A THEOREM OF ABEL AND ITS APPLICATION TO THE
DEVELOPMENT OF A FUNCTION IN TERMS
OF BESSEL’S FUNCTIONS®

BY
CLARA E. SMITH

§ 1. Introduction.

THE object of this paper is twofold : first to deduce directly from the prop-
erties of double integrals, the formula first given by ABEL,
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and second to apply this formula to obtain sufficient conditions under which a
function is developable in a series of BESSEL’s functions of multiple values of
the argument.

Part I. A THEOREM OF ABEL.
§ 2. Historical remarks.

In a note on a mechanical problem, published in 1826, ABEL gave the
inversion formula

¥ (y)dy sinnwr (Y ¢(x)dx
A (w-—y)"’ where \b\(y)= ar A (y—a:)""

which under sufficiently strong conditions is equivalent to
2w sin nr (! U oy (wyz)dz
(=) —¢(0)= _,n.__j; dy‘[ (1= )y =2y

Relation (1) results from setting n = } in this formula. The case n = } is the
one to which the problem of mechanics considered by ABEL leads, and many
authors refer this case alone to him. ABEL’s proof which was founded on prop-
erties of the Gamma function is incomplete.

(n<1),

$(x)=

* Presented to the Society December 29, 1905 and February 24, 1906. Received for publica-
tion June &, 1906.
tCrelle’s Journal, vol. 1 (1826), p. 153, and Oeuvres Complétes, vol. 1, p. 97.
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1907] C. E. SMITH: A THEOREM OF ABEL 93

In 1857 ScHLOMILCH * made use of relation (1) in determining the form of a
development in terms of BESSEL’s functions of multiple values of the argument.
Remarking that ABEL’s demonstration is not rigorous, he proceeds to give a proof
founded on double integrals, but as he says nothing of any conditions, and as the
reader is left to suppose that the theorem is universally true, his proof must be
placed in the same category with that of ABEL. SONINE{ has given a proof
resting on properties of BESSEL’s functions, but the work is not rigorous, and
he says nothing of the conditions under which it will hold. BEeLTRAMI} dis-
cusses various forms of relation (1), and their application to SCHLOMILCH’s
development, but without stating any conditions for its validity. LEvI-CiviTa §
investigates a very general inversion formula which contains ABEL’s as a special
case. He finds that the latter is valid for a function which is representable by
Fourier’s double integral, and has an integrable derivative. VOLTERRA ||
reviews the literature of the subject, and studies more general formulas of inver-
sion. The most recent proof of ABEL’s relation seems to be that of NIELSEN.Y
His demonstration, based on properties of the Gamma function, is valid for a
function f(a) whose derivative f'(«) can be developed in a series of functions
of the form

f,(m) = alpl(w) + azpz(x) + a3p3(ac) +-

where the series is uniformly convergent and each p (x)is analytic in the
neighborhood of the origin.

The present proof is based on properties of multiple improper integrals as
developed by Professor PIERPONT **; and aims to make rigorous the demonstra-
tion of ScHLOMILCH already referred to. It is applicable to a more general
class of functions than the proof of NIELSEN, and is much simpler than that of
LEvI-CiviTa ; though these latter proofs apply to ABEL’s general theorem, and
not merely to the case n =}, given in relation (1).

§ 8. Preliminary theorem.

TaEOREM 1. Let f(x) be continuous in (a, b) except at the points of an
aggregate A of the first species.tt In any subinterval of (a, b) in which f(x)
is not continuous, let it have limited variation. Let f'(x) be integrable in
(a, b), and continuous except at the points of an aggregate of the first species,

*Zeitschrift fiir Mathematik und Physik, vol. 2 (1857), pp. 156, 157.

tMathematische Annalen, vol. 16 (1880), p. 48.

tRendiconti del reale Istituto Lombardo, ser. 2, vol. 13 (1880), pp. 327, 402.

§Atti della reale Accademia delle Scienze di Torino, vol. 3 (1895), p. 25.

|Annali di Matematica, ser. 2, vol. 25 (1897), p. 139.

| Handbuch der Theorie der Cylinderfunktionen (1904), pp. 379-381.

**Transactions of the American Mathematical Society, vol. 7 (1906), p. 155.
This paper will be referred to as Improper Integrals.

