IMPROPER MULTIPLE INTEGRALS

BY
R. G. D. RICHARDSON *

INTRODUCTION.

This paper is a continuation of a recent article by Professor PIERPONT in this
journal.t In that article attention is called to the fact that two methods for
defining improper multiple integrals are available;} one being that ordinarily
followed ; the other, that due to DE LA VALLEE-PouUssIN. In the present paper
the theory will be developed from the latter point of view.

It is useful at the outset to introduce a notation that will obviate the difficulty
that might arise from confusing the integrals defined by these different methods.
Where any doubt is possible we shall denote || by J the integral defined by the
ordinary process, and by V that obtained by following the method of DE LA
VaLLte-PoussiN. It is evident at a glance that the integral V may, in all
cases, be proved absolutely convergent. At the time of writing his article,
Professor PIERPONT had not been able to prove that his generalized integral J
must necessarily be absolutely convergent, and hence a more general treatment
seemed possible by following the older method of definition. We shall show in
§ 1 that the integral J is absolutely convergent. The discussion in the paper
cited above may then be considerably simplified. After the definition in § 2 of
the improper multiple integral V, it is proved that the existence of either J or V
is a necessary and sufficient condition for the existence of the other, and that
both methods lead to the same result. In § 3 various tests for the convergence
of singular integrals are outlined.

In this paper we shall regard the field of integration as limited. In a later
paper various conditions for continuity, inversion of the order of integration,
and reduction of multiple integrals to multiply iterated integrals will be dis-
cussed for both finite and infinite fields. In general it will be assumed that,
in any partial aggregate in which the integrand is limited, the integral exists.
" #Presented to the Society (New York), December 28, 1905. Received for publication
February 5, 1906.

tTransactions of the American Mathematical Society, vol. 7 (1906), pp. 153-
174.

1 Loc. cit., p. 153, ¢1.

|| The letters J and V are chosen to suggest respeotively the names of the authors, JORDAN and
VALLEE-POUSSIN, who introduced these methods for less geueral cases.

Trans, Am, Math, Soc. 30 449
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In nearly all cases, however, the reasoning will hold for an upper or a lower
integral. In any instance where the notation is not explained, the reader is
referred to the paper cited above, or to a recent treatise* on the theory of func-
tions by the same author.

§ 1. Absolute convergence of the integrals defined by the first method.

Before attacking the main problem we must prove some preliminary theorems.
When the proof is simple, details are sometimes omitted.

Tuarorem 1. Let f be a limited function of m variables =, x,, ---, x,
defined over a limited aggregate A. Let C be a constant. Then

j:(.f+ 0)=£f+f;§’-

This follows at once from the relation max ( f+ C') = max f 4 C in any cell
8, of the division A.

THEOREM 2. Let f= 0 be limited and defined over g limited aggregate N .
Let B and € be partial aggregates of N, not necessarily unmixed, such that

A=B+C. Then _ _ _
j;féfsf+j;f.

For, ﬁs = %s + @8. Hence if M, is the maximum of £ in the cell §_,
Z'M;sx é Z'M;tsx + Z'M;xsx'
El B [

Passing to the limit & = 0, the theorem is proved.

TreOREM 8. Let B be any limited aggregate, and € a partial aggregate
of B. If any improper limiting points of € lie in B, adjoin them to € and
call the resulting aggregate C. Let A, A,, --- be a series of superimposed
divisions whose norms 8, 8,, - -- converge to zero. Denote by B, all points
of B lying in those cells of A, which contain at least one point of C. Since
B, contains C we may write B, =C + B,. Then

1°. The aggregates B, B,, --- are such that B,_ = B,.

2°. The aggregates B,, B,, - have no point in common.

8°. Lim,_, B, =0.

To prove 1° note that, since the divisions are superimposed, each aggregate
B,_, contains at least all of B,. As C does not change with the division,
B _,=ZB,.

Suppose now B,, B,, - - - have a point P in common; P cannot be a limiting
point of C, for P lies in B, and hence in B, and'in B. But all limiting points

* Lectures on the Theory of Functions of Real Variables, vol. 1, Ginn & Co. (1905). This will
be referred to as Lectures.
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of Clying in B, lie in C and cannot therefore be in any B,. Hence for p suf-
ficiently small, no poiut of C' and hence no point of € lies in D, (P)*, the
domain of P of norm p. Now if v be taken sufficiently large, every point of
that cell of the division A , »=v, containing the point P must be entirely
within D, (P). But this cell contains at least one point of €, which is a contra-
diction. The theorem 2° then follows.

To prove 38°, we assume on the contrary, lim,_, B,=8>0. Then
El = Ez = ... Z B; i e, there are points in common to this series, no matter
how great n is taken. This contradicts 2°, and the theorem is proved.

