THEORY OF LINEAR ASSOCIATIVE ALGEBRA®
BY
JAMES BYRNIE SHAW

Introduction.

The following paper is a development of Linear Associative Algebra, as
distinguished from linear associative algebras. That is to say, not only are alge-
braic systems of a definite number of units handled, but the foundation is laid
for a treatment of associative numbers in general, irrespective of whether they
belong to a system of units of one order rather than of another. From the
writer’s standpoint, a hypercomplex number and an associative number are
extensions of the field of number beyond the limits of ordinary negative or com-
plex numbers. An associative number is a number defined by some equation,
or set of equations, whose terms and their component factors are associative
quantities. Thus, a quaternion may be defined by the identity

" — 2wqg + 22 =0,

where w and ¢, ¢, ---¢ are “scalars,” which means that wherever ¢* occurs we
might substitute for it

From this point of view we should define a radital not by a series, or a  sequence,”
but by the expression which may be substituted for a term of higher degree, as,
in defining 6 by the equation (or « identity )

6= 2.

The equation above for ¢ contains essentially all the properties of quaternions (at
least of real quaternions) and from this point of view the fact that quaternions
belong to an algebra of four units is of minor importance. It was BENJAMIN
PEIRCE who said regarding the classification by *“order ”:

«This artificial division of the algebras is cold and uninstructive like the
artificial Linnean system of botany.”+

*Presented to the Society at the Evanston meeting, September 2-3, 1902, under a slightly
different title. Received for publication September 11, 1902.

t PEIRCE, Linear Associative Algebra, American Journal of Mathematics, vol. 4
(1884, p. 99.
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The first result of this paper is to find an answer to the question :
What are the possible independent numbers defined by an identity

¢ —w g+ wg Tt~ kw, =0,

where the only limitation on ¢ is associativity, and where w , w,, ---, w,
are homogeneous expressions of degrees 1,2, --., n dependent on arbitrary
scalars x,, ®,, - -+, ®,. The explicit answer to this question is to be found in
Part 3.

The second result of importance is to establish a calculus of linear associative
algebra. This calculus depends on the notation for its power and simplicity,
and the notation depends on the conception of certain ¢ associative units.” It
is proved that every associative number is expressible in a form built up by
adding together terms, each of which consists of one of these associative units
with a coefficient dependent linearly and homogeneously on the arbitrary scalar
coefficients of the associative number. These expressions may be built and used
without knowing explicitly how many arbitrary scalar coefficients the coefficients
of the associative units depend on. There is more than a mere notation
involved here, and this is more than an expression of results in a matricular
notation. Just as the ¢ quadrate or relative vids” of C. S. PEIRCE * enable
matrices to be conceived as the sum of n* terms, each with definite laws of com-
bination with the others, so these associative units of form N enable us to con-
ceive all associative numbers as really expressions linear in these units, each with
definite and simple laws of combination with the others. And as all matrices
are expressible in terms of vids and the theory of matrices is essentially the
theory of vids, so the theory of linear associative algebra is the theory of
these associative units. From this point of view the matrix becomes a special
case of linear associative algebra, and an associative number obeys laws different
in some respects from those of matrices. We regard all associative numbers
as belonging to an associative algebra of an infinite number of units.

The third result of importance is that these results are independent of the
presence or absence of a modulus. Any result based on the group-theory of Lie
is dependent on the presence of the *identical transformation,” ¢. e., there must
be a modulus in the algebra. It is obvious that every such result must needs be
shown separately to apply to algebras (by far the more numerous) not including
a modulus. It was BENJAMIN PEIRCE who recognized intuitively the great
importance of these nilpotent algebras.t In fact, the problem of writing all
nilpotent algebras and of developing nilpotent numbers, is almost commensurate

* PEIRCE, Linear Associative Algebra, American Journal of Mathematics, vol. 4, p.

221.
1 PEIRCE, American Journal of Mathematics, vol. 4, p. 118.
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with developing the entire field. These numbers satisfy each an identity of the

form
" =0.

They are not determinable from the forms satisfying the complete equation cited
above, nor are their properties to be developed from such an equation. This fact
is the real basis of Hamilton’s refusal to admit ¢imaginary quaternions” into
his system. They belong to a class of number different from the real quater-
nions. The problem of nilpotents is one on which little has been done, save
incidentally in the study of algebras with an idempotent unit. The present
paper produces general forms for all nilpotent associative numbers and the
combinations of these numbers may be studied aside from their belonging to any
limited algebra. A subsequent paper presents them in greater detail.

The fourth result of importance is that the study of algebras of any certain
order is made easy. All algebras of order » may be found with little trouble,
and by comparatively rapid methods. Furthermore it is not necessary that all
algebras of order n — 1 be known, for the entire list of algebras of order » may
be found without knowing those of order n — 1. The natural transformations
and simplifications of the algebra are further evident from the forms of the
units, and no multiplication table is needed, as the combination laws are evident
from the forms of the units. Any algebra may readily be thrown into this
form.

The fifth result is the great simplification of proofs and processes from this
standpoint of wider generality (which would be expected). The various systems
of algebras that belong together on different bases of classification are readily
seen, and many new bases of classification are suggested.

This paper may be looked upon as an introduction to the subject, in which
only the fundamental principles are laid down. It is hoped that the field will
be developed farther in the near future.

An analytical table of the sections is given to serve as a guide in the reading.

Part 1. The Matrix form of a Linear Algebra.
§ 1. Definition of product.
§ 2. Matrix form for product, viewing the facient as operator.
§ 3. Matrix form for product, viewing the faciend as operator.
§ 4. Condition of associativity found in commutativity of matrices.
§ 5. Converse proposition and its meaning.
Part 2. The Commutativity of Matrices.
§ 1. Canonical form of any matrix.
§2. Form of product of ¢pyr and Y.
§ 3. Form of ¢ when ¢yr = yrdp, deduced from square array.
§4. Form of ¢ when ¢y = yrd, deduced from matrix properties.
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§ 5. The group of all matrices commutative with a given matrix and some
subgroups.
§ 6. Associative units.
§ 7. Equations fulfilled by the numbers of an associative algebra.
Part 3. Linear Associative Numbers. ‘
§ 1. The forms of numbers and their characteristic equations.
§ 2. The units that must belong to the algebra from the form of its equation.
§ 3. Non-quaternionic, quaternionic, and higher systems.
§4. Matrical systems.
§ 5. MOLIEN’s, SCHEFFERS’, and PEIRCE’s work.
§ 6. Relations connecting the numbers of an algebra.
§ 7. Table of some of SCHEFFERS’ types in associative units.
§ 8. Table of some of PEIRCE’s types in associative units.
§ 9. Bases of classification.

Part 1. The matrix form of a linear algebra.

§1. Let any » independent numbers of an algebra (associative or otherwise)
be represented by

P1s Pgs P3s =9 Py
so that the general expression for any number in this algebra is
p=2p + 0+ "+ ,p,.
Any other number would be
=Y P + Y2 P +---+ Yl
The * product” of p into o is defined by the equation
P°'=2“—'.-?/jc‘~,-kpk (4,4, k=1,2,---,n),

wherein the c,, are coefficients (scalar) which belong to the algebra in question.
The algebra is linear since each set of coefficients enters homogeneously to the
first degree.
§2. Let us now annex one more unit p , an ideal unit which enters only to
enable us to build the operators which follow. Let

)\'ij (i,j=0,1,---,m),
be a matrix operator subject to the definitions
Mo Py = Pis
Aop =0,
Ajpi=2xp;,

Ay Ay =0 if j4E,
=, if j=k.
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Then we may represent the product defined above by the matrix form

wherein pr==¢,
b= Mg+ Ny (@ F G X+ o0y ) F A (0% + - F 0y 2,)
+ oA N (Gt 0 T,)
F @y Ny F+ Ny (€%, F Cp®y + - - F € ) F Mg (€%, + -+ F €p0,)
+ o4 in(cmwl R c'mzw”)
F B gy + Ny (s @y F Copg @y F - - F € ®, ) F Ay (€@, + i - F €p0%,)

+ '.'+X3n(cln3wl+ ..‘+cm\3wn)
+ . .