11 PIERPONT, The Theory of Functions of Real Variables (1905), ¢ 501, 1.
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where it may have finite or infinite discontinuities. Then if f(x) is con-
tinuous at the end points of the interval,

[ # @)dz=1(3)~f(a)~ D
If f(=) is discontinuous at the end points, then
[[7(@)dm=(s~0)~f(a+0)~D

where D is the sum of the discontinuities of f(x) within the interval.
Case 1°.  Suppose A is of order zero, i. e., f() has only a finite number of
points of discontinuity ¢, ¢,, ---, c,.

—e 1 +e
f S (x)de= + f + [+ + -+
c1—e€ a+e c—e Cst+e

—e 8—1 k1€
= f' s
Cste k—l Jer—e k=1eyte

But *
Ig CM_.=g{f(%ﬂ—e)_f(ck"'e)}’
and B B
[T+ [ =r®=r@+r—ea—fie +eo).
Hence ‘ b

[ r@de=r0)—r@+Sifa—9 —fa+roy+E [ e

Since /" () is integrable in (@, b),
8 Crt€
lim ) S (x)de=0.
e=0k=1Jc¢;—e

Hence by passing to the limit,

[ 7/ @)= f(0) —f(@) = T T (fler+ ) = Fles— )}
But
l!i:; {fle,+e€)—Sf(c,—e€)}

*DE LA VALLEE-PoUsSIN, Journal de Mathématiques, ser. 4, vol. 8 (1892), p. 430.
See PIERPONT, Theory of Functions, ¢3 538, 605.
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is the discontinuity of /() at the point ¢, and

lim 3 (e, + €) —f(e,— €)}

is the sum of the discontinuities of /() in (@, ). Hence

[ 7 @)de=r1(3) = f(a)= .

Case 2°. Suppose A is of order n. The case where A is of order zero hav-
ing been already considered, we suppose the theorem is true for A of order
n — 1, and show that it must hold for A of order ». In this case A™ consists
of a finite number of points ¢, c,,---,¢c,. Then in the intervals (c,+€, ¢ ,—¢)
the aggregate of points of discontinuity is of order n — 1, and we have

b C1—€ C1+ € n—€ Cs+ € b
ff’(w)dw= +f + + -+ +

c1t+e Cs—€ Cste

8+1 3

=f(b)—f(a)+ Ig {f(c,—e)—f(c,+¢€)} —;dk+ kZ khf’(w)doc,

=1 J¢y—e

where d, is the sum of the discontinuities of f(x) in the interval (¢,_, +e€, ¢c,—€).*
Since f’ (x) is integrable in (a, b),

8 Cxt+e
lim ) S (x)de=0.

€e=0 k=1 Jcr—e

Since f(x) has limited variation in any interval when it is not continuous,

8+1
lim ) d,
. . €e=0 k=1
is finite, and we set
8+1 8+1

lim ). d, = ;Dk,

e=0 k=1

* That dx has a meaning when the number of discontinuities in the interval (cz—1+4¢, cx—¢)

infinite, is seen as follows: If the aggregate A of points of discontinuity is finite, or in other
words if A is of order zero, di is obviously a well defined quantity. Hence we suppose that d is
defined when A is of order n — 1, and show that it is defined when A is of order n. If A is of
order n, A™ consists of a finite number of points p1, pz, - -+, p.. Enclose these in little intervals
(pi—n, pi+ 7). In theremaining intervals A is of order n — 1, hence d; is defined. Let di; be
the absolute value of the first discontinuity falling in the interval ( pi— 7, p: +7) ; let diz be the
sum of the absolute values of the first and second, etc. Then d;, di2, dis, - - - i8 an infinite in-
creasing sequence, which, as f has limited variation, must always remain less than some fixed
quantity. Then from Theory of Functions, 33 109, 101, 102 the sequence i, diz, Ji3 - - has a
limit, which we define as the value of di in the interval (p:—#, p:+7). Hence di is defined
throughout the interval ( ck—1 + ¢, cx—¢). The same reasoning holds for D =1lim dx.

€=
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where D, is the sum of the discontinuities of f(«) in the interval (¢, ,, c,)
excluding the end points.
Also since f(«) has limited variation,

lfzg{f(ck—e)—f(c,,+e)}= kz;{f(c,‘—O)—f(ck+0)}

exists and is finite. * Set

8+1 s

;Dk-l-é {f(ck_o)_f(ck+0)} =D.

