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Introduction. — The object of the present paper is to investigate the relation

between the class numbers of the cyclotomic number fields k(e2"ilp") and

k ( e2**'*"^1 ) when p is any odd prime and n = 2. The method is similar to the

method used by Weber f for the case p = 2.

Let m = pn,m' = pn-\ fi = <p(m)=pn~'i(p — \),p.'=^(m') =pn~2(p — l),

r= e2l,tipn, r = e2ni,1""\ Denote by h and h' the class numbers of k(r) and

k(r') respectively, and set

h = h1 H.

We also set h = khl, h' = k'h[, k = k'A, hx = h[R and hence

H=AR,

where   A,   and h[ are  the  class  numbers of   the  real fields  k ( r + r~l ) and

k(r' + r'~ ) respectively.    Also let

E=DE',

E and E' being the regulators of k (r + r_1) and k(r' -f r'~ ) respectively.

I.   Expressions for A  and R.

If we set 0 = e2nilß and t = gy, mod. m, g being a primitive root of m, we

have the following expressions for k and h¡ : J

-4-f"n

(1) ^ =      pn-l(p-l) 3>~l(p-l) IT ^\') >

2 2 V 2        "     "

* Presented to the Society at the Evanston meeting, September 2-3, 1902. Received for pub-

lication August 25, 1902.

f Weber, Lehrbuch der Algebra, 2d ed., vol. 2, pp. 796-818.

ÎWebee, Lehrluch der Álgebra, 2d ed., vol. 2, p. 793.
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-l+y-'["(j>-l)-l]

(2) \=p y-lfy4-.), iw,
2 2         E '

where
7Ti *■m_1 1  *> m-x                  /     Xtt \2

X?>--a Ç V.iV), X-=-2- Ç/.(^)log(sin-),

Here £ runs through a complete residue system with respect to the modulus m

except multiples of p. In (1), s takes all odd and in (2), all even values less

than p, except zero.

If we denote by Y the function X corresponding to the field k(r'), then we

have for every s < /*'

(3) x<*"ï=r^.
For

fp,(r*) = Y,0'"yrM = ¿20'!"r» (6'=*)
t t

= J^0'!yrM'(l + //+ ...p<i>-W) (p = e2«ü>),

where í' runs through a complete residue system, mod. m , except multiples of p.

Hence

/P.(^) = °»        if        x+°>    mod-i>

and

/..(^^D^V*'",     i£     Xs0'  mod--P-
c

In the last expression X =pX' and gy' = t' mod. m .    From this (3) follows  .

directly.

To obtain expressions for k' and h'x, we replace, in (1) and (2), n by n — 1 and

X by F". Making use of (3) we then get after a few reductions the following

expressions for the factors A and B :

p«r-Kp-Xy-n    1

(4) A =  pn-Kp_xy¡    ^-2(^-1)3 IX X[s),

2 2 -7T 4

np«-î (p—1)'

(5) *=*U(U. rw-
2      2      Z>   3

In (4), s takes all odd and in (5), all even values less than p. except multiples

of p.



1903] OF   THE   CYCLOTOMIC   NUMBER   FIELD 203

II.   The factor A.

1. Simplification of the expression for A. We will now show how the

expression for A given above may be simplified so as to make it more conveni-

ent for numerical computation and also prove that A is an integer.

Consider the function /,(»"*). Two cases present themselves : X ^ 0, mod. p,

and X = 0, mod. p.

Io. X ^= 0, mod. p.    In this case, observing that

Qs ind(M)
ûey _ Us indt_
U      — ° — ßs ind X      1

we get, after replacing \t by t,

(6) fi(rK) = e-,iniK2Z0''lnd'r' = 0-'yi{0',r),
t

where y1 = ind X.

2°. X = 0, mod. p.    In this case set X = p\, and we have

i,m
(7) f(r>l) = 2~2 0"trp'i'lt = 2~1 0*Y+o'~1Ml '•

Let a be the greatest common divisor of s and p — 1, and set p — 1 = ab.

Then the exponents in (7) fall into a groups which are congruent to each other

mod. p., the elements of each group being incongruent mod. p..    Hence

/i(rx)= a^^+t*-1^',

where
7=1,1 +a,l + 2a, ■■-, 1 + (pn~lb - \)a.