+ 2, M0+ My (Cpa®y + €@y + - F €, ,)
+ -+ x'nn(clnﬂwl +--+ cimnwn)°

It is to be noticed that throughout the paper a matrix is viewed as a linear
vector operator on a ground of n, or in this case of n + 1, units.*
‘We may contract the form above into }

¢p—=- z(wo')\'io'l'wiciijjk) (i’_jr k=1,2, -, n).

Let us abbreviate the matrices corresponding to p, and p, into ¢,, ¢,. Then

b, =N,y + Zc, N,
therefore b= Np + 20, N,
therefore bib; = ey, M + 20,0, N, (ry 8, t=1, -, m).
But $iby0 = 2c,, 0, 9,P,
P17 = 2Y,CuPus
or Pi Py = 2Y, €10, Cir P>

. R = zytcjtrcirtpa’
by changing the notation.

*Cf. TABER, On the Theory of Matrices, American Journal of Mathematics, vol. 12
(1890), pp. 337-396.

1 See also PEIRCE, American Journal of Mathematics, vol. 4, p. 222. The results of
this article were given by C. S. PEIRCE in the citation, probably for the first time.
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Hence ¢,¢, has the same effect as p,-p,. It is to be noticed that

pi.Pj——- zc(hps'
Hence
¢(p;.pf) = zcijs )"ao + 2'cijr crta Xﬂf.

In general therefore

¢(p;. 0) + ¢ps ’ ¢pf ’

which means that generally the combinations are not associative. It is evident
however that a treatment of all combinations, whether associative or not, can be
based on these matrix forms.
§ 8. The equation
po = zmiyj Cij Py

may also be looked upon as equivalent to the equation

Y, p= Ewiyjcu'kpk’
wherein

Yo =2(yN + ¥ M)

This matrix is analogous to ¢,. The use of ¢, is equivalent to conceiving the
facient p as operating on the faciend o to produce the result. The use of 4, is
equivalent to conceiving the faciend o as operating on the facient p to produce
the result.

§ 4. If the numbers are associative we must have for any three of them

p(o-t)y=(po)r,

¢p“‘l"ra = \Pr.¢po.‘

As this is true for any three numbers, we have the matrix equation

¢p‘!’7 = \P1¢p’
Y =¢.

This equation defines associativity completely and upon it is to be based the
analysis of associative algebras. It includes the theorem of Poincaré* that
two projective groups are connected with every system of complex numbers ;
the theorem of STUDY { that these groups are simply transitive ; the converse

which gives the matrix form

or simply

* Sur les nombres complexes, Comptes Rendus, t. 99 (1884), pp. 740-742.

T Complexe Zahlen und Transformationsgruppen, Leipziger Berichte, 1889, S. 202; Ueber
Systeme Complexer Zahlen und thre Anwendung in der Theorie der Transformationsgruppen, Monat-
sheft f. Math. u. Phys. 1. Jahrg. (1890), 8. 332.-
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of these theorems; and the theorem that these two groups are commutative.*}
These theorems are included in the above equation since the entire set of
matrices ¢ or the set y» may not at all include the matrix 1. The progress of
the development of the theory of hyper-complex numbers by means of the group-
theory of LiE may be found traced in STuDY’s Altere und Neuere Unter-
suchungen iber Systeme complexer Zahlen.}

§ 5. It is clear that a set of independent ¢’s satisfying the equation

oY =vé,

where 4 is a given matrix, can easily be far more numerous than the order of
any field to which Y may belong. This means that if 4 is a matrix corre-
sponding to some faciend, there are several algebras in which y» might exist. In
fact every set of n independent matrices of the set satisfying the equation above,
if their products are linearly expressible in terms of these n, gives a linear
algebra of n units.

We need now to see what the commutativity of matrices means.

Part 2. The commutativity of matrices.

§ 1. Any matrix ¥ operating on a field of vectors defined by p,, p,, -+, p,,
may be so expressed, by linear changes in the defining vectors of the field, that
if the matrix is written in square form, all coefficients vanish save certain ones
on the main diagonal and certain others on the next diagonal to the left. Thus
if the equation of lowest degree that yr satisfies is

(\[’_gl)m(‘!’_gz)n'"(‘l’—gp)”E 0,

where g, - - - g are the p distinct latent roots, and where

#l+#2+#3+ "'+#p§n’

then there is a region 1, of order x|, u; = u,, for any vector of which we have
the equation

(‘P‘_gl)m'Iu:O‘

For no vector with a component outside 7, is this equation true, for any power
of (Y —g¢,). If we choose the vectors defining this region 7, properly, the
square array of yr will start as shown in the diagram

*Cf. LIE-ENGEL : Theorie der Transformationsgruppe, vol. I, S, 367-429.

t Cf. LIE-SCHEFFERS : Continuierliche Gruppen, Kapitel 21.

t Mathematical Papers Read at the International Mathematical Congress Held in Chicago, 1893,
pp. 367-381.
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Piu Pz P13 Pua P15 " Piy P
Pu |9y

P |1 9,
Pis 1 g 1
Pu 1 g

Pis 1 g
1-

0 g

Py 9

The number of consecutive 1’s in the second diagonal being u, — 1 at least
once and nowhere more .than u, — 1. For the other roots there are similar
regions, and the whole field may be divided up into mutually exclusive regions
corresponding to the distinet roots of 4. The entire diagonal of the array of
¥ will then consist of the roots g,, g, --- g, repeated g, p; - -- u, times; the
second diagonal will consist of a series of 1’s whose number in the consecutive
regions will be, in each region of order u; at least u, — 1 once, and not more
than u, — 1 anywhere in that region.

Let A, be the matrix (linear vector operator) which converts

Py + TPyt o Ll Piy!

into itself, and annuls all vectors whose components have the form %P (¢ k);
and further, let &, convert

4l
TP+ Py t+ T Pi
into
By Py + XoPig t -+ Lt 1P
Then we may write
Y=9 Mo+ %At F Gt G+ T+ -+ I

§ 2. Any other matrix ¢ operating in the same field must be representable in
the form

¢ = Ea'&j.rseéj.n
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where ¢, is a matrix which annuls every vector but p,, and converts p,, into p_ .
In square form this means that the constituent of ¢ in the row i and column
rs, is @, ,,- The rows following the vectors p,, p,,, - -+, p;,, form a horizontal
strip “belonging” to the region 7. Likewise the columns under these vectors,
form a vertical strip “belonging” to the region 4. '

If now we form the equation

¢\P = ‘I"#,

from these more expanded forms, we see

(1) ¢ has every row in each region multiplied by the corresponding root ¢,
yielding a matrix ¢’, plus a second matrix ¢” which is derived from ¢
by dropping each row of constituents in each region one line lower, the
first row of the region being filled with zeros, the last row of the region
disappearing entirely.

(2) ¢y has every column in each region multiplied by the corresponding root
g, yielding a matrix ¢,, plus a second matrix ¢,, which is derived from
¢ by moving each vertical line in a region to the left one place, the line
at the right of each region being filled with zeros, and the line at the
left of each region disappearing altogether.

§ 8. Suppose now that

¢y =vé.

Let us consider first the rectangular block on each side of this equation in the
square array of the product and lying in the strip 4 horizontally and j vertically,
i 4 j. The matrices ¢', ¢”, ¢,, ¢, appear thus:

Pn Pje Ps P Py Pis
Pa | 9:i%ps  Gi%aer  9i%ys - pa| O 0 0
P2 | 9i%gns 9%y Gi%igyzs - Piz | @ujns Byjar Ayysas
P3| %> i%igns i Pigjzr - + Pis| Tgs  Qygps  Aygjzs

Pi Py Ps P P P
Pi | 9i%pns 9%z J %z - Pa| Cass Qayzs Tygys
Piz | 95 %gns G5 Pigier JQigjzs -+ Piz | Qg Fygjzs Lygigs
Pis | 9; gy G;Uigjer G Qigizn - TP Cigjas Tagizs Cigigs
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For the equality to hold we must have then
1) 9:@upn = g; T + @05

9% = 9 %ys + s

9 Cju; = 95 Curju) 5

therefore

Qg = (9.' - gj)a.'ljl’

Qyjs = (9.— 9; )y AT
ailju} = (gi —9; ),4;—1 Qg1 s

0= (gi - g')“’,'an'l .