THEOREM 4. Let f be alimited function defined over a limited aggregate A .
Let B be a partial aggregate of A such that B=N. Let f be positive
in B, and negative or zero elsewhere in A. Then

fr=f+

Every cell containing a point of I contains a point of B, for otherwise
B <¥A. Hence

ff=1imzzm8,=1imzzms_=ff.
oJx A 3 B

THEOREM 5. Let f be limited and defined over a limited aggregate %A .
Let B denote the points of A where f> 0. Let g=fin B and let g =0 at

other points of A. Then _ _
Jo=Ls
A 3

For let A be a division of space of narm 8. Let &, denote cells containing
points of B, while 8, denotes cells containing points of I but none of ¥. Then,

since g, =0,
;ys=zg«.85 + Zgg = ;f:sc'

Passing to limit 8 = 0, the theorem is proved.

It is now possible to prove the main theorem, which is a generalization of
theorem 21.t There it is proved for relatively measurable fields; here all
restrictions on the field are removed.

THEOREM 6. Let f(x,, x,, -+, %, ) be defined over any limited aggregate

% I )
[ '_f!f

are both convergent, they are absolutely convergent.

* For further definition of the symbol, see Lectures, p. 153.
1 Loe. cit., p. 164.
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Let
g=Jf when />0, ¢g=0 when f=0
and
h=—jf when f<0, hA=0 when f=0.

Then | f| =g + A. The upper integral of | /| will be convergent if the upper
integrals of g and % converge. We shall show first that for ¢ > 0 we can find
8> 0, such that, if B is an aggregate exterior to the aggregate I of singular
points, and B < & then

IE

1)
By theorem 5 * we can take & such that, if B, is a partial unmixed aggregate
of B,

@ [ 1

Denote by € the points of B where f> 0. Adjoin to € all its improper limit-
ing points and call the resulting aggregate C. Thent O=C. LetA, A,, -
be a set of superimposed divisions whose norms converge to zero. Denote by
9B, all points of B in the cells of A, which contain at least one point of C'.
Then B, = C + B,. Choose a constant M such that £+ M > 0 for all points
of 8. Then by theorem 1

3) f(f+ M)=ff+fM.
By B [
Also by theorem 2 and Lectures, § 729, 6,

< €.

€
<§-

Sz [rms e+ [ o+,

or
@ o= [(f+2)- [+ 0= [ (£+ 1),
Similarly ) )

(5) OéfM—'EMéﬁM.

From theorem 3, v may be chosen so large that for » = v, B, is less than any
assigned quantity. Hence

®) f;M<—‘3-, f;<f+M><-g.

* Loc. cit., p. 159.
t Lectures, p. 522, § 715.
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Subtracting (4) and (5) and using (6) and (3), we have

M [~ [7]<%.

and by use of (2),

8) f f<e.
c
But by theorems 4 and 5,

©) r=[r= 9

Finally from (8) and (9),

In an analogous manner it is shown' that

j:h<e.
_L! éfm f(g+h><2e

§ 2. A second method for defining improper multiple integrals.
Criteria for convergence.

Then

The method followed in this new definition has as its foundation an outline
given by DE LA VALLEE-PouUssIN.*  Although the increase in the number of
variables is an extension, the chief generalization is in regard to the field.
While he expressly assumes that the contour in two dimensions is a curve
C which is cut but a finite number of times by a line parallel to one of the
axes, we put no conditions whatever on the boundary, except to asswmne that it
is of content zero.

Until it has been proved that the integral defined by this method is identical
with that discussed in § 1, the symbols J and V will be used for the integrals
defined by the first and second methods ; later, this auxiliary notation will be
unnecessary.

If f is both positive and negative in %, we define new functions as follows :

¢ =0 when f=0, ¢ =/ when >0
¥ =0 when f=0, ¥ =|f| when £ <0.

*Journal de Mathématiques, ser. 4, vol. 8 (1892), p. 421.

and
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Then f = ¢ — 4. Take A, A, arbitrarily large and define the auxiliary func-
tions ¢, , ¥,,.
¢, = ¢ for ¢ <A, ¢\, =\, for ¢ =2,

V¥, =¥ for Y <A, ¥, =\, for y = A,
The corresponding function of f* will be denoted by the symbol £, ,, = ¢, — ¥,,.
For any X and A, the function f] ,, possesses an integral (definite, upper, or
lower) and is a function of x,, ..., 2, and of the parameters A, A,. If now
lim  V,f, .,

A=, Ap=®

and

exists and is finite, we shall define our integral of f* as follows:

i V, f— V"
Al Ae =
THEOREM T. Let f= 0 be integrable in A. Let B be a partial aggregate
of A. Then the integral over B exists and

VoSV S

For any f, we know the integral over 3 exists; and
Va i SV A < Vuf-

The expression on the left is a monotone increasing function of A and is limited
by the expression on the right which is constant. Hence the integral over B
converges.

