the curve:

(m — B (P — ¢,)* — 1}(Ap™v" + BuvF)? — dey™tF = 0.

Hence
V; = I{l[y?(m—ﬂ)—l . 2czvm+ﬁ—1 + (cg _ 1)11‘1] 2’

0 . U, = Kp—*+ (K, and K, constant) ;
ese give:
E = pu—20

G = q[V" =Bt — 2 F1 4 (2 — 1) 7']%,
where p and ¢ are constant.
In regard to the other integral:
22dz

8 = Lede
2cz + s/(m —3)224 —_—

it appears that in order to keep the exponents rational and the coefficients real
it is necessary to take ¢ = 0 .
Then we find finally :
. 4K%*® 4 v
SO = ok —p)
where K is constant, and the curve is given by the equation :
4K 4 v = 2K(m — B)(Apv™ + Bu™e).

To revert to the general theory, we may say that if a solution exists, the right
hand member of equation 1 of (19) must be of the form

6()
B(u)’
Vie K6G), U}=K6®).
The functions yr,(x, ») and Y, (u, v) are given by the equations:
i) _A(ew)  F(by, ¥y _ Siwe 7)

and then

Fbis ) S 0)” F(bo ) S y)

Since we desire a conformal representation we shall take

Yy=n, Y,=v.
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Baut it is plain that by such a choice certain conditions are imposed by equations
(19) and we proceed to consider those conditions.

§3.
Calculation of V, and U,.

If we represent the right hand members (19) by R and S respectively, then
we must have :

1. RS=1,
’log R
@7 2. i = 0,
*log S
3. “ouir = 0

From the second of these we find :

2
28) L0 a, 2 a, Flog(F, + V)

?a»i‘ga,m dpdv =0.

Considering the last term of this equation we find

Plog (Fy+V,) 0 OF,jov (?
Oudy T F + V

a
4 ;:Fz_z(F4 + U;)}

—ATE AU LB 8BRS E + U)— 42,
5

v a
since
O U and AFFSF 4 V)(F+ U)=1.
[ a
Whence from (28) we find :
a0 ,da a, a,
Youa,—taat o,
(29) 2F2—2(F4 + Uz = 5a3 a, 53 a, 3
Yo0 e,
and from 8 of (27) we find in like manner
4 00 300, 449
2 Sopa, 3ova, s Ds
) VU, 4 V)= L S
2242 -2
s Opa

If we represent the right hand members of (29) and (30) by A, and A, respec-
tively, then equations (19) become :
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Vi

U§_F “F A,
(31)
Up
L 153
V = F3F3A,.
§ 4.

Partial differential equations satisfied by f(p, v).
As a first condition we have
AA,=1.

Differentiating (29) with respect to v, and using (19) we have

ﬂ 2 2 23
2 F; F(9 +2F A,

or

A, , a
it 2 A—2

5

and in like manner from (30) we find

oA, a, o @

A=
Hence we have the system :

AA, =1,

A, a3 a,
(32) W+275A1=2_&;’

oA, a, @

2y _ A=_9%

op s s

These are the necessary, and, as- is easily seen, sufficient conditions to impose
upon f(p, v) in order that a solution may exist for the rectangular codrdinate
system (u, v).

§5.

‘We consider next a somewhat general solution of our problem. We have:
written

% Ju— % gy —
f% du=1log F,, f% dv=1log F,.

We consider one case where these integrals actually yield logarithms, i. e., da,/ou
= Aa, and da,/0v = aa,. To simplify the expressions for @, we divide equation
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(2) through by fy(« , v) and then consider f; =1, £, =/f,/f;, fy =f./f,- This
amounts to putting f; = 1 in our formulas. We find:

o 9, o %, i U
op  ou? | ov vt op v
al= . Py a4 = . Py a5 = Y
s s s s o s
op  ou? ov o v
o, Th| | T a | |2 Th
ou  Opdv dv  ou? dv  Oudv ouw o
a, = 2 + ool a, = 2 1+ .
oy | | T o I\ (U Th
op  Oudv v our ov  dudv o o

The case to be considered is found by taking 3% /oudv = 0 and 9%, /oudv = 0,
that is, f, = ¢,(#) + ¢,(v) and f; = ¥,(s) + ¥,(v). Then we shall have:

@y = (1) ¥:(») — ¥i(w) $:()
a, = (1) V(1) — ¥i(w) $1(#) 5
a, = ¢,(v) ¥5(v) — ¥,(¥) $,(v)>
a, = ¢,(v) ¥i(w) — ¥;(») $1(w),
ay = ¢,(k) ¥5(») — ¥i(w) $3(»)-