By hypothesis ’ ’
9: %+ 9;-
Hence
0= Cujn = Ayje = Qg = = -+ = ailjp.;‘

(2) Each line yields a similar set of equations, hence all a’s of the form
a,,, (4 % j) must be zero.

This means that ¢ reduces to a sum of matrices each of which acts only in
one of the regions of Y+ mentioned above.

(8) We may suppose then that y» consists of one such region only, and that

h=9=9= =9,

The “regions” may now be taken to be those produced by the 1’s in the second
diagonal and the 0’s that separate them, each set of consecutive 1’s lying in a
separate region. The equation of the matrix yr (a matrix still of order =) is

(\”—g)“= (v =mn),
the « widths " of the regions being p,, p,, - -+, p , where u, + p, + - - 4+ p, =n.
Since we may take g = 1, with no loss of generality, we may write

V=Mt Mgt A+ F A F M Gy F G Ry A

wherein
C, = 0 if M= 1 1y

=1 if u>1.

%

In this case the matrices above called ¢’ and ¢, are identical and may be
omitted. Hence we have to consider the equality :
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Pir Pis Pis 0 P, Pi Piz Pis < Py
P, |0 0 0 e 0 Pa | Taje Qs Xy 0
Piz | Ciajn Ay j2 @5 53 ot @y, Piz | Cizjp Qs Cigge 0
Pis | @2n Qy2 52 Q253 c0t By, P | Qg @gs By 0
Powi| Tipmrst Fprjs Ciurgs *° Ciutjn;  Piwy| Bz Ciwgss G o+ 0

It is plain that
O=ayp=ayy=0ayu=" = Citju; = Qigju; = = Qg 14y,

That is, all the coefficients vanish from the upper row and the right hand
line of the block in the strips ¢ and j, except the one in the upper left hand
corner and the one in the lower right hand corner.

But we have also .

Cije = Cypirjon (r=1,--, p;—1;58=1, -+, y;—1).
This means that all coefficients in the block on a diagonal parallel to the main
diagonal are equal. Hence only those coefficients do not vanish which may be
formed by filling the diagonals successively with coefficients, all coefficients in
one diagonal being equal, and all diagonals which do not run from the left hand
line to the lowest line and vice versa being zero. For example we may have
blocks as follows for values of x,, Byt

=4, p=3. m=4, p=4 p=3, p=4.
0 0 0 a 0 0 O a 0 0 0
a 0 0 ay a, 0 0 a, ¢, 0 0
a, a, 0 a, a, a, 0 a a, a 0
a, a, a a, a, a, a

Let the matrix operator A, convert
. Yir1 P+ YrszPiz + YirsPis + - Yosr Py,
mto
Yir1Pistr + Yir2Pits T YirsPirs + - + Yot r Pirtr o
and be subject to the conditions
r=p, k47 =p,
or
kéll’;—#j if /"','>/“j’

= 3 =
Zu—1 if TR
Trans. Am. Math. Soc. 18
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Then the block used above becomes (changing the a’s to conform to the A nota-
tion) :
@io Mo + T My + - F B M (me=1y),
o Ao + T M + -+ G Ay (1< 1),
@ ini—pi41 )‘q'im—#;ﬂ + agfus-uﬁz)\'ijm—nﬁz + ot Qi1 A'q'im—l (s > ).
This is obviously the sole condition that
¢y = V.
As no restriction was placed upon ¢ and j these results apply to every block
formed by the crossing of any horizontal strip and any vertical strip of ¢.
To illustrate, we may determine the matrix form (general) commutative with

Vo= Ngo F M Nggp F Aggy F Aggy + Ngyy + Mgy + My + Ay + Ay
whence
=4, b, =4, By =3, Bo=2, By=2.

The square array for ¢ would appear thus:
Pn Pz Pz Pu Pa Pz Pz P Pa P22 Pz Pu P2 Pa Ps

P | %o P

Piz | T @ug Uy iy Oz

Pis | %z % %o Uzp Cpyy Qg Gz Oy L) LT

Pu| %us Pz @ Cuo | Bray Ty By Gy | Bygs Gigz Bz | Yugs Crgp | Tisz sz
Pa1 | @0 Ao

Poz | @ o Typ1 Qg o3

Pys | Qg1 Qg Ty Qppg Qg Qo o3y oy G Dasp

Pou | Oz Qpiz doun Cgig | Ayyy Topy By Bpg | Tpzg Fogy Fogy | By Tagp | Doz Tosp
P31 | %310 (299 A3

Psz | o U39 Ay Ay 'asaf Az U3y g5

P | oz Fsu Ay 0 Agop gy Ay 0 Ugzg Qgg Qggp | Dz Uy | Fasp Ay

Py LA Qa0 L) Lo Q450
Pe | %r %o 0 0 A By 0 0 Jay ay 0 ey, a,|ay ay
P | %510 Ao gy L T
Ps | T @apo 0 0 la, a, 0 0 |ay a, 0 |ay, a,|a, oy
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That is
¢ - allO l'll() + alm 120

+ @ M+ G Mg F Gy My

+ Gy Myp + g Mgy + Uygo Mgy + G Mg+ TNy
+ Gy s F g Mgy + B Mgy + AN + A0
+ ANyt @

+ G Aan + Ca Mgy + Gy Ny

+ @y M 2z F G Ngzy + Uagp Mgy + By Moy + Ay Ny
+ Cya Moy F Cygg Mgy + T Mgy + Ty Moy + @

F Gy Mg+ Uy Mgy + Ty Mgy

F Gy Mgy + Ty Mgy + Ty Mgy + Ty Mgy + By gy
F Gy Mgy F Cagp Mgy + gy Mgy + By Mgy + Uy Ny
F QoMo F Fgo Mgy + Ty Mgy + By + @

+ g A+ G Mg+ Uy Mgy + Gy Ay + G My
F G0 Ng10 F Tyzg Ngog + gy Mgy + Ui Nggo + Tggo Mg
F By Mgy Gy Mgy F Uy Mgy + By Mgy + By Ny -

Generally we shall write the a’s only, or even occasionally omit both e and A,
writing the subscripts only. Thus

=110 120
111 121 181
112 122 132 142 152

113 123 133 143 153

ete. ete.
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With a further object in view we may write this matrix also in the form

Pu Pu P Pa Psi Pz Pu Py Py Psz Pis Pz Pss P Py

P | @y @iy

Pa1 | @a1g Ty

Pay | @319 @3z g

Pa | Cuo Py By Ay Cys

Psi | Csip PBogp Fozp Tsgg Psso

Pz | Gy G Gy T Ty

Paz | g Ggy Oy Qgyp Gggo

Paz | gy Cgp Oz Uzgq Pgsy | Qgyy Bppy gy

P | Cm Qg Gy QG G | By Cuyy Bugy By By

Psz | Tgp Gsgy Gy Bsyg By | Ty Bygg Fzy Pgg Lo

Pia| Cua Gigy Gizp Qiyp Cppp | By By By To Qg

Pos | o1z Cggy pgy Qgpp gy | Ay Bgyy Ty Bpyp Gy

Ps3 | @gip Qgpp Uggp gy gy | gy Cgyy Qgg Ugyy Qg | By By gy

Pr| Cus Mgy Qg iz Qg | Oy By Cygzp Bogy By | Gy Gy iy | Tigp P
Pas | Qg Ggpz Qgzg Qypz Cogg | Byyy Gggy Bogy oy Bosy | Ty Ty Bogy | Tiyp Ty

That the general form may always be so arranged is easily seen, for the coeffi-
cient in any arrangement opposite p, and under p, is

e, if r=s,
if r <8,
0 if r—8 < By — Wy

In this arrangement no block to the right of the main diagonal has any coeffi-
cient other than zero. *
This form we shall use frequently, writing only the a’s or their subscripts,
thus
b=ay,, ay

a Qa

210 220

Q.

