ON A METHOD OF DEALING WITH THE INTERSECTIONS OF
PLANE CURVES*®

BY
F. S. MACAULAY

Introduction.

1. The following is an investigation of certain theorems which I gave in the
Proceedings of the London Mathematical Society, vol. 31 (1899),
pp. 381-423, and which were later discussed in a simpler manner by Dr. C. A.
Scorr in the Transactions of the American Mathematical Soci-
ety, vol. 3 (1902), pp. 216-263. Initials, P and 7', are used below for refer-
ence to these two sources respectively.

2. NorTHER’s fundamental theorem states that certain conditions are suffi-
cient in order that a polynomial # in two variables «, y may be of the form
Af + B, where f, ¢ are given polynomials, and 4, B undetermined polyno-
mials. These conditions may be thus expressed: Change the origin to any
point a, b, i. e., substitute « 4+ a, y + b for =,y in F, f, ¢, and expand in
ascending powers of «, y; then, whatever finite values @, b may have, /' must
be of the form 4'f'+ B’'¢p, where 4, B’ are undetermined infinite power series,
which are entirely different for different origins. Any origin at a point of inter-
section of the curves f, ¢ supplies a certain number of conditional equations for
the coefficients of #'; the conditions which different origins supply are quite
independent of one another, and there is no limit to the number of conditions
which a single origin may supply. On the other hand, any origin which is not
a point of intersection of f, ¢ supplies no conditions; for if f (say) does not
vanish at the origin, '/ f is a power series, so that #"is of the form A’f, and
therefore of the form A4’/ + B'¢.

The two memoirs mentioned in § 1 relate to the conditions which are supplied
for F in the most general case when the origin is a point at which the curves
J» ¢ have multiple points of any order and complexity, and contact of any kind.

8. We modify the notation by writing S, C,, C, for F, f, ¢(C,, C, being
either given polynomials or power series), and P,, P, for 4', B’. We also
write

C,=Za?x? 7y, C,= Zbraxr=1y1, S =Z?x?1y? (p=¢=0).

* Presented to the Society at the St. Louis meeting, September 16-17, 1904. Received for

publication November 13, 1903.
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The subject of investigation is therefore the whole system of identical equa-
tions which must be satisfied by the coefficients 22 of S in order that the identity
S = C,P, + C, P, may exist, where P, P, are undetermined power series.

It should be observed first of all that if the equation £a?2? = 0 is identically
satisfied, then all the equations 2alers = 0 ({ = m = 0) are also satisfied ; for

Spplpr iyt ="y 8= O, P, + C,P,.

a—m

It is easily proved conversely that the equation 2a?2? = 0, and consequently
the one-set system consisting of the prime equation Za?2z? = 0 and all its deriv-
ates * ZaZz?-! = 0, is identically satisfied, provided the same one-set system is
satisfied for C, and C,. Thus the whole system of identical equations satis-
fied by the 2’s consists of all the one-set systems which are satisfied by the
coefficients of C, and of C,; and we have simply to investigate the properties
of the one-set systems of equations which are satisfied by both C| and C,.

4. The work given below covers practically the same ground as Miss ScorT’s
memoir 7’; and aims at dealing with the subject in an exact and general man-
ner, although in many places the argument is based on particular examples. I
have made several attempts at different times to place the theory on a purely
algebraic foundation (cf. 2 § 8); but should probably not have succeeded
except for the help derived from 7°. T have followed 7 in regarding the one-
set theorem as the fundamental one, from which the whole subject is most natur-
ally developed, and have found the diagrams of 7" § 32 of the greatest assistance
in proving more than one important property (§§15-19). The principal
theorems proved are:

(i) The one-set theorem (§§ T-13). All the one-sets which two given curves,
or series of coefficients, satisfy make up a single one-set; provided the two
curves have not a common branch through the origin (§ 20).

Conversely, the complete solution of any one-set system of equations is expres-
sible by means of two particular solutions (§ 14). This converse is not proved
in 7', and is not a consequence of the theorem itself.

(1) T'he t-set theorem (§§ 22, 28).  All the one-sets which ¢ + 1 independent
curves, or series, satisfy make up ¢ independent one-sets, i. e., a ¢-set; provided
wie ¢ + 1 curves have not all a common branch through the origin. This may
be said to include its own converse.

(ili) The number of (ordinary) points to which the whole intersection of any
two given curves at the origin is equivalent is equal to the number of inde-
pendent equations in the one-set determined by the two curves (§ 18).

In the proof of (i) in 7" §§ 1424, so many different cases are encountered as

*EaZz;’—‘, ZarzP—?, ... are called the 1st, 2d, -- - z-derivates of the expression Ea;’z;’, and
Sab 227y Zalzl7, v, thelst, 2d, - - - y-derivates. Also E (or E)) and E! are written respect-
ively for 2oz and Zarz!=)

m

! .
q—m
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to create a doubt whether some possibilities may not have been overlooked, such
as, for example, the possibility of A, vanishing in 7" § 20. I believe, however,
that no important point is omitted ; although I am not satisfied that all the
points noted are sufficiently proved. In regard to (ii), I think the proof given
in 7" § 25 is quite incorrect, and that (ii) cannot be proved apart from difficult
considerations which are not involved in (i). An error also occurs in the proof
of (iii) in 7" § 27, which invalidates the proof of 7' § 29.

5. The proof of (ii) in 7" § 25 is based on the assumption that if m + 1 one-sets
of degree p are satisfied by ¢ + 1 given independent curves, then the process of
ascent for two of the curves will yield m ¢quations of degree p + 1 (the memoir
says p which I take to be a misprint for p + 1). But the process of ascent, as
I understand it, is a general process, applicable to all curves which satisfy the
m + 1 one-sets of degree p; and it is only the result that is applied to particu-
lar curves. This general process, when applied to m + 1 one-sets of degree p,
does not in general give m equations of degree p + 1. What must be shown is
that if all the one-sets of degree = p satisfied by the curves make up an (m +1)-
set, where m + 1 > ¢, then the process of ascent yields one or more equations of
degree p + 1, containing sufficient undetermined constants to allow of their
being satisfied by the ¢ 4 1 curves. If the above criticism is due to a misap-
prehension of the meaning of 7" § 25, it may still be maintained that the reason-
ing falls far short of a complete proof of theorem (ii).

6. The statement of 7" § 27 is: “If an expression £ and its first £ y-deriv-
ates K7, EZ, ..., E%, as well as all the z-derivates of these, vanish for two
curves that have at the origin a multiple point of order %, then all the derivates
of Z vanish, so that £ is a member of the one-set system proper to the point.”
If true, this would materially simplify the proof of (iii) in P §§12-17; but it
is assumed that no equations which involve the coefficients of powers of y only
can be satisfied for both curves, when the axes have no special relation to the
curves. This is clearly a mistake, when, as is the case in 7" § 27, the equations
do not belong to a one-set system.