Hence
(40) 2= = 1og (91 %) — ¥i0) B}
(41) 52 v =10 (316 ¥i) — ¥i0) 810}
Therefore ’
L di(m)  $,(v) _1 B di(m) &, (» B
YU ey % v we)|
Hence

s G0) | |40) )
Fo= [ —%Frau=—aq, [adp=—
f a1 Josn v wO)| e ¥

. fﬁl Fidv—a, fa5dv= () &) | |di(w) 4"1:(/‘)
@ Vi) Yy (v) V() ¥i(m)

)

In order to separate the variables it is necessary that either

@) W= or (b) ¢,) =),
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and since the equations and expressions are symmetrical in x and » it will only
be necessary to consider case (a) and afterwards interchange u and » in the
result.

First of all we have:

1 1 VN (g ,
Fo=0, Fi= g5 g Fam 66 140) — 600},

) #0)|
i ¥)

Fy=— W) {¥:(0) — 6:(0)}
Then from (19) we have:

R MDA O 0) S 20, ,
(42) v, P | $:(2) ¢2(V)y &) (¥i(») — bi(»)}
(¥, (v) — ,(v)} l\[r;(v) V)|

As V, must vanish and U, = ¢."(1)/4¢(x), we find

_ 1 4%
17 V8 i(p)

| 4:0) 4a) |
%0 ¥
or, if we write x for ¥;(v) and y for ¢;(v),

Also
= {¥y(») — 6, ()}’

Put * — y = ¢ and our differential equation is:

dx dq
Ty =0

or

d x
g =7
Therefore
@
—q = fqdu= Vo(v) — ¢, (¥) + ¢
hence

()
v (,,) ¢ (,,) = Yy(v) — () + >

and integrating this we have:

Vi) = § [¥,(0) — 6,()]* + a.[¥:0) + ¢,0)] + <.
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Remembering that ¢,(v) = f,(v)/f,(v) and ¢(u) = f,(r)/f(r) we have, after some

reduction :
B[ K, [\(v) + K, [ ()] fo(»).f5(#)
= {(H.B + 1) () fi(w) + (4 + B)[L(W.S») + /(WA

for the equation of our curve. Here the f; of u and of v are any algebraic
Junctions whatever. As mentioned above we find a solution for case (b) by in-
terchanging p and v in (43).

(43)

§ 6.
Conditions for the equality of E and G.

The work thus far is for #/ = 0, i. e., » and v are rectangular surface coordi-
nates. It remains to consider the case £ = G.

From our system of partlal differential equations (10) we find that @, must be
equal to @, and @, to @,. It remains to consider the system of equations (32)
which were the necessary and sufficient conditions to impose on the f(x, v).
First we consider the values of 7, and #,. 'We recall that

P =f_ %: F-'du, F, =f% Fdy,

| % _[%
logFl._f% dv, long_fa5 dv.
Hence also

AN A

a, ov a,

‘We have then

f——‘dep, f_—ZF—de—f F-3 1du__F—2.
F,— f3F2dv_f v =377,

Hence the right hand members of (29) and (30) become respectively,

Also

3 0% 4,08 4
3opa, 3ova, a
2F(AF? + U)=142F*U,=A, = s s
a, a, J a,
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2FIAF 4 V) =1+ 2PV, = A, =

We consider the first of equations (3),i. e, A A, =1.

We write
24 — 4} 2 b
_3a—4b+c_ . %+
A= =1+
and also
A _fa=Bte . Yatd)
2= ¢+2¢ ¢+ 2
Therefore ( )
2 2 4 2
1, 3a+b) Fat+td)  f(a+b)
Aba=1+7"% ~ ek 2 ~(c+ Za)(c— 25)

—1+4 (c+%2(‘;)‘(*cli)_2b) [c + 2a — ¢ + 2b — §(a + b)]

ba+2)
=l+GTreac—25"

Hence we must have @ + b = 0 and therefore

oa 0 a,

ot wa ="
Hence A, =1 and A,=1. Then the other two equations of (82) are satisfied
and we may conclude that

=0y,

a2 = (14 .
(44)
J a

et TR S,
z?,u,a5+¢7va5_0’

are the necessary and sufficient conditions that £ = G'.

The next question will be the study of these surfaces, their existence and prop-
erties. In particular I have already finished part of the work for the curve
y: = ax® + ba® + cx + d, i. e., for surfaces whose geodetic lines go into cubics
upon the plane by a conformal transformation. The straight line and circle lead
to the surfaces of constant curvature with their interesting properties. Here is
a much wider and more interesting field.

GOTTINGEN, November 3, 1900.




