ON METABELIAN GROUPS
BY
WILLIAM BENJAMIN FITE

Introduction.

The concept of an isomorphism between two groups was introduced by
JORDAN in 1868. In the Comptes Rendus of that year, vol. 66, p. 836, he
defined an a, 1 isomorphism. Ten years later this concept was generalized
to that of an a, 8 isomorphism by CAPELLI in the Giornali di Matema-
tiche, vol. 16, 1878, p. 33.

Every simple isomorphism of a group with itself may be looked upon as a
substitution that replaces each operator of the group by the operator that cor-
responds to it in this isomorphism. It was first observed by HOLDERt and
Moogre] that the totality of these substitutions forms a group. This group is
called the group of isomorphisms of the given group.

An isomorphism of a group with itself produced by making every operator of
G correspond to its transform with respect to some operator of & is called a
cogredient isomorphism. To the totality of cogredient isomorphisms of G cor-
responds an invariant subgroup of the group of isomorphisms of G. This sub-
group is called the group of cogredient isomorphisms of G.§

We define a Metabelian Group as a group whose group of cogredient iso-
morphisms is abelian.

The group of cogredient isomorphisms of a group @ is simply isomorphic
with the quotient group of G with respect to the subgroup formed by the
invariant operators of . G.|| If @G is metabelian this quotient group is abelian,
and therefore the commutators 9] of (7 are invariant. Conversely, if the commu-
tators of G are invariant, G is metabelian. ** Hence we could define a meta-
belian group as a group whose commutators are invariant.

* Presented to the Society August 25, December 28, 1899, and February 23, 1901, under
various titles. Received for publication February 3, 1902.

t+ HOLDER, Mathematische Annalen, vol. 43 (1893), p. 314.

3 MooRE, Bulletin of the American Mathematical Society, vol. 1 (1894), p. 61.

¢ HOLDER, loc. cit., p. 314.

|| This is given implicitly by HOLDER, loe. cit., pp. 329, 330.

{DEDEKIND, Mathematische Annalen, vol. 48 (1897), p. 553.

** MILLER, Bulletin ofthe American Mathematical Society, vol. 4 (1898), pp. 137,
135.
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It follows from the definition that every subgroup (and likewise every quo-
tient group) of a metabelian group is either metabelian or abelian.

Let G’ be the group of cogredient isomorphisms of a group G, and G” that
of G’y and so on.t Then if the series G, G, G, - -- ends with identity, G
is the direct product of groups of orders p&, pg2, ..., p respectively, where

“ple...piis the order of G and p,, p,, ---, p, are distinct primesj.
Conversely, if G is the direct product of groups of orders p§, pg, .-, pi»
respectively, it is evident that we shall arrive at identity by forming these suc-
cessive groups of cogredient isomorphisms.§ In particular, a metabelian group
of order p7ps2 ... p is the direct product of groups of orders p3*, pgz, ---, pir
respectively.

We shall designate by G the group of cogredient isomorphisms of the group
G. Whenever we speak of the operators of G corresponding to the operators
of G’ we shall suppose that G' and G are arranged in an a,1 isomorphism,
the o invariant operators of G corresponding to identity of G'.

A brief summary of the different sections follows.

In section 1 it is shown that certain abelian groups cannot be groups of
cogredient isomorphisms. In addition, some limitations on the order of the
group of cogredient isomorphisms under certain conditions are given, together
with some theorems on the order of the operators of the group of cogredient
isomorphisms. There is also a theorem on the order of an abelian subgroup
that is always contained in a metabelian group of order p™, where p is a prime.

The question of the order of the product of two operators of a metabelian
group is considered in section 2.

In the second edition of his Algebra, vol. 2, p. 183, Weber states, without
proof, that the product of two commutators is not necessarily a commutator.
It is the object of section 8 to show that there are certain metabelian groups
whose commutator subgroups contain operators that are not commutators.

The number of metabelian groups whose order is a given power of a prime
and whose invariant operators form cyclic groups is determined in section 4.
It is shown that this number depends only on the different orders of the inde-
pendent generators of the groups of cogredient isomorphisms and is independent
of the number of these generators.

In section 5 a similar, but somewhat more limited, investigation is made con-
cerning metabelian groups whose order is a given power of a prime and whose
invariant operators form a subgroup that is the direct product of two cyclic
groups of unequal orders, the commutator subgroup being contained in that one
of these cyclic subgroups which is of the greater order.

tCf. AHRENS, Leipziger Berichte, Mathematische-Physiche Klasse, vol. 49 (1897), pp.
616-626.

1 BURNSIDE, Theory of Groups of Finite Order, 1897, p. 115.

§ LoEwy, Mathematische Annalen, vol. 55 (1901), pp. 68, 69.
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Section 6 contains a discussion of groups that have metabelian groups of
cogredient isomorphisms. It is shown that there are certain metabelian groups
that cannot be groups of cogredient isomorphisms. Some of the theorems of
this section are similar to those of section 1. An application of the results of
this section is made to groups of orders p°® and p®, where p is a prime.

I am indebted to Professor Miller for helpful suggestions and criticisms in
the preparation of this paper.

§1. Abelian groups of cogredient isomorphisms.

It is known that G’ cannot be cyclic nor the direct product of two cyclic
groups of different orders, and that if it is abelian it has no operator of order
greater than the order of the subgroup formed by the invariant operators of G.*

Let H denote the subgroup formed by the invariant operators of G'. Sup-
pose that G is abelian with the independent generators A4, A4, --- of orders
a,, a,, --- respectively. Let A, A,,--. be operators of G that coirespond
respectively to A;, A;, ---. Since G’ is abelian, we have

A;lAlAj=ijl (j=2,8, ),
where the 4, are operators of /7. From this we get
ATVAGA, = hS AT = A%

If now @ is of order p™, where p is a prime, and we denote by a/ the great-
est of the orders a;, a,, -- -, then A‘l‘; is commutative with every operator of &
and is accordingly contained in /. But.this is possible only if @, is equal to,
or less than, a/. Therefore if G is metabelian of order p™, G’ must have at
least two independent generators of the highest order.

