THEORY OF LINEAR GROUPS IN AN ARBITRARY FIELD®
BY

LEONARD EUGENE DICKSON

§1. Introduction.

Various branches of group theory may be correlated by a treatment of groups
of transformations in a given field or domain of rationality. In view of the
simplicity of their treatment and of their importance as well in applications as
in the general theory,} groups of linear transformations offer a natural start-
ing place in the construction of a theory of groups in a given domain of rationality.

The chief result of the present paper is the exhibition of four infinite systems
of groups of transformations which are simple groups in every domain of ration-
ality. For the case of the field of all complex numbers these groups are the
simple continuous groups of LiE. By the well known investigations of KiLLING
and CARTAN, the latter groups give the only systems of simple continuous
groups of a finite number of parameters.

As in the theories of algebraic and differential equations, so also in the theory
of groups of transformations, it is of first importance that the definitions, con-
ceptions and developments shall have reference to a given field or domain of
rationality. For example, it is important to have a theory of continuous groups
in the field of complex numbers and a theory in the field of real numbers.
Two real continuous groups may not be isomorphic, although the corresponding
complex groups are isomorphic.i If we allow complex transformations to canon-
ical types, there results a complete list of real groups; allowing only reductions
by real transformations, the list is often more extensive.

* Presented to the Society at the Ithaca Meeting, August 20, 1901. Received for publication
June 7, 1901.

1 For example, a continuous group @ with a finite number of parametersis simply or multiply
isomorphic with a linear homogeneous group called the adjoint group of G. If G be simple, it
may be exhibited as a linear fractional (projective) group. From the fundamental rle played
by the adjoint group and by the simple groups, the theory of linear groups is of capital impor-
tance in L1g’s theory of continuous groups.

1 DicksoN: Bulletin of the American Mathematical Society, (2) vol. 7 (1901),
p. 340 ; SLocum : Proceedings of the American Academy of Artsand Sciences, vol.
36 (1900), p. 105.
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The chief results in the theory of linear groups in a finite field are presented
in the author’s treatise on Linear Groups, * to whichreference will here be made
by the initials L. G.

In certain questions cencerning continuous groups, as that of the structure of
a mixed group, the methods here presented often give additional knowledge, not
obtained by following L1E’S method.

In §§ 9-10 is investigated a group in an arbitrary field which corresponds to
the simple continuous group of 14 parameters, an isolated group not in the four
systems of L1E. For the case of a finite field of order p*, we are led to a new
simple group of order p® (p® — 1)(p™ — 1).

§ 2. Definition of fields and groups.

A set of operators forms a group if the following properties hold :

(@) The product (compound) of any two operators of the set is itself an opera-
tor of the set.

(b) The composition of operators is associative: if 4, B, C are any opera-
tors of the set, then (4B)C = A(BC).

(¢) To every operator A of the set corresponds an operator 4, of the set such
that A4, = A A = I, where I is the operator identity, which leaves unaltered
all possible operands. This A4, is called the inverse of 4 and is designated 4.

A set of elements forms a field t if they cah be combined by addition, sub-
traction, multiplication and division, the divisor not being the element zero (nec-
essarily in the set), these operations being subject to laws of elementary algebra,
and if the resulting sum, difference, product or quotient be uniquely determined
as an element of the set.

A field may therefore be characterized by the property that ¢the rational opera.
ttons of algebra can be performed within the field.

As examples of fields may be noted the finite fields, § the field & of all rational
numbers, the field 2 (¢) of numbers a + bi, where a and b are rational, the field
of all real numbers, the field C of all complex numbers, the field 2 (6) of all
rational functions of the algebraic number 6, a root of an equation belonging to
and irreducible in the field 2.

§3. General linear homogeneous and linear fractional groups.

Let &, &,, ---, £, be arbitrary variables. Consider the linear homogeneous
transformation m

A: E::

e J

lai)'gj (i:1727"')m)

*B. G. Teubner, Leipsic, 1901.
+ Domain of rationality or Korper. See WEBER’S Algebra.
1 Each is necessarily a Galois field of order a power of a prime (MOORE).
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with coefficients a,; in a given field 7’ such that the determinant
|4| = |a,| + 0 (¢,§j=1,2,---,m).

Such a transformation 4 will be said to belong to the field #'. Consider a
second transformation belonging to 7,

A4’ §:=Za:JE] (i=1,2,---,m).
i=1
By the compound, or product, of 4 and A’ we mean the transformation
4 !’ L ”
A: §G=Eaijgj (1:-———1,2,"‘,'}”),
i=1
where
4 & ’
a’ijE Za’o‘kalgj (i’j=1, 2)"')m)'
k=1

‘We have here compounded the transformations in the order 4, A’; the relation

between A, A’', A” is written
AA'= A",

By the theorem for the multiplication of determinants,

IA//

= laf| = lajy| -|ay| = |47]-|4] + 0.

Since a; and a;; belong to the field # by hypothesis, the coefficients a;; also
belong to #'. Hence the product A4” is a transformation belonging to the field
F. The transformation
m 4.
1. r_ ji _ .
A * f._Z;'AlEj (1’ 1)27 1'm))

where 4, is the adjoint (first minor with proper sign) of a; in |a,|, has its co-
efficients in the field 7 and has the determinant |4|™'. The product 447" is
the identity 7; indeed, it replaces &, by the function *

1,...,mA.ia.~ m 81' A
> 4 b rjl1|lfk=fw

Wk k=1

Hence the inverse A~! of A4 is a transformation in the field #'. Moreover, the
transformations of the form A are seen to obey the associative law [§ 2, prop-
erty (b)]. It follows that the totality of transformations A constitutes a group.
It will be called the general linear homogeneous group on m variables with co

efficients in the field F' and denoted by the symbol + GLH(m, F').

*In KRONECKER'S nptation, d; =1, du=0(k 5 17).
t A finite field is uniquely defined by its order, necessarily a power of a prime number, p*
(MoorE). The corresponding group is GLH(m, p*). [See L. G., §§97-98.]
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The group GLH(m, F') is generated by the transformations

DI,A: E;’:XE]’ £:=E. (1=2,3,---,m),
Br,a,A: E,’~=Er+x§39 E:=E. (7::19"':”1‘;{*"‘)"""3))

where \ is an arbitrary quantity % 0 in the field F'.

The proof is identical with that in L. G., §100. The proof shows that any
transformation A of the group can be expressed uniquely as a product 4,D, ,,
where A = | 4| and where A, is derived from the transformations B, , ;, all of
which have determinant unity.

The totality of transformations A of determinant unity forms a group I called
the special linear homogeneous group SLH(m, F'). It is generated by the
transformations B, , ,.

The product B~'A4 B is called the transform of A by B. Since

|B'AB|=|B7||A]-|B|=|B|™ 4] |B|=|4],

the transform of 4 has the same determinant as 4.

A subgroup T' of @ is called invariant (self-conjugate) under G if the trans-
form of each transformation of T' by an arbitrary transformation of G belongs
to G, 1i. e., symbolically, if g~'yg = .

The group SLH(m, F') is an invariant subgroup of GLH (m, F).

By making A4, correspond to 4 = A D 4, we establish an isomorphism of
SLH(m, F) with GLH (m, F'). The identity corresponds to the (commuta-
tive) group of the transformations D, ,. The latter is called the guotient-group
of the general by the special linear group.

The special linear homogeneous group I' contains an invariant subgroup
composed of the transformations

MM: E:=F’fg [“m=1] (i=1,~~-,m).

Let o/ be an invariant subgroup of I' which contains all the transformations
M, and still other transformations. By the-proof in L. G., § 104, interpreted
for an infinite field 7, it follows that J = T" if m > 2; while, by §105, it fol-
lows, for m = 2, that J contains a transformation of the form B, ,., with
A == 0, and p an arbitrary quantity in the field 7. Having B, , ,,., the group
oJ contains its inverse B, ; _,,.. Hence J contains the product, in which p and
o are arbitrary in 7,

Bz, 1, Ap? Bz, 1,-Ac? = Bz, 1, A(p2—a?)

To make p* — o = 7, an arbitrary quantity in ', we set
p=3r+1), o=4r-1),
thereby excluding the case in which # has a modulus p = 2.




1901] LINEAR GROUPS IN AN ARBITRARY FIELD 367

With B, , ,,, J contains every B, , ,, « arbitrary in #'. But B, , , is trans-
formed into B, , _, by (¢, = &,, £, = — &), which belongs to I'.  Since B, , ,
and B, , , generate I', we have J=T. Hence, for any m, H is a maximal
invariant subgroup of I'. The quotient-group I'/H is therefore simple.