But the fija terms under the summation sign are the roots of the equation

a,*--» _1 = 0,
and hence

(8) /.(*■*)-<>•

Making use of (6) and (8), which hold for both even and odd values of s, we

get

(9) x<;> = j(t?%r)<K0');

if we set

(10) r¿(0') = £X0-v,

where 7 = ind X and X=l,2,--,m — 1 except multiples of p.
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The function <p(0a) may however be simplified.    Since

(m — \)0->™&-» = — (m — X)0-,indS

we get

(11) o5(0')=£(2X-m)0-v,

where X = l,2,---,(m — 1 )/2 except multiples of p.    For A we then obtain,

observing that

f>- = 0-' ( 0', r ) ( 0-\ r ) = ( - 1 )'p", *

the following expression

rw)
\*-") A   =       pn-2(p—1)1       p»-2(p-l)2;T~ '

2 2        p        2

where s takes all odd values less than /^..

2. Proof that A is an integer.    It is evident that <£(Ö") is an algebraic

integer in the field k ( 0 ).    Now we have

W=I\ O-'« -'I! ( \ - W ) *-" ( < = ind A< ).i i
But since

\l2+i = g»2+i = - g< = - X.        mod. m,

we have

Kk+i = m — \;
and hence

1, w/2 1, W2 1, W2 0»)

*(*•)= 2 £ X..0-* - m E I?"* = 2 £ X40-* + î—a

or

(1 - 0')<p(0') = 2 [(1 - 0') ZV"4' + ml.

But

n(i-ö')

where 0' = 0P, and t and £' take all odd values less than p, and p! respectively.

Hence, the quantities 0' and 0' , being the roots of the equations,

x"'2 + 1=0        and        a:*''2 +1 = 0

' Weber, Lehrbuch der Algebra, 2d ed., vol. 2, p. 71.



1903] OF  THE   CYCLOTOMIC   NUMBER  FIELD 205

respectively, it follows that

n(i-0*)=i-
a

Hence we see that Tl<p(d") is divisible by ^Hp-im,

To prove that H<p(0s) is divisible by p we have

(g -e')4>(e') = 1t(g\-xi+x)e-\

But

g\= X.+1, mod. m;

hence

(#-*)♦(*)-«•*(*)•

where ^(0') is an algebraic integer, and therefore

« a

But

IK*-*)

<'

where t and £' take all odd values less than /j, and p.' respectively. Hence,

reasoning as above, we find

a"-12 ■+■ 1

= ^"-1)-/(p;2)+ ••• + !,

or, since ^"'/2 = — 1, mod. m ,

U(g — 0a) = p, mod. m.

We thus see that H(g— 0s) is divisible by p and by no higher power

of p. Therefore 110(0*) is divisible by p»***-***-» and hence J. is an

integer.

If we now denote by An the factor A corresponding to m = pn, we get the

following expression for the first factor k of the class number of k ( r ) :

(13) k = klA2A3..-An,

where kx is the first factor of the class number of k(e2"i,p).
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III.  The factor B.

1. Simplification of the expression for B.    Making use of (6) and (8), X2!)

may be written

(14) X</>=-^C0-<vlogsin^,

where 7 = ind X and X=l, 2, •••,?» — 1 except multiples of p.    But since

0—m (,<»-» W sin y"^Z—iff _ 0->iiuiAiog sjn Jf
b m °        m

we obtain

(15, jrp—ÍíífÜC^H-.^.

for X = 1, 2, ■ ■ -, (m— 1 )/2 except multiples of p.   From this we get after a

few reductions the following expression for B:

(16) BB=Hf(0'),

where s takes all even values, less than p,, not divisible by p and

(17) f(0')=   V f?"« log sin ̂  (¡ = MM.

We will now show how the product n yjr ( 0" ) can be expressed in the form

of a determinant.    We have

X.7T
sin —— 0, £ -1v-

') =   Ç <?-* log —^- + log sin ~ '£ "—ai

(18) sm
m

o,!-

where ít. = log t4 and

.     X.7T

m        ir*1 — rÀi
2

7T 1 — r
sm —

m

or, if we set 0" = 0X, then, since s is even, t?"'*'2 = 1 and

(19) +(0>)=  £ 0xHr
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Now consider the system of equations:

207

(20)

f(0i) = lo + ll0^ + ... + lEJ-i

eT1+(0i) = i»_x + hei-1 + --- + hJi~

:(H.

(K

01-(ï~1)+(01) = i1 + i20Ti + ... + io0;(^);

from which we get, by eliminating the powers of 0X,

h-t    h h    ■■■    lß   ,

(21)
h, h-+    h L

l l. I. h~*

= 0.