Then D is the sum of the discontinuities of f(x)in (a, ), and

[#'(@)do=7(8)~1(a) = D.

Suppose now f'(x) is discontinuous at z = @. Then obviously

[ r@as=r(d)~f(a+0)-D.
Similar reasoning holds if /() is discontinuous at x = 5.

§ 4. Proof of Abel’s relation.

THEOREM 2.1 1°. Let f(«x) be continuous in the interval (0, w), except
at the points of an aggregate A of the first species. In any subinterval of
(0, ) in which f(x) is not continuous let it have limited variation.

2°. Let f'(x) be integrable in (0, 7), and continuous except at the points
of an aggregate of the first species where it may have finite or infinite dis-
continuities.

* JORDAN, Cours d’ Analyse, vol. 1, p. 55.

1 Added by the author, December, 1906. In a paper presented to the American Mathematical
Society iu New York, December 28, 1906, Professor PIERPONT gave the following theorem :
Let the infinities of | f( 2 )| be discrete in the measurable aggregate :t and let

L L
Jo=0L S

By virtue of this theorem, conditions 3°, 4° of theorem 2 may be replaced by the following : 3°,

Lt £ Q)|
1 1 f/(Aut
Joaf; i i

be convergent. Either set of these conditions is sufficient for the validity of theorems 3 to 10.

be convergens. Then
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8°. Let the function
S (Auz)
V31— -vV1-\

(0=u=r),

be integrable in the square S, bounded by the lines A =0,A=1,¢t=0,t=1.
4°. Let the integral

1 S (\ut)
b V1—8-vV1—2A

be regular* and integrable in 0 =t = 1. Then
1 1 4
1 gcff de S (Zut)\dt f f f()wt)ldk
™ Jo b V1—1¢ 1/1-—7\'2 vVi—¢.
=f(u—°)—f(0+0)—D(”),

where D(u) is the sum of the discontinuities of f(u) in the interval (0, u).
Using conditions 3°, 4° we have

£ Owut)Adtdn f f S (vut)ndn
svV1—2-vV1I—a Vi—eg vi—a

Since the integrand of

dx

Yo S (hut)de
b V1—28 V1 —N\

is symmetrical in A and ¢, it follows from condition 4° that the integral is
regular and integrable in 0 = A =1. Hence

SOurddy (o FQurd e O
® |4 e v TV v v I M N v SV v ¥ I\ d"f Vg VI

Let us apply to the integral on the left of (2) the transformation

T 4= AVTHY

VvV + u
whose determinant
¥ —ay
(#*+y* ) (2 +y°)t y
- x y = u(x? + )

wd+y w/e+ y?

* PIERPONT, Improper Integrals, p. 167.
+ PIERPONT, Improper Integrals, p. 168, theorem 27.
Trans. Am. Math, Soc. 7
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The image of the square § is the quadrant ), bounded by the lines #=0, y=0,
o + y*=wu®.  The transformation is regular* in § except at the points of a
discrete aggregate D), which consists of the boundaries of § and a set of equi-
lateral hyperbolas. The image of D is also discrete, consisting of the bound-
aries of ) and a set of lines parallel to the y axis. Hencet we have

3) S Qut)rdedr 1 ¢ fi(@)dedy
sVI—2VI—N wlovw—w— ¢

By condition 2°, f’() is integrable in the interval (0, ), 0 = u =, and is
continuous except at the points of an aggregate of the first species. Hence

since the integral
vesa  f'(x)dy
e O}

w®

it is regular and integrable in 0 =« = w. Then} we have

@) l/J;(i)::ﬂwlz/ f f'“’*x f(w)dy 2ff(w)doc

From theorem 1,
(5) [[7(@)dn=r(u—0) (04 0) — D(w).