Take, as an example, the point whose prime equation is

3 3 2,3 3,3
zy + mz] + m’z} 4+ m’2] =0,
the derivates of which are
2 2 2,2 __ 1 1,0
z0+mzl+mz2-—zo+mzl_zo_0.

The two curves C, C, which determine this point have only a linear branch
through the origin, so that £ =1. Now take

@ B =z, + ma; + mPz; + mP2y + mizl + ozy + B2 + vz + 825
en

1 2,3 3.3 :
El=.mz3+mzl+mzz+m*z§+az;+,8z§+'yz{.
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All the x-derivates of £ and % vanish for C| and C,, and «, B, v, 8 can be
so chosen that Z and £} also vanish for C| and C,; yet £ is not a member
of the one-set system proper to the point. It may be noticed that

B —mB = azj + Bz} + 725
but this expression can, and does, vanish for both curves, notwithstanding the
fact that it involves coefficients of powers of y only.

The one-set theorem.

7. Let O, =Zaar~?y?, O, = Zb’z"~?y?, be two given polynomials or power
series in which no terms are present of degree less than . We shall be con-
cerned chiefly with the series of elements formed by their coefficients, viz.:

i i i il il i1 i
Aoy Gpy = vy a5,a0+ 9a1+a"‘a aiil’ a0+29"‘a

bz, b;’, cee, b::, bz“, b;""l, ceey, b:’,ii, bz+2,

In each series the first 1i(¢ + 1) elements vanish, and also all elements out-
side a certain range if C,, C, are polynomials. All these vanishing elements
should, however, be considered as belonging to the series. We may assume that
no other elements vanish.* It is only essential, however, that.we assume ai not
to vanish.

We enquire first, what are the one-sets which both series satisfy? In order
that 2722 = 0 may be one it is necessary and sufficient (§ 3) that the equation
2Pzt =0, and all its derivates, should be satisfied both when 22 = a?, and
when 22 = b?. This gives at once the equations for the {’s; and the general
solution (involving arbitrary linear parameters), being substituted in 2722 = 0,
will give all the equations (both prime and derivate) of the required one-set sys-
tems, by equating to zero the coefficients of the arbitrary parameters involved in
the £’s. Moreover any particular solution of the {’s supplies the coefficients of
a one-set 2{72» = 0, which may however be a derivate of a more extensive
one-set.

8. The ¢ equations are

2frar =0, 2t =0, 2rarm1 =0, 2grart=0, ...,
and

ey =0, Zgrprt=0, 2l =0, 250t =0, -,
which may also be written

zazg,f:()’ Zaz;;‘“:o, 2(1;’;’1"*'1:0, 2(15::'"2:0,

q+1

Shrer=0,  Shrprti=0,  Shrgrtl=0,  Sprgrvi=0, ...

q+1

ety

*1If C,, C, are transformed to C}, C, when a =12’ + my’, y=Va’ + m'y’ (I/m =1 /m’), it can be
easily proved that a one-to-one correspondence exists between the one-sets satisfied by C,, C, and
the one-sets satisfied by C;, C;. The same is true for the transformation x= 1" 4- my’ 4 higher
terms, y = 'z’ +m’y’ + higher terms.




1904] THE INTERSECTIONS OF PLANE CURVES 389

These are best exhibited by simply writing down the array of the coefficients :

T R A A S A S R

i ai gL g gitl gl gl L. il 42 g it2 g2 . it2
@ a; a, a; a!)lalla21 aitl ot at? a;t? ... @ity -
Ehi ot oL bt BiFY Bi+l pi+l || pi+l pi+2 Biv2 pit2 | Bi+2
bO bl bz bi bO blh bl bi+l bO bl b2 bi+2
@ a; a, - 0 a5+] a;+‘ a;'“ . 0
0 o a ---ai 0 @it ait' ... at]-
Bi bi B ... 0 B BALBIFL ... 0 .
t i . 7 i41 i+l i+1 .
0 b b b 0 b+ b bitl .
a @ @ -0
i i
0 a aq .- 0
0 0 « ..at
. . v
12 1 1
b; b! b .. 0
10 b b e 0
| i i
I 0 0 b - bl

Thus the equations divide themselves into sets, according to the index of ¢ in
the leading terms. Corresponding to these we have sets of elements, and lead-
ing elements of a set, viz. the array of coefficients of {’s with lowest index in
the set. This index is called the degree of the set and of the corresponding set
of equations. As they stand, the sets of elements contain two, four, six, ete.,
rows respectively; but we may have to modify and diminish the sets, while
keeping the whole array or system of equations complete, in order that, in the
final form, the rows of leading elements in each set may be linearly independent.
We will suppose this done for the present, and proceed to mention the chief
properties of the equations, leaving the proofs of (ii), (iv), and (vi) to be given
later.

(i) Each ¢ with an index less than ¢ is arbitary, since its coefficient is zero
in all the equations.

Each ¢ with an index greater than the limit index is zero, as explained in (iii).

(ii) Each set in the modified array contains either one or two more rows (or
equations) than the preceding set (§ 9). If only one more, the set is said to be
irreqular; if two more, the set is reqular.

The first set will be irregular if C,, C, have precisely the same tangents at
the origin. If the first j — ¢ sets are irregular, an integral polynomial § exists
such that C, + C, .S has a multiple point of order j at the origin. Also, as C,
may be replaced by C, + C,.S for the purpose of finding the one-sets of C\, C,,
this case corresponds to two curves having multiple points of different orders
i, j at the origin.
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(iii) There cannot be more than i regular sets altogether; and at the ith
regular set the {’s vanish. For the number of {’s in the leading terms of the
ith regular set of equations is equal to the number of equations in that set; and
the same is true for every later set, by (ii). Hence all {’s with an index greater
than a certain limit index (viz., the index of the {’s in the leading terms of the
set preceding the ith regular set) are expressible in terms of {’s whose indices
exceed any assigned index, however great, and so cannot be retained. Thus all
¢’s which occur in the ith regular set must be taken to be zero.

This may also be proved in another way. Let n be the index of the {’s in
the leading terms of the ith regular set, so that # + 1 is the number of rows of
the set. Now the value of 2% (the coefficient of x*~¢y? in C P, + C,P,,
P, P, being arbitrary) is obtained by taking the sum of the products of a
column of arbitrary elements (or parameters) with the column of elements cor-
responding to C';. Hence, in 27,27, ---, 27, n + 1 significant parameters are
involved, viz., the elements of the arbitrary column corresponding to the n + 1
rows of the ith regular set, which do not appear at all in the 2’s with index < 7.
Thus 2}, 2}, - - -, 2 cannot appear permanently in any identical equation (after
their coefficients have been collected), since the n + 1 significant parameters
cannot be eliminated ; and, for the same reason, no z with an index = n can
appear. But 2”27 =0 is an identical equation ; hence {? vanishes when p = n.