Three other theorems are stated below ; the proof of each consists of a simple
passage to the limit.

THEOREM 8. Let B and G be unmixed partial aggregates of A, B +C=A.
If f is integrable in B and in G, then Vy f =V, f+ V. f.

TaeorREM 9. Let f and g be integrable in . Then f+ g isintegrable in
Aand Vo(f+9) =Vof + Vug.

TueoreM 10. Let f= 0, g = 0 be two functions integrable in A. Then

Zﬂ(f+ g)= vaf; Vadi

* As an illustration of the metho s used in this definition, we may calculate the voluame of the
solid generated by turning the Witch of Agnesi, 22=4a?(2a—y)/y, about ites asymptote as axis.
Here A is a circle in the zy-plane having its center at the origin. The function which we inte-
grate to find the volume has an infinite discontinuity at the origin. Pass planes parallel to the
zy-plane at the distances 2, above and 2, below. The volume of this truncated solid may be
computed by integrating fa, .,
8atTi,

Passing to the limit for 2,, 2, = o0, we get 472a? as the volume of the solid.

2 4, 7
+ 4a° tan—! 2 4 Batm s+ dar tan—t 2.

Vel = ey %
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TaeoREM 11.  In order that the integral of f exist, it is necessary and suf-
ficient that the integrals of ¢ and r exist.
With the notation f, , = ¢, — ¥,_»

€ . € .. ..
lv‘f:\lh_vj:\a)q|<§’ lvj:\ﬂs_vf)\a)\si<§‘ (P 23y 23y 24y 75 > R).
By subtraction,

| Vi = Vg = [ Vo — Vi, — Vb, + Vi | = [Ty, — VY | e

Hence V4 exists. Similarly V¢ exists and the condition is necessary.

To prove the sufficiency of the condition we have, by theorems 9 and 10,
V(¢ +¥)=V¢+ Vy =Vé,. Now from this relation it is evident that V¢,
is a limited monotone function. Then V¢ exists, and in a like manner it is
shown that V4 exists.

TaEOREM 12. In order that the integral Vf exist, it is necessary and suf-
ficient that V| f| exist.

Since f=¢ — ¥ and | f| = ¢ + ¥, this follows at once from the preceding
theorem.

THEOREM 13. In order that Vy f be convergent it is necessary and suf-
Sficient that, given e > 0, we can find 8 > 0, such that |V, f| < e, for B <8,
where B is a partial aggregate of A .

It is necessary. For take A so large that 0 < V,| f| — V| f|, <e€/2 and
a fortiori

. €
M 0=V, | f| - Val FL<§

Since now A is fixed and | f|, is a limited function, choose B so small that

€
(2) 0§v9|flx<§'
Adding (1) and (2)
Vo I = V| f] <e.

The proof that the condition is sufficient offers no special difficulty.

THEOREM 14. Let B,, B,, --- be partial aggregates of N such that
lim,_, 8, =%. If V, |f| does not increase indefinitely when n becomes
infinite, the integral of f over A is absolutely convergent.

 THEOREM 15. Let U be a limited aggregate and B’ a partial aggregate of
A, mixzed or unmixed. If the integral of f ewists in U it existsin B.

Since f is integrable in % it is absolutely integrable. From theorem 7 it is
evident that the integral of | /| exists in 8. Hence f is integrable by the-
orem 12.*

* The various properties of integrals may be derived with great facility for the generalized
integral by using this new definition. In many cases both definitions may be used in the same
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Having developed these criteria for the integrals V, the relation to those *
defined by Professor PIERPONT may now be investigated.
THEOREM 16. If the improper multiple integral J exists, then V exists and
J=V.
Assume first that = 0. Then, by definition, there exists a division of norm
& such that
0=70,,f=tf— Iy <e.

Now f'is limited in %, and we can take A so great that f << A in %,;. Then
Joy f = Vo, i =0, 0=7,,f—Vy, /i<e.
Adding and using theorem 8,

0=J, =V fi<e.
Hence V exists and J = V.
In case f < 0, similar reasoning applies. If f is both positive and negative
in A, set f= ¢ — ¢ as above. Then

Jud =V, 9, I = Vo

Subtracting and using theorem 9, we obtain J, /= V, f.

THEOREM 17. IfV exists, then J exists and V=17.

Assume as in the preceding theorem, /= 0. The other cases present no new
difficulty. By definition we can find A, so great that for each A > A, M >,

1) Vof =V fit Vo fu+€ (0<e =4e).

