ON THE INTRODUCTION OF CONVERGENCE FACTORS INTO
SUMMABLE SERIES AND SUMMABLE INTEGRALS*®

BY

CHARLES N. MOORE

The object of this paper is to develop certain general theorems about con-
vergence factors. In the case of series we shall mean by convergence factors a
set of functions of a parameter which, when introduced as factors of the succes-
sive terms of the series, cause a divergent series to converge, or a series which
is already convergent to converge more rapidly, throughout a certain range of
values of the parameter. In the case of integrals we shall mean by a conver-
gence factor a function of the variable of integration and a new parameter
which, when introduced as a factor of the integrand, causes a divergent integral
to converge, or an integral which is already convergent to converge more
rapidly, throughout a certain range of values of the parameter.

Although the name convergence factor is of recent origin, the subject itself,
in the simple case of a convergent series, goes back to ABEL and virtually takes
its rise in his well known theorem on the continuity of a power series. The
successive powers of x in the terms of a power series are, in fact, convergence
factors of a simple nature, though not ordinarily regarded as such.

The first attempt to extend the theory of convergence factors to general types
of divergent series was made by FroBENIUS.t The class of series which he
considered will be designated in this paper as summable series} and may be
defined as follows: Given a series

uo+ul+ug+""
we represent by s_the sum of its first (» 4 1) terms and form

_80+81+82+“.+8n.

S =
n n+1
If the limit
lim S,

* Presented to the Society February 23, 1907. Received for publication February 25, 1907.
tCrelle’s Journal, vol. 89 (1880), p. 262.
1 Many aunthors use this term in a more general sense.
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exists, we say that the series is summable and attach to it the value of that
limit. It is a well known and easily established theorem that every convergent
series is summable, and that the process of summation leads to the value of the
series as ordinarily defined.

The theorem proved by FROBENIUS in the article above mentioned includes
only the simple class of convergence factors first considered by ABEL, i. e.,
successive powers of the parameter. A more general theorem was proved by
FEJ£R,* in which the convergence factors have the form ¢ (0), ¢ (¢), ¢ (2¢),---.
A similar theorem concerning still more general convergence factors was stated
without proof by HARDY at the close of a recent paper in the Proceedings of
the London Mathematical Society.t The present investigation had been
begun and the essential results of §§ 1 and 2 obtained and communicated to
Professor BGCHER before the appearance of HARDY’s paper.

The principal results of the present paper are contained in Theorems I, II,
IV, and V. The method of proof in these four theorems is a development of
that used by RIEMANN in proving a certain lemma (cf. RIEMANN, Mathematische
Werke, 2d ed., p. 246). This lemma appears as a special case of Theorem II
if we take f, (a) = sin® na/n*a’.

§ 1. Convergence factors in summable series.

THEOREM 1.  If the series
uy+ U+ U+

is summable and has the value S, then the series
M Fa) = v+ 5, £(a) + w fy(a) + -+

will be absolutely convergent and continuous for all positive values of a, and
will approach S as its limit when a = + 0, provided the convergence factors
fi(a), fo(a), - - - satisfy the following conditions :

(a) J.(a) is continuous (a=0),
N

®) ()| <jaiigees (a>0),

(_c_)__ f:‘(O) =1,

*Mathematische Annalen, vol. 58 (1904), p. 62.

tSer. 2, vol. 4 (1906), part 4; p. 247. HARDY'S results are somewhat similar to Theorems
I and II below, but the conditions imposed on the convergence factors are decidedly differens, and
his theorems are on the whole less far reaching. His requirement, in the case of summable
series, that the differences between two successive convergence factors be positive, will, I think,
be found unnecessary if a method of proof analogous to the proof of Theorem I of this article be
followed.
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@) £u(@) = 2£1n(0) +fura(a) Z 0% (0=aZe;0=maZe;n=0,1, )t