(iv) If every set after the kth regular set is irregular, where k& < i, then C|,
C, are divisible by a common power series A having a multiple point of order
i — k at the origin (§20). In this case the limit index mentioned in (iii) does
not exist; and the whole intersection of C|, C, at the origin is made up of A
and the finite intersection of C,/X& and C,/K at the origin.

(v) If é,”’ =a is one solution of the & equations, it is easily seen that

P = a‘q’“, j’-—a{l’i{, . -é’l’ = olt’ (I = m), .- are other solutions (§ 8, line 6).

(vi) If §?=a? is any partlcular solution such that the o’s with the limit
index do not vanish, then the several solutions {? = a?*7 (7 = s) give the com-
plete solution, i. e., the general solution is expressible by means of a single solu-
tion, viz., {# = 2\ alt’, where the A’s are arbitrary (§§ 10-13).

This last is the fundamental property of the & equations; and from it follows
the one-set theorem § 4 (i). For all the one-sets which the series @, b satisfy are
included in 2{1’ ) = 0, when ;’P is given its general value; but

S0 = SE SN @t = SN Salt e = SN Saras

q«s’

so that the general equation 2”20 =0 gives the oneset Za722 =0 and its
derivates, and nothing more. This reasoning is not affected by the fact that
the number of the A\’s is not the least number of arbitrary parameters by means
of which the general solution for { can be expressed.

9. We have now to examine the result of modifying the array of the coeffi-
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cients (§ 8) so a3 to make the rows of leading elements in each set linearly inde-
pendent. Suppose the first p sets are regular, and the p + 1th irregular. The
leading elements of the pth and p + 1th sets are

a;, ai aj ... and ai ai aj -
P i i i

0 a af --- 0 a a -
p rows p + 1 rows

i i i i t hi

by bi bi ... bi b bi ...
i [ i hi

0 B bi-- 0 b
P TOws, P+ 1 rows;

and in the former the rows are linearly independent, but not in the latter. The
latter array differs from the former only by the addition of the last @ row, the
last b row, and the last column. Hence the first p rows a and first p rows b in
in the latter array are independent. These supply none but zero elements for
the last column ; hence the last @ row, which has a non-vanishing element @ in
the last column, is an additional independent row. The last row of all must
then be dependent on the first 2p + 1 rows, which are independent. We
can therefore multiply the first 2p + 1 rows by such quantities that, when added
to the last row, the leading elements in that row all vanish. The row of the
whole array becomes then a row belonging to the p + 2th set, with leading
terms {*+7+1, and is
c(t;+p+l , ci‘+p+1 y e, ciiﬁi: y cs'+p+2, ces, c:iﬁig’ cee

The leading elements of the p + 2th set consist now of p 4 2 rows
@iy - ooy @iy p + 2rows by, - -+, b}, and 1row ¢gt?*, ..., cit?1]. By treating the
first p 4+ 1 rows « and first p + 1 rows b in the same way as in the p + 1th set,
the p + 1th row b is replaced by a row c in the p + Sth set; similarly by means
of the p + 1 rows a after the first, and the p + 1 rows b after the first, the
p + 2th row b is replaced by a second row ¢ in the p + 3th set. The two rows
¢ in the p + 3th set are

i+p+1 itp+l | || pitp+l i—p+2 itp+2,
Cy G Ci¥pr 0 C ¢
itp+l |, pttp+l i+p+1 i+p+2
0 c() ci+p ci+p+l 0 cO *

Thus the leading elements in the p + 2th set reduce to p + 2 rows a, p rows b,
and 1 row c. Those of the p + 3th set similarly reduce to p + 8 rows a, p
rows b, and 2 rows ¢; and so on for the remaining sets, the number of @ rows
and ¢ rows increasing by 1 in each set, and the number of b rows remaining
stationary and equal to p. Thus the effect of an irregularity in the p + 1th set
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is to reduce the whole number of rows.in each set from the p + 1th onwards by
1, the gth set (¢ > p) having its ¢ rows b altered to p rows dand ¢ —p—1
TOWS C.

‘We may now consider the effect of a second irregularity, which may cccur at
the p + 2th or any later set. Suppose it occurs at the ¢ + 2th set (¢=p).
As before, the last row of leading elements of the ¢+ 2th set, i. e., the
¢ — p + 1th row ¢, must be dependent on the rest, and the row of the whole
array is replaced by a row d belonging to the g + 3th set. The same reasoning
applies as before, the only difficulty occurring with the & rows, the number of
which remains stationary after the pth set. We may, however, reinsert the b
rows which have disappeared for the purpose of deducing the d rows. The
result is that the q + 3th set will have ¢ + 8 rows a, p rows b, ¢ — p rows c,
and 1 row d; and in succeeding sets the number of @ and d rows will increase
by one in each set, and the number of b and ¢ rows will remain stationary, while
the whole number of rows in each set from the mth onwards will be again
diminished by 1. This process of modification must be continued until we
arrive at the ith regular set with leading elements linearly independent. From
and after this point the {’s vanish (§ 8, iii). The system of { equations may
then be said to be prepared for solution. The solution is obtained by starting
with the set preceding the ith regular set, and working backwards through the sets.

10. We have already seen in § 8 (v) that a single solution {» =a? gives other
solutions, viz., the (s + 1)th solution of the (» + 1)th set of solutions is
¢ =oart7(r=s). The array of these solutions, supposing / the limit index, is

q+s
g(;) Col gll ;02 ;‘(1)—2 ;‘5 g{)—l ;:} g(l) g;

T

[N ]

B o ab @l o ea o a al a o a
B} oy of af aj oot s aTy o a_, [
B ddaa. . atala o
Ef o a} adat - a . a;_Z\ T
E} o @ of ay -o-op ceap |
E} o} &b o} a} ... a ---aj—J
I 275 %t I 7y ey

This is also the array of the coefficients of the one-set system of equations consisting
of E)=20?2?=0 and all its derivates £=0, which we will call the 2 equations.
The z equations divide into sets, according to the degree, or index of z in the
leading terms, giving this name to the terms with highest index in the z equations,
and to the terms with lowest index in the { equations. We modify the z array
in the same way as the { array, so that the rows of leading elements in each set
may be linearly independent. The reasoning of § 9 shows that, after modifica-
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tion, the number of rows in any set is at most 1 more than in the previous set;
if it is 1 more, the set is called regular, otherwise it is irregular. An irregular
set has the same number of rows as the preceding set. For, in the set of equa-
tions of degree n, we cannot eliminate all the leading terms z7, 2}, -.-27,
since the rows of leading elements are independent. Nor can we eliminate
%5y 2, -+, 2'_,, a8 that would make 27 a linear function of 2’s with lower index,
and 2! also, by taking the (7 — i)th y-derivate; so that z; = 0, which is con-
trary to the hypothesis ¢} 4 0.* We here use the fact that every z with index
< ¢ vanishes, not assuming, however, that it is a consequence of the one-set
Zaba? = 0. Now the coefficients of 2}, 2}, - -, z_, are leading elements in the
set of degree » — 1. Hence the set of degree » — 1 has as many rows, and if
irregular has the same number of rows, as the set of degree n.