Then (2), (3), (4), (5) give (1).
CoroLLARY 1. If f() is continuous in (0, m), and conditions 2°, 3°,
4° of the preceding theorem are satisfied, then

% M L (Mut)ndh 2u f()wt))»dt = f(u)—
LA A A e

CorOLLARY 2. If f(x) is continuousin (0, w), and f’' (x) ts limited and
becomes discontinuous only at the points of an aggregate of the first species,
then

2 [Cae[ DR o [ LB - p0)

1—&yv1—N\ = 1—2-v1—

For, 7 () is integrable§ in (0, 7), and /' (Aut) is integrable § in §. Then

* PIERPONT, Theory of Functions, § 742.

t PIERPONT, Improper Integrals, p. 174, theorem 32.
1 PIERPONT, Improper Integrals, p. 168, theorem 27.
§ PIERPONT, Theory of Functions, § 719, 2.
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since 1/1/1—¢ -1/1 — A% is integrable in S, /' (Mut)/V1 — - V1 -2 is
also integrable * in §. Also the integral

* f(Mut)da
o V1—8-vV1I—-2A

is uniformly convergentt in 0 =¢=1. Hence it is limited { in the same
interval, and continuous § except at the points of a discrete aggregate. It is
therefore integrable in 0 = ¢ = 1, and the conditions of theorem 2 are satisfied.

It should be noted that in the general case of the theorem conditions 3°, 4°
do not follow from 2°. For if /' (x) has a single point of infinite discontinuity,
J' (A\ut) becomes infinite at all the points of an hyperbola, and hence has
points of infinite discontinuity in common with 1/1/1 —#-1/1—A% Then
F (zut)[1/1T =22 1/1 — ¢ may not be integrable.

The conditions of theorem 2 obviously include those of NIELSEN ||, since in his
theorem f’(x), being representable by a uniformly convergent series of contin-
uous functions, must be a continuous function in the vicinity of the origin. His
theorem, however, covers a more general set of inversion formulz.

Part II. DEVELOPMENT OF AN ARBITRARY FUNCTION IN TERMS
OF BESSEL’s FUNCTIONS.

§ 5. Historical remarks.

In 1857 ScHLOMILCHY in the paper already cited outlined a method for
obtaining a development of the form

(1) f(w) =a,+ alJo(w) + azJo(zw) + ano(3m) +
where P a
1/ "(wv)dv
O R
(2) 2 L 1 £n d
a =—f ucosnuduf‘)i(.tﬁ’)__?, (u%0),
"omJe b V1 — o?

and where J, is a Bessel’s function of order zero. By termwise differentiation
of this series, and by use of the relation

ddJ,
==,

* PIERPONT, Improper Integrals, p. 159.

1 PIERPONT, Theory of Functions, § 615.

1 PIERPONT, Theory of Functions, 3 611, 4.
§ JORDAN, loe. cit., vol. 2,  156.

|| Loe. cit., pp. 379-381.

1 Loo. eit., pp. 155-158.
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he obtained also a development in terms of o, (),

®) f() = b, (2) + b, (22) + by, (3%) + - -+,
where lf( 2
4) -———f ucosnuduf gt

He however specified no conditions sufficient for the proof of the validity of
either development. BELTRAMI,* GEGENBAUER,} and VOLTERRA } study develop-
ments of this and more general forms, considering the multipliers of the variable
a in the respective terms as the roots of a transcendental equation. TIhis
throws the consideration of these developments back upon the very general
problem studied by Din1,§ which he solved by use of the complex variable.
NIELSEN || gives as sufficient conditions for the development of f(x) in a
SCHLOMILCH series, that /() shall exist and be such that f(ax) + axf”(ax)
may be developed in a FOURIER series, which shall be uniformly convergent for
—rT<e<m, —1=a=1. It follows from this that f'(ax) + axf’(ax) is
a continuous function in the interval, a condition which is not imposed in the
following theorems. NIELSEN’s theorem applies, however, to a more general
class of developments.

§ 6. Developments in terms of J ().

THEOREM 3. Let f(x), f'(x) be subject to the conditions of theorem 2.
Set

1) f(0+0)+Xu£lf;£;@t_F(x u) (0=A=1,0=u=r),
Then » d

LF(Au)dr
@) fa—0y=7 [(TEIR D),

where D (u) is the sum of the discontinuities of f(u) in (0, u).
Multiplication of (1) by 2/m1/1 — A* gives

21(0 +0) 27\uf f()»ut)dt 2F (\u)
'7r1/1—7\2 v1— Y g Ty

By condition 4° in theorem 2 this is integrable in 0 =X =1. Hence, inte-
grating, we get

* Loc. cit., pp. 327, 402.

+Wiener Sitzungsberichte, vol. 88, II (1883), p. 975.