The group SLH(m,F) has (f, 1) isomorphism* with a simple group,
where [ is the number of solutions in F of x™ =1, and F is any infinite field
or any finite field of order p*, provided p” >3 if m = 2.

Introducing the linear fractional transformations

ey tayw,+--ta, 0,4 a,
t @ % +a,,T, + +a, ., 1%y +a'mm

(t=1, -, m—1),

we may derive, as in L. G., § 108, the following theorem :

The group LF(m, F) of all linear fractional transformations on m—1
variables with coefficients in an infinite field F' and of determinant unity is @
simple group.

-§4. The Abelian linear group.

A linear homogeneous transformation on 2m variables with coefficients in a
field #" is called Abelian if, when operating simultaneously upon two sets of
variables £, 7,; ‘g’:, 17. (¢=1, ..., m), it leaves formally invariant (up to a fac-
tor belonging to #") the function

¢= g(‘ft;h - ’7.'5.’)'

The totality of such transformations constitutes the general Abelian linear
group GA(2m, F'). Those transformations which leave ¢ absolutely invariant
form a subgroup called the special Abelian linear group SA(2m, F').

If 7 be a continuous field (real or complex), the group SA4(2m, F) is
simple  (in L1E’s sense). If we take for ¢ the function

g (§.dn; — n,dE),

we recognize SA (2m, F') to be the homogeneous form of the largest projective
group on 2m — 1 variables which leaves invariant a linear complex.}

* In speaking of the index of an invariant subgroup H of a group T of infinite order, we mean
the number of right-hand multipliers 3; such that the products 2M;, when % runs through the
set of operators of H, give once and but once every operator of T'. If H is of order f, we say that
T has (f, 1) isomorphism with T/H.

tBulletin of the American Mathematical Society (2), vol. 3 (1897), pp. 267-270.
With LIE a simple group is one containing no invariant continuous subgroup.

1 Ibid., pp. 270, 271.
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TaEOREM. [In any field F, the group SA(2m, F') is generated by the
trangformations, all of determinant unity ,

M:  E=m, n=-—E&;
Liy: E=&+ My
Mgt =8+, E=§+M;
where N is an arbitrary quantity in F'. The group has a maximal invariant
subgroup formed of the identity I and the transformation T which changes the

signs of the 2m variables.f The case m =1 is exceptional if F be of order 2
or 3.

The proof proceeds as in L. G., §§ 110, 111, 114, 116, the statements on
p. 97, lines 1-3, being replaced by the following argument. Since J/ contains
L, ,,., in which A 4= 0 and 7 is arbitrary in 7, it contains the inverse L, _, .
and therefore the product

Lz,Mng,—M; = Lz,x(f;—r;) .

Taking 7, = L (¢ + 1), 7,= 4 (« — 1), we reach L, ,,, where « is arbitrary in
F. HenceJ contains L, ,, s being arbitrary in . An analogous change is
to be made on p. 97, lines 25-28.

The group obtained as the quotient-group of SA4 (2m, F') by {I, T'} will be
designated by 4 (2m, F'). It is simple except in the cases m =1, F of order
2 or 3.

THEOREM. A transformation of period 2 of SA(2m, F') isconjugate within
that group with one of the m non-conjugate transformations

Tl,—n Tl,—sz,—-u Tl,—sz,—-lTa,Tls ey T'= Tl,—sz,—r"Tm,—n

where T _, alters only E;, and 7, whose signs it.changes.

The proof proceeds as in L. G., §§ 120-121.

The study of the conjugacy of the operators of period 2 in the quotient-group
A(2m, F) is not so simple for infinite fields as for finite fields (L. G-, §§ 122
128). For the simplest case m = 1, a transformation of period 4in S4 (2, F)
is conjugate within that group with one of the transformations

0 o
S, = (_7_1 0).

The most general transformation of determinant unity which transforms S, into

8; has the form
déy~', b
( . d ) (=84 @2).

1 For the second part of the theorem and for the remainder of this section, it is assumed that,
if there be a modulus p for an infinite field ¥, p = 2.
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Hence S, and S; are conjugate within SA4 (2, F') if, and only if, the ratio /8
is expressible as the sum of two squares (including zero) in the field 7.

For the field of rational numbers, S, is conjugate with S, for y=1, 2,4, 5,
8,9,10,18,16,17,18,20,-.-,1,1,4%, %, %, ---, aseries containing every
prime number of the form 4¢ + 1, but no prime number of the form 4¢ + 3.*
It follows readily that there is an infinite number of non-conjugate transforma-
tions of period 4, viz., S,, S;, S, Sys Sy Sis Spps Spars Sy - - +» including
every S, for which 7 is a prime number of the form 4¢ + 3, of which there are
an infinite number by DIRICHLET’S theorem.

In the field C of all complex numbers, every S, is conjugate with S, = M,
within the group. Asin L. G., §§122-123, we obtain the theorem:

If's = mj2 or (m — 1)/2 according as m is even or odd, the group A (2m, C)
contains exactly s + 1 sets of conjugate operators of period 2. As represen-
tatives we may take

M= MM;"'Mm’ Tl,—la Tl,—sz,—n Tty Tl,—sz,—l"‘Ta,—1°

In the field of all real numbers every .S, is conjugate within the group
SA (2, F) either with S, = M, or else with §_, = M, 7| _,. By a simple mod-
ification of the developments in L. G., § 123, we find that, within S4 (2m, F),
every transformation §, such that §*= 7, 7, ,.--T, _,, is conjugate with
one of the transformations M, MT; _,, MT, T, ,,---, MT - R SR
For m =1 these transformations have been shown to be not conjugate. That
they are not conjugate when m = 2 may be shown as follows. A transformation
which transforms M, M, into either JMIJIIQT,_1 or MM, T, T, , must have
the form

12 Y12

Tn —% YN — % (?

so that, by one of the Abelian conditions,
—“fl'—'ﬁl_afz_'yfz= 1.
The commutative transformation 77 _;7;, _, being introduced, it follows that
MM,T, T,

is not conjugate with M, M, T, _, or with M, M,.

For general m, it follows by a similar proof that neither M nor M7 is con-
jugate with any one of the series M7, _, MT\ T, ,,---, MT, _,---T,,_; _;
nor M with M7T.

*Cf. WEBER, Algebra, vol. 1, 1st ed. (1895), p. 585.
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For the field F' of all real numbers, every operator of period two of the
group A(2m, F')is conjugate within the group with one of the following

operators

1;,—1’ -Tl,—sz,—n ttty Tx,—sz,—x"‘I:,—n M= M;MM

m

MZ;,—I' MTx,—sz,—la M ) MTl,—lT,,—l”' 1;,—1’

where s = m/2 or (m — 1)/2 according as m is even or odd.
At least in the cases m =1 and m = 2, no two of these 2s + 1 operators
are conjugate within the group.

§5. A generalization of the Abelian linear group.

Those linear homogeneous transformations on mq variables with coefficients in
any field #' which, if operating simultaneously upon ¢ sets each of mq variables,
the jth set being exhibited by the notation

w?z, w(;jz), A } (l/'?q) (i=1,2,---,m),
leave formally and absolutely invariant the function

w(l) w(l)

- i1y Tz 0 w‘.‘}
b= 2_:1 e e
- "’(.?1)’ “’(eqz)’ T w(ﬂ;)
form a group G'(m, q, F'). For ¢ =2, it is the group SA(m, F) of §4.
Proceeding as in L. G., §§ 124-128, we obtain the theorems: *
For q> 2, the group G (m, ¢, F) is generated by the substitutions

.Pt:,. = (w“acﬂ) (w‘zwjz) oo (w‘.qqu) (¢,j=1,2,---,m),

and the totality of transformations in F of determinant unity,

q
wll=zalkwlk (I1=1,2,---,9).
k=1

For ¢q>2, G(m, q, F') has an invariant subgroup which is the direct
product of m commutative groups each the special linear homogeneous group

* For the case in which F is a continuous field, these theorems were established by the author
(using the LIE theory) in the Bulletin of the American Mathematical Society (2),
vol. 3, pp. 271-273, May, 1897.
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in F on q variables,* the quotient-group being generated by the substi-
tutions P, and thus holoedrically isomorphic with the symmetric group.
on m letters.

§ 6. The compounds of a linear homogeneous group.
To the transformation (a,) of § 3 we make correspond the transformation

Aigy Qg * By,

. ! pa— a a, IR/ %)
["]q : Y‘ihiz.m.iq_; Zl h ik el Yz;,tz,u-,z,,’
v,

Xy iyt By,

where the sets 4, ,, .-, ¢ and !, [,, ---, [ take independently all the dis-
tinct combma,tlons g at a time of the integers 1,2, ..., m. Likewise, to the
transformation (aj) we make correspond the transformation [a"] . Then
(L. G., §153) to the product (a};) = (a,)(a;,) corresponds [a"] = [a] [a],.
Hence, if the transformations (a,) form a group, the transformations [a] form
an isomorphic group called the gth compound of the former.