11. Two corresponding arrays are defined as those which have the same
number of columns and are such that the sum of the products of the elements
of any row in one and any row in the other is zero. 'When each array consists
of independent rows we shall call them corresponding independent arrays. It is
clear that if the whole number of rows of two corresponding independent arrays
is equal to the number of columns, each array represents the complete solution
of the equations given by the other array; from which it follows also that the
whole number of rows in the two arrays cannot exceed the number of columns
in either array.

The modified ¢ and z arrays are corresponding independent arrays, and so also
are the arrays of leading elements of any two sets of the same degree. Hence,
to prove that the z array gives the complete solution of the ¢ equations, it has
only to be shown that the leading elements of any two sets of the same degree
together form a square array; for then the whole { and 2z arrays also form a
square array. This amounts to proving that if the set of degree n in the ¢
array is regular, then the set of degree » — 1 in the z array is regular. We
shall prove this for a particular example, sufficiently complicated to make the
general reasoning clear.

12. Suppose that i = 5, and that the sets of degree 5, 6, 9, 11, 12 of the ¢
array are regular; then we have to prove that the sets of degree 4,5, 8,10,11
of the z array are regular. We know that the last is regular, since by hypothe-
sis, the ’s with limit index 11 do not vanish. We shall assume that the sets of
degree 10 and 8 are regular also, in which case the sets of degree 9, 7, 6 must
be irregular, and prove that the sets of degree 5 and 4 are regular; this will
include all the steps of the proof for the sets of degree 10 and 8. The { and 2
arrays are exhibited by the following table :

* This proof is taken from 7'§ 7; but is simplified by reason of the assumption ai <= 0.
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& & & & & & & &g

ay af a) af a a’ a q 1 row }re
by b b7 b b b b b’ 1 « g
ay o al ai a) o a 2 rows
b OBE BT B B BN Bl 2 « }reg'
T at d @ a a° 3 « }irr
b b b7 B b b)° 2 « )
a af a af a 4 « ],
b B BT B B 2« }‘“‘
va; aS  al  ab 5 « ]
b, b5 b b8 2 ¢«  ‘reg.
o @ 1w
a, a5 al 6 « 1
b,  bE bl 2 « i
e ¢’ ot 1 « j
al af T «
b5 6 2 Co
cg&: c{::o 1 « }reg.
‘d(l)l d32 1 13 J
ag 8 «
b5° 2 ¢ Te
cg 1 « 8-
(l)l 2 «
aj ay ad ol ad a) ' o 1 row }reg.
af af al a} a) af al l 2 rows } reg.
af af o a) ul® U - 2 « lirr.
a o a) a)® al 2 « re
s By By B B Lrow ™%
a ay )’ al 2 rows |,
5 & 8 8 Lrow [
a oy’ all 2 rows |,
s gog 1row [T
a’ al | 2 rows
T B 1 row }reg.
fy; ,Y: 1 «
ayt 2 rows
s ‘ 1 row |reg.
v | 2 rows
Zy 7y 25 7 2 2 2 2 2

Only the merest outline of the arrays is given; but the filling up will be
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understood from what has been already said. Thus the leading elements of the
third set of the upper array and fourth set of the lower array are respectively

at 0 0

5 1 gl gl g1 gl il il 11 gl
a a; 0 a4 X Ay Ay &5 Ky A7 Gy &

5 5 g5 b 1L 11 Il gl Il g1 1 I it
@ @ o a; a; and A % % a3 Ay a5 g U7 O

0 a& & a a}

00 & adadd BB RERE R B A

b b3 b} b b b 0 0

0 b5 & b b3 b5 b 0

A curious property of the z array, which we do not stay to prove, is that the
determinants formed by consecutive columns of the leading elements of any set
which is one degree higher than an irregular set are in geometrical progression.
The connected property of the { array is not expressed so simply.

13. We have to prove that the set of degree 5 in the z array is regular,

1. e., has 4 independent rows. If it is not regular, then, by joining it on to the
two preceding irregular sets, we see that the following array must vanish :

@ @l A ... oa il ... gl
S N L S LT
Bl e BB . BB . B
NN S A N
a? al® ol ay!

@ a

L BB B

at ol

al al!

B .. B

The 4th row here is reinserted, since it belongs to the complete z array, and
gives rise to the row v in the set of degree 5. The other 9 rows are independent,
as already proved, so that the 4th row is dependent on the other 9, on the sup-
position that the array vanishes. We may then add further columns to the

array, so that the new array also vanishes, by properly choosing the values of
the elements added in the 4th row. We shall add three such columns, contain-
ing three new elements 87, 8], 85 in the 4th row. Then by comparing the sets
of degree 6, 7, 8 in the { and 2 arrays the following are seen to be correspond-
ing arrays, the 4th row of the lower array being added, since it is dependent on
the others :
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a; . al .. al 2 rows
a; ces al 3 «
bg cee bg . 2 «
al .. 4 «
b . 2 «
ag .o ag a;o v a;o a;l . a;l
@ @A oAl a
6 ... 6 7 .. 7 8, 8
0 6 0 7 0 8
6 e 6 7 .. 7 3 . 8
1 7 1 8 1 9
al ..ot Gl ... gt
a}o “ee a;o a{l ceeadl
R S
all ... all
a}l - a;l
o R
Hence the following arrays also correspond :
ag - ag az 8 rows
b3 bs cee b ces g «
ad . ad . 4 «
b ce S . 2 «
a,g o 5 o
b . 2 «
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Here the only row not given by the sets of degree 7, 8, 9 of the table is the
third row of the lower array, which takes the place of the 3d and 4th rows of
the lower array in the previous step. Both arrays consist of independent rows,
the last row of the 1st set in the upper array being equivalent to a row c in the
3d set. But the number of rows in the two arrays combined is greater than
the number of columns, which is impossible. The set of degree 5 in the 2
array must therefore have 4 independent rows, and is regular.

Again, the set of degree 4 of the z array is regular; for the first 4 rows are
independent (§ 10), and, if the 5th row is dependent on them, we can add an
element «; such that the array

all ... gt
a:l. 'aél
BB
Vo s
v

vanishes. To this corresponds the array

@y @
b - b33
hence the arrays
a; - 2 rows
b; - 2 rows
a‘l’l . a‘lsl
all... a; 1
[CHERRY °H
Yo%

correspond ; which is impossible, for the same reason as before.

The above reasoning, although applied to a particular example, is perfectly
general, and shows that the general solution of any system of { equations, which
includes i regular sets of equations, is {? = 2\ a7, where {? = a? is a par-
ticular solution. From this the one-set theorem follows, as in § 8 (vi).