(9 (@) = 2 () + (@) | < ey >0,

where N, p, ¢, and L are positive constants.
We must first derive the following further condition which is satisfied by the
convergence factors,

f) (@) = fra ()] < i (a>0),

where L, is a positive constant.
We have from condition ()

lim [f,(#) o ()] = 0 (a>0),

and consequently
Jo(a) —fr(a) ='§{ [fi(@) =fi(2)] = [fosi(a) —Jfora(@)] '}
= g{f.(a) — (@) + fopa(a) } s

Hence by virtue of condition (e)

PACH A f.“(a)l<2n.+,.a,<fw=+pa» (1+p)(f—1)‘“a“
¥ lip n_\"* 2l+"lip
For n =1 we have from condition ()
® A@ =A@ <=2 (az1),
and from condition (@)
*) m(a)—f;l(a)ll<ai—”;. (0<a<1),

where M is the greatest numerical value of [f,(a)—f,(«)] in the interval
0=a=1. Choosing as L, the greatest of the thre equantities 2/, 2V, and
24 L /(1 + p) we get (f) by combining (2), (3), and (4).

We shall next prove that the series (1) is absolutely convergent for every
positive value of a. Let

=2,
n=0

* We may substitute for the inequality in (d) the condition

() Sa(a) —2fnt1(a) +fata(a) =0.

It (d) (or (d’)) bolds for all values of n and a, (¢) is unnecessary.
1 For n =0 we take here f, (a) =1.
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__3o+31+"'+3n
S, = | .

If for the sake of uniformity we let §_,= S_, =0, we have
%) u,=(n+1)8,—-228_,+(n—-1)8,, (n=0,1,2,-.-),
and consequently

u 1 1
w=(1n) s (1-5) 8 =tn,
whence it follows that
n=m n

We can, therefore, take % so that

<k (n=1).

X
n

Combining this with condition (b) we see that the terms of (1) are, if we omit
the first, less in absolute value than the corresponding terms of the series

> Nk
2 ot
Since this last series is convergent, the absolute convergence of (1) and the ex-
istence of #'(a) for values of a > 0 follow at once.
‘We may by virtue of (5) write

®  F(@)=X{(n+1)8,—2m8,+(n—1)8,,}/(a)-

In the series (6) we have a right to leave out the parentheses, since it is con-
vergent, since each parenthesis contains only three terms, and since by condi-
tion (b) the general term of the resulting series has the limit zero. Moreover,
in this latter series we have a right to rearrange the terms so that terms involv-
ing the same S are grouped together, since in the rearrangement we do not
carry any term over more than three terms. Hence

™ F(a)=§o("+1)3.{J‘I.(¢)—2fl.+.(a)+f..+z(a)}-
Placing

® 8,=S+e,

we have

F(a)= 83 (n+1) (/&) = Hia(8) +ora(®)
® .
+Ea(n+ D) {A(@) = Hon(@) +Sa(a) )
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But

g(" + D{fA0) = 21(® + f,1:(@)} =1 = (n + 2)f,4,(2) + (» + 1)1, ,(a)
‘Whence, by condition (),

g:.("*1){ﬁ(“)—2ﬁ+l(a)+ﬂ+,(a)}=1 (a>0),
and (9) reduces to
10) F(a) — S=§eﬂ(n+1){ﬂ(a)—2ﬁ+l(a) + fora(@) ]

By (c¢) the series on the right hand side of (10) converges when a = 0 and
has the value 0. Accordingly, if we can show that it is uniformly convergent
for values of a = 0 our theorem will be proved, since by condition (@) each
term is a continuous function of a.

Given a positive quantity 8, arbitrarily small, we wish to show that we can
choose ¢ so large that

n=y

A1) | X e(n+1){/i(2) = 2101(a) +f11a(@)} <8 (vZuZg, oZ0)

n=p
Take m > 2 and such that
_ pcited
(12) leu|<’7—Pcz+p+PN+ p L + 27t L

We first consider values of a in the interval 0 < a < ¢ /2, and represent by
s the greatest integer less than ¢/a. Let u and » be any two integers such
that

(n=m).

lIA

m =

Three cases must be considered :
(4) p=s<v,

(B) v=s,
(0) B> s.
Beginning with case (4) we write

V.