By simple modifications of §§ 154164 of L. G., we obtain the results :

The general linear homogeneous group G LH(m, F) has (d, 1) isomor-
phism with its qth compound if the equation x?=1 has exactly d roots in F'.

The special linear homogeneous group SLH(m, F') has (g, 1) isomorphism
with its gth compound if the equations &?= 1, ™ =1 have in the field F ex-
actly g common solutions.

The second compound of GLH(m, F) leaves invariant the Pfaffian t
[1,2,.--,m]. For m odd, the transformation [a], gives rise to the
transformation

F:=‘Vm_‘,Aq‘F;' (==1,2, -+, m)

Jj=1
upon the Pfafians F,=[1,2,...,j—1,5+1,...,m], where A denotes
the first minor of a in the determ'mant |a |.  The transformation [a], effects

upon the ym(m — 1) Pfaffians [i,, iy - - -y %,_,], where each t=1,2, ..., m,

* The transformations of the ¢th group are given by the formula

..—Zﬂ.,‘ . ,j =2, (s=1,--m;si;i=1-40q),

where, for each ¢ =m, the determinant lﬂ:ﬁ =1(4, k=1,---,9).

1 Inversely, in a continuous field 7, the largest linear group on }m (m —1) variables which
leaves the Pfaffian invariant is the second compound of GLH(m, F), Bulletin of the
American Mathematical Society, vol. 5 (1898), pp. 338-342.
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such that i, <i,<<---<4%,_,, a linear homogeneous transformation identical
with the transformation [a],,_, of the (m — 2)th compound. *

The gth and(m — q)th compounds of SLH (m, F') are holoedrically isomor-
phic. Indeed, the number of solutions in # of ¥ =1, x?=1 equals the num-
ber of solutions in Fof =1, x™ 7=1.

The general Abelian group G A(2m, F) is the largest linear homogeneous
group in the field F' on 2m variables whose second compound has the relative
invariant

Z= 1/'12+1,;34+"'+1f2—12m'

The second compound of SA(2m, F) is a simplet group with the absolute
invariants Z and the Pfofian [1,2 ..., 2m].

The simple group A(4, F') is holoedrically isomophic with a subgroup of
the guinary linear group in F which leaves absolutely invariant

Y2+ K3Yz4_ 1714Y23'

According as the field F' does not or does contain a primitive fourth root
of unity, the second compound of SLH(4, F') is holoedrically isomorphic with
the simple group LF(4, F') or has a maximal invariant subgroup {1, T},
where T changes the signs of the six wvariables, the quotient-group being
holoedrically isomorphic with LF(4, F').

The second compound of SLH (4, F') contains the transformation
Yi,=vly,, Y=Y, Y, =Y, Y=V, Y, =Y, V,=v'F

34
if, and only if, v be a square in the field F'.
By § 3, the group SLH(4, F') is generated by the transformations B, , ,
(r,8=1,2,3,4;rs), and hence by B, , , and

A=k Ei=—£), Ay (E=E, E=—£), A E=§o = — &)
The second compounds of these transformations are respectively
B, ,: Y ,=Y ,+AY,, Y =Y, +7Al,;
A, Y=Y, Y,=Y,, Y,=—Y,, Y,,=—F,;.
A, Y,=—-Y,, Y,=Y,, Y, ,=Y,, Y, =—Y_;
A, Y,=Y, Y, ,=—-Y,, Y,=Y,, Y, =—1,.
The second compound possesses the absolute invariant

0GEYI2Y34— Y13Y24+Y11Y23‘

* For the case of a continuous field 7, these theorems were established by the author in the
Bulletin of the American Mathematical Society, vol. 5 (1898), pp. 120-135.
tIf there be a modulus p, we assume that p==2; as also in the rest of the section.
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The second compound of SLH(4, F') may be exhibited as that senary
linear group G, leaving En, + Em, + En, invariant, which is generated by the
trangformations S; = (§m,) (§n,) and

Wll,j,A: 52=Ei+xnj9 f]{:Ej—)"’li'
The group G will therefore contain the transformations
Sglm,j,)\sijEV;,j,A: ’72=’7i+7\fja "7,"=’7j—7"£.';
/S;lm, ,)\Sjk=Qi,J,A: £2=fi+7\fj’ 77;'=’7j")‘77f;
Qi -19s, 5, le, wa=PyT;

where P, = (£,£)(n,n;) and 7, , denotes £; = A§,, n; =N""n,. Set
Q) Y,=& Yy=§, Y, =5, Ty=—n, Y,y=0, ¥Y,y=—n1,
Then B, ;5\, 415y A5, As become W, , s, 8Ty 1 Pryy Sps Py Ty o5 P Ty s
respectively. Hence G contains the transformations which correspond to the
generators of the second compound. Inversely, from them we derive W, , ,,
P,T, ,, S, and therefore the transform S,; of S, by 8P, 7T, ,. We
then derive 8,8, = S, and P,7, ,. The latter transforms W, ,, into
W, s .; and P, 7T, , transforms W, , _,into W,;,. We have therefore de-
rived the generators S,;, W, ; , of G,.

By § 4 the special Abelian group SA (4, F') is generated by M,, M,, L, ,,
L, , and &, , ,. Their second compounds are respectively Aj,, 4;,, By, ,,
B;, ,and N/, ,, the first three being exhibited above,* while

B; i a: Viy=Y,+ 2V, Y, ,=Y,+\l,;
’ . {Y{2=K2-—K1’24, Y:;4=1,34+)\'Y24’
1,2,A ¢

Y;:s =1’13 + lelz - XI’& - )\'21’24'

The last five transformations leave invariant 6, and Z =Y, + I,
orem stated above. We introduce the new variables }

(2) §o=21'(1,12_Y34)’ El=1’l3’ m=r,, &=1,, ny=—F,.
Then 4;,, Ay, By, , and B;, , become 8,7, Py, Py, T, _5 Wy, _, and

’

@\, 2, » respectively. Finally, NV, , , becomes X , ,, if we use the notation
Xoja: & =&—Mn, & =§+ 20—\,

For later use, we introduce, for the transform of X, ; , by Sy (k +j),
Ifo,j,A: E=&— )‘Ej’ 7)j'=7)j+2)"fo—7\2£j-

by the the-

* The present variables §,, 7,, £,, 7, correspond to the former §,, &,, &;, £, respectively.
1 The last four have the same definition as in the case of the group G;.
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The second compound of SA (4, F)is a simple group which may be ex-
hibited as that quinary linear group G, leaving E2 + En, + &n, invariant which
is generated by PuT; _1s Sigs Wi o as @10 and X, 1 5.

‘We obtain an important subgroup of G, as follows. The second compound of
the special Abelian transformation

a 0 0 B
0 8 4 0
(ad—pBy=1)
0 B a 0
y 0 0 &

affects only four of the six variables ¥, and has the form

1712 K3 YM Y34
Y,=| ad ay — B8 — By
Y, = af a? — B —af
Y, = ‘ -y = & v8

Y,=|—B8By —ay B ad

The latter leaves ¥, + ¥,, invariant. Expressed in terms of the variables
&, £, n, defined by (2), it takes the form

EO El 771
g =|ad+ By ay —P3
3) & =| 248 a? — B (a6 —By=1),
m=| —20 —p &

a transformation of determinant unity leaving £ + £, absolutely invariant. *
The trangformations (3) form a simple group isomorphic with LF (2, F').

To exhibit a subgroup of both G, and G which leaves &7, + &7, invariant,
we form the second compound of

a
Y
0
0

* Among them occur Xo, 1, and Yo, 1, z, the latter fora=J0=1, 3 =0, y=—2.

ad—ﬂy:l
(AD—BC’:I ’

A © ©

B 0
8 0
0 B
0

C D
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and obtain a transformation affecting only Y., ¥,,, ¥, ¥,,. Introducing

£, &, —mn,, n,, respectively, for the former [as in (1) or (2)], we obtain the
transformation

. fl 7 fz 7,
g =| ad BB aB —pA
@) 7, = vyC 8D vD — &8C
E,=| a«C BD oD —BC
ny=|—yA —38B —«B A

The group of these transformations has, in view of its origin, the factor groups
LF@2,F),LF(2,F),and {I, T} ,wheré T changes thesign of each variable.*

§ 7. Concerning linear groups with quadratic invariants.