14. The converse theorem that the complete solution of any one-set
system of equations is expressible by means of two particular solutions

a, b(viz. 22 = Z\7a?Z] + Zp[b?77) is proved in a similar way. Taking the
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example already considered, we suppose the z array given, and have to prove
that there are two particular solutions a, b of the z equations such that, if the &
array be formed for the series @, b, the set of degree n in the { array is regular
if the set of degree » — 1 in the z array is regular. We assume that the z
equations do not require 2} to vanish (footnote § 7). The series a is then any
solution in which a 4 0, and the series b is any other solution which supplies
an additional independent row in the earliest set of the { array where it happens
to be needed. In the example considered this is the first set, so that a suit-
able choice for the solution & would be any one in which &} = 0, provided
b3, b2, b3, b3, b} do not all vanish.

If the set of degree 6 in the { array were not then regular, o} could be so
chosen that the.two following arrays correspond :

a --- 2 rows
by .- 2 rows
a . ap
a:l . a;l
B - B
78 ..ryz

The v row is added by comparing the sets of degree 5, assuming the 2d b row
dependent. From this it follows that the two independent arrays

a - 1 row
by .- 1 row
a(le cooqlt
all ... alt
By - B
Vo s
R

correspond, which is impossible. Hence the set of degree 6 in the { array is
regular. Similarly the rest of the proof of the direct theorem can be reversed ;
and it follows that the sets of degree 9, 11, 12 in the { array are regular. This
proves the converse theorem. The one-set theorem is, I believe, true for any
number of dimensions; but the converse is only true for two dimensions.
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The irregularities of @ one-set.

15. The diagram (7' § 32) of the equations of the one-set of § 12 above is

M| ES
M B B
$| B B

#|E ES FP

7 |E E: F

& | B E> F?

#|ES ES FP @

2 |E E. F: @ G,

where E) =Za22?, F) = 2B?2?, G)=Zqrz?. This diagram shows the
irregularities in the simplest way. There are three irregularities altogether, one
before F? appears, and two consecutive ones before G appears. Consecutive
irregularities can be considered together, but separated irregularities must be
considered by themselves in the order in which they appear.

It is clear that F replaces £, and is equal to £} modified by £’s which

occur in the first two columns, viz.,
F)=flEl+ fIE! + [} E], where  f7=1.

We shall say that #?~?y? corresponds to £?, so that the polynomial which cor-
responds to F) is
F=fie+fiwy+ iy

Again @) is F! (or E}) modified, viz.,
QL= (B}, B2y F2, B, Bl B B YO = g5 4 -
and to G corresponds a series g (g3 = 1), and polynomial &, viz.,
G = g3a* + gia'y + glay’ + 939" + 90w + 9wy + g1 + gha + glaty.

Also, from the first expression for G') above, since x#', yF' correspond to #';,
F'}, we have

G =Fu + P,,

where % is a homogeneous polynomial in x, y of degree n, and P, denotes a
polynomial, or power series, whose lowest terms are of degree n.

16. The relation f} E? + f? E? + f} E} = F{, where F is one degree lower
in 2’s than B}, E?, E}, shows that the following arrays correspond :
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5
zo 2

23 S VRS PR R R R 1}
Solaw & @ el a

2| 1 11 1 11 1
Sila ot ol ol ol oo
2| 11 1 01 01 a1 L
il o al o o o
1| f2 2 2
0 1 2

m o J1 /2
n So f1 S
r So 1S

Hence the lower array gives a complete solution for 2, - .-, 2}, so that
Bt + Aty 4 -2

= (F1a +floy + [1y) (1o + maty + nay? + 1y*) = Fu,
or, if §= 22?ax?~?y? is the general polynomial which satisfies the one-set,

S = F U, + 'PG‘
Again, from the relation

BES+ -+ GE+ G B+ EL+ 91 Bi+ 0 EL + gLEY = G,

combined with the former relation, we see that the two following arrays corres-

pond:

A R I e
gz a .ooad A ... a? ot <. ol
g‘i’ a‘l’ v ag a}o ve a;o a}l v agl
gg ad .- a’; al ... ago ajt ceeall
93| - @ o o o < a
go| & o gl e oy
g; a® ... al® af! ... al
gg a;o cee a;o a;l e a;l
9'3 azl e agl
gf at ... all

9919297 90919 9 91 3 rows

90919:93 95 91 92 4 rows
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Hence

S = G(u, + u,) + Fu, + Py,
since the upper array has all its rows independent except the 4th, and conse-
quently the lower array gives a complete solution for 2°, 2, 27.

Two results should be noted, which hold for any one-set: (i) S is expressible
by means of #, @, --- up to and including terms of a degree equal to the index
of ¥ in the last row of the diagram of the one.set; and (ii) the solution
S= G(u,+ u;) + Fu, + P, is the general solution of the i equations of the
one-set (and all their derivates) contained in the ith line of the diagram when

written in £’s only, viz., in the present example,
Y
£y Ei
E} E} Ej
E} EY E} Ej
E, EY E; E; LK

B E} E}
E; E} Ej
E} E..

The general solution of the whole one-set is obtained by applying to u,, u,, v, ,
P the conditions which arise from the equations contained in the first 4 (or
i—1) lines of this diagram. There are two equations (F; =0, G%=0)
which involve the coefficients of u,, w;, w, only, of which one (G') = 0) involves
the coefficients of u, only; the other 8 involve in addition the coefficients of
P,. The above form of the diagram is easily obtained from the original form
by writing for the #”’s and G'’s their equivalent £s.

17. Take the still more complicated one-set whose diagram is
27| K}

22| Ey E! FS

7 |Ey EP Fy Fi Fy Q%
#|Ey En F) F] Fi G}
#|ER E: Fy F% Fi G

There are three groups of consecutive irregularities, to the third of which cor-
responds an expression /), containing no 2° or 2%, where

0 1
Hi= (G, Gi, Gi, F, Fi, F}, Fi, F}, F}, B}, EY, Ef?, E*)V,

Am. Trans. Math. Soc. 27
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Since F'y, G}, H} replace K3, E}, K} respectively, we have, as in § 16,
8= F(u,+ u,) + Py,
S=G(u +u,+ u) + F(u, + u,) + P,
@) S=H(uy+u)+ G(uy+ v, +u) + F(u, + u,) + P,,.
Also, from the relations,
Go=(F%, Fi, F3, F5, - B EL, - ),
Hy = (G, Gi, G, Fi, Fi, Fi, ..., B}, B}, ... )",

we have

(2) G=F(v,+v,)+ P

(3) H= G(v, +v,)+ F(v,+v)+ P,

4) H= G(v,+v,)+ P,, from (3),

) H=F(vv, +v,)+ P, from (2) and (3).

In (2) and (3) we may restrict v, to 8 terms, x*, «*y, «*y*, v, to 1 term, and
v,, v each to 8 terms; but this has no special significance for what follows.
None of the coefficients of w,, u,, u,, u,, u,, uy, u,;, in (1) can be dispensed
with, although other forms than (1) might be adopted for .§. The polynomial
F contains terms of degree 2 and 3, G contains terms of degree 5 to 9, and H
contains terms of degree 6 to 12. The relations (2) and (3) show that the addi-
tion of Hu, or G'u; would not alter the form of the right hand side of (1).