Now a metabelian group G of order pi* p3 ... p%, where p , p,, - -, p, are
distinct primes, is the direct product of groups of orders p{!, pg, - - -, pi» respec-
tively (see introduction), and G is the direct product of the groups of cogredi-
ent isomorphisms of the respective factor groups.t Let 4;, 4,,---, A be
operators of the highest order in the groups of cogredient isomorphisms of the
respective factor groups. Let these highest orders be P, P, -, p TESpec-
tively. From what has just been proved it follows that there are operators
B, B,, ---, B, in these groups of cogredient isomorphisms of orders

P Pty e Pl
respectively that are independent of 47, 4;, ---, A.. Therefore
A/A,.--A, and B/ B,---B,

* MILLER, Comptes Rendusde ’Académie des Sciences, vol. 128 (1899), p. 229.
+ MILLER, Bulletin of the American Mathematical Society, vol. 5 (1899), p. 294.

Trans. Am. Math. Soc. 22
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are two independent generators of G of the highest order p%p%---pn",
and the order of every other independent generator of G is a divisor of
Plips...pi. We have proved therefore

THEOREM 1.—The group of cogredient isomorphisms of a group G cannot
be the direct product of ‘cyclic groups whose orders are such that any one of
them is not a divisor of at least one of the others.

Now a; is the least common multiple of the orders of %,, A,, ---. But these
operators (the commutators formed by A4, and all the operators of G') form an
abelian group, and in any abelian group the least common multiple of the orders
of any operators is the order of some operator.* Therefore @, is the order of a
commutator of G. This result can be stated as follows:

THEOREM II.—The order of every operator of the group of cogredient iso-
morphisms of a metabelian group G is the order of « commutator of G'.

If @’ is abelian the order of H is divisible by every prime factor of the
order of' G, and therefore if the order of G were not divisible by the cube of
a prime, @' would be cyclic. Hence, no group whose order is not divisible
by the cube of a prime can be metabelian.

The least common multiple of the orders of any operators of a group G that
is the direct product of groups whose orders are respectively powers of distinct
primes is the order of some operator of G.+ In particular, this is true of met-
abelian groups.

TrEOREM IIL.—If G is a metabelian group of order g and contains an
abelian subgroup of order g[p2p3--- pt+, where p , p,, -, p, are distinct
primes, the order of every operator of G' is a divisor of ptp% ... p.

For, let G, denote the abelian subgroup of G' of order ¢g/p?p3: - - p2» and
@, the subgroup of G that corresponds to . It may be assumed that &,
contains /. If A4, is any operator of G, that is not contained in /, it is com-
mutative with at least g /p2pg - - - p» operators of G and therefore the number
of its conjugates in G is a divisor of paip2... pe». The number of commuta-
tors of G formed. by A4, and all the operators of G is therefore a divisor of
pups ... p. These commutators form a group. Therefore the order of the
operator of G, that corresponds to A4,, that is, the order of any operator of G|,
is a divisor of pup3... pon,

If A, is any operator of G that is not contained in G, then some power of
A, of the form

S o
132, . Pon
Azl 2 "y

where a; =, ;= a,, .-+, a. Za,, is contained in G, since (|, whose order
is g /phipg- - - po», and A, generate a subgroup of &'. But if

* FROBENIUS and STICKELBERGER, Crelle’s Journal, vol. 86 (1879), p. 234.
1 The proof of this is similar to that given by FROBENIUS and STICKELBERGER, loc. cit., for
abelian groups.
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Azirgpie — 4

then A4, is commutative with at least ¢ /pnip%% . . . p—2n operators of G and
the number of its conjugates in G is a divisor of pr—ip@—=...p%—. The
order of the corresponding operator of G’ is therefore a divisor of

’ ’ - ’
p‘l‘l_"'l p;z_“z AN ]):n"“n .

Hence the order of every operator of G is a divisor of pfip%...p%, and the
theorem is proved.

If G, is a maximum abelian subgroup of (7, the order of @ is divisible by
PP, - - P, and contains no other prime factors besides p,, p,, ---, p,. If now
the order of G, is g/p,p,---p,, G* has an operator of order p,p,- - -p, that is
not in G| and that with (7| generates G". If A, is an operator of G that cor-
responds to this operator of G, A, is not commutative with any operator of @,
that is not in /7. The commutators formed by A4, and two operators 4, and
A, of G, that correspond to different operators of G, are distinct. The num-
ber ‘of commutators of @ is therefore equal to the order of G; . If the order of
Gisg= DPYPY P where g, is not divisible by p,, p,, ---, p,, andif G’ is
of order p%ipt: ... p%, then the number of commutators of G’ is

PR
The order of H is g, pu—*1p%: ... p¥~». Therefore

a—Sa—1; - EHa+1) (=120
We have therefore
THEOREM IV.—If G is a metabelian group of order g = g, p*p3- .. p,
where p,, p,, - -+, p, are distinct primes and g, is not divisibleby p,, p,, -+, p,,
and if G has a maximum abelian subgroup of order g[p,p,---p,, then' G’ is
of order p% p - - . pta, where
l<a; = 3(a,+1) (i=1,2, -, n).

Suppose that G has a maximum abelian subgroup of order

G PH Py

and that G’ is of order pm—'pg—'...ps-1. Consider the subgroup P’ of G’
of order p%'(i=1,2,-.--,n). Let P be the subgroup of P’ that is con-
tained in €. Now if any operator of G that corresponds to an operator of
P, is commutative with every operator of G' that corresponds to an operator of
P’ it is contained in . Also, an operator of G that corresponds to an opera-
tor of P’ not in P; cannot be commutative with every operator of G that cor-
responds to an operator of ;. Now P, considered as a substitution group on
the operators of the subgroup of @ that corresponds to P’, is of degree
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G\P\Py DY Py — 1Py P ‘P‘;‘_'a: cee P
and has

PPy P Py — PPy P p,

systems of intransitivity. The total number of letters in P; (considered as a
substitution group) is therefore *

PGPy P P PPy DI,
— PPy DI P+ PPy P ).