1 Loc. cit., p. 139.
4 Serie di Fourier e altre rappresentazioni analitiche delle funzioni di una variabile reale, 1880.

| Loc. cit., p. 348.
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2u (M Vo f(Aut)ndte ‘F()»u)d)»
0 — A — ;
A +O)+7£d Iv’l-t’-Vl—V T VI

whence by theorem 2,
'F(Au)dr
EURE
THEOREM 4. 1°. Let f(x), f' () be subject to the conditions of theorem 2.

2°. Let the integral
S(e)
dt
f V1l-2¢
represent a function having limited wvariation in 0=z =mw. Then

ScHLOMILCR’s development in terms of J,(x) s valid in the same interval.
By condition 2° the function

F(x)=£(0 +O)+w£xl—/f%);zdt

+ D(u).

has limited variation in (0, ), and hence can be developed in FOURIER’s series,*

F(x) = + a, cos x + a, cos 2 + a, cos 3x + - (0=z2=m),

where
3) a”=72—rf F(u)cosnudu.
Replacing x by « sin A, where 0 S x =m, 0 =\ = /2, we have
2a 2a
—F(a:sm 7\)——+ cos(wsm)\)+—cos(2msm7\)+

By ARrzELA’s condition  this series is integrable termwise in the interval
0=X=w/2 if it is *“in general uniformly convergent by segments” and is deter-
minate for every value of A in the interval, if each term is integrable, and the
sum of s terms is less than a finite number Z for all s and all .. Now F is
continuous § except, perhaps, for a set of points of the first species. These can
be included in a finite number of intervals of total length e, where ¢ is arbi-
trarily small. Since # is continuous in the remaining subintervals, the series
converges uniformly § in each of these. Hence in the interval (0, =) it is
according to ARZELA || “in general uniformly convergent by segments.” Fur-
" * JORDAN, loc. cit. vol., 2, 3 231.

1 Sulle serie di funzioni, Memorie dell’ Acoademia delle Scienze dell’ Istituto di
Bologna, (5), 8 (1900), p. 724-725.

{ JORDAN, loc. cit., vol. 2, § 156.

¢ JoRDAN, loc. cit., vol. 2, § 231.
Il Loe. cit., p. 712.
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thermore each of the functions
2a .
—"cos (7 sin \)
m™

is integrable in 0 = X = 7/2; the sum

Z— cos (ne sin A)

n=1

is determinate for every value of A in the interval (0, 7/2); and by known
properties * of FOURIER’s series

L]
Z%‘cos(nwsinx)|<L,

n=1 l

where L is a finite number independent of s and of A. Hence

fZ—— cos(nacsm)\.)dh—i ﬂz?a"cos(nxsin)»)dx.
0 n=l1 n=1J0

Then
2 (2 2 /2 2 wl2
'—r—r_[ F(xsin)) dh=g~°+?a'£ cos (x sin \) dA 4 T:’_zj: cos (2xsinA) dA+- -

Substitution from the formula
2 w2 .
Jy(nx) = ;I cos (nx sin L) dA

gives

2 [k

'r_rf F(xsinN)dN = a, + a,J (x) + a,J,(2x) + a,J,(3z) + ---.

(1

Setting A in place of sin A, and substituting from (2), we have
#)  Sfle—0)=D(z) + ¢, + a,J(x) + a,J(2¢) + @, (82) + - .
From (1) and (3) we have

L (ut)dt _g ”u " 1f’(ut)it
a,=f(0+0)+ = f f 1/1:_-— "_'n_jov cos nu du | ——_l/l_—_t’

(n+0).

In essentially the same manner as theorems 8 and 4 we may prove the fol-
lowing theorems :

* JORDAN, loc. cit., vol. 2, § 231.
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THEOREM 5. Let ¢(x) = xf (x) and ¢’ (x) be subject to the conditions of

theorem 2. Set (
M) + Maf ()
f., L )~ P (o).

Then

A )__f* F()w)d D(v)

u

THEOREM 6. Let ¢(x) = xf(x) and ¢'(x) be subject to the conditions of
theorem 2. Let the integral
f‘ A?f(Aa) dh

Vi n

represent a function having limited variation in 0 = x
be developed in the form

=mw. Then f(x) may

D
®) Sa—0)= 2 1 % 4 g (0) by (20) +a,dy(B0) 4+ - (v=2=n)
where
™ 1 2
a =gf cosnuduf Xf(xu)-,-x?‘-f (Mt)dk
* ™ Jo o ]/l—Xz

It will be noted that this development may be valid when f(2) has an isolated
infinity of order less than one at the origin, a fact which we are unable to affirm
concerning the corresponding development of SCHLOMILCH.