This equation is of degree p.¡2 and its roots are the quantities ^¡r(0') for

8 = 0,2,4, ■ • • ft — 2. The product of these roots is then expressed by the

following determinant whose absolute value we denote by Tx :

(22) nw)=±

L       L    ...    I..

h h    " "     h-

L      L

= ±T

In a similar manner, making use of the fact that in this case 0~'i'12 = 1, we

obtain IIs ^ ( 0a ) where s runs through the even multiples of p, from the follow-

ing system of equations :

f(0x)=Lo+Lx0^+...+L!, *r^H
2

0-^(0,) = !»,    +Lo0^+...L^ /fte'-1),
y _1 y -2

6-&-1) ^(0X) = LX + L20x-1 +... + £,$- (*_1),

Li = li + li+^... + li+^        (^o,i,.,f-i).

(23)

where

(24)

Then as above n yjr ( 0a ) is expressed by the following determinant whose absolute

value we denote by T2 :
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(25)
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A„/

nw)= A      A Bn

E„i       B„    • ■ ■    E„i

± T.

Hence from (22) and (25) we get

(26)
T

BB = -rl.
-L2

From (24) it is seen that Tx may be written

±TX =

■   B
2 2

x„, ••■   A'_2 h'-*
2

■ ■■   £„, I.,

•••    B,L, L

E„, Bu,       L.

■i

2.

•••    h'

■ I,

Introducing the set of units

r'. = r      2      • —-— :
» 1_r*i

sin
\+ß'l2"7r

m

XtT"'
sin

[April

with V. = log r't , and making use of the fact that V. = li+lí>¡2 —l{i we get

T = T   T
j.x— ±2  ij,

where

*,-±

and therefore

¿: ...  v
(p-i)ft-'-i

(p-iñ

V
(p-l)'~--l      (p-1)'

/?Z>= 2!,

v    m, ...  r
•0*5-2
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2. Normal Units. In order to investigate the character of B, we have to

consider the normal * units of k(r + r~l). By a normal unit in k ( r + r"1 ) we

understand a unit e(r), different from ± I, which satisfies

(29) e(r)e(pr)e(p2r)--. e(p?-1r)= ±1,

where p = e2lrilp =r',n~\ This means that the relative norm of e(r) in k(r + r_1),

with respect to k(r' + r'_1), is ± 1.

It is evident that no unit in k(r' + r'~ ), which is also a unit in k(r + r~l),

can be a normal unit.    The units t\ , considered above, are normal units.    For

<+a.»'l2(r) = ±<(P(-irA'r),

where

g«^=(-iy + Aam';

and, since ( — 1 )" Aa runs through a complete residue system  with respect to

the modulus p when a = 0, 1, • • •, p — 1, it follows that

(30) T¡(r)Tj(|»r) • ■■r'i(p'-W) = ± °ff r'+a, ̂  ( r) = ± 1.
a

A system of v = (p — 1 )p,''/2 normal units ea(r), ex(r), ■ ■ -, ey_x(r) is said to

be an independent system of normal units if

\loS\eo(r)\ •••     l°g\e,-x(r)\

>g|eo(r')l       •••    log|e,-i(^)l        ,n.

Ilogle^r^1)!     ...    logle^^^-1)!!

and the absolute value of the determinant is called the regulator of the system

€,,, ex, • - •, e„_!. The units t^ , t¡ , • ■ •, t'v_x form such an independent system

of normal units ; for its regulator, being the determinant T3, is evidently differ-

ent from zero.

Now let e0, e,, • ■ -, ep_x be an independent system of normal units and let

LiK = log | e¿ (r"K) |.     Then, if e'(r) be any normal unit and L'K = log \e'(rí'K)¡

we can determine £0, £x, ■ ■ -, %v_x from the system of equations

(31) A — &A,« + IiA,«h—iUiA-i.«   («=o, i, •••,*—i).

That this equation also holds for any value of k follows immediately from (29)

and (30).    By applying the same reasoning as for independent systems of units

"Weber, Lehrbuch der Algebra, 2d ed., vol. 2, p. 806.

Trans. Am. Math. Soc. 14
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in any algebraic number field * we can prove that £0, • ■ -, ¿fr_j are rational, and

hence that there exists an independent system of normal units whose regulator,

is the least possible. Such a system we call a fundamental system of normal

units, and any normal unit can be written in the form

="= *o   fci *„_! »

where e0, ex, ■ ■ -, e„_i are a fundamental system and w0, mx, ■ ■ ■ mv_x are inte-

gers. The regulator of a fundamental normal system is, therefore, a divisor of

the regulator of any (independent) system of normal units.