Geometmcal mterpretatwn When the last of the polynomials 7', G,
has all its tangents distinet the above results can be interpreted geometr 1cally
The line £}, E! of the diagram, being followed by T irregularities in all, indi-
cates that the two branches of § whose tangents are fia? + fPay + f7y*=0
have contact of the Tth order with two branches of I, i. e., they are fixed to
the Tth order. Theline £¢, Ef, F?, F?, F}, being followed by 5 irregulari-
ties, indicates that 3 more branches of .S, whose tangents are v, = 0, have con-
tact of the 5th order with three other branches of A '; and the line £°, -.., G,
being followed by 2 irregularities, indicates that the last branch of S, whose
tangent is v, = 0, has contact of the 2d order with the last branch of /. In
other words, all the 6 branches of S are fixed to the 2d order, 5 branches are
fixed to the 5th order, and 2 to the Tth order.

To prove this, let G', F'' denote the power series which divide /7, and have
the same tangents as G/, F respectively. Then from (4) G = G' + P,, and
from (1) S = G’ P, + P, ; hence 5 of the branches of S have contact with G,
and with A, of the 5th order. Again, from (5), #= F’ + P,, and from (3),
G (v, +v,)=F'(v,9,+ ---)+ P,;; hence F' has contact w1th @ of the 5th
order, i. e., G = F'(v,+ ---) + P,; hence, from (1), 8= F'P, + P; i. e,
two of the branches of S have contact with #', and with A, of the Tth order.
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This interpretation of the irregularities agrees with that suggested by Miss
Scott in 7" § 32. The interpretation does not apply if /7 has any cusp or higher
singularity at the origin.

18. The number of intersections. It follows from § 17, when the last of the
polynomials 7', @, ---. has all its tangents distinct, that the whole intersection
at the origin of any two curves which satisfy the one-set is at least equivalent to
as many ordinary points as there are independent equations in the onme-set.
From the diagram we can choose 6 lines containing 1, 2, ..., 6 equations
respectively, to which may be added the 15 equations 2° = 0 when p <5 (the
equations z° = 0 being included in the diagram). These make 6° (or ¢*) equa-
tions. There are still left in the diagram 2 lines containing 2 equations preced-
ing the line containing F7}, 8 lines of 5 equations preceding (9, and 2 lines of
6 equations after G7); counting these by columns thereare 2 x 7T+3 x 6 +1x 2
equations, which equals the number of additional intersections of the two curves
due to the contacts of their several branches, which they have in common with
H. 1f the two curves had further contact the number of their intersections
would exceed the number of independent equations of the one-set; but in this
case it follows from what is proved below that the one-set would not then be the
whole one-set of the two curves.

This result follows from the relations (1), (2), (8) on the supposition that all
the tangents of A are distinct. If A had some or all of its tangents coincident,
the number of the intersections would not thereby be diminished, although it is
conceivable that it might be increased. Hence we may assume it to be always
true that the number of intersections at the origin of any two curves which
satisfy a given one-set is at least equal to the number of independent equations
of the one-set.

From this it can be shown that the two numbers are exactly equal when the
one-set is the whole one-set of the two curves. Choose two curves C,, C, of
degrees [, m, having a given one-set for their whole one-set (§ 14), and such
that their terms of highest degree have no factor in common. Let § be a curve
of degree = I+ m — 2 with all its coefficients at disposal. By making S satisfy
the one-set, we have § = C P, + C,P,. Also, by moving the origin in succes-
sion to each point of intersection of C,, C,, and making S satisfy all the cor-
responding one-sets, S takes the form C P, + C,P, for every point of intersec-
tion of C,, C,. Hence, by NoETHER’s Theorem, §= C.S, + C,S,, where
C, S, and C, 8, are of the same degree as S, since the terms of degree 7, m
in C|, C, have no common factor. But the number of independent equations
that must be satisfied by the coefficients of S (of degree = ! 4 m — 2) in order
that it may be of the above form is known to be lm, which is also the number
of ordinary points of intersection of C,, C,. Hence the equations of the one-
sets of C, C, for all their points of intersection are equivalent to the same
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number (Im) of independent equations. This can only be true when the num-
ber of independent equations in each one-set is equal to (since it does not exceed)
the corresponding number of ordinary intersections.

19. Another theorem of importance follows from § 17. Any ¢-set contained
in a oneset £ can be written in the form of the equations Za? £? =0,
2bP E? =0, ... with all their derivates Za? £?}' =0,.... The theorem is
that if the t-set includes all the equations in the first line of the diagram of K
which has the full complement of i equations then any series which satisfies
the one-set is expressible by means of the series a, b, --., 1. e.,

S=AP+ BQ+---

where A = Za;’m”"qy", -y and P, Q, -- - are power series. Also P, @, ---
can all be chosen so as to vanish when x=y=0. Also, if Za) E?=01is
any equation included in the t-set, then the series a’ is expressible by means of
the series a, b, -.-.

We shall prove this for the one-set of §17. The ¢-set then includes all the
equations E)°, E°, F¢, Ff, F}, G}. Any equation Zq," E? =0 included
in the ¢-set is expressible identically in the form

Sa) EP =3\ Za? B2 4 Su S0P BRI + -
for Eaz E{,’i:, etc., include all the independent expressions in 2z involved in the
equations of the ¢-set. This identity, however, is one in 2’s; but we may equate
coefficients of Z’sif we first add to the right hand side all expressions in £’s which
identically vanish, each with an undetermined multiplier. All such expressions,
as well as several others which do not identically vanish, are included in x-deri-

vates of £, F1°, F'S, F¢, F'%, and all derivates of G*}. Hence we obtain
A =AP+BQ+---+ GP, + FP + P,

where P, denotes as before a power series whose lowest terms are of degree n.
It has to be shown that G.P, + FP, 4+ P, may be omitted from this identity.
Since £, £ are included in the ¢-set and £, EY, ..., E'l) are expressible
in terms of these and F#”s with index = 8 (for F'j replaces £}) we may put 4’
equal to any one of «'°, 2°y, ---, '°; hence P, may be omitted from the form
for A’. Again, since F'§, F'$, F'S are included in the ¢-set, and F'§, .- - F'§ are
expressible in terms of these and £’s with index = 10 and G'’s with index = 3,
we may put A’ equal to any one of the polynomials &’F', &’y F', ---, y°F'; from
which it easily follows that #'P, may be omitted in the form for 4’. Finally,
since G is included in the ¢-set, we may write G for 4’ ; so that G.P, may be

omitted. Hence
A'=AP+ BQ+ ---,

i. e., the series @’ is expressible by means of the series @, b, - - -
Also, since (§17)

S= G(u + u+ %) + F(u, + %) + P,
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and G, FP,, P, are all of the form 4’, we have
S=AP+ BQ+ .-,

where P, @, - - - are power series which all vanish when # =y = 0. Hence also
we have the following theorem, which will be used later : —

A one-set E can always be found containing any given t-set, such that if
the t-set be expressed in any manner in the form Za E* =0, 2b* E? =0, ...,
then any polynomial satisfying the one-set is of the form AP + BQ + ---,
where A = Ea’;ac”—q Y4, -, and P, Q, - -- are power series which vanish when
r=y=0.