Consider the group G'(m, F') of linear homogeneous transformations

E=agh+ 2 (@b +mn)  G=01m),
S: -
Ti=Fabit 2 (Byf+ ) (=1, m),

with coefficients in a fieldt #', which have the absolute invariant

ng gg + Elnl+ f2"72"l- ot + Em"’m'

The conditions for the formal invariance of g, are

(6) ag, + ;a.‘o'3w= 1,
(6) 2a0ja0h+ ;_l(aijﬂik-’_ a’ik'Bij)= 0 ‘
(j=0,1,---,m; k=1,---,m)
(7) 270;'701; + LE__; ('Yijsik‘*‘ 'Yizcaij):O (J, k=1,.--, m),
i 1 (k=g),
8) 2“0;'70k + ;_1 (ae;;sek'!"yikﬂfj): { 0 (k+7),
(j=0,1,--,m; k=1, -, m).

*To compare with the earlier proof for finite fields, American Journal of Mathematics,
vol. 21 (1899), p. 248, we have only to replace 8 by —7, ¥ by —8, B by C, Cby B.

1 If there be a modulus p, we assume that p==2. For a finite field of order 2", the structure
was given by the writer in the American Journal of Mathematiecs, vol. 21 (1899), p. 243.

Trans, Am, Math, Soc. 23
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1t follows from these relations that the inverse of S is
Et; = oofo +l1' ; (Bjofj + “jonj)
81, ; E:=2’Yoifo+j; (Sj‘fj+cyﬁ7,j)‘ (i=1,---, m).

7; =2a §O+Z(B.E+ 4i7;)

The conditions for the invariance of ¢, under S-' are seen to be

€)] a:o+4;“oi'yo¢=1’
(10) % w+Z( i + B 7) =0
(j=0,1,---,m;k=1,.---,m),
(11) §Bfoﬁm+2(ﬁj08k'+ﬁh8)_ (§, k=1,---,m),
(12) JanBio + 22 (484 + Bu) = { . -
(f=0,1,"',m;k=l,--~,m).

S and 87! have equal determinants, so that |S| ==1. In fact, we take
the variables in the order &, €, 7,, - -, £, 7,,, and- reflect on its main diago-
nal the determinant of S—', then interchange the second and third rows, the
fourth and fifth rows, ..., and likewise the corresponding columns. The re-
sulting determinant, aside from the factors 2 and } which may be dropped, is
identical with the determinant of S.

If in the above formule we drop the variable £ and the coefficients a,, a,,
Vs - - *» We obtain results valid for the group Q(nz, F) of all linear transfor-
mations in # which leave invariant *

q,, = flm + Eznz + ttt + f,,."),,,-
With such modifications, the following investigation of the structure of the
group G (m, F) will hold for the group Q(m, F').
Let S be an arbitrary transformation of G'(m, #). We proceed to deter-
mine a transformation =, derived from

(13) Wi,j,k’ K,j,)x’ Qi,j.)" X;),j.A’ ‘I";,j,)d T S P

iy

*For the case in which F is the Galois field of order p*, this group was studied by the writer
in the Proceedings of the London Mathematical Society, vol. 30 (1898), pp 70-98.
The calculations of pp. 77-80 are here avoided by the use of the simplicity of the group G,.
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which replaces £ by the same function that § does, viz.,

Si=anby+ 2 (ayE + vy
where by (10), for j=k=1,

(14) %“fo + gl: a,v;=0.

The a;, v,,(i=1, .., m) are not all zero, since otherwise a,, =0 and f, = 0.
() If a,, 4 0, we may take for = the product

T, anXo,1, 35001, 2, a0 W2, yi0 " Q1 my arm W1, m, i
which replaces £, by
ab, + apé — oy (Fal, + agv, + -+ 2 + g(aljsj + 71;”1) =1
(8) If 4,, 4 0, we may choose for £ the product
SmTy -,“‘Yo, 1, Ya1o Ql, 2, y1z W; 2, a1z Ql, 3, a13 I'Vx Zyi3°°° Ql,m, aim I'Vl, m, Yim*

(c) Let a,=,=0(j=1,...,8—1), whilea,,, are not both zero.
By case (a) or (b), we obtain a transformation £’ which replaces £ by /;. Then
will £ = ' P, replace £ by f,.

We may therefore set S= S=’, where S’ is a transformation of G'(m, F')
which leaves £ fixed. Let S’ replace , by

Si=8,6+ i:l(ﬁljgj + 81,;’7})’

For S’ wehavea,=0,a,=1,a, =0(j=2,-..,m), vy =00=1,-.., m).
Then by (12) for j =% =1, we have 6, =1. By (11)forj=/% =1, we have

(15) 18 + 3 B8, =0.
The transformation -
2= X0 Vo1, u@ur -0 Vi1, —p1n @1, —51m
leaves £ fixed and replaces n, by ;. We may therefore set
S =28, §=238,

where S, is a transformation of G'(m, F') which leaves £ and #, fixed. Hence
S, is of the form §, written above, with

alo=’3w=0’ a'u=8u=1’ alj=81j=0 (j=2,-,m),

'71j='81;=0 (j=1,---,m).
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Hence, by (11) and (12), for j =1, we get
B.=0, 5, =0 (k=2, -+, m).
By (10) and (12), for £ =1, we get
V=0, a;=0 (j=0,2, -+, m).
Hence S, is a transformation of G'(m, F') involving only the variables
& & (i=2,,m).

‘We proceed with S, as we did with .§. After m — 1 such steps, we reach a

transformation S, _, affecting only £, £, 7,. Let it replace £, by

fm = mOEO + a’mmfm + 'ymmnm’
where, by (10),

1,2 —
Iamo + LV mm = 0.

If a,, + 0, the transformation 7, , X, , .  replacesf, by f,. Ifa,,=0,
then a_, = 0 and v, & 0, so that we may set

Sor = Ennn) T,y K
where K leaves also £ fixed.* Let KX replace 7, by
S =By + Bonn + 8,
By (11) and (12) for i = j =k = m, we get
8.=1, 18, +8,.95,..=0.

Hence K=Y, , ;.. K, where K’ leaves £, and 7, fixed, and is therefore the
identity or C,, where C, alters only £, whose sign it changes. But

(16) C = X Yo X Z;, -1 (‘fz"h)

It follows that an arbitrary transformation of G'(m, F') or of Q(m, F') may
be given one of the two forms 4 or A (£ n,), where 4 is derived from the
transformations (13) of determinant unity. Hence these groups contain sub-
groups of index 2, designated by G'(m, F') and @'(m, F'), generated by the
transformations (13).

Consider, for m= 8, the following subgroups of G'(m, F') and Q'(m, F'):

Gl(m9 F)E{Sﬁ9 m,j,)n Xo,j,)\ (iyj=1)""m§7;+j)}9
Ql(maF)E{SﬁQ m,j,A (i,j=1,~‘-,m;i=|=j)},‘|'

* For the group Q(m, F'), K is necessarily the identity.
tForm=3, @, (m, F) is the group G of § 6.
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where A is arbitrary in the field 7. By the formule of §6, they contain the
transformations

Viine Qisnr PyT 4 (G, j=1,---, m;i+f),

while G, (m, F') contains also ¥, ;,. Hence they contain

(17) Tl, ,LTz, w = SlzPlle, -1 Vl, 2, u—1 VVl, 2 Vi, 2, u—19
(18) Tye=1,,.1 Ty Ty Ty T

But 7, transforms W, ; ,, V,; \s @i ;s Xo ;x> Lo jrs Ti,, into transforma-
tions of the same respective forms. Also

(19) Ti,ASij = SU]::,)\—“ Ti, }\Pii = 'Pii];,)\'

Hence every transformation of the group G'(m, F') or @'(m, F') may be
given one of the forms 2, 27, ,, where 2 belongs to G, (m, F') or @, (m, F'),
respectively, while » runs through the series of elements of Z which are not-
squares and whose ratios are all not-squares.

These results hold true for the group G, (2, ') = G, of § 6, viz.,

01(2o F)E {P12T2,—1s Sm’ vV],z,m Ql,z,m X),I,A}’

Indeed, the latter group contains ¥, ; ,, X, o x5 X5 020 Vigas @o1,05 13,
and, by (16), C;(§m,) 7}, _,. The latter transforms 7} , 7, , into 7}
so that the product 7}, ,. belongs to the group.

The group G'(m, F), for m =3, contains the invariant subgroup
G, (m, F); the group Q'(m, F), for m=2, contains the invariant subgroup
Q,(m, F). The invariant subgroup is extended to the main group by the
right-hand extenders T, ,, where v runs through the series of those not-squares
of F, the ratio of no two of which is a square.

212:”4

#—1'T2m ’

§ 8. Structure of the groups G, (m, F) and Q (m, F').