3. Study of D. Let ex, e2, ■ ■ -, e^/21 be a fundamental system of units in

k(r + r~l), with the conjugate logarithms X, „, A. c, • ••, X,,«_*« and regulator

E, and let e[, e2, ■ ••, e >te_, be a fundamental system of units in k(r' + r'~ )

with the conjugate logarithms X[ , X2lt, ■ ■ -, X' >j2_x and regulator E'. Also

let w0, wx, • • •, a)v_1 be a fundamental system of normal units in k ( r -f r~l )

with the conjugate logarithms L0 K, Lx K, ■ • •, Lv_x¡ K and regulator T„. Then

the units

(32) «(i     «i»     ■••»     V     ,-     »07     <U1>     ■•>     <»F-1
2-1

form an independent system of units in k(r -f- r *).    For since

"■*, «+n'/2 — 'V, «

and

we get for the regulator R of the system (32),

(33) R = p»'i2-lE'T0,

which shows that R 4= 0 and hence that (32) form an independent system of

units.

We can then determine rational numbers mt K and Mit K such that

(34) p\, — «h,iK*+-^/Hí^-i. + ^mA,, +-h Mv_hiLv_x¡K

(« = 0,...,|-9;i=l,.-,|-l).

W e now wish to prove that mt K and J^_, are integers.     From (34) we get

\,k + Vk+m'/S +  - * " + \+(p-l)n'l2 = mi,i^l,« +  • • ■  + mu'/2-l,i\'/2-l,«l

and, since
ei(r)e.(r*l'ß).-.ei(r*(p-1)>i'ß)

* Webeb, Lehrbuch der Algebra, 2d ed , vol. 2, § 191.



1903] OF  THE  CYCLOTOMIC  NUMBER   FIELD 211

is a unit in k(r' + v'~ ), it follows that mxi, m2i, ■ ■ -, »V/2_M are integers.

We also obtain from (34)

\,K +  ' ' • + \« +(p-l)M'/2 — P\ k  =  — -^0, Í A, «—••*— -^¡.-1, * A-l, « '

and since ei(r)ei(r^ltl ) ■ ■ .€i( r°(p~w

[«.(OÍ'
is a normal unit, it follows that J/"0 ¿, • • •, Mv_x i are integers.

From (34)

(35) E = p~2+1BM,

where M is the determinant of the coefficients mt K and 'Mt<, and hence an inte-

ger.    Foamulse (33) and (35) then give

(36) B = p(*'-^MT0.

We now propose to investigate the character of M.    To do this let

^.-"mV.+ ••'• + «!_,,, Y*.    (*-i.«.-"¿í-i),
A«—^A«+"- + ^« , A .     («=o, i,...,v-d,

-i,* f-i.«

where ?i{ „ and N¿ K are integers. Denoting by JV the determinant of the coef-

ficients nt K and Nt K, we get

R**EN
and hence

(37) MX=p^~\

i. e., J!f and N are both powers of p. To determine the power of p by which

M is divisible, we determine a system of integers ax, a2, ■• -, a^-i without

common divisor satisfying the system of equations

(38) «1^,1 + «2»V+ ••• + «>,2-l OTt, ,«/2-l = °    (¿ = i.2,    ..,£—iV

Let

axMltl + a2Mi¡2 + ■■■ + all¡2_xMii¡í¡2_x = &  (i = o, l, •■ -, »—l),

and we have

?I«(\,= &A,. + Il A,« +-1" ír-iA-4,1.1

from which

i. ——i i — —i i — —i

2j  ̂  \ K   +    Z-  ai \ «+»'«  +    '   ■   '   +   Z-  "i Xi, K + (P-l)ß'l2  =   0 .
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Hence we infer that e'^e'^ • • • e'^171 is a normal unit and that f0, {,, ■ ••, ^_x"are

integers divisible by p. It is then very easy to show, by applying the same

reasoning as in the case p = 2,* that M is divisible by pbf-WI*, Hence if we

set

M=pU'-<+\
we obtain from (36)

(39) D = p«T0 (=*=£-l).

From (28) we then have
T

B = p-'±*.

where TJ Tn is an integer, T0 being the regulator of a fundamental system of

normal units.

If we now denote by Bn the factor R corresponding to m = p", we get the

following expression for the second factor of the class number of k(r):

(41) hx = h'[R2R3...Ru,

where h" is the class number of k(e2"ilp + e~2l,ilp).

Comparing our results with those obtained by Weber for p = 2, we notice

that, for all values of p, A is an integer and R = p~° T3j T0, where TJ Ta is an

integer. For p = 2. Weber proves that a = 0 and that both A and T.JT0 and

hence R are odd numbers. When p is an odd prime, the question whether A

and T,J T0 are divisible by p or not, and what the value of a is, remains unset-

tled. The writer, however, hopes to be able to come back to this question in a

following paper.

Purdue University,

August, 1902.

* Weber, Lehrbuch dtr Algebra, 2d ed., vol. 2, pp. 816, 817.