310 a

320 a

330

* Cf. DICKSON : Linear Groups, p. 229 et seq.
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Ago Cgp Qg Ty Ay

Bsio oz Asz0 Usyg T

UG Gy Gy

Top By Ui

Ao G Qg3 Tgq gy
ete. ete

This form is of the highest importance, and the \’s entering it will be called
its « frame.” It will be referred to as the form of ¢ when it is commutative
with 4.

§ 4. It is profitable to arrive at these results from another starting point, not
using the square array.

(1) If 4 is any matrix operating on a field of # dimensions, the field may be
divided up into p mutually exclusive regions corresponding to the p distinct
roots. Let these regions be

In’ Izl’ Tt 1;1’
of dimensions u;, u;, ---, u,. These regions are found by operating on the
whole field by the expressions

(91 - 1!,)#1(92 - ‘I")M o '(gi—‘l - ‘,’)“H(giﬂ - ‘l’)um o '(gp - ‘I’)“”

where i=1,2, ..., pand u = u/. This expression reduces the whole field

to I.
(2) We have
But (v—9)L, =1, (ie3)-
u
(‘P\ g.) 12’

I, being a region included in 7, and of dimensions at least one less than u;.
If p, 4 u) the dimensionality may be still smaller than u; — 1. Let it be
Hy— 8.
Likewise
(v —9) 1Ly = 1y
I, is included in 7, and is of dimensionality u; — 8, — §,,, where §, = §,.

By repetition of this operation we arrive at 7, ,, for which

(‘l’_gi)‘l;m= 0.
i —(‘P‘ g.)z il

Of course

iuc"("’ g)m—lll’
= (‘I'_g.')m il
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(8) It is to be noticed that if o, <3, say 8, =298,,, + A, then there is

a region of dimensionality %,, included in 7 , say Z,,,, for which

(v —9.)L=0.

The region I, has a subregion 7, for which

(¥ —96) Lug = 0.

This is made up of parts (generally) of the regions I , I, ---.
subregion Z;,, for which

ileg
(v — gi)ZIilee =0.

This includes 7, of course, and so on.

(4) We call I, the first invariant region of yr for the root g,; I, the sec-
ond invariant region. I, is the w, invariant region.

We call 7, the first projective region of + for the root g,; I, the second
projective region, ete.

For example, suppose I, is a region of fifteen dimensions, acted upon by
Y — g, according to the scheme below, y» — g, converting each vector into the
one below it, and each projective region being defined by all the vectors below
the corresponding bar :

Also, I, has a

I,
Pu Pa Pa Pa Pa

z,
Pz Py Pz Py Pse I
3
P13 Py Ps
Z,.
Py Py

Then the invariant regions are found by dropping each column until its lowest
vector is on the bottom line, each invariant region consisting of all vectors below
the corresponding bar:

I1-21¢4
Pun Pxn 1;“8
Pz Py Pay I

tleg
Pis Pz Pz Pa Pm

Z;

Pu Pu P Pg Py %
That is to say '
(v — gs){Pu’ Pass Psgs Pizs Pz} = 0,

and Y — g, does not reduce any other vectors to 0. So

(Y — 9.0 {Pras Poy =" Pozs Prss Pas =+~ P} = 0,

(b — 9.7 {Pru - Psas Prs " Pors Py -+ Py } =10
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Also if p is any vector of the region

(v —9.p=1Iy={pw> Pu}>

(¥ — 9P =Ts={Piss Pas> Pss> Pru> Puu } »

(¥ —9.)p="Ty={pis " Psxs P1s " Pss> Pra> Pru} -

() Common to the first projective and last invariant regions are {p, , p,, };
and (¢ — g, ) successively applied converts this region into {p,;, Py }s {P1ss P }»
{Pu> Py} - These regions together constitute the shear region of I, , of degree
4, or in general u,. Again, common to the first projective and third invariant
regions is {p, }, giving the shear region {p, , psy, Py} - Common to the first
projective and the second invariant regions are {p,, p,} giving the skear

{Pas Pors Pizs Pz } -
Suppose now we have two matrices satisfying the relation

Y = V.
(v—9)=0(¥—9),
and conversely. If also
VY{BR}={R};
¢V {B}=¢{R}=vy¢{ R},
hence if { R} is an invariant region of yr, so is ¢ { B }; also, if

(v—g){1}={I}

Then

then

then
) (v—g)e{L}=9¢{I'};
and if
(v—9)I=0,
(¢—9g.)81=0,
(¥ — g I=0,
(¥v—g.)¢I=0,
ete.,

so that if the successive projective regions of - are

L, I1,, I, I

i1? 2 i3? i4?

the same projective regions are represented by

Ly by Sl S,
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In the example used above,
(¥—9.7p=1,
(¥ —9.) dp=0I,=1,
hence ¢ leaves 7, unchanged, or at least adds nothing toit. So
(v—9)p=1s

(v — 9. ly=1,.

It follows then that ¢ does not change the contents of any projective region
of ¥, but only its internal structure.

Hence ¢ does not project a vector from one region I, into another 7, so,that
the regions of the roots of ¢ lie in the regions of the roots of ¥+, and do not
overlap them. Therefore as ¢ must have n dimensions, or the entire field for
its operation, we may consider it as made up of matrices each acting only on
the ground that the submatrices of 4 act upon, viz. 7, 1, etc. In other words
we may suppose that all the roots of y» were equal, and that the example above is
of a matrix of order 15, with all its roots equal.

Since

therefore

therefore

(‘I"‘g){Plv Pogs == * Pu} =0’

and only for this region is this true, then

(¥ —9){py P} =0=(¥—9)b{py...Pu}-
¢{P14"’P52} = {P14"‘P52}‘

Therefore

Likewise
¢{P14°"P52’ Pls"'P51} = {pu"’psl}’

¢{P14"'P51’ Pizs Pago Pal} = {Pu"'Pal}'

That is, ¢ does not change the invariant regions of yr, as to their content,
but only as to their structure.

Finally, in the particular case given, since p,,, p,, are common to both the
fourth projective region and the first invariant region, and since neither changes
content, therefore

G (Prgr Poy) = (Prgs Pos)-
Likewise,
G Py = (Piys Pous Pas)»

® (Pi2s Psz) = (Prss Pass Pags Pas Psz) >
B (Piss Pas) = (Piz> Pass Pags Pras Pas) s

PP = (Pazs Pazs Prsz> Piss Pass Pss Paas Pay)s
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@ (Pars Psi) = (Pars Psrs Po** * Pags Pris ™ * * Pigs Pros Pac)>
D (Pigs Po) = (Prz*** Pas)s

¢'P31 =(Psl"'Pz4)’
¢(pn’ le) = (Pu c ‘Pu)'
If we let
PP1s = i3 P15 F TgPos + TogPog + LyyPry + Ty Py
then
(Y —9)bps =D (¥ — g)Pis = PPy = T3P,y + Xp3Py,-
If also
PPy = Y13P13 + *** + YauPos>
then

(¥ —9) PPy = (¥ — 9)Ps = PPy = Y13P1s + YasPas

Hence if we put
¢ Py = B0 Pys Tt BagPss
b Pre= CPry T+ FyyoPoso
b Py = gy Pag + Uiy Prs + Uyg Py

then
¢ “Po3 = Py + amopz{z F Agg0Pas + T Pry + By Poys

PP1s= yyoPrs + CoigPos + Cg1Pss + Cpyy Prs + Ty Py

A full set of equations which amount to the table already given for ¢, may
easily be deduced.