By § 6 we have the results: *

The group G.(2, F) on five variables is simple. The senary group
Q, (8, F) is simple or has the maximal invariant subgroup composed of the
identity I and the transformation T T, T, _, according as — 1 is a not-
square or a square in the field F'.

We employ these theorems in dealing with the case of general m. Let J be
an invariant subgroup of G, (m, F') containing a transformation § not the
identity /. To treat simultaneously the group @, (m, F'), let J be an invari-
ant subgroup containing a transformation S neither the identity nor

I'= Tl,--sz,—x’ : ‘Tm,—n

*1If there be a modulus p, we assume, in this section, that p 4= 2.
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in case the latter belongs to @, (m, #'). The groups @,(m, F') and Q,(m, F)
will be considered together under the notation G'. We assume that m=3.
Levmma L. The group J contains a transformation which multiplies €, by
a constant and does not reduce to I or T'.
By hypothesis, J/ contains a transformation S neither 7 nor 7'.. Let S re-
place £ by

fi=a,E+ g(a,jfj + vym) *+ e, &,

the coefficients being subject to the condition (14).
(@) If ¢, & 0, the group G contains the product

'P = 1’1: LTI R CTE U M P K) 1, =0y sz 1, “Yl_llYmK’

where K denotes the transformation

K = V:;) 1, —ai3 Q3r 1,y " va 1, —aim Q”‘y 1, =yim*

Employing (14), we find that P replaces £ by y;'€, and 75, by f,. Hence J
contains S, = P~'SP, which replaces & by y;'n,.

If S, multiplies £, by a constant, J contains its transform S; by P,T, _;.
This S; multiplies £ by a constant and is neither 7 nor 7'.

If S, does not multiply &, by a constant, there exists in G a transformation B
leaving £ and 7, unaltered and not commutative with S, so that J contains
S7'B-18,B, which leaves £, fixed and is neither 7 nor 7. In fact, if S, be
commutative with V; ; ,, we find, on equating the expressions by which 8, V; 5 ,
and V, , ,S, replace 7,, that

1= M=+ )&+ ()&
Similarly, if .S, be commutative with @), , ,, we get
E+r,=5+()&+ (),
Hence would €, = ( )£,, contrary to hypothesis.
(6) If v, = 0, we may take* a, 4 0. Then G contains
R=1,,T, X), 2, }éamQ2,l,au Qz, 3, ajzla1s W’z, 3, .mmI{u

2, 0127 3, a1z

‘Kvl = Q2, 4, an u,?, 4y " Qz, m, aim W-ﬁy m, yim *

Employing (14), we find that & replaces &, by f, without altering & . Then J
contains S, = R~' SR which replaces £ by &,.

If .S, multiplies g, by a constant, J contains its transform S, by P,,7} _,.
But §; multiplies £ by a constant and is neither 7 nor 7'.

*If ¢y =a="---=0a1n,=0, then a,; =0 by (14). Not every yi; is zero by hypothesis. If
Y12 F 0, for example, we take in place of S its transform by S,5, for which a;, 4= 0.
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If S, does not multiply £, by a constant, S, is not commutative with both
Vi and V¥, , ,, since S,V; ., and V; . .S, replace 5, by 7, — Af; and
7, + ( )&+ ( )&,, respectively. Hence oJ contains

Sz_l Vs_,lk,,\Szn,k,,\ (k=1, 2)

which leave £ fixed (so that neither is 77), and are not both the identity.
Lemma II.  The group J contains a transformation which leaves &, and 7,
unaltered and is different from the identity.
In view of Lemma I, we may suppose that / contains a transformation S,
different from 7 and 7, which replaces £ by a£, and 5, by

BIOEO + JE: (Bljgj + 8‘j1’i)’

where by (12), for j =k = 1, we have 8, = a~', and by (11), for j =%k =1,

(15) i’/gfo + ;BHSH =0.

(4) Let 8,=0, B,=8,=0(j=2, ..., m). Then B,,=0 by (15).
Hence S = 7 ,8,, where S, leaves £ and 7, unaltered. Hence,* /S| involves
only the variables £, £, #,(i=2, ---, m). If a=1, the Lemma is proved.
Let next a 4 1.

If 8,=1, or if, when G =Q,(m, F), S=1, ,T; ,---T, _,=r, the
group J contains 7 , or 8? =T ., respectively. In the second case, a + — 1,
since 8§ 4 7. Transforming by P, 7, _,, we obtain in either case a transfor-
mation leaving £ and 7, fixed and not the identity.

If 8, be neither 7 nor 7, there exists in G a transformation 2, affecting the
same variables as S, and not commutative with S,.+ Hence o/ contains

SUEISE, = SPESE, + T,
which leaves £ and 7, unaltered.

(B) Let B,,=0,and B, 8,(j=2, ---, m) be not all zero. Then, by §7,
G contains a transformation Z which leaves £ and 7, fixed and replaces £, by

'8“’ EO + jz___z (Bljgj + Sljnj) [iﬁ:‘o + E‘ Bryd; = 0] .
Hence o/ contains S, = L~'SL , which replaces £, by af, and 7, by £, + a~'n,.

The latter function is invariant under the transformations @; , \, V5 5 xs 75, 2
and 77,7, ,_. belonging to G'. If any one of these, say =, is not commuta-

*See § 7, case (¢) .
tFor G =@,(m, F), the transformation changing the signs of &, &,, 7,, -+, £m, 7n is of
determinant — 1 and hence does not belong to G.
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tive with S, then J contains S7'2-'8,Z 4 7, which leaves £ and 7, fixed.
Suppose next that they are all commutative with §,. Equating the two ex-
pressions by which S, V; ; , and V, ; ,/S, replace 7,, and the two by which they
replace 7,, we get

&= 822‘?3 - 82352’ 5; = 83253 + 83352'

Equating the expressions by which S;); , , and @ , ,S, replace £,, and those
by which they replace 7,, we find that

& =ayl,— vuny My= — By + 0,1,

The field # contains an element A different from 0 and 1. If we equate the
expressions by which 7} ,7,,.S, and 8,7} ,7, ,_. replace 7,, we find that
By = 8,,=0. Hence S, merely multiplies £ and 7, by the same constant J,,.
Transforming S, by P,;7; _,, we obtain a transformation of the kind treated
in case (4).

(C) Let B, %0, Blj, 81j(j=2, ---, m) be not all zero. By a simple
transformation, we may take 8,, &= 0. Transforming Sby 7, ; 7} ;,, we reach
a transformation S’ with 8, 0, 8,=1. Then

? V12
0= Y5 50@52 -5 V2580 @t =81 Varm, Bim

leaves £, 1,, and £, unaltered and replaces 7, by
BIOEO + ('811811 + BIZ) 52 + My + Z& (Blj‘fj + 8ljnj) *
J=

Then o/ contains S, = w~ 'S w, which replaces £ by af , and 7, by

Bufl + a_ln] - a_llBufz + 172'

Let u=—Ba'40. If among the transformations Q,, W,,,=o,
T, . T, .Sy, ete., of G, which leave £, 5,, and u&, + 7, invariant, there exists
one, say f, which is not commutative with S|, then J contains S;'RB-'S R
which leaves £ and 7, fixed and differs from the identity. In the contrary case,
we find, on equating the functions by which S,o and oS, replace £,, that

M= ( )y — @y, + payk,.

Then, by (11) for j = £ = 3, we have a,, = 0. Finally, if S, be commutative
with 7} , 7, , Sy, it must multiply & and 7, by the same constant.

(D) Let B, %0, B, = 81j= 0(j=2,---, m). Then, by(15),
%B?O + '811811 =0, 811 =a'.
Hence § replaces £ by a, and replaces 5, by

BIO Eo + 181181 + “_1771 =a™! (’71 + 2XEU - 7\251) ’
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if weset 21 = aB,,. Hence §= Y, ,,7; ,8,, where §, leaves £ and 7, un-
altered and so involves only &, &, 7,(i=2, ---, m). Then

—1 -1 —
]'lr PS]"lr P ’ S = 0,1, Ap—1—A

belongs to J/ and is not the identity if p 4= 1. Transforming it by P,7, _,,
we obtain in JJ a transformation 4 7, which leaves £ and 7, unaltered.