Now any operator of G' that corresponds to an operator of P; has p, conju-
gates and is commutative with ¢, p, -- - p%~1...p_operators of that subgroup
of @ that corresponds to P’. Therefore the total number of letters in P, is

(P = 1) (g PPy P+ Py — G P P L),

and we have

PGPy PP PPy DI = PPy P,
, + PPy pEET 0 p,)
= (v = 1)(gpipy PP — PPy P D)
Therefore
%= f(x—1).
Hence:

THEOREM V. If G 18 a metabelian group of order g = g, p* p% - - - p>», where
Pus Pas -+ s P, are distinct primes and g, is not divisible by p,, p,, -+, p,, and
if @ has a maximum abelian subgroup of order g, p—"ip%—oa...p*—on its
group of cogredient isomorphisms cannot be of order pu— pa=1. .. p=—1 ynless
ay=34(a,—1) (i=1,2,---,n)

If @ is any group of order p™, where p is a prime, it is known that it has an
abelian subgroup of order p, if

'MT—U < mt

If now G is a metabelian group, the minimum value of m in order that G
necessarily contain an abelian subgroup of order p” is less than this value when
v > 8, as is shown in the following

THEOREM VI.—If G is a metabelian group of order p™, where p is a prime
it contains an abelian subgroup of order p¥ if’

3 —1)
m>(‘7+ )4(')’ J

*FROBENIUS, Crelle’s Journal, vol. 101 (1887), p. 287.
t MILLER, Messenger of Mathematics, vol. 27 (1897-8), p. 120.
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Suppose that G contains p* invariant operators and that its commutator
subgroup is of order pf. Let A, be a non-invariant operator of G'. It has
no more than p# conjugates and is therefore invariant in a G, of order p™—#
that has at least p**' invariant operators. Any non-invariant operator A4, of
G, is invariant in a @, of order p™2# that has at least p*** invariant operators.
By continuing this process, we see that G,_,_; of order p™~(—=~"# contains
pY~! invariant operators, if m — (y —a—1)B8>9—1. In thiscase G, _,,
contains an abelian subgroup of order p*. But m — (y—a—1)8>¢y—1,
ifm>}(y+38)(y—1),since =a.

§ 2. The order of the product of two operators of a metabelian group.
Let A and B be any two operators of a metabelian group G, so that
A7'BA =hB, A7'B* A = h* B*,
where x is any integer. Then
(AB)* = W=D A= B~

Suppose that A and B are of orders a and B respectively, and let u be the
least common multiple of & and 8. Then

(_A_B)M = AAEr—1) Jr Bu — pHplu=1)

Now the order of % is a divisor of both a and B. Therefore if a and B are
both odd, or if they contain the factor 2 to different powers,

(4B)=1.
But if @ and B contain the factor 2 to the same power, we cannot conclude that
(AB)=1.
In this case, however,
(4ABy*=1.

The operators 4 = bd, B = ab-cd-efy of the group (abed),(efg)cyc* may
be cited as two operators of a metabelian group the order of whose product is
twice the least common multiple of their orders.

Let o be the order of C = AB, and let p*, p*, p° be the highest powers of p
(any prime) contained in a, B, # respectively. Then since BC~'= A~' and
C—'4 = B7', it follows from the preceding that of the numbers a, b, ¢ two
are equal and the third one less than, or equal to, the other two, except that in
the case p = 2 the third one may be one greater than the value of the other two.

Hence :

* For this notation see CAYLEY, Quarterly Journal of Mathematics, vol. 25 (1890-1),
p. 76.
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TaeorEM L—If G is a metabelian group, the order & of the product of
any two of its operators A and B of orders a and B respectively must be a
divisor of the least common multiple of a and B, except that when a and B
contain the same power of 2 as a factor, y is a divisor of twice the least com-
mon multiple of a and B. Also y must be a multiple of the least common
multiple of &' and B’, where a = 8a’, B =2388', & being the product of the
powers of all the prime factors that occur to the same power in a and B,
except that, when one of the numbers a, B contains the factor 2 to a power
one higher than the other one does, v is a multiple of one-half the least
common multiple of &’ and B'.

CorOLLARY.—If a and B are relatively prime, aB i3 the order of AB.

This follows from the fact that in this case 4 and B are commutative.

COROLLARY.—If G is a metabelian group of order p™, where p is an odd
prime, the order of the product of any two of its operators A and B, of orders
p™ and p™ respectively (n, > n,),is p™. If p =2, the order of AB must be
2™, except that it may be 2™ when n, = n, + 1.

If G is an abelian group, the order of 4 B is a multiple of the least common
multiple of a’ and B’, and a divisor of the least common multiple of a and 3.
Two commutative operators 4 and B can be chosen so that the order of 4B is
any multiple of the least common multiple of o’ and B’ that is also a divisor of
the least common multiple of « and 8. For, take

A=aa, --a;bb, - -by-cc, - c,,
where &’ is any divisor of &, and
B=aa,_ ,---a,a,-dd,---dg,.

The order of AB is &' times the least common multiple of a’ and B'.

THEOREM II.—In a metabelian group G the order of the product of two
operators that correspond respectively to two independent operators of G isa
multiple of the least common multiple of the orders of these operators of G'.

This follows from the fact that the order of the product of two independent
commutative operators is the least common multiple of the orders of the
operators.

THEOREM III.—In a metabelian group G of order p™, where p is a prime,
the order of the product of two operators that correspond respectively to two
operators of G’ of different orders is equal to, or greater than, the greater of
these orders.

This follows from the fact that the order of the product of two commutative
operators of orders p7! and p™ respectively, where n, > n,, is p™.

THEOREM IV.—If G is a metabelian group of order p™, where p is an odd
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prime, the p? power of all the operators form a group, pP being the highest
order of any commutator of G'.
For if A7* = h,, and Brf = h,, then

(ABY* = PP 4o B _ p p, |
where A='BA4 = hB.

§ 8. The commutators of a metabelian group.

The commutator subgroup of a group is invariant in the group,* and in a
group of order p™ an operator of order p cannot be transformed into one of its
own powers, except the first.f Hence, a group of order p™, where p is a
prime, i3 metabelian if its commutator subgroup is of order p.

If the commutator subgroup of a group G of order p™ is of order p* and
contains a subgroup A, of order p°~* that is invariant in @, then G/ H, is met.
abelian, since its commutator subgroup is of order p.