"=y

A8) Fe(n+1) (D)= (@) +Hon(N} =T+ =B + R,

n=u

By virtue of (d)* and (12) we have for R,

19 |B]<n 3 (04 1) {£(8) = Uiss(@) +fora(@)}
=1{1=fin(®) = (s + D [ @) = Fora(@)] }-

* The substitution of (d’) for (d) occasions only a slight modification of the proof.
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From condition (b) we get
N <N

(15) |.ﬂ+.(a)|<m—1),,,]z+;=c'm»
and from condition ( f')

L,
(16) (84 1)|f11(a) =S, 1a(a )|<[(8+1)a]p§_p
By combining (14), (15), and (16) we obtain
an B <n{t+ g+ 3}

According to condition (e) we have for R,

B <1 2 (0 + DIe@) = Fo () + (@] < 2 5D,

Furthermore

X (n+1) z+1 1 1 r 1 1 2
g n2+p < . wz_'_P dw= [_E’—(_l-'-Pw_T;]' <[;;;+(1_'*'P)sl+’ <P8’.

Hence

2L
| Bl <75 Csay
But
s=21
a
or
c ¢
sa=c— a>c— § §
80 that we have finally for R,,
21+ L
(18) | B, <m

e
Combining (18), (17), and (18) we get

n=y

ﬂ§u e(n+1){fi(a) =21, ,(a) +1,,s(a)}
pettP 4 pN + pc L, + 2t c’L
<9 ez
We consider next case (B). We have

e (n+ D{A(®) = Ho(8) +forn(@)}|
=030+ 1) {A) = Hora () +ora(®)
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=7{1 —f.(8)= (8 + 1)[firi(2) =Sisz(2)]}
S {1+|frn (@) + s+ D) (2)=Fira(2)]}
I_q} nP°2+’+PN+PCL <s.

cP P02+ [

N
<7 1+CT+;+

For case (C') we have

n=y

S (1 DA = i () (@)}
=03 (4 DIA®) = Hon(2) +Foual()]

nLEn+1 240 L 2i+e e L
< — E n2+p \ﬂ PcP = 1’ pcz‘i'ﬂ

af s+1

Thus we have proved (11) in all three cases for 0 < a < c¢/2, the value of ¢
being equal to m.
For values of a = ¢/2 we have from condition (e)

n=y

T (4 D U0 = Yo (@) + (@) |

2+p 2+p

<Z| ( )(n+1)L—(2)ﬂLKE(n+1)

where K is the greatest numerical value of the quantities ¢, €,, ¢, ---. Since
the series
*n+1

is convergent, we can find m, such that

S o+ 1A = Y@ +La@}| <3 (BT

For a = 0 the inequality (11) is obviously satisfied for all values of ¢ since
each f;(a)=1. If, therefore, we choose for ¢ the greater of the two quanti-
ties m and m,, it will hold for all values of & = 0, as was to be proved.

Convergence factors of the form ¢(na) are an important class, and it is
interesting to note what restrictions may be placed on ¢ () in order that the
conditions of Theorem I may be satisfied. We will show that if

) |6(2)] <zrs (=>0),

(i) $(0)=1,
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(iii) ¢"(x) exists and ¢"(x) = 0 * (0=z=¢),
L ” L
(iv) 19"(#)| < 255 (z>0),

then the functions ¢(0)=1, ¢(a), ¢(2a), -.- satisfy the conditions of
Theorem I.
Condition (@) follows from the fact that the second derivative of ¢ () exists
for all values of x = 0. Conditions (b) and (c) follow at once from (i) and (ii).
We have (cf. MARKOFF, Differenzenrechnung, § 8)

(19) ¢(ra)—2¢[(n+1)a]l+¢[(n+2)a]=a?¢"[(n+0)a] (0<b<2).