In the proofs of lemmas I and II, we assumed the existence of the variables
£, &,n,E&,m, &, n,only. If m=4, we may therefore conclude that J/ con-
tains a transformation different from 7 and 7" which leaves £, 7,, £,, , un-
altered. After m — 2 applications of the lemmas, we reach in J a transforma-
tion, neither 7 nor 7', which affects only £, €,_,,9,,_,, €,, 7, Transforming
it by P, _, P, , which belongs to G/, we obtain a transformation, neither 7 nor
T, which affects only &, €, 7,, £,, 7, From the simplicity of & (2, F'), it
follows, when G' = G, (m, F'), that J contains all the transformations of
G, (2, F). Transforming them by the P;7; _,, we reach in o/ all the gener-
ators of G (m, F'). Since ), (3, F')is simple or has the maximal invariant
subgroup {Z, 7'}, it follows, when G' = ), (m, F'), that J contains the gener-
ators of @), (8, Z7) and, therefore, by transformation by the P,7; _,, the gener-
ators of @, (m, F').

Ifm =2, the group G, (m, F') is simple. Ifm=3, the group @, (m,F)
is simple or has the maximal invariant subgroup {I, T}, according as — 1 is
@ not-square or a square in the field F'.

§9. Definition and generators of a subgroup of G,(3, F).

We next define and investigate the septenary group in an arbitrary* field #
which becomes, for the case of a continuous field, the continuous group of four-
teen parameters studied by KiLLiNG, ENGEL, and CARTAN.}

The totality of linear homogeneous transformations § on seven variables with
coefficients in % which leave absolutely invariant

form a group G'(3, ). Taking m = 3, and giving S the notation of § 7, we
may take as the conditions upon § the relations (9), (10), (11), (12). We
study the group H of transformations .S, belonging to G'(3, F'), which, when
operating cogrediently upon the two sets of variables

(20) Em fn M Eza Ny E_‘;’ 735 —goa —gp ;1’ Ezs ;za Es, ;3’

* As in §§ 7-8, we assume that p 4 2, if 7 has a modulus p.
t LIE-ENGEL, Transformationsgruppen, vol. 3, pp. 763-765, 777.
1 CARTAN, Théses, Paris, 1894, pp. 146, 149-151.
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leave invariant the system of equations

(21) [‘le+yz3=0’ X2+1f31=0’ *szs+1712=0’

¥+ X,=0, F,+X,=0, ¥,+X,=0.

We have here employed the notations

_|6&] & S5y =M
! Eo Ei §0 ’f.' g]' Y ;N

Multiplying the equations in the first row of (21) by 7,, #,, 7,, respectively, and
adding the results, we get X9, + Xn, + X9, = 0, since

X = ;M

iy

Y. =

1

[ ra—

=

l N M
Yon, + Yy, + Yony = ‘77 M M

7’2 n3

S

Similarly from the equations in the second row of (21), we get

Y&+ X+ YE=0.
In view of the identity

Y& — Xon, =& (En—En) = 2,
we derive the equation * [a consequence of equations (21)]
(22) Z11+Z22+Z33=0°

An inspection of equations (21) and (22) leads to a proof of the following
LemMa: A linear equation involving X, ¥, X, ¥, Z; will be a conse-
quence of equations (21) if, and only if, the coefficient of X, equals that of
Y, the coefficient of Y equals that of X, the coefficients of Z,,, Z,, Zy are
all equal, and the coefficient of each Z, s(r s=1,2,8; r = 3)iszero; where
i, 7,k is any cyclic permutation of 1, 2, 8
When operating cogrediently upon the varlables (20), the transformation

S ! E = ank, + a,b + a8, + a8y + Y + VYl + YW (i=0,1,2,3)
Ln:; = B{ofo + Igﬂgl + Bizgz + 18,3€3 + 8“771 + 8,-2772 + 8;3"73 (7':: 1,2, 3)

* Other equations may be derived from (21) ; for example,
Yo Xyp + You Xos + Y X3, =0, Yfz + Zgy Xy + 232 X5, =0.

Since they are quadratic in each set of variables £, 7; £, 7, they do not enter into the discussion
of the invariance of equations (21).
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replaces the function X, by the expression

3 | ay, a, 3 | ay Yy 123 @y v,
>3 00 %o X, + >> o0 Yo Y+ >> v 0j Z‘.j
L ay,  ay EL ay Yy S ay Yy
[ @ @ X 4+ Yoi Yo ¥ L.
4,4=1,2,3 ll a. a. Y Y v, Y
i<j h 7] 143 17
Let 7, m, n be any cyclic permutation of 1, 2, 3. Then S replaces ¥ by
3 ﬁm Bmi 3 Bm Smi Bmi 8m
' X +>| " ¥+ "z,
=B, By =By Oy “ By 8,
Bmt' Bm Bmi mj
+ Z ’ }(U + ’ Y, -
b Bni an 8m' 8nj ’

Hence S replaces the equation X, + ¥, = 0 by an equation which is linear in
X,Y,X,, Y, Z,. Applying the above lemma, we see that the resulting

i ij ? iy
equation will be a consequence of equations (21) if, and only if, the conditions
(23), (24), (25) below are satisfied. Similarly, S replaces the equation
Y, 4+ X =0 by an equation which is linear in X, ¥, X, , ¥ Z,; with

2 i
coefficients obtained from the corresponding coefficients in the earlier equation by
interchanging a  with 8, a  with B, with &, forr=1,2,3;i=1,2,3.

In view of the lemma, the resulting equation wilrl' be a consequence of equations
(21), if, and only if, the conditions (26), (27), (28) are satisfied.

( 9 3) Xgo ao:“ + BmO B-m-' — '70j Yo smj smk )
"’zo ah B n0 B ni ’Yli 'ylk Bﬂj 8nk
(2 4) aOO 700' + B m0 Smc — ao; aOk + B mj B mk .
X Tu By 8 ay; @y, an B
ay; Yy B, 8. C,=0C,=0C,.
@) | U+ " V=0, [ PR G=1,2,804)).
@y Vy i O C,=0
(26) By + @y Fni _ Yoj Yox " Vg Vi ‘
By By @ Lu; Bu Sy Vi Yk
1) ‘Too Yoi + @ Vmi _ Xy Cor Qi P
By 81:' 2 Vni '81; sz . T
a, ¥, a.; Y. d,=d,=d,
@2 |+ Yl=d,, { OEET =10, 85 04).
By Su Qi Yoy d.'j =0

The formule hold for any cyclic permutations i, j, &; I, m,nof 1,2, 3.
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The transformations S of the group H may be defined by the conditions
(9), (10), (11), (12) and (23)—(28).

Among the transformations of A occur the simple types: *
(29) Qi..i, 7 Tfi, 'r—'-’z:'i, fﬂc,fﬁ’ X), T I’L kT 1);3, i T Wf, kT

where T is arbitrary in the field #', and ¢, j, £ form any cyclic permutation of
1,2,8. From them we obtain, as in § 6,

T, Py=PyT, 1= Qi 19191

AYo,l,lvz.s,l : I70,1,11'172,3,1 . AYo,l,1V2,3,1
= ‘Yo,l,l‘Y:),l,lXo,l,l ° Vz,s,1W2,3,1 Vz,s,l
= 00 (51’71) Tl, -1 ]12,—1'P23823 = (El"h) (52’72) (Es"ls) OoTl, —1Tz, 1P,

upon applying formulz (16), (17), the latter with u —= 1, and with 2, 3 in place
of 1, 2. Since 7, _, P, belongs to H, it follows that A contains

(30) 2= ('flﬂl) (62772) (53"73) 00 Tl, —1°

The transformations 7 7} ,_, leave invariant g, and the equations (21). and
therefore belong to the group H. From the transformations (29) we readily
derive 7; T} . ., for the case in which 7 is a cube in the field.

THEOREM : The transformations of H of determinant + 1 form a subgroup
H’ of index 2 which is generated by the transformations

(31) Qi,j,-r’ 'T"i,-rz,;',-r—l) Xo,i,fo,k.-r’ Irll,i,'r Wl,lc,-r .

Let S be an arbitrary transformation of A and let it be exhibited in the
above form. We are to prove that there exists a transformation A derived from
the types (31) such that A'S = I, the identity, or {7} _,, the latter of deter-
minant — 1.

We may assume that a, & 0 in §. For, if a, 4 0, the product 7, _, P, S
has a, & 0; if 4,4 0, the product =8 has a,, & 0; while the case
a,=1v9,=0 (=1, 2, 8) is excluded, since then a ;= 0 by (14). The product
8y =T} ;2 T, ., S replaces & by a function of the form

f = alO E0 + El + alz f2 + al3 §3 + ’yllnl + 712172 + 713"3 *
Then ¥, 5 ... Ws 1., Sy = S, replaces £ by a function of the form f with ¢, =0.
Then @, ; _,,,S;=S; replaces £ by a function f with y,=a,=0. Next,
@1, 2, 0y, Ss = S, replaces £ by a function
S=a,6 + &+ vum + v
Then, by (14), we have tal + 4, =0. If 4, 4+ 0, @, ,S, = S, replaces £

* They correspond respectively to the generators Xy, X, Xio, — Xoy of CARTAN, p. 146.
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by a function of the form f* with «,, —«vy,, in place of v,,. By a proper choice
of x, we make the new v,, equal to zero. Hence S; replaces £ by

&+ aé— 1aim,
80 that (X, 1 .0 Vo5 3a0) S5 leaves £ unaltered. But, if 4, =0, then
S =&+ vm,,s0that ¥y, W, 8, leaves £ unaltered.