This relation holds for all divisions A since %, and %(,, are unmixed aggregates.
Fix A, and take a fixed division A of norm 8 so small that

€

Choose further, A’ greater than the maximum of ' in A;. Then
3) va,fx = Ju,f'

problem to great advantage. In general the proof consists in a simple passage to the limit.
Space will permit the statement of a few properties only. 1°. Let f(z) = M in a measurable
feld A. Then Vaf>MA. 2°. Giren 0 M = for all points of X. If f is integrable; then 1/f
18 integrable. 3°. Let f be integrable in A and let g be integrable and have one sign. If g is numer-
ically less than some flred number M, then | Vafg| =M |Vxf|. 4° Let f and g be integradle in %
and have no point of infinile discontinuity in conmon. Then fg is integrable. 5°. If f=g, then
Vf=Vg. 6°. Let f beintegrable in A and not negative, while g is limited and integrable. Let 0
denote a mean value of g. Then Vufg=0Vxf. 7° Let f be.integrable and not negative. Let g
be a continuous function of z,, -+, x,,. Letz,, ---, z, be continuous functions of a parameter
Then g=%(t) and Vf-g = (1) Vf where { is a mean value of .
* Loo. cit., p. 158.
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From (1), (2), and (8), VT, f<e

and the theorem is established.

§ 8. Tests for convergence of singular integrals.

In many cases, the problem in regard to an integral is solved when it is deter-
mined whether, in the neighborhood of certain points, the integral converges.
Any method which will obviate the laborious process of a direct integration will
have considerable application in practical work. Various tests may be devised
for the generalized integral under discussion, some of which are given here.

Mernop 1. If
LIAQ = ff'\n\a
A

may be developed by Taylor's expansion (in finite form or otherwise)

'I'\|A:= x"l.l|:¢l(wl" ] a;m)] + A',lq-_l[¢3(a:l’ B | Z"‘)] + e
+ )‘;c[‘l’l(xl’ T wm)] + ng-l[‘pz(m” Tt wm)] +

where ¢, and r, are limited functions, independent of N, and X,, the follow-
ing criterion may at once be written down.

Ifn>0,0rn,>0, I, diverges;
ifn, =0, and n, =0, I, ,, converges.*

MeTHOD II.  Let f be reqular, except in the neighborkood of an isoluted
point a = (a, ---,a ). Around the point describe an m-dimensional sphere
of radius ».  On the surface of the sphere suppose that the mazimum of the
absolute value of the function is M. Suppose further that p is an exponent
which, for all values of » as small as we choose, gives the relation Mr* < G,
where G is a constant. If now p < m, the function is integrable. If Mr* > G
and p = m, the function is not integrable.

Effect a change of variables { by means of the generalized polar transforma-

*In calculating the volume of the solid generated by turning the Witch about its asymptote
as axis, §2, the expression obtained for I, may be developed either in finite or infinite form,

Dare==4a372 + 77V (Wadw ) 4 272 ( Madw2 ) 4o 25 (Afatm ) 4 272 ( Mada?) oo
Since n, = 0, ny == 0, Jaja, cOnverges.
1 The equations are
x, =pcosf, x,=psint cos f,, y=p sin 0, sin 6, cos b,, - --
xw—1=p8in 0, sin ¥, - - sin Oz co8 1, x. =psinb, sin b, 8inOn_s8in A, ;

where . varies from 0 to 2=, #,, 6, -+ f,._, from 0 to =, and p from 0 to oo.
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tion. Denote by » and », radii of two concentric spheres about a, and by B the
aggregate contained in the hollow shell. By a simple computation

/ . SG PRtk 1 T n/2. .
j.;|jl§_£.4.6...;z ].111—-/.&(—2—) if  is even,

"— Pk (n—1)2
Al “..,,_;-nl”(%) if n s odd.

IIA

Suppose now u << m. Then for », <r,
Iim [ |f]=0,
r=04¢3

and this is a sufficient condition for the convergence of the integral.
To establish the second half of this test it is sufficient to notice that if

n = w and G, is a constant
firi>e

By theorem 13 the integral diverges.

As a generalization of a test used in integrals of functions of one variable,
we get another important test; from another point of view it may be considered
as a special case of method II.

Meteop III.  Let a = (a,, -+, a,) be an isolated point of infinite discon-
tinuity of f(%,s -+, %,). Let M >0 be aconstunt and p,-- -, p, be a series
of exponents each less than unity. If

o e (|2 — @, [ )= f(2) | < M

Jor x in Vy(a)* (the vicinity of a of norm &), then f is integrable.
YALE UNIVERSITY, NEW HAVEN,
December, 1905.

(lwl—a

" *For explanation of notation see Lectures, § 250, 1.