Let G be a metabelian group whose group of cogredient isomorphisms is
generated by three independent operators. Let 4,, 4,, A, be three operators
of G that correspond respectively to the three generators 4;, 4;, A;, of G
If

A7'A A, =h 4, A7'A A, =h A, A7'4, 4, =h A,
then %, A,, h, generate the commutator subgroup of G. We proceed to prove
that every operator of this subgroup is a commutator.

This is done by showing that integral values of a,, a,, a,, b,, b,, b, can be
found that will satisfy the relation

(Ap A3 AT)" - A A A (Ap A7 A7) = byl Al A3 A3

for all integral values of a,, a,, a, taken modulo the orders of 4, 4,, A, respec-
tively.
Now
(A dp Ap) - A A A (A7 Az A7)
= },};sbz h;abl k;a,bs ktllsz h;axba kl—“lbﬂ Atx A:’ _Aga .

Hence the relation given above will be satisfied if the following equations are

satisfied
a,b, — a,b, = a,, a,b, — a b, = a,, a,b, — a,b, = a,.

But integral values of a,, a,, a,, b,, b,, b, can always be found that satisfy
these equations.

* MILLER, Quarterly Journal of Mathematics, vol. 28 (1896), p. 266. Cf. FROBE-
NIUS, Berliner Sitzungsberichte, 1896, p. 1348.
1 FROBENIUS, loc. cit., 1895, p. 982.
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If %, h,, b, are not all distinct, or if any of them equal identity, the con-
clusion still holds.

Consider now a metabelian group G of order p™ whose group of cogredient
isomorphisms is generated by four independent operators, 4;, 4;, 4;, 4;,
and let 4,, 4,, 4,, A, be operators of G that correspond respectively to these
generators of G’'. Let

A7A A =h A, A7A A =hA, A7AA=hA,
A7 A A, =h A,  A7'A,A,=h A,, A4, A,=h A,

We assume that it is possible that the 2, (i =1, 2, -.-, 6) be all different
from identity and independent. We shall justify this assumption later.

Now the 2, (¢ =1, 2, ---, 6) generate the commutator subgroup of G'; that
is, every commutator is obtained from A3 452 A% A5 and A% A}z A2 A%, where
a,, a,, a,, a,, and also b, b,, b,, b, take all possible values modulo the orders
of A, A;, A;, A, respectively.

We have

a; a a. ag\—=1 An b, b b a: a a. o
(‘A‘ll A22A33A44) 1411J4'22‘A33'<4'44(14"11 A22A33A44)
—_ h‘llzbl—alba k‘;sbl—“lbil hgibl—albi k’;s"z—uzbs ]1'514’)2—0254 hgd’s—aa"é A;’l Agz A gx A i4 .

If now p™ is the order of %, and £, is an integer (¢ =1, 2, ..., 6), then
A3 b hgs hashis hes is an operator of the commutator subgroup of G that is not a
commutator if integral values of @, and b, (é,j=1,2,..-,4) cannot be found
to satisfy the following equations :

a,b, — a,b,= a, + k,p™, ab, —a,b;=a, + k,p™, a,b — a,b, = o+ k,p™,
@b, — @by =a, + k,p™, a,b,— a,b, = a, + k;p™, ab;— ab, = a; + k;p™.

Such integral values cannot be found to satisfy these equations for all values
of o, (i=1,2,...,6); e. g.,for ¢, =1. Therefore if a group exists that has
the properties assumed, the commutator subgroup of this group contains operators
that are not commutators. The group generated by the following operators is
such a group: *

h, = ac-bd, h,=eq- fh, hy = ik- jl,
h,= mo -np, h, = qs-rt, hy = uw -vx,

A, = ac-eg-ik, A, = ab-cd-mo-gs,

A, = ef - gh-mn-op-uw, A,=0-kl-gr-st-uv-we.

-* This group was constructed by Professor MILLER.
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The order of this group is 1024. The commutator subgroup is of order 64.
It contains 36 commutators and 28 operators that are not commutators.

If A, = h;=1, that is, if 4, is commutative with 4, and A4,, the commuta-
tor subgroup is unchanged except that A, and A, are replaced by identity. Now
h,h, is not a commutator in the original group. Moreover no commutator of
the original group reduces to A A, when A, and A, are replaced by identity.
Hence if there is a group with these properties, its commutator subgroup con-
tains operators that are not commutators. Such a group is generated by the
following operators :

hy=ac-bd, h,=eg-fh, hy=ik-jl, h ,=mo-np,
A =ac-eg-ik, A,=ab-cd-mo, A,=ef gh-mn-op, A, =1 kl.

The order of this group is 256. Its commutator subgroup is of order 16
and contains only 156 commutators.

§ 4. Metabelian groups whose commutator subgroups are cyclic.

Let G be a metabelian group of order p™, where p is a prime. Suppose
that the commutator subgroup of G is cyclic of order p*and that 4, 4,, ..., 4,
are operators of (G corresponding respectively to the independent generators of
G’ that are of the highest order p*. No one of these, as 4, can be commu-
tative with all the others, for in that case 4, would be invariant in the sub-
group of G corresponding to the subgroup of G’ that is generated by the
generators of highest order in G'. Hence no commutator of highest order in
G could be formed by A, and any operator of . But such a commutator can
always be formed by A4, and some operator of G'.

We may assume therefore that A7'4, 4 = hA,, where % is a commutator
of G of order p*. We can choose for 4,, 4,,---, A operators that are
commutative with 4 and 4,. For if A7'A4, 4 =h A,, h, must be a power
of %, say h = A", since the commutator subgroup is cyclic. Now

A7V AP A, A = AP-A, = B,,

and we can take the operator B; of G that corresponds to B, as a generator
in place of 4. If A;'B, A, = h,B,, then A, = %" and

At A7 B- A, = A7 B, = (.

In place of B; we can take C; as one of the independent generators of G’
of order p. Both 4, and A4, are commutative with C,. Similarly, if

A,,---, A are not commutative with 4, and A,, we can choose in place of

them operators that are. Of these we can find two whose commutator is of
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order p*, and then choose all the others so that they are commutative with
these two and with 4, and 4,. Proceeding in this way, we can arrange the
generators of G’ of order p* in pairs. If there should be an odd number of
these generators, an operator of G' corresponding to one of them would be com-
mutative with every operator of G that corresponds to an independent generator
of G’ of order p». It has been shown that this is impossible.