Let a’, b, -- - be the series, and 4", B’, - .. the corresponding polynomials,
by means of which the general solution of the z-set can be expressed. Let A’
have terms of as low degree ¢ as any one of the polynomials 4', B, ....
Divide A’ into all the other polynomials until remainders are obtained com-
mencing with terms of as high degree as possible; these remainders may be
taken as the polynomials B’, C', .... Let B’ have terms of as low degree
Jj(Zi)as anyoneof B, C’,.... Then the one-set of A", B’ satisfies the
conditions. This one-set contains the ¢-set; each of the lines in its diagram cor-
responding to z*~!, ..., #/~! contains ¢ equations, and the line corresponding to
% contains only ¢ — 1 equations. Also the equations in the line corresponding
to 27~ gives all the one-sets of degree j — 1 satisfied by the series @’ ; and these
one-sets are all satisfied by each of the series «’, b', - - - (since every b, ¢, --
with index < j vanishes), and are therefore all included in the z-set. Hence the
theorem follows.

It is not necessary for this theorem that the series @, b, . - should be inde-
pendent, or limited in number; nor is it necessary that the one-set should be
restricted to the choice that has been made. It is proved in §§ 22, 23 that the
one-set & may be chosen as the one-set of any pair of the series a¢’, b, ...,
provided these are all independent.

20. In the case where the ¢ equations of two series @, b include only % regular
sets altogether, where £ < 7, the following array will vanish, however far it may
be carried :

a; att .. a@it® ... k+1rows
b bitl ... B . k41w
a; e R
bi . bt . ko«
a; k438 «

b .. ko




406 F. 8. MACAULAY: A METHOD OF DEALING WITH [October

there being only % rows b in each set except the first. For if the rows of this
array were all independent, and we modify it so that the leading elements in
each set may be independent, we must come sometime to a set containing & + 1
rows in addition to the rows @, which is contrary to the hypothesis. Hence the
whole last row of the 1st set is dependent on the other rows of the array. We
may border the array by a row of arbitrary elements, and a column which is not
arbitrary, viz.,

D S U Sy A E WIS S| a1
Po>s y Pry Tgs sy Ops Py s s Prt1r o 9 "7y O30
T S e
Po s s Pr+zs Og y 0,70 )

in which o% is not zero, and take the sum of every element in the array multi-
plied by the two corresponding elements in the border to be zero. Choosing the
elements of the border row to be

i+k i+k—1 i+k i+k+1 i+% i+k+1 i-+k+2
@itk githly L gk gL gty iR gtk
we obtain the identity

pex*C + pie* 'y O + -+ + (e Oy + of* 'y Oy + - =0,
or
CP + CP,=0,

where P, P, are power series in which terms of order % are present, since
4 0. Hence C,, C, have a common factor with a multiple point at least of
order ¢ — k at the origin;* for if all the common factors of P,, P, which
vanish at the origin be divided out, C, and C, will be divisible by the factors
which remain, and the quotients will be identical, except in sign.

Independence of one-sets and of series.

21. A t-set system of equations is not equivalent to any but a t-set system.
It will be sufficient to prove this for a 3-set, # = £’ = E”= 0. In the first
place no identical relation of the form

SNE+ 3N E” 4+ SN'E” =0

can exist, in which A3, ;°, A, are not all zero. For if A? = 1, then, by taking
all the derivates of the identity we can find all the derivates of £/, and finally
E itself, in terms of £’, £ and their derivates, so that the system is not a 3-
set. Suppose then that the 3-set is equivalent to a 2-set /= F"'=0. Then
E, E’', E” are expressible in terms of #, '’ and their derivates, and also
F, F' in terms of £, E', " and their derivates, i. e.,

*BERRY, On a case of divisibilily, etc., Proceedings of the London Mathematical
Society, vol. 30 (1899), p. 275.
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E=\F4+\NF' +..-4+NF'+ )\;’F;'_,_ ey
E' =pF+p'F' + -,
E'=vF+vVF +...,
F=pE+p'E' +p'E"+ .-,
F' =cFE+c'E +d"E" +--..
Substitute from the last two and their derivates in the first three, then
E=NpE+pE +pE)+ N@E+ 0 E'+E')+ -,
E' =p(pE+pE +p'E")Y+ p'(cE+d'E'+0"E")+ -,
E' =v(pE+pE' +pE"Y+V(E+cE'+d"E")+---.

In the last three identities the coefficients of £, E’, E” vanish, from above;
hence we have

A A0 p o 0 1 0 0

p p O0lxip o 0|=(0 1 0({=1,

v v 0 p’ o 0 0 0 1
which is impossible. Hence it is clear that the 3-set is not equivalent to any
but a 3-set.

Any number of series @, b, ¢, --- are said to be independent if no one is
expressible by means of the rest. In such a case no relation of the form

2o’ ar=’ + 28 b;’:g’ + -+ - = 0 can exist for all values of p,q (p = ¢ =0) fixed
for one relation, unless af, B, - -- all vanish. For the above relation gives an
identity 4,C, + A4,C, + ---= 0, where 4, 4,, ---, C|, C,, - - - are the power

series corresponding to the series a, 8, ---, @, b, - -, from which one of the
power series C,, C,, - --is expressible by means of the rest if one of the con-
stant terms of 4, 4,, -- -, viz,, o, B}, -- -, does not vanish. From this it can
be proved in the same way as above that ¢ + 1 independent series are mot
equivalent to any but t + 1 independent series either in respect to the series which
are expressible by means of them, or in respect to the one-sets which they satisfy.

The t-set theorem.