The first arrangement of the constituents of ¢, it will be observed, is accord-
ing to the shear regions, the second according to the projective region.

§ 5. This also gives the entire group of matrices commutative with a given
matrix whose roots are all equal. With regard to this group we observe the
following :

(1) Let the symbol S designate any part of any shear region common to
the projective region of order @ and the invariant region of order b. If. the

shear order is u,
a+b=p+1.

Then the group leaves invariant the regions made up of S») and all subregions

8¢ such that
b =b, a =a,.

For example in the above let

(Pas Ps) = S,
then the group leaves invariant

(S, 8, 8P, 80, 8),
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that is,
(P419 P51’ Psz’ Pu’ Pzp P139 st’ P33)'

If the shears are all of wid¢h unity, it is obvious that there is for the group
a set of invariant regions, of orders one, two, three, - - . to n, each region includ-
ing the preceding.* The theorem above is to the effect that each group of
matrices commutative with a given matrix whose roots are all equal leaves
invariant a system of regions, which in the main are each included in the suc-
ceeding. The exceptions arise from the character of the subregions.

For example, ¢, above leaves invariant

(Prs Pac)s (Pass Pros Pas)s  (Pigs Pass Pags Pras Pas)s (Pags Pazs Pasgs Prus Pag)» €t

The fourth does not include the third.

(2) It is obvious that the characteristic equation of any matrix of the group
is the product of the determinants along its diagonal, with — ¢ inserted after
every diagonal coefficient. For the special case above the equation is

Gy — ¢ Oy | 5| Qa0 — ¢ O |
[ — @] =0.
@yo Qpgy — ¢ sy Agg — é
This equation obviously may degenerate for some of the matrices of the

group.

Let the determinant factors of the general characteristic equation for any
frame be represented by ®,, ®@,, ---, ®,, of multiplicities m,, m,, ---, m,, and
widths w,, w,, ---, w,. These factors we shall call shear factors. The general

equation is then
PmPprz... P = 0.
Thus, in the example above

a,, —¢ a
110 120
CI)1= ‘ (m, =4, v, =2),
10 Dyp0 — ¢
D, =a,,—¢ (my=38, w,=1),
|
| Cygo — (,b g0
o, = (my=2, wy=2).
sy 1 ¢

In any case
n=wm + w,m,+ .-+ wm,.
In a degenerate equation we have two cases, either
(@) all the shear factors are present,
(b) some shear factors are absent.
If we consider the shear factors we notice that any one of them as ®_ reduces
a certain region, which we may call the shear region c, by the width w, and

*Cf. LIE-ENGEL : Theorie der Transformationsgruppen, vol. I, p. 589, Satz 4.
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also projects it into other shear regions (the internal change in the shear
region ¢ is immaterial.) If this factor is

Crp — ¢ Qrprt10 tee Ay ots, 0
b — arc-{-l 70 ar,ﬂr,,,lo - ¢ te ar,+lr,+c°0
c ’
ar,+cc r0 ar¢+a, re+10 te ar‘,+.sc Tetse0 T ¢

since it has the effect pointed out, it cannot contain in its expanded form in
terms of the A’s any of the block :

Ter Ter 0 X"cr re+1,0 T x"':n Tots8e, 0
ch‘f'ly 760 x’c'*'lv 741, 0 U X"c"‘ly Tetse, 0
x"c““’cy Te 0 e X"e’i' 8oy Tet-86, 0 °

The presence of any one of these would prevent the reduction that must take
‘place.

Thus in the above, ®, cannot contain A,
Ayp3 P, cannot contain Ao, Ay Ay Ay

It is obvious that @, ®, operating on (p,,, p, , P, ) projects this region outside
itself, hence @, @, cannot contain N, , Aiys Agigs Ngyr Mgrgs Aggys Aggpe  Operating
on (P, Py, Py,) it annuls the region completely, hence it cannot contain A, »

A For a similar reason, ® ®, P, cannot contain A, , -+, Ay, -+-5 Ay,

Aoy A

m0s Nogo 3 P, cannot contain

1207

231°
“rey Agos cts Aggy vty Aggy. Likewise ®2®, cannot contain N, .-, Ay,
Nsior s Maggs Maps Mars Mo Agurs Nggrs Aggy»  Further products and the A’s that

can be determined to be missing from their expression can easily be traced
from the diagram in Part 2,§3 (3). The generalization for any frame is
obvious.

(3) If we have an equation of order lower than the most general one belong-
ing to the frame, this equation will include every shear factor to some power, or
only part of the shear factors. In the first case let it be

ks ’ ’ ’
cp;nlq:nzngqyans... T‘EO (m; S miy my Zmy=mg-- - Zme)

The coefficients in the determinantal form of the shear factors we suppose to be
arbitrary (the only case interesting us here). If we write the expression

—_ m! dm. m—1
V= OmPr:2...on1,

this expression, since it does not vanish by hypothesis, must contain some of the
terms, and can contain only the following :
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7\r.+t. Tetu, 0

Xr,+t,r,+u,l (t,u:‘.‘,l“'&).

A

Tett, Tet-u, me—1
In V¥ let all coefficients become zero, which have the form

ar,+t, retu, 0 5

let ¥’ represent this value of ¥; then since by hypothesis ¥’ cannot vanish
until multiplied by the corresponding value of ®_, or ( — ¢ )*, it must follow
that ¥’ contains terms of the form

A'r,-}.t, Totu, © ( 0ime )°

If we let the aggregate of terms of the form

ar,+t, re+u, 0 )"re+t, Tetu, 0

be represented by ¥, the remaining ones being V', then ¥ =¥ 4 ¥’.

If we raise ¥ to a high enough power, since no power of it can vanish, and
since the coefficients of ¥, are arbitrary, and since the powers of ¥ contain the
same \’s, it follows that we arrive at a series of non-vanishing expressions or
matrices, which may be so added and subtracted as to yield each of the matrices

Arott, retu, 0

These elementary matrices belong then to the subgroup consisting of all matrices
having this equation. That being the case, their products into ¥’ must yield
matrices of the form

)‘r,+t, Tett, § b<i<me)

as members of the same subgroup. The lower limit of ¢, namely b, must be
determined from the fact that the lowest of these raised to the m) power must
vanish ; that is

x::;'ty Tett, b+1:=i0 4
whence

) (b +1) >m,,
giving

mt
b>m, —1.

Obviously A, ., , ., : is produced by the product N, ., . ., 1 N, ir 4o Ience
m,>i>m,[m,—1.

These A’s being removed from the general expression of ¢, we proceed to find
those for the other factors.
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The subgroup then of all matrices whose equation is of the form
T M. .. ™ =0 (m=m),
contains all the elementary matrices

xr;+t,r;+u,0 (i=1,2,---,e;t,u=0,1,---,8),
m;

7&,.‘,_”’ ritu, k; (m.'>k¢>77~—1).
i

Any other matrix of the subgroup must then depend on forms not included in
these, and not determinable from the equation.

If the equation lacks some of the shear factors, then some of the coefficients in
the wider shear factor are equal to those in the narrower which may be considered
as similarly placed. In this case the problem is more complicated, though to be
handled on these same general lines. For example, in the special case used

above, if
2

=0,

' a44o_¢ Dy

L Cggp — ¢

Ayo— ¢ (P

a0 Agp9 — 4’

Then a,, = a,, or a,,, it is immaterial which. The forms corresponding to ®,

become A\ + Ayps Aigys Agigs Agzys Ars Aagis Mo Aaprs Augrs Mpzs Aggas Mygps Agpys
Aooos Njas Mioas Agias A

222° ““113° “M1239 "72137 “M223°
§ 6. The most striking feature of the form which any number takes, is that

it is expressible linearly in terms of the elementary matrices A_,. In fact these
forms may be consideréd to be the elementary units, called associative units, of
a general algebra, which is of necessity linear and associative. They have from
this point of view the definitions

120% ““210° 1119 121° 1129 1229

Ma e = €00y Ny (=1t S pr—pw ),

rat

where ¢, =1if s=7", 0if s & »', ¢ =1 if ¢ 4 ¢ satisfies the condition, 0 if
t + ¢’ does not satisfy the condition.