By similar reasoning it can be shown that the independent generators of G’
can be so chosen that any operator of G corresponding to an independent gen-
erator of G’ of any order is commutative with those operators of G that corre-
spond to the independent generators of G of any higher order, and is not
commutative with all the operators of G that correspond to independent gen-
erators of G’ of the same order. We have therefore

THEOREM I.—If the commutators of a metabelian group of order p™, where
P 8 a prime, form a cyclic group, the number of independent generators of any
given order of G is even.*

Consider a metabelian group G'= {@, 4,, A,} whose invariant operators
form the cyclic group { @} of order p*and whose group of cogredient isomor-
phisms is of order p of the type (8, 8). We can assume that

AP = 47 = QP (i=0,1,2, -+, 8).
If i = 0, the relations
AP = A2F =1

define the same group as the relations just given.

There are accordingly no more than 8 + 1 types of metabelian groups whose
invariant operators form a cyclic group of order p* and whose groups of cogre-
dient isomorphisms are of order p** of the type (8, 8). These 8+ 1 types
may be defined as follows:

Qr=1, A=af=0"" (=01,2-8),
AT 4,4, = AzQpa'_B’ 4,Q=Q4,, 4,Q = Q4,.

These relations in every case define a group, since substitution groups can be
constructed that satisfy them. Moreover these groups are distinct.

If G is a metabelian group of order p™, where p is a prime, whose com-
mutator subgroup is eyclic and whose group of cogredient isomorphisms is of
the type (B, B, ---, with 2s terms), s being any positive integer, there always
exists a metabelian group of order p™+** whose invariant operators are the same
as those of G and whose group of cogredient isomorphisms is of the type
(B, B, ---, with 2s + 2 terms). For, if G be represented as a regular substitu-

*Cf. YotNG, American Journal of Mathematics, vol. 15 (1893), p. 171 ; BURNSIDE,
Theory of Groups of Finite Order, 1897, p. 68.
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tion group and @, is the simply isomorphic group all of whose substitutions are
commutative with every substitution of G'*, and if A, and 4, are a pair of
generators of G such as are described in the preceding discussion, and B, and
B, the corresponding substitutions of &,, — then G, = { G, B,, B,} is a meta-
belian group with the same invariant operators and the same commutators
that G has, and the group of cogredient isomorphisms of G, is of the type
(B, B, -, with 23 + 2 terms). We have just shown that 8 + 1 metabelian
groups exist whose invariant operators form a cyclic group of order p°, a being
any positive integer, and whose groups of cogredient isomorphisms are of the
type (8, B), where 8 = a. Therefore metabelian groups exist whose invariant
operators form a cyclic group of order p* and whose groups of cogredient iso-
morphisms are of the type (8, 8, .- with 2s terms), s being any positive
integer.

Let G be such a group, and let 4,, 4,; A,, A, be two pairs of generators
such as have been described. If

A=A = @7, AT = a7 = Q" (7>14),
A7 A A, = A, Q=" A7 A A, = A,Q7°,
AAd, =44, AA=4,4, A,A,=4,4,, A4,4,=A4,A4,,
then in place of 4, 4,, 4,, A, we can take the following :
B = A;7"4A, | B,= A}774,, B, = A4,,
and, according as p is odd or even,

B, = A,“’B“PH*‘A;""‘ p"“—lA“
or
_ —pB — pI41 B J=i_y
B, = A7#P—p i grP o iige 4 |
where
2 (1 + p*=BH-1) = p*—F+~t(mod p*—F+).

Either of these pairs generates with { @} a group that is simply isomorphic
with {Q, A,, A,}. Also B and B, are commutative with B, and B,, and

‘B;IBI Bz = ‘Bl Qpa_a, . B;lBs B4 = Bsta_B'

Therefore the subgroups generated by { @} and the respective pairs of gen-
erators may be assumed to be all of one type and we have

THEOREM IL.—2here are exactly B + 1 groups of order p*+?8*, where p is
a prime, a, B, and s positive integers, and B = a, whose invariant operators

*JORDAN, Journal de 1’Ecole Polytechnique, vol. 22 (1861), p. 153.
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JSform a cyclic group of order p* and whose groups of cogredient isomorphisms
are abelian of the type
(B, B, - -+ with 2s terms).*

Suppose that the invariant operators of a group G' form a cyclic group { @}
of order p*, where p is a prime, and that G is abelian of the type
(a,, @, -+ with 25, terms; a,, a,, - - - with 2s, terms; .. .;

a

n?

@, -, with 2s terms),

where o, <a, < - <o, <a, Ea. We know that there are a, + 1 meta-
belian groups whose invariant operators form a cyclic group of order p* and
whose groups of cogredient isomorphisms are of the type

(a5 a;, - -- with 2s; terms) (i=1,2,-,n).
We shall represent these a, + 1 groups by the symbols
Go,m Gl,i’ Tty G A

a;
We write down the following scheme in which the groups of the i-th column
are the a, 4+ 1 groups whose groups of cogredient isomorphisms are of the type

(a;, a;, - - - with 2s, terms’):

Go,l, Go,'.'a ] Go,i» ] Go”

Gl,l? GI,Z’ ] Gl,’i’ R Gl,n

ay

G .19 Gal,Z"'.? Ga,,iw"’a Ga,,n

Gaay?-’ T Gae,i""’ Gaz,"
Gai,i’ MR} Gai,’ll
G,

All the groups in this scheme have the same invariant operators, but no two
of the groups have any non-invariant operators in common. The groups in the

* This result does not agree with that obtained by BURNSIDE, loc. cit., p. 69. For the case
8=1, see YOUNG, loc. cit., pp. 168-177.
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jthrow (j=1,2,..., a’') contain operators of order p**/~—! but none of higher
order.* Any group G whose invariant operators form a eyclic group of order
p* and whose group of cogredient isomorphisms is abelian of the type given
above can be generated by groups in this scheme, one group being taken from
each column. Any group generated in this way is of the type under considera-
tion. It is assumed that all the operators of any group in any column of this
scheme are commutative with all the operators of all the groups contained in all
the other columns.

We now consider how many distinet groups can be obtained in this way ;
that is, how many distinct groups are contained in the scheme

{Gil,l’ Gta,w R Gi”,n}s

where ij=0,1, 2,--,a,and j=1,2,...,n.