22. Consider all the one-sets satisfied by the ¢’ + 2 given independent series
a',b,.... Let F= Zalz? be any one-set (e. g.,the one-set of «’, b’, which is
the choice we shall eventually make) containing all the one-sets. Then the gen-
eral one-set contained in £ is

0w
22'1 E{; =0.
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In order that this and all its derivates z." E»}! = 0 may be satisfied by the
series a’, we have

P P /I) 41
SHPAT =0, oy SPAT =0, .,

qtm

where A;” is the value of E{I when the series @’ is written for z. But

Ez;pA;p = Zz;PEa: P Ez”’Za"“’a

s—q s+q

— T r4p p . r P 1p—=r — " ' r
o =2a, 3a[?2" = Za, Zabz " = Za, K,
and similarly
/PArP+l — 2 rer"+l

q+m 8 st+m *

Hence the necessary and sufficient condition that the series ¢’ may satisfy the
one-set 2z/"E» = 0 is that the series 2’ should satisfy the one-set =a."E7 =0,
or 2a"E?» = 0; and in order that all the series a’, o', - may satisfy the one-set
Ez"’EP 0, it is necessary and sufficient that the series 2’ should satisfy the
t + 2 one-sets Zaqu{I’ =0, Zb;"E{; =0,

Let the general solution of these ¢ + 2 one-sets be expressible by the ¢ inde-
pendent series a, b, ---; then expressing 2z’ by the series a, b , -- -, and substi-
tuting in 3z, E? = 0, we see that the ¢ one-sets

200 E* =0, 200 Bt =0, (¢ one-sets)

make up all the one-sets which the given series a’, &', - .. satisfy. DBetween
these ¢ one-sets, and the ¢' 4+ 2 one-sets

SaE?=0, 2 E? =0, ... (t' + 2 one-sets),

a reciprocal relation exists, viz., the complete solution of the ¢ one-sets is given
by the ¢ + 2 independent series a’, b’, --., and the complete solution of the
t" + 2 one-sets is given by the ¢ independent series @, b, ---. Such mutually
related systems are said to be residual with respect to the one-set #.*

*If S is the general power series which satisfies the ¢ one-sets, then
S=A’P+B'Q+---,

where 47, B/, - - - are the power series eorresponding to the series a/, b/, ---, and P, Q, - - - are
arbitrary power series. Further, in order that S’ may be the general power series such that S5/
satisfies the one-set, it is necessary and sufficient that 4/8’, B’ S, - - - should satisfy the one-set,
i. e., that S/ should satisfy the ¢ 4 2 one-sets, or that S’ should be of the form

&/ =AP+ BQ+---.

Thus, if §, §’ are any power series satisfying the ¢ one-sets and ¢ + 2 one-sets respectively, then
S satisfies the one-set. 1t is proved in P ¢ 32 that the number of independent equations in
the ¢ one-sets added to the number of independent equations in the ¢ 4 2 one-sets is equal to the
number of independent equations in the one-set E.
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23. The ¢’ + 2 one-sets Za”, E2 = 0, ete., will be independent provided the

series A, k£ which determine the one-set Z are such that

H=A4'P +BQ +---,

K=AP +BQ + -,
where P, Q,-.-, P', @, --- are power series which all vanish when
w=y=0. For the ¢/ + 1 onesets 26" B> =0,32c?E? =0, ... are the
equations which the series 2" has to satisfy in order that the series ', ¢’, ---
may satisfy the one-set 22" £ = 0; and if the one-set Za”} E? = 0 is depen-
dent on the remaining ¢" + 1 one-sets, the series ¢’ must satisfy all the one-sets
contained in &, viz., all the one-sets Zz'f; £? =0, which the series b',¢’, - -
satisfy, i. e., @’ must satisfy all the one-sets which %, %, d’, ¢, - .. satisfy.
Hence 4’ must be expressible by means of H, K, B', C', --- and therefore
also by means of B’, €', ... alone, which is impossible, since the series
a’, b, ... are independent.

Again, the ¢’ + 2 one-sets cannot reduce to less than ¢’ independent one-sets,
and do reduce to a t'-set if H= A" and K = B’; for then Za’z E{; and
2b7 B vanish identically. If the first three of the ¢’ 4 2 one-sets were depen-
dent on the rest, it would follow as above that the series @', &', ¢’ would be
expressible by means of %, & and the remaining series, so that the ¢’ 4+ 2 inde-
pendent series a’, &', -- . would be equivalent to ¢ + 1 independent series only,
which is impossible (§ 20).

Similar properties hold for the ¢ one-sets £a? £» =0, etc., which form a
definite or given system of equations, independent of %, since their solutions
are the given series a@’, b', ---. Choose two solutions %, % of the ¢ one-sets for
determining the one-set % as in § 18, so that

H=AP+ BQ+ ---, K=AP + BQ + ---,

where P, Q, --., P’, @', --- all vanish when @ =y = 0. In this case we may
take H, K to be A’, B’ respectively; the ¢ one-sets are then independent, from
above, i. e., they make a ¢-set, and the ¢ 4+ 2 one-sets make a t’-set. Hence to
any t-set, determined by ¢’ 4 2 independent series, there corresponds a residual
t'-set determined by ¢ independent series. Thus, starting from the ¢-set, we can
form the following chain of residues, to each of which we can assign the corre-
sponding number of independent series,

t-set t'-set (¢ —2)-set (¢ — 2)-set

ete.
(¢ + 2) series ¢ series ¢’ series (t — 2) series

If t' is odd we must come to a one-set, to which nothing but two series can
correspond (§ 14); and if ¢’ is even, we must come to two series, to which noth-
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ing but a one-set can correspond (§ 13). Hence it follows that ¢ =1¢" + 1, and
that all the one-sets which ¢ 4 1 independent series satisfy make up a ¢-set.
This is the ¢-set theorem.

24. If the ¢ independent one-sets, or ¢-set, Ea‘q’ E‘; = 0, etc. and the ¢’ inde-
pendent one-sets, or ¢'-set, Ea;” E§= 0, ete., are residual with respect to the
one-set %, determined by the two series 4, &, then the relations between the
series a, b, ---,a’, b',---,and A, k are as follows. No one of the series
a, b, -..1is expressible by means of the rest and A, £, since the ¢ one-sets
Sa?E? =0, etc., are independent. If % (or k) is dependent on a, b, ---,
then, when A ( or K) is expressed in the form AP + BQ + ---, the constant
terms of the power series P, @, --- must all vanish. Similarly for the series
a',b',-..,and A, k. The numbers ¢, ¢’ can differ at most by unity.

() If ¢ =t — 1, the series 4, & are dependent on a, b, - - -, and independent
of a’, b’y ... This is the case of § 23 after omitting a’, b'.

If ¢ =t + 1, the series &, k are dependent on a', &', - - -, and independent
ofa,b,-.--.

(ii) If ¢" = ¢, the series &, k& can be so modified, without altering the whole
one-set % determined by them, that % is dependent on a, b, - -- and indepen-
dent of a’, &', -, and k is dependent on a’, &', - - - and independent of a, b, - - -.
This is not proved above.

Also if a t-set and ¢'-set are residual with respect to a one-set £ they can be
expressed as ¢’ + 1 one-sets and ¢ + 1 one-sets respectively,

Za? B? = 0, 262 E" = 0, --- (t' + 1 one-sets or ¢-set),
ZarE? = 0, Eb;PEIq’ =0, --. (¢4 1 one-sets or t'-set),

where the ¢' + 1 independent series @, b, - -- give the complete solution of the
t'-set, and the £ + 1 independent series «’, d’, - - - give the complete solution of
the t-set. Here two of the ¢ + 1 one-sets are dependent on the rest, or two of
the ¢ 4+ 1 one-sets are dependent on the rest, or one one-set is dependent on the
rest in each system; each of the series %, & being among one or other of the
t+ 1 and ¢’ + 1 series.
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