1,2, —y12

Consider a transformation S which replaces £ by &, and 7, by

J1=By&+ Bué+ n+ BLé+ '81353"‘ 8,ym, + 813’73'

Then, by applying in succession as left-hand multipliers €, ; 5., X, 5 5, Vs 1, 1
@:,1,5,,» We obtain a transformation S” which replaces £ by &, and 7, by
Bk + Bué +m, + Bué,- By (15),8,= —18i,- If B,=0,.8" replaces 7,

by 7, + B,,£,, so that )
‘YO, 3, —B12 171, 2, —BmS

leaves £ and #, unaltered. If 8 = 0,
(Fo,1, 14810 Wa, 5, 1580 18 = 8"

replaces € by £, and 5, by 7, + B,€, — 18,m,. Then @,, _,, S replaces £
by &, and 5, by 9, + B,,€,, a case just considered.

It remains to discuss those substitutions S of A which do not alter £ and 7,
and therefore have (compare § 7)

a11=811=1’ a12=a13=a21=a31=0, 812=813=821=331=0,

ag=0a,=PBy=7=0, Bi=B=v=7=0 (=1,23).
By (25), for (,4,5)=(1,1,2),1,1,3),(2,2,1),(2,3,1),(3,2,1),
(8, 3, 1), we get respectively
'Yoz—_-o, 703=09 B32=O’ B33=07 Bzz=0, /823=0°
By (28), for (¢,4,5)=(1,2,1),(1,3,1),(2,1,2),(2,1,3),(3,1, 2),
(3,1, 3), we get respectively
ap="0, ay=0, 7,=0, 4,3=0, 7,=0, 7,=0.
By (24), for (I,i)=(3,1), B,=0; for ({,9)=(2,1), B,=0. By

(26), for ({,7)=(3,1), a,=0; for (,¢)=(2,1),a,=0. By (27), for
I, =(3,2),(2,3), (3, 3), (2,2), we get respectively

—a,=a, o —a,=a,8,, a,=a,d a,=a, 0

23 00 “32? 00 7337 33 00 22°
Finally, by (28), for (I, i) = (1, 1), and by (9), we get respectively
822 823
(32) =a,, a =1.
832 833 ’
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Hence S has the following form :

& =anb, n,= zz"’z+823773’ E;'—'aoosaafz"a’oosszfa’

g =By + By, &y = — @y, 058, + a8 &,
subject to relations (32). Its determinant equals
S, 8.]°
ago = = == aoo = 4 1.
8, Oy

Denote by S, the preceding substitution S for the case ay, = + 1. For
ap=—1, 8= 8'C,T; _,, where S’ is of the form §,, of determinant + 1.
The general substitution S, has the form
M=Ky + Mgy My =pn,+vny,  E = vk — pE, &= — N+ «byy
(33)
kv —ap=1.
Ifk=v=0,then §,=7, ,.7, T, ,Py. If k, v are notbothzero, we may
take v = 0; for, if v =0, « 3 0, the transform of S, by 7; _,P,; has v & 0.
Then @), ; ,,./S; may be expressed as the product

Q3, 2, —Ay—1 ]72’ v '7;, v—1°
THEOREM.— The group H' in the GF [p"] has the order *

(34) Q=p"(" -1 -1).
It has been shown that 7" contains a transformation which replaces £, by
3 3
2 ak + 2 vy
p= =1
in which @, - - -, v,, are arbitrary marks, not all zero, such that
(3%) 1aly + @y + @, + v, =0.

By various methods, this equation is seen to have p® sets of solutions in the
GF[p*]. Hence Q = p*™Q , where Q, denotes the number of transforma-
tions of A’ which leave £ fixed. As shown above, H' contains a transfor-
mation which leaves £ fixed and replaces 5, by f,, in which 8
marks which satisfy (15), viz.;

(36) '}'Bfo + Bn + /312812 + /313 813 =0.

Hence B,,, B,,, 8,;, B3, 8, may be chosen arbitrarily, the value of 3,, being
then determined uniquely. Hence Q, = p™),, where (, denotes the number
of transformations S, of /' which leaves £, and 5, unaltered. As shown above,

los * * » 0,3 are any

* As a check, we note that p”, the order of the field, enters to the power 14, which is the num-
ber of parameters in the continuous group.
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S, must be of the form (33). Inversely, all the p"(p* — 1) transformations
(38) belong to H'. Hence the order of H’ is given by (34).
We observe the special values:

=38, Q=20.30.7-18 = 4,245,696;
=5, 0=25.3.5%7.31= 5,859,000,000.

These simple groups are not in the writer’s list of known simple groups. *

§10. Simplicity of the group H'.

Suppose that /'’ contains an invariant subgroup o/ which possesses a trans-
formation S not the ideuntity I. Let S replace £ by

3
Si=a &+ (a &+ vy;m,) [subjeot to (35)].
j=1

Lemma : J contains a transformation % I which multiplies & by a constant.
(@) Let first v, = 0. It was shown in § 9 that /' contains a transformation
R which replaces £ by £ and 5, by

Bi& + Bué + m + By + Simy + By + 8y,
in which B, 8, are any quantities of the field 7 satisfying (86). By suitable
choice of these quantities, the product
P=T

1,y

T, ., R

2, yn
replaces £ by o7 '€ and », by /;. Hence J contains
S, = P'SP

which replaces & by o7',n,- If H’ contains a transformation B leaving £ and
7, unaltered and not commutative with S|, then o/ contains S7'B~'S B, which
leaves £ fixed and is not the identity. In the contrary case .S, is commutative
with @, ; ., T} _,Py. Equating the functions by which S,@); , , and @, , ,S;
replace 7, and the functions by which they replace £,, we see that .S, must re-
place £, and 7, by respectively

f; = afz + bnga 77:; = C1); — dgz'
Since S, is to be commutative with 7, _, P,;, it replaces 5, and £, by

n,=cn, + d&;, & = af,— bn,.
Then (23),for/=1,i=1, gives c=0. Then J contains

Sl—l (]11, " I;, u—l)_l l( ]Tl, " ]7'-’, ;/-—‘)

*Bulletin of the American Mathematical Society, ser. 2, vol. 5 (1899), p. 470-475.
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which replaces 7, by un,. Its transform by 77 _, P,,Z replaces £, by u£ and is
not the identity if u 4= 0, 1, where = is defined by (30).

(6) Let ¢, = 0, but o, and a,; not both zero. By an evident transforma-
tion within /', we may make a,,= 1. Transforming S by

1’0, 1, y13 sz, 3, y13 Q2, 3, 0137

we reach in / a transformation " which replaces £ by

an&+ an b+ & + v, (30} +1n.=0).

Then the transform of S’ by @, , ,, replaces & by £, + a, €, — }a’ n,. Trans-
forming by X, 5 100 Vs 1, 500> We Teach in o/ a transformation S, which replaces
£ by £,. Then J contains

(37) P S Y I VY

which replaces £ by — £,.

(C) Let Y= = Q3= 0. Then Ay = 0 by (35). If Y= V3= 0, S re-
places £ by a & . In the contrary case, § is conjugate with a transformation
8’ with 4, = 1; it replaces £ by a, & + 7, + v,,m,- The transform of S’ by
@s, 5, —y,, Teplaces & by a & + 7,. Transforming it by X, ; _, Vi, _,,, We ob-
tain a transformation S, which replaces £ by #,. Then / contains (87), which
replaces £ by —£, .

LemmA.  The group J contains a transformation, not the identity, which
does not alter £, or 7,.