In the first place, &; ; and G, ,, where £ <<i and /> j, generate the same
group as G; ; and G; ,. For if 4 is an operator of order p** in G, ; cor-
responding to an independent generator of & ; of order p%, and B is an
operator of order p*** in G, , corresponding to an independent generator of
G, , of order p*, then AB is an operator of {G; ;, G, ,} of order p°*i and
corresponds to an operator of order p* in the group of cogredient isomor-
phisms of {&; ., G, ,}. This latter may be taken as one of the independent
generators of order p* of this group of cogredient isomorphisms.

We can take for B in turn operators of order p*+* corresponding respectively
to the independent generators of order p* of G; ,, and each time we get an
operator of { G, ;, G ;} of order p*** corresponding to an independent gener-
ator of the group of cogredient isomorphisms of { G, ;, G, ,} of order px.
Therefore {G, ;, G4 ,} = {G,;, G, }-

Suppose now that A is an operator of order p***in G, ; corresponding to an
independent generator of (; ; of order p%, and that B is an operator of order
petein G, , corresponding to an independent generator of G';,, , of order
p*, where k> j. Then AB*™™* corresponds to an operator of order p* in the
group of cogredient isomorphisms of { &, ;, G';,. ,}. This may be taken as
one of the independent generators of order p* in this group of cogredient iso-
morphisms. Now B % is of order p*tit*—=+% and the order of AB"™ ¥ is
prritematy if g > a, — a. It follows, therefore, if = > a, — a, that

{Gojr Gigon} = {Gi+x-—(ak—a,-),j7 Giyor }e
Hence in order to get all the distinct groups in the scheme

{Gil,l’ Gig.z, M) Gin,n}

*1f P =2, Go,, contains operators of order patl. Some of the statements in the following
argument would have to be modified to cover this case, but the final result, as stated in Theorem
III, is the same whether p is even or odd.
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we need to combine with @; , only a , , — a, + 1 groups of the type G, ...
namely, those for which

0= iz-i'l _ix = ax+1 - az’
Therefore the number of distinet groups in the scheme under consideration is
equal to, or less than,

(al+l)(a2—al+1) a,—a,_, +1).

Now, these groups are all distinct, since any two must differ in at least one of
the components, say that one contains @; ; and that the other contains &, ;,
where i’ > ¢; and the one has no operator of order greater than p*+* correspond-
ing to an independent generator of order p* in the group of cogredient isomor-
phisms, while the other has such an operator of order p*+.

The relations under consideration always define a group since substitution
groups can be constructed that satisfy these relations. We can therefore enun-
ciate the following

THEOREM IIL.— T'he number of metabelian groups whose invariant operators
Jorm a cyclic group of order p*, where p is a prime, and whose groups of
cogredient isomorphisms are of order pXeiterrt...+aatn) of the type

(a5 @y -+ - with 28, terms, a,, a,, - - - with 2s, terms, -- -,
a,a,.. . with2s terms),
where a <a,<---<a_ <a =Za, and 8,,8,,---8 are any positive

integers, is
(a1+1) (az_a1+1) (g, —a + 1)'

§5. Metabelian groups whose invariant operators form a group that is the
direct product of two cyclic groups.

We shall now consider the number of metabelian groups of order p™, p being
a prime, whose invariant operators form a subgroup that is the direct product of
two cyclic groups of orders p* and p°: respectively, and whose groups of cogre-
dient isomorphisms are of order p* and of type (8, 8). It is assumed that

o—B=a, B=a,

and that the commutator subgroup is contained in the cyclic subgroup of order
p™ formed by invariant operators.

The subgroup H formed by the invariant operators has the independent gen-
erators @, R, of orders p* and p* respectively. The entire group G is gen-
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erated by H, 4, B, where A and B are operators of G corresponding to inde-
pendent generators of G of order pf. We can always choose A and B so that
A?® is contained in {Q} and B?® is not contained in { @}, unless B** = 4**.
Therefore all the groups under consideration can be represented by the symbol
kGi,j(k=0a 1,2,---,8; i=0’1a_psp29‘",Ps_l§j=0<’lap9p29 °"s10“*"1)-
The subscript %, at the left, indicates that AP — QPB—'“, and the subscripts
i,7j, at the right indicate that B = QRI. If i>pf~', we can take

B, =Q-#* B

for B. Then B?® = R/. If k=0, we have 4?* = @Q*°. This gives the
group in which 4#® =1, since if we take 4, = Q'A for 4, then 47° =1.
When j = 0, we may take i = pf—*.

These relations in every case define a group, since substitution groups can be
constructed that satisfy them.

We have now to consider how many distinct groups are represented by

+G ;- The following identities can be established :
2Giy =060 when  pPF =i = pft, > 05
vGi; =G ;s when pi—;kgz—);,i>0,j>0;
0Go; = 5_1Gh 0, when - YEY
2@y = G ys when t=pP, j = jpﬁ._k, i =E5.

7

By considering the orders of their operators it can be shown that those
groups are distinet for which the following relations hold :
pﬂ—k p"-z

; <J—., when i>0, j>0, k>0;

1< pPE, when j>0;
J<t, when i>0, j>0;
i=pﬂ—k, ]C>O, or ’I:=k=0, when j=0.

It follows from the above that there is no other distinct group ,&; ;. The

number of groups .G, ; satisfying these relations is

NeB4+1 +a2(5 +38 +63a2;8-f2a§).
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‘We can state this result as follows:
THEOREM I.—There are

841+ a,(5 + 38 +63a2,3— 2a2)

metabelian groups of order p1 +*2+28 where p is a prime,a, — B = a,, B = a,,
whose groups of cogredient isomorphisms are of order p** and of the type (B, B),
and whose invariant operators form a group that is the direct product of an
operator of order p* and one of order p*, the commutators being powers of
the operator of order p*.

§ 6. Groups that have metabelian groups of cogredient isomorphisms.

If we form the group of cogredient isomorphisms G’ of any group @, then
the group of cogredient isomorphisms G of G, and so on, we finally come
either to identity or to a group that has no invariant operators except identity,
and that is therefore simply isomorphic with its group of cogredient isomor-
phisms. In this section the groups for which this process leads to identity are
classified according to the number of these successive groups of cogredient iso-
morphisms. Thus, abelian groups are of the first class ; metabelian groups are
of the second class; and groups that have metabelian groups of cogredient iso-
morphisms are of the third class.