The group of commutative matrices is then representable by = a A ,, which
is commutative with

>"uo + 7\m + 7‘220 + )\‘221 + pro + A’ppl'

It is worth noticing that if
Tgy M=

then
7"@'0 >‘jio = N>
AN =A

J0 "0 Jj0°
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If
A= lq'jo ino — Mo 7\70 =Ny — ijo’
then
A Mo — MM = 2)\‘.,0,
7‘.:,7‘1.'1“— A’ = — 2)‘ﬁo'

The four forms A, A, Ayys Ay, form a quaternion matrix group, i. e. the general
forms
B0 M F Bygo Mo F Tiag Mo F G N0

obey the laws of quaternions. In fact these four units are practically the four
canonical quaternion units.
So if
i*j*";’ By = 1y = My

we have the nonion group

W Mo Mae
Moo Mo e
A, A A

k30 701} k0 *
For these we have

Mo Mo Mo = Niger €6C-5

0 0 i
If o*=1, and
th A= Mo Mo Mg + @ Mg Ny + 0" Mo Mo Mng = Ny + 0Ny + " Ny
en
,2
A= My M Ao+ 9 M Mg Mgy O Mg e = Mg + @Ay + 0hy,

Mg Mg + ON NNy + @A A AN =2 (14 0+ 0) =0,

Y0 k0 0 "7K0 i

Mg + 0P A A + Oh A A = 8, ete.

Obviously any matrix may be put into a similar form.
There are other sets of these forms, as for example A ;) + Xy05 Ay Agyrs Ay

Ngi05 Mgge» Which involve the compound idempotents X, + A,,,, ete.

§7. The matrix form given yields the equations
Py = APyt CyoPn + - T BysPrs + Toa Py

Py = OGPy + CopPop + -+ + WPy + Ty Prys

D Pr= yyoPrs + Qo Poy

¢ "Pos = QipPrs T By Py
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Inasmuch as these correspond to matrix equations of the algebra, we must have,
if ¢, corresponds to p,, etc.,

4’ : 9511 = “110¢’11‘ + a210¢21 + -+ ausd’u + a213¢24’
¢ 4’12 = a120¢u + azm¢n + -+ a123¢14 + am¢2u

¢ 4’14 = Qy, ¢14 + @y, ¢24 ’
b by = Py + Ty Py
From the last two equations

24) _ 24)
al’o — Pa 2310
(24) (24) 2 = 0,
@ya9 a0 — by
a1 — 14)
ally — by ag 0
(14) 14) u= =
@29 a0 — Pu
‘We have further
(24) __ 24) (14) (14)
afl) — bu a ¢ ally — i @310 é 0
(24) a2 — = (14) ald — u— U
@0 a0 — Pa Q30 @20 — Pua

There are other equations easily written down from the equations above. These
are useful in determining the laws of algebras as well as structure. The con-
sequences of these equations are of great importance, but are deferred for
further consideration.

Part 8. Linear associative algebras.

§ 1. We may now enunciate as the result of the preceding analysis the follow-
ing proposition :
Any number of any linear associative algebra of n units is of the form

¢ z- Q.. nt (r,8=1,--+,p),

and for each r or s exists a multiplicity number p_or u, ; these numbers satisfy
the conditions p, + p, + -+ p,=n+1; p ~p St Ip,.

We have » + 1 and not » in this equation just above, because of the ideal
unit that we added to the list of units (Part 1, § 2). This ideal unit plays no
part in the theory. The form of ¢ may be shown in diagrams similar to those
of Part 2, § 3.

The number ¢ satisfies an equation of degree n + 1 or less, and the factors
of this equation are certain determinants, the shear factors mentioned before.
The constituents of these determinants are arbitrary, also the degree of this
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equation being less than n + 1, there are two distinct types of equation: (1)
when the factors belonging to the frame are all represented, (2) when some of
the factors are not represented.

If the order is n, we may have in the equation such factors and multiplicities
as can occur in the partitions of n + 1. Thus if » =14, we may have among
other forms

or or ’ or

corresponding to the cases :
p=6, w =1, p=6, w=1, =4, w=2, pu=3,w=3,
p,=5, w,=1, po=4, w,=1, po=38, w,=1, p,=2, w=3.
=4, w,=1; po=2, w,=1, Bo=2, w,=2;
p,=1, w,=1,
py=1, w,=1,
=1, wy=1;
The general equations of the corresponding frames would be respectively :
(@0 = )° (@ — $)° (a0 — $)' = 0,
(Gag— 8)° (@ — $)' (@55 — ) (i — D) (U5 — ¢) (tpy — ¢) = 0,

@y — ¢ Wy |* [Gg — T Uyo— @y | —o,
@0 oz — > @50 g0 — ¢
Ao — @ Lt Ty [ |G — @ 50 Ty [
L) Uy — @ a3 @540 Uysy — b @ | =0.
@310 L 4 ogo @0 Bgp — P

These equations might degenerate for algebras of each class. The character-
istic equation, if the degree is less than n + 1, might thus arise in different
ways. For example, if an algebra of the first frame above had the equation

(auo_ 4’)6 (azzo_ ¢)4= 0,

the units might include A, + A,y oF A,y + Ay, according to whether o, = ),

OT Az = @y »
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The frames that are possible determine the possible associative numbers.
There may be for a given frame, obviously, more numbers expressible than the
order of the frame, e. g. for the frame

110 110

210 220 210 220
111 121 110 or 111 121
211 221 210 220 211 221
112 122 111 121 110 112 122

which is of order five, we may have as distinet numbers the nine

A,

2217

A A A A

1219

A

2119

A A

220

Py

1107 210 1119 1129 122°

We might look upon any algebra built upon this frame as a sub-algebra of this
one of order nine. The general equation of the algebra is

(@ — 4’)3(“220 —¢)=0.
But this is egually the equation of the sub-algebra
A

2219

A,

210

by

211 °

A A A A

110° 1n1? 12° 220 7

On the other hand the sub-algebra of five units

Mo F Ao Ago + @Ay A+ Ao A+ @Ay Mg

has the equation
(auo —¢)y=0,

and is isomorphie with A , A1, A5 Ajygy A, of a different frame.  Evidently
the equation of a frame cannot have a higher degree - than the frame, and if all
species of the general equation are considered we have corresponding species of
sub-algebras, which may each consist of many individual algebras. The equa-
tion just given might however have arisen from some other general equation,
belonging to a different frame.

§ 2. Every algebra or group of numbers whose characteristic equation is

MDY ... D=0,
(the factors ®, being of width w,) and belonging to a frame whose general

equation is
m m. m, — /
q)11q)22"'q)¢6=0 (m=m;),

Trans. Am. Math. Soc. 19
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must contain the associative units
Xr.'+t. ritu, 0 ('i=l’ 2,1 e)’
m;
x'r.;+t,r¢+u,k‘ t,u=0,1, -, 8¢;mi>ki>1’7;—-] ,

by Part 2, § 5 (3).
For example, in SCHEFFER’s V;,* with equation

(x — 2 e)(x—axe)(x —xe)=0
we have

5 = Ay ;= Ay €5 = Ayypo €, = Agpo & = Ay
The frame is of order 5, general equation
2 2
(x—axse)(x—axe)’(x—ae)=0.
V, is from the same frame, but
€= Agg)s €, = Agys €= Ayp» €= Ayp» & = Agy-

V,, has the equation (2 —x,e)(x — 2, ¢)*= 0, and this equation may come
from either

(2 —we)(x —we) =0 or (x—x,e)(x—we)y=0.
The first corresponds to V|, the second to V , which has the same equation,
giving
Vo €= Ny €= Ayyq» €= Ay > €= A €= Ayyo-
Vis €= N0 e, = Npyp» =X\, € =Ny, e, = Ny,

All algebras of this type for the order 5 may be arrived at by considering the
general equations of order 5 which can reduce without losing any shear factor.
These are evidently, (¢ — x,)°, (€ — x,)*(x —2,), (v — )} (¢ — x,) (® — x,),
(2=, (=2, )5 (2—2))* (2 —2,) (2—2,) (2—2,), (x—=,)*(x—2,)*(x—2,),
giving respectively (x — x,)*, (x — %), (v — x,)’,

(2 =) (x—2,), (x—2)(x—2), (x—2x,)(x—2,),

(e —2)?(z—2,) (2 —2,), (2—1x,)(2—2)(x—12n,),

(2 —x)) (e —2,), (x—2)(e—2)", (x—2,))%(x—12x),
(=) (x—2,), (x—2x)(x—2x),

(=) (e —2) (2 —x,)(x—12x,),

(=) (e —o)(x—2,), (x—u,)(x—2,)(x—2x,).