In view of the preceding lemma, J contains a transformation S 4 7 which
replaces £ by af, and 7, by

3
By + 2 (B, & +8,m)  [sublect to (15); 4y =a~].
]=

According as 8, 8, are both zero or not both zero, 8,,, B,, both zero or not
both zero, we distinguish four cases. Transforming by one or more of the trans-
formations 7, Py, Qo515 @5 2,xs L2275 -1, We obtain a transformation in
oJ which replaces £ by a£, and 5, by one of the four functions

Let first S replace £ by f. By (156), a7'8,, + } 8},=0. Hence
S= Tx,aTz, a—1 -Yo, 1,8 I/Vz, 3, ﬂSI (ﬁ =1By),

where S| leaves £ and 7, fixed, belongs to /', and hence has the form (33).
If 8= 0, the lemma is proved whena=1. For 8=10,a 4 1, S, does not
reduce to the identity 7 or to 7, _,7; _, and hence is not commutative with
every (33). If S, be not commutative with =, of the form (33), then / contains

SISC18E = S7ESE, + T
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which leaves £ and 7, unaltered. Let next 84 0. Then S is transformed by
T, 1Py inte S, =1, T, .. 1, 1,8 W, 5S', where

S'=PyT, 58T, 1P
Hence o/ contains the transformation
S; = Z’Z, a.Z,3, a."—lS—l 272, a—1 1;, a,SZ = 172, 0.1;, a—lSi-lS,7

which leaves £ and 7, unaltered. If S) be the identity, » = ax, p = — aX in
(83). Again, 7, ,.T;, transforms § into S;= ¥y, Wy 3 S T1 1T -
Then o contains the product

8= 871Q535:18:@z51= T3 .. S! Q51875 Qe 51
since @, ; , and W, ; , are commutative. Now S, leaves £ and 7, fixed. If
S, reduce to the identity, we find that A = 0, « = avin (33). Hence if S, and S,
are both the identity, (33) becomes 7, ,_,7; ,. In this case J contains

—1 —_—
Ty iy ST T 1S = T4 T s Xopyyo Wo 5,2 T2 o Ty

and therefore its transform by 7, 7} , ., giving ¥, ; 55 W, 5 5. Hence J con-
tainsevery ¥, , W, and X, , . V,, .. Asin §9, we derive2'=37, _ P,,
where 2 is given by (80). Transforming 2’ by P, 7, _,, we reach 7, _,P,X.
The product of the two gives 7, ,7; _,, which leaves £ and 7, unaltered and
is not the identity.

The remaining three cases may be treated in a similar manner.

In view of the two lemmas, the group o/ contains a transformation, not the
identity, which does not alter £ or 5, and hence (§ 9) has the form (33). If
it be T, _T; _,, it is transformed into @), , 5,75 ;75 _; by @, _,. Hence
would J contain @), , ,, and therefore €, ;, . It follows that J contains a
transformation (33) neither 7 nor 7, _,7; _,. But the transformations (33)
form a group holoedrically isomorphic with the binary group SLH (2, F').
It follows that ./ contains all the transformations (83) and hence every
Q. Ti Py T, T But X, .V, ,, transforms 7, ,7; _, into

YT AT
X, s 2, V1,5, -2, 15,173 - Hence J contains every X, ; ,V, ;,. Transform-
ing it by suitable 7; P, ; and by £, wereachevery X, , .V, ; ., Yo .. W, .-
Hence J = H', so that /' is simple in any field #" not having the modulus

p= 2.

§11. Linear groups with invariants of degree d > 2.

Consider the group G'(¢, r, F') of linear transformations S on r¢ variables
with coefficients in an arbitrary field #' which leave formally and absolutely
invariant the function

g ‘fil Ei2' : ’Eiq’

Trans. Am. Math. Soc. 26
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For ¢ > 2, we may express every S as a product, §= AB, where 4 merely
multiplies each variable £, by a constant a, , while B is a substitution on the
letters £, having the imprimitive systems*

Eua flza Ty Elq; Em’ Egzs Tty ‘fzq; cecs Erl, g,g’ Tty f,q'

The transformations 4 form a commutative group invariant under G'(¢, », ).
The quotient-group {B} has an invariant subgroup X2, the direct product of r
symmetric groups, the general one being the symmetric group on the ¢ letters
., &, -, E,- The quotient-group { B}/R is the symmetric group on 7 letters,
the above imprimitive systems.

Consider the group H(m, r, F') of linear transformations § on m variables
with coefficients in a field #', not possessing a modulus, which leave formally
and absolutely invariant the function

ME ANE 4+ A E (each %+ 0in F).
If » > 2, we may set S = AL, where 4 is a transformation of the form
Ei=a [ai=1] (f=1 .-, m),

and L is a literal substitution on the letters ¢, £,, ---, & .t

On the other hand, there exist linear groups in an arbitrary field /' which
possess invariants of degree d > 2 and which lead to simple groups. Examples of
such groups are furnished by the second compounds of the groups G LH (m, F')
and GA (2m, F'), each possessing an invariant Pfaffian (see § 6).

§ 12. Canonical forms of linear homogeneous transformations.
Consider a transformation with coefficients in a field #7,
S: Ei=ayb Fayb+ - +a,k, (1=1,2,--, m).

The determination of a linear function which § multiplies by a constant K de-
pends upon the characteristic equation

a,— K a, AU ‘
— ‘ a e t

A(K) = | o — A %an I —o.
a'ml amz e amm - K’

If we introduce new variables defined by the transformation

T: 1’0'EB;‘IEI+B¢'2§2+“'+Bimgm (1::1,2,"',’”5),

*Proceedings of the London Mathematical Society, vol. 30 (1899), pp. 200-208.
The factor €' should be ¢,! ¢,! - -- ;! For an elementary treatment of the case ¢ =3, see L. G.,
§§ 211-212.

tMathematische Annalen, vol. 52, p. 563; L. G., §§ 139-141.
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the transformation § becomes the transformation S, = 7-'S7 on the variables
n, and the characteristic determinant A (K') of S, is equal to the characteristic
determinant of S (L. G., §§ 101, 102).  The characteristic equation is unal-
tered under linear transformation.

Let A(K') be decomposed in the field #' into irreducible factors,

AK) = [F B IFE) - ekt —m).

Let F,(K)= 0 have the roots X, K,,--., K,; F,(K)=0 the roots
L, L, .., L, etc. To exhibit compactly the general type of canonical form
of transformations S, let a, B, - - - be partitioned into positive integers,

a=a +a,+ - +a,, B=b+b+ - +b,,
Let a, b, .- -, denote an arbitrary one of the respective sets of integers

(@ 1, ¢+1, a+a+1, -, a+a+---+a+1;
(b) 1, bl+1, b1+b2+1’ R} b1+bg+"'+b,+1;

etc. Let A denote an arbitrary positive integer =a and not an a; let B de-
note an arbitrary positive integer =3 and not a b; ete.

Proceeding as in L. G., §§ 214-218, we obtain the theorems:

By a suitable linear homogeneous transformation of variables (not belong-
ing to I in general), S can be reduced to a canonical form

Nia=KiNiay Mia=K;ng+ K4y (t=1,2, -, k)
Co=L.; %, Cp=L;Cz+ L;{p, (¢=1,2,--,1)

in which the new variables Ny Cﬁ, -+ have the properties :

(1) The variables 9,;(j=1,2, ---, a) are linear homogeneous functions of
the £, whose coefficients are polynomials in K, with coefficients in F';

(2) The variables 9, are obtained from the "lp by replacing K, by K, ;

(8) The variables §,(j =1, 2, ---, B) are linear functions of the & whose
coefficients are polynomials in L, with coefficients in F ;

(4) The variables &, are obtained from the §; by replacing L, by L,;

(6) The ka variables n (i =1, ---, k;j=1, -.-, a) may be replaced by ka
linear homogeneous functions y,; of the €, with coefficients in F, such that S
replaces each y,; by a linear function of the y, with coefficients in F ; similarly
Jor the I8 variables Q.’. ;5 etc.

Two linear homogeneous transformations S, and S, belonging to a field F'
have the same canonical form if, and only if, S, is the transform of S, by a
linear homogeneous transformation T in the field F' and on the same variables.
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To determine all linear homogeneous transformations 7' commutative with a
given one S, each in the field #' and affecting m variables £, we apply the
transformation of indices which reduces S to its canonical form S’,

S = KI’Z...K‘ZIZZ...ZI...,
where each transformation Y, Z,,- - -, is defined thus:
Yii o= Ky Mg = Knig+ Ky, (for every a, A);
Zg: Gp= L&, Gp= L &p+ LG, (for every b, B).
If T be commutative with S', then
T"=Y)Y,. . Y, ZZ,.. - Z, -,
where Y, Z', - - -, are of the form

1

17"_: n:j = Zl pju('K:)niu (j=1,--+a);
, B

Zi: g:’j=Z"-jv('L'i)giv (j=1,---, B),
v=1

the coefficients of the polynomials p,, (K), - - -, belonging to F.

Inversely, if T have the above form and if Y| be commutative with ¥, Z;
commutative with Z,, -- -, then the transformation T (T expressedin the in
itial variables £;) will be commutative with S and will have its coefficients in
the field F'.

Y] and Y, are commutative if, and only if, for every @, A, A’,

Pea=0, pa1a1=0, p11a=0, pisw1="pan-
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