Let G be a group of the third class. If the order of G is pj* pg2 -.. p»,
where p,, p,, - - -, p, are distinct primes, G is the direct product of groups of
orders p, pg, ---, pi respectively (see introduction). The class of each of
these factor groups is not greater than 3. Every subgroup (and likewise every
quotient group) of G is of the first, second, or third class. If a group is the
direct product of factor groups whose orders are powers of distinet primes, and
if the order of the group is not divisible by the fourth power of a prime, every
one of these factor groups is of the first or second class, and the group itself is
of the first or second class. Hence the order of every group of the third class
is divisible by the fourth power of a prime.

Since a metabelian group is characterized by the property that all of its
commutators are invariant (see introduction), it follows that a group of the
third class is characterized by the property that those of its commutators formed
by any of its commutators and any operator of the group are invariant.

If @ is a group of the nth class and if A is an operator of G that corres-
ponds to an invariant operator of G, then A-'CA = Ch, C being any
operator of 7, and % an invariant commutator of G'. If a is the order of
the operator of G’ that corresponds to A, then A—*CA*= Ch*=C. If now
C runs through all" the operators of G, A will run through a set of invariant
commutators of G and o will be the order of some one of these. Hence the
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order of every invariant operator of G’ is the order of some invariant com-
mutator of G.

If ¢ is any non-invariant commutator of a group G of the third class, and if
B*CUB = Ct, B-'tB=th, then B~f OBf = CtFr*%#¢-1, If B is the order
of the operator of G’ that corresponds to B, then ¢#A%F(—1 =1, and if the
order of G (and hence B), is odd, then ¥ =1. We have therefore proved
the following:

TreorEM L—IfF G is a group of the third class, of odd order, the order
of every commutator of G is the order of some operator of G'.

If the order of G is even, the order of any commutator is at most twice the
order of some operator of G.

Let G be a group of the third class, of odd order,andlet 4, (¢ =1, 2, ..., n)
be operators of G' that correspond respectively to the generators 4] of G,
Also let AT'4 A = A¢,, AT'¢, A, =t} and let B, be the order of ¢,. Then
ATP A A% = A.. Therefore if p is the least common multiple of the
B;(j=2,3, .-yn), Al is commutative with every operator of G'; moreover,4%’,
where u’ < p, is not commutative with every operator of G. Wehave therefore

TrEOREM IL.—If G is @ group of the third class, of odd order, the order
of every operator of G’ is the order of a commutator of G.

In proving this theorem we assumed that in a group of the third class, of
odd order, the least common multiple of the orders of any commutators is the
order of a commutator. This is evidently the case in any group whose order is
a power of a prime. Suppose now that G is a group of the third class of
order pyipj...p%, where p,, p,, ---, p, are distinet odd primes. It is the
direct product of groups &, G,, ---, G of orders p7, pg, ..., p* respec-
tively, and G is the direct product of &;, @,, ---, G .*

If G’ has an operator of order plipe. .. p, then G, has an operator of
order pii(i=1,2, ---, n). Therefore G, contains a commutator of order
pi. If we take such a commutator from each of the n factors groups and
form their product, we shall get a commutator of G of order pll P pln.

If the order of G is even, the order of any operator of G’ is either the order
of some commutator of @, or twice the order of some commutator of G.

In general, if G'is of the nth class, the least common multiple of the orders
of any of its operators is the order of some operator.}

TuEOREM II1.—A4 metabelian group G', of odd order, having a set of
generators such that the order of one of them is not a divisor of the least com-
mon multiple of the orders of all the others, cannot be a group of cogredient
isomorphisms.

* MILLER, Bulletin of the American Mathematical Society, vol. 5 (1899), p. 294.
T The proof of this is similar to that given by FROBENIUS and STICKELBERGER, Crelle’s
Journal, vol. 86 (1879), p. 234, for operators of an abelian group.

Trans. Am. Math. Soc. 23.
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Let 4, (i=1,2,---,n) be operators of G' that correspond respectively to
the generators A of G'. Let a, be the order of 4;. Then

A=A A% = A, (i=2,3,---,n).
If u is the least common multiple of a,, a,, - --, a, , we have
A4 Ar = A,

Therefore A* is invariant in G, and q, is a divisor of u.

CoROLLARY.—If G is of order p°, where p is an odd prime, it must have
at least two generators of the highest order.

That the theorem does not hold for groups of even order is seen in the groups
of order 16 of the third class. The group of cogredient isomorphisms of such a
group is the non-quaternion group of order 8. This group is generated by an
operator of order 4 and one of order 2. The more general statement of the
theorem is as follows: '

A metabelian group G’ having a set of generators such that the order of
any one of them is not a divisor of twice the least common multiple of the orders
of all the others cannot be a group of cogredient isomorphisms.

If a group G” has a set of generators such that some operator A’ (other
than identity) of G is a power of every one of these generators, G’ cannot be
a group of cogredient isomorphisms. For, if it could, the operators of G that
correspond to A’ would be invariant in G. In particular, no Hamiltonian
group can be a group of cogredient isomorphisms. *

Hence if G is of the third class, of odd order, and has a cyclic commutator
subgroup, G’ must have invariant operators besides its commutators. For if
it had no invariant operators besides its commutators, one of these commutators
would be a power of every generator of G. It follows from this that a group
of order p* cannot have a cyclic commutator subgroup of order p* if pis an
odd prime.

THEOREM 1V.—If the commutator subgroup of a group @ of order p* is of
order pf, where p is a prime, the class of G is equal to, or less than, 8+ 1.

For if G is non-abelian and all its commutators are invariant, it is of the
second class. If only 1/p of the operators of the commutator subgroup are
invariant, G is of the third class. Therefore, if the commutator subgroup of
G is of order p?, G belongs to the second or third class. If now G’ belongs
to the class j, where j = 7, its commutator subgroup being of order pi~*, it fol-
lows that the class of any group having G’ for its group of cogredient isomor-
phisms is equal to, or less than, 7 4+ 1, and that the order of its commutator

* MILLER, Bulletin of the American Mathematical Society, vol. 6 (1900),
p. 339.
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subgroup is equal to, or greater than, p'. It has just been shown that this
supposition holds when ¢ = 8. Therefore it holds for all values of <.