The question of the identity of these two forms of development (4), (5) is an
interesting one. It seems probable that for any function which is regular at
the origin they are the same, as is the case in the following examples.

Example 1. f(x)=sinx, f'(x)=_coswx.
L 1 1 2 _

‘—a =Ef cosnuduf A sin Au + (A — 1)u cos Au N

" "oy o I/I—Xz

_2 ( 1)1 (2k—1)7\7""2—2kh’"

. f cosnu[ . (GE=1)] T d\ | du.

t

) LT x?k-zdx

2 [~ (2 1)f

Hence o, — @, = 0, and the two developments are identical.

Example 2. f(e)y=o", f'(x)=mz"",

™ 1 m—1 _ m+1
a —aﬂ=gf u’"cosnuduf mn (m_-i—_l))\ dan.
" T Jo ] V1—»\
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But
X’"'H 1 xm—l
1 T — dx
(m + )f b V1 — A2

Hence a, = a,, and the two developments are identical for any integral rational
function of .
§ 7. Development in terms of J, ().

In the same manner as theorem 3, we may prove the following theorems.
Taeorem T. Let f(x), f'(x) be subject to the conditions of theorem 2.

Set
f f(“”) _dt = F(a).
Then
Flu—0)=F(0 +0) + T/i’(m)dx + D(u).

THEOREM 8. Let ¢(x) = xf () and ¢’'(x) be subject to the conditions of
theorem 2. Set

f(te) + taf” (te)
£ —}/—‘1_— dt F(w).
Then

xF()m) D(u)
S )__fm SR

TreeoREM 9. Let f(x), f'(x) be subject to the conditions of theorem 2.
Let the integral
[4e) 4,
V1i—¢

represent a function having limited variation in 0 = x =m. Then f(x) may
be developed in the form

(6) f(24+0)=5(0—0)+D(x)+2[b|J (x)+b,J;(2x)+b;J,(3x)+ ---],

(0<z=mr),
b".=§jowsin nu duf l‘fl(it)tzd

b V1—

where

Since
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has limited variation in 0 = ¢ = 7, it may be developed in Fourier’s series,

F(x)=0b sinx+ b;sin2x 4 b, sin 3 -- - (0<z="7)»
where

b, = g-f' F(u) sin nu du.
™ Jo
Proceeding as in theorem 4, and substituting from the formula
2 /2
J () = = f sin (7 sin A) sin AdA

we obtain the development (6).
In a similar manner we prove the following theorem.

Taeorem 10. Let ¢(x) = af(x) and ¢’ (x) be subject to the conditions
of theorem 2. Let the integral

"Af (M)
(] l/ 1—2A2
represent a function having limited variation in 0 = x =w. Then f(z)may
be developed in the form

M fe—0) =2 4 8.7 (2) + B,/ (20) + BT (Be) + - (0<azm),

/]

_2 FOw) 4 haf ()
,3“_'"_‘[ sin nuduj: T ax.

where

As in the case of J(x), if ScHLOMILCH’s development given in § 5, (3) is
valid, it is identical with (T) in simple cases. 'We note the following examples :

Example 1. f(x)=sinx, f'(x)=cosz.
Bﬂ—bﬂ

2 2 (—1)+1.2.4.6...(%— - -
=-7T'Z(1-31-)5 @h—1) ((2,,: 12))! [2kf u®-! gin nudu+uf u% cos nudu].
= o (2k—1) (2F— A A

But

L ] 2k T
f u** cos nudu = — ™ w1 gin nudu.
0 0

Hence 8, — b, = 0, and the two developments are identical.

Example 2. flx)=a", f'(x)=mx"".
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2 2:4-6. (m 1)[ f f ]
—b =—- 1 d: mt1 d:
B,—b, = 135" m+1) | »™sin nudu+n i cos nu du

(m 0dd),
or
B, ——b,,—l 2 i 6 (m 1)[(m+1)f um smnudu+nfo‘ m+1 cos nudu]
But (m even).

L m + 1 - .
f u™t! cos nudu = — p u™ sin nu du .
0 0

Hence 8, — b, = 0, and the two developments are the same for any integral
rational function of .

NORTHFORD, CONN.,
June, 1906.