" *Mathematische Annalen, vol. 39 (1891), S. 356.
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The equations which are alike but derived from different equations, would gen-
erally belong to algebras with different multiplication tables, which shows again
that the characteristic equation alone does not determine the algebra, though it
conditions it.
We have to consider next the case in which the shear factors coalesce, giving
an equation of the form
oMo ... P™ =0 (e<e).

The only way in which this can happen is by certain identities between the
otherwise arbitrary constituents being added to the general equation, e. g., let
the general equation be

4 2
Ay — ¢ L) 5| Gao — ¢ 5o
(aaso —_ ¢) = 0 N
L) Qgg0 — Ty Ay — 4’
the special equation being
3
Ay — ¢ L 0

a

210 Dggp — 4’

In this case the factors ®,, ®,, have been absorbed into ®,, that is, the opera-
tion of @3 on the field annuls it altogether. This must mean that the operation
of @, is equivalent to the simultaneous operation of ®, ®, P, or that

Byp = Ty = Ay,
g9 = Ay
Ugp = By
Aoy = Oy -

Therefore there must be involved in ¢ the compound units
Ao+ Nggp F Aigs
x22() + )‘550’
Moo + Ao
A'210 + h540’

so that
d’ = auo(xuo + 7‘330 + 7‘440) + azzo(xzzo + >"55o) + “120(7‘120 + 7\450)
+ a210(>"210 + )‘540) + e

The effect of P, on the field is to reduce the field by all the vectors which
belong to the region p, , p, , p,1, Py, P- In general the coalesced shear factor
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will reduce the corresponding shear regions into the second -invariant region.
A further application will reduce the same into the third invariant region. If
the factor ®? or @2 ...occurs in the equation of the group of algebras under
discussion, there must be terms of the form

2a

red )"m
or
2ar:3 7\'n3 + zard X"‘ ’

and so on, according to the character of the coalescence. The further discussion
of this case must be reserved for another paper. It is to be observed that a
form arising thus may be isomorphic with a simpler form. There is in fact a
sort of resemblance between the relation of these associative units to the algebras
they represent and the relation of substitutions to abstract groups.

The determination of all forms of units for the equation

O =0

which has only one shear factor, is obviously the basal problem of the subject.
The determination of these units enables us to determine corresponding units

for any equation of the form
oD .. =0.

These may be called direct units. Units of the form
Za A

ret " rst

where r and s belong to different shear regions are called oblique units. The
square of any such obviously vanishes. The determination for a given frame
and given direct units is a very simple matter.

§ 3. The frames which have shears whose width is unity only, include ScHEF-
FERS’ -nonquaternionic* algebras. In none of his cases can any diagonal
coefficient a_, vanish, since all his algebras imply a modulus. The 7’s of this

treatment are the forms

A A

1107 220
or

Ao T+ Ay etee

Obviously the ¢’s fall into the two classes

Sa_\

rreCrred

2a, N\ (r+s3).

ret " rat

The equation is of the form

(w - wl)m(w - wz)“' : (w - w.)m =0.

*Complexe Zahlensysteme, Mathematische Annalen, vol. 39 (1891), pp. 293-390.
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A table of the expression of SCHEFFERS’ nonquaternionic forms up to order 5
follows in a later section.

The frames which have shears whose width is ¢wo, include for every such
shear a quaternionic system. To such a factor correspond as necessary members

of the algebra
A

rr0 x'7‘;*--|- 10

Y

r+17r0 A'r+l r+10

and these are essentially quaternionic, in the canonical form of quaternionms.
The corresponding factor of the equation is

|, — x, "

)

| Ly Xy —
orequauy 2 2 2 2 2 m
[* — 2w 2 + ] + x} + ) + x5 ™.

If a system is of order more than four, and its equation contains the factor

— X @

m
2

® x,—x l
it must contain the quaternion system and also forms of the type

A,

rrl

A,

ryr+1,1
7\'r+1, r1 A'r+1, r+1,1
ete.

This extends the theory given by SCHEFFERS. *
It is obvious that if the frame of any algebra is of the form

110 120

210 220

111 121 110 120

211 221 210 220

112 122 111 121 110 120
212 222 211 221 210 220

* Loo. cit., S. 364.
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then it contains the units
{00 M Maos Ao} = { @}
{ M Mo Mo M} = { Q) Ry + M) = (M + X)) { @
{Mizs Mg Amgs X} = {Q} (Mg + Agg) = (M + 7‘zzz) {@}-
If we have the frame below,
110 120
210 220
310 320 330 340
410 420 430 440
111 121 131 141 110 120
211 221 231 241 210 220
and if also

=q

a 440

110 = 3309 Aoy = B3y A0 = Ay309 D20

then we must have the units
{7"110"‘7\' 7\‘wo"' 340’)"210+)"4.ao’7\220+7"440}={Q}’
{xm’ Agrs Ay Xzzl} = { Q} ()‘m + 7‘221)"—'(7‘111 + 7\'221){ Q}’

and we may have either or both of the sets

{ 310? 320’ 4]0’ 420} _{Q}(x310+x420) (X310+ ){Q}’

{k’]3l’ A'141’ )’231’ A'241} = { Q}(XI:H + x'241)= ()’]31 + A'241){ Q} *

These examples show that the algebras are equivalent to the ¢ product” of
{@Q}, the quaternion system, into the systems

110 110
111 or 111 110 121
112 210 220

respectively.

A theorem given by SCHEFFERS* follows easily and as a matter of course.
As may be seen at once it is easily extended to the classes of algebras that
are higher in character, viz. nonionic, and matrical, in general. This is a very

* Loe. cit., S. 374.
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remarkable generalization, stated, it is believed, for the first time. It may be
stated thus: '

Let there be given a certain frame corresponding to a set of numbers Q ; let
there be also given a frame corresponding to a set of numbers P ; let there be
constructed a frame S by substituting for each N, in P, the frame (square
matrix) for @, writing this matrix with different subscripts for N , Ay,
Ngos " *s Mo 5 al30 let square matrices be substituted for every A, , each simi-
lar in structure to @, and each deriving its first subscripts from those in N,
its second subscripts from those in N, its third subscripts by the addition of
k to corresponding third subscripts in N, or N, ; finally, let the shear factors

of the diagonal of S coalesce, then is

{S}={P} {Q}
and conversely.
Thus, the first case above is derived from

110
110 120
Q={ ., P={111 110 L

210 220
(112 111 110 j
from the second case

(110 )
110 120

= , P={111 110 121 |,
210 220

L 211 220 |

This theorem, however, applies to frames P and ) of any character.

§ 4. Algebras whose frames have factors of width three, might be called non-
tonic, and if the factors are any form of matrix, matrical ; thus we may have
algebras with the equation

Ao — ¢ L) By |?
o Byy — P a3 (2 —¢)’=0,
@310 @32 G350 — ¢

or with

Ay — U3 0 (U
Ao Bggo — ¢ @y 0 =0.
@310 320 —¢ @340

0 0 Qg3 Qo — ¢




284 J. B. SHAW: THEORY OF [July

§ 5. The associative units arising from the main diagonal squares, or from the
shear factors, in other words, form sub-algebras. These are MOLIEN’s ¢ beglei-
tende” and “ urspriingliche” * number systems. MOLIEN’s theorems do not
touch the other units corresponding to factors of multiplicity more than unity.