THEOREM V.—If G is a group of the third class of order p°, where p is a
prime, and G’ has a cyclic commutator subgroup, then the group of cogredient
isomorphisms G” of G’ has just two independent generators.*

Since G’ is metabelian and has a eyclic commutator subgroup, G” must have
an even number of independent generators. We shall show that there cannot
be four of these generators and an obvious extension of the same argument will
show that there cannot be any even number of them greater than two.

Let the four independent generators of G"be A", B”, C”, D”; and let A’,
B’y C', D' be operators of G that correspond respectively to these, while
operators of G that correspond to A’y B’, C’, D’ are represented by 4, B, C,
D respectively. Let A, (i=1, 2, -..) represent the invariant operators of &,
¢ a commutator of G that corresponds to a generator of the cyclic commutator
subgroup of G, and %, (j=1, 2, ---) operators of G that correspond to the
invariant operators of G’ that are not commutators (if there be such operators).
Let p™ be the order of the commutator subgroup of G’. Two of the indepen-
dent generators of G*”, say C” and D", will then be of order p™, and the other
two, A” and B”, will be of order p™—#, where 0 = 8 <m. Now, the com-
mutator of G’ formed by A’ and B’ is of order p™—#, and that formed by C”’
and D' is of order p™. Every operator of G’ that corresponds to the sub-
group of G” generated by C” and D" is commutative with 4’ and B’; like-
wise every operator of G’ that corresponds to the subgroup of G” generated
by A” and B” is commutative with C'" and D’. Therefore

D'BD = Bh,, D'CD = Cth,, C'BC = Bh,.
Hence
(Cth,)"'Bh,(Cth,) = Bhh

1739

and ¢ is commutative with B. It can be shown in a similar way that ¢ is com-
mutative with %, and 4; also that #® is commutative with C, and D.
Therefore #° is invariant in @. But this cannot be the case since B8 <m.
The supposition that G has four independent generators leads therefore to a
contradiction.

THEOREM VI.—In any group G the operators that correspond to the invari-
ant operators of G are commutative with all the commutators of G'.

Let ¢ be any commutator of G’ and let 4, and A, be so chosen that

AP A A, = A,

If % is any operator of @ that corresponds to an invariant operator of &', then

* For a special case of this theorem, see YOUNG, loc. cit., p. 178.
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E'Ak= A7, kA = A,

where %, and 4, are invariant operators of G .

Therefore .
(kh3' ) At (kh3') = A th,,

and % is commutative with ¢.

We shall now prove that there is one, and only one, group G of order p®
where p is an odd prime, that has a cyclic commutator subgroup of order p.

Such a group could not be abelian or metabelian. It must therefore be of the
third class. Also G’ must be of order p*of the type (1,1)(1,1). It cannot
have one generator of order greater than the orders of all the others, and it
must contain an operator of order p?, since G contains a commutator of order
p?.  There is only one metabelian group of order p* that satisfies these condi-
tions.* It is generated by the operators 4’ and B’, where

-‘.4/132 — 1, B/p2 — 1, B/—IA/B' — .A.Il+p.

Let ¢ be a commutator of G' of order p?, and let 4 and B be operators of G
that correspond respectively to 4" and B’ of G'. We may assume that 4’
has been so chosen that

Ar=t, Bf=¢r, BIAB='A"“», a0 (mod p).

If 5=0, these relations define a group. If 0 <b<p, let B, = BA~".
Then B? = (BA)y"= B”"A~""=1. The group { 4, B} is identical with
the group { 4, B,}. This is the same as the one obtained when b = 0.

This group is not found in the published list of groups of order p°.+ This
list contains two groups of order 8° and one of order p* (p > 8), whose com-
mutator subgroups are cyclic of order p?. It follows from Theorem III that
these three groups do not exist.

Suppose that @ is a group of order p® that has a eyclic commutator subgroup
of order p?, p being an odd prime. Such a group must be of the fourth class
and its group of cogredient isomorphisms must be of order p° and must have a
cyclic commutator subgroup of order p>. We have just seen that there is only
one such group. But it cannot be a group of cogredient isomorphisms since it
is generated by an operator of order p*® and one of order p?. Hence, there is
no group of order p° that has a cyclic commutator subgroup of order p*, p
being an odd prime.

*Youna, loc. cit., p. 147 ; HOLDER, Mathematische Annalen, vol. 43 (1893), pp. 409,
410.

T BAGNERA, Annali di Matematica, series III, vol. 1 (1898), pp. 137-228. It is given
by BURNSIDE, Theory of Groups of Finite Order, 1897, p. 79.
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If G is a group of the fourth class whose order is not divisible by 2 or 3,
and if A, and A4, are any two operators of G then

-1 _
A7VA A = A¢,
and
ai(a1—1)  ai(a=1) (m1—2) a1(a1—1) (a1 —2)

A7 A Ap = Ajese, * b PP R TP

2 1 2

where
A7t A, =1tz¢,, A, A, =tk , t't,t = t,h,,

h, and A, being invariant operators of G .
If @ is of the fifth class, we have

ai(a1—1) ai(a1—1) (m1—2) ai(m1—1)(a1—2) ai(a1—1) (a3—2) (a1—3)
2°3 ‘3

A;o A4 An=Atat, ¢ B G h e ,

3 2

1

where
A7, A, =t,t,, 't =t,h, A7t A,=th,

Now, if @, is the order of the operator of G that corresponds to A4,, then
the orders of ¢, t,, ¢,, &, k, are all divisors of a,. Hence in a group G of
the fourth or fifth class whose order is not divisible by 2 or 3, an operator A,
that corresponds to an operator of G’ of order a, is commutative with the a,
power of every operator of G .

From this follows

TaeOREM VIL.—A group G’ of the third or fourth class whose order is
not divisible by 2 or 8 cannot be a group of cogredient isomorphisms if it
has a set of gemerators such that the order of one of them is not a divisor of
the least common multiple of the orders of all the others.

CORNELL UNIVERSITY, June, 1901,