It was C. S. PEIRCE who first demonstrated the matrix character of linear
associative algebra.t The work of BENJAMIN PEIRCE was first put forth in
1870. It was the first to prove the existence of the different idempotent units,
and the consequent separation of an algebra into sets of units on the basis of
these idempotent units. The idempotents are the 7’s of SCHEFFERS, and the
« gerade ” units are the units of PEIRCE’s first or fourth, the ¢ schiefe” of the
second or third groups, respectively. C. S. PEIRCE seems to have made little
mathematical use of his theorem that all algebras are modified forms of « rela-
tive ” algebras.

§6. We close with a general theorem in extension of one given by PEIRCE.

By differentiating the equation of an algebra and remembering that d¢ is any
number, we arrive at equations which the numbers of the algebra must satisfy.

For instance, let the equation be

(a110_¢)2=0’
(auo_ ¢)(a;w - ¢,) + (a;m - ¢/)(a110_ ¢)= 0
is true of any two numbers ¢, ¢’ of the algebra.
Let the equation be
(auo_d’)z(azm—d’): 0,
then
(ayo—®)(ary — D' ) (@ — @) + (a1, — ¢ ) (g — &) (@ — ¢)
+ (@ — @) (e —9)=0,

and

(@10 — ") (Ao — &) (Capg — &) + (@3 — D) (11 — ") (20 — $)

+(a;m'—¢’)(a,1,10_¢")(a220_4’)+ (a;m—¢,)(auo_¢)(a,2,2o_¢")
+ (a'l,lo_ 4’”)(‘1110 - 4’)(“;20 - ¢/) + (auo - 4’)(“’1’10 - ¢”)(a;20 - 4”) =0.

Corollary. In the case

then

¢”=O’
¢l¢2...¢"+¢2¢1...¢n+ ...+¢]¢2...¢n=-0,

all permutations of the numbers appearing.
This corollary was first stated by BENJAMIN PEIRCE.

* Ueber Systeme hioherer complexer Zahlen, Mathematische Annalen, vol. 41 (1892), p. 83-
156.

tProceedings American Academy of Arts and Sciences, May 11, 1875. See also
Linear Associative Algebra, American Journal of Mathematics, vol. 4, p. 97.
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In a manner quite similar to the development of quaternions, combinations of
the numbers may be named and studied, further developing the calculus side of
the theory, as

¢2¢1 - ¢1¢2’ ete.

§ 7. As examples, the following cases of SCHEFFERS are expressed in the

forms given here.

11, Mios Mo [(ane—¢)*=0].
111, Mios Maps Mo [(apo—¢)*=0].
111, Moo Aoz Agio [(apo—9) (@ —9)=0].
111, Mo T Moo Ay Aggs [(ay0—9)2=0].
v, Moy Murs Mags Mo [(a0—¢)*=0]..
1V, Mios Aas My Mz [laye—9)? (a30—¢) =0].
1V, Mo Magor 3 (M + 1) N0+ 2 Nygg5 Mgy + Agigs Mygs [(ane—9)*=0].
v, Mo+ Mg Mgy Oy + %7\122' Mz [(ay0 —9)*=0].
IV, Mo Aags Mps Agigs Ao - [(ayp—9)*=0].
IV, Moo Moo Aaigs Ao [(@10—9) (az0—¢) =0].
IV, Mios Moo Aaprs Ao [(a10—9) (a0 —¢)=0].
IV, Mo+ Mags Mg — Ay — Agger Ay [(aye—¢)*=0].
1V, Mo F Nazos M+ Agpis Mgy Moo [(ay0—$)2=0].
v, Mios Mas Mo Mazos [ "“:m ? a,:i¢ ': ]
V. Mios M Muzs Mg Mg [(a0—¢)*=0].
Vy Mios Ao s Mizs Mg [(a30—9)2 (azp—¢) = 0].
Vs Mios Aags s Mgars Ay [(a0—9)* (az — 9)2=0].
| Ao+ Magos Aoio F Migs — Migs My F 2 N iggs Mgy Apygs [(ay0—9)4=01.
V;. Mo F Aazos Mis Mige Aiss Ao Aass [(ayo—9)*=0].
Vs Mo F Mgos M+ 2055 Mg Mg Agurs [(any—9)*=0].
V;. Mo F Moos M Mazs Mass Mg [(aypo—¢)*=0].
Ve Mios Mazs Aaggs Agigr Agzgo [(a110— 9) (g2 — ¢)(agsp — ¢) = 0].
V, Moo Mazos Msger Ngios Aasgo [(ano — 9) (@pp — ©) (g5 — ¢) =01.
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[(a10—¢) (agp — ¢)2=10].

Vie 100 o205 Mams ey Moo

Vi Mios Mazs Aogs Mgs Az [(a110—¢)? (a0 — ¢) = 0].
Vi Mios Mazos Maigs Maps Mg [0 — 9)* (az—9) = 0].
Vs Mios Mazgs Mains Mims Moo [(ay0 — #)% (@ —¢) = 0].

§ 8. As further examples, the following of PEIRCE’s cases are expressed in
the present form :

(@) Moo [¢ —zi=0].
(%) Moo [6 = 0.
(a) Moo Ao [(¢ —=i)2=0].
(6 Mios Mizos [(p—ai)p=0].
(c) Mus Mgy [4=0].
(@) Mios M Mo [(¢—=i)*=0].
(bs) M Mizs Aypgs [¢*=0].
(03) a)\.m + Ay gy Agp + 7";22’ [¢*=0].
(d3) 7\210 + 7\m’ 7"112’ 7‘122’ [¢® = 0].
(83) Mas Aaigs My — Mg [¢2=0].
(a4) Mior M Mg Mo [(¢ —=i)*=0].
©®) Mo+ Moz @gg + Mo Ayigs Aggg F Mgy [(¢ — =) =0].
(e) Mo+ Nazgs Aagg + Mips Mias Mg [(¢ —=)2=0].
(d4) Mo F Aar Mgy Aggr Mgy — )‘121’ [(¢ —=i)2=0].
() Nazgs Az Agigr Ao [(¢ — xi)29=0].
(fi) Aazs Aoy Agigs Apggo [(¢ —=i)*=0].
(9.) Mios Maos Moo Aamps [ xﬁ;—:p x,::,¢ i = ]
(2 Mior Mzs Mazs A [(¢ —=i)¢*=0].
(i4) M Mazs Mg Mo (¢t =0].

The completion of these tables is a simple matter.
lowing paper to extend them and systematize them.

§ 9. A natural classification of algebras seems to be that according to the
Thus we have algebras of class:

It is proposed in a fol-

number and character of distinet factors.
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linear matrix, all factors linear ; ‘
quadratic matrix, some factors determinants of second order, quad-
ratic-linear, quadratic-quadratic, ete.;
cubic matrix, ete.;
of degree:
one, two, three, according to the number of factors ;
of multiplicity :
one, two, three, according to the powers of factors;
A natural treatment seems to be first to consider those of equation

(a—¢)"=0,
second, of equation
. (a1_¢)m‘(a2_¢)m"'=0’
third, of equation
| @y — ¢ g ! - 0,
an azz""l> '

ete.

This method we might call the statistical classification.

A second classification is according to the order of the framework necessary.
Thus for a framework of order 2, we may have

) 2)

) Mo Mms Mawe Mo
with sub-cases
(11) Mios Moy Miggs
(12) Mios Magos Agigs
(18) Moy Agzo
(14) Mo Mizoo
(15) Aios
(16) Ay
) Mo+ Nozos Agigo
(3) N> Mg

In such cases we should frequently find algebras of units whose substitution
effect on the jframework would be different, yet whose combination tables
would be the same.

September 1, 1902,