Hence by virtue of (iii) condition (d) will be fulfilled, if ¢ is there replaced by c/3.
Finally, by (19) and (iv)

|$(na) — 2 [(n+ 1)a] + $[(n +2)al| < e, (a>00=1,2,00,

and (e) is satisfied.

The theorem of FrJER mentioned in the introduction, in which the conver-
gence factors are functions of na, is not, in its greatest generality, a special case
of Theorem I, but becomes so if we exclude from it all functions whose first
derivatives have an infinite number of maxima and minima in the neighborhood
of the origin. I shall show this by proving that if we have a function ¢ ()
which satisfies the conditions of FEJ£R’s theorem and whose first derivative has
not an infinite number of maxima and minima in the neighborhood of the origin,
then it will satisfy (i)—(iv).

FEJER’s conditions are

(@) |¢(w)|<;fi£,, (a>1),
() |¢"(w)|<;;i£,, (2>1),
© $(0)=1,

@) |¢" (=) | <nt (0=z=1),

where M, p and u are positive constants.
From (d) it follows that ¢ () is continuous in the interval 0 =x=1. We
can therefore choose a positive constant V greater than M and greater than the

* We may substitute for (iii)
(iii’) ¢ (z2)=0 (0=z=c¢).

1(d) is not explicitly stated as a condition, but is used in the course of the proof.
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greatest numerical value of ¢ () in the interval 0 = x = 1, so that we have

N
|6(2)| < 75 (2>0),

and consequently (i) is satisfied. Condition (ii) is identical with (¢). Since
¢’ («) has not an infinite number of maxima and minima in the neighborhood
of the origin, either (iii) or (iii’) must be satisfied. By taking for L the greater
of the two quantities M/ and u we have in view of (b) and (d)

1 (=)< 2% (+>0),
and (iv) is satisfied.

Thus we see that Theorem I, when applied to functions of na, includes
all functions satisfying FEJER’s conditions that are likely to be useful as con-
vergence factors. In addition to this it includes an important class of functions
that are not included in FEJER’s theorem, i. e., functions that satisfy (i)—(iv)
but whose second derivative becomes infinite in the neighborhood of the origin.
An example of such a function is e~¥=.

A general theorem which includes FEJER’s theorem as a special case but does
not include functions of the type just mentioned is obtained by replacing condi-
tion (d) of Theorem I by the condition

(@) = 20 (@) + frpa(a)| < Ka® (0=na=c).
The proof is quite similar to the proof of Theorem I.

§ 2. Convergence factors in convergent series.

Theorem I is evidently applicable to convergent series since every convergent
series is summable. When dealing with convergent series, however, we do not
need to place as much restriction upon the convergence factors as in the general
case of a summable series. This is shown by the following theorem which in
many respects is more general than Theorem I:

THEOREM II.  If the series

(20) Uy + Uy + Uy F -

converges to the value A, then the series

(21) uy +u, fi(a) +u, fo(a) +---

will be absolutely and wuniformly comvergent for all values of a =0 and
therefore will define a continuous function, provided the convergence factors *

* That the series (21) converges more rapidly than (20) appears from condition (b).



308 C. N. MOORE: CONVERGENCE FACTORS [April

Si(a), f,(a), --- satisfy the following conditions :

(@) J.(a) is continuous (a=0),
N
(0) |J:.(°‘)|<,W (a>0),
() J(0)=1,
(@) fi(2) = fra(2)=0* (r=1, 0=na=c),
L
(¢) V(@) =Ffon(D)| < i g (a>0),

where N, p, ¢ and L are positive constants.

We must first derive from the given conditions the following further
condition :

f) ()| <K («a=0)
where K is a positive constant.

We know from condition (&)t that, for a given value of a less than c, the
functions £, (a) form a sequence that never increases as long as na does not
exceed c. For each value of a < ¢ we pick out the greatest integer r = c/a.
This r satisfies the inequality

(22) g <ra=c.
We have furthermore
(23) Si(a)=f(a) = f.(a) (0< na<e).
But by condition (@) we can find a positive constant M such that
[f()| <M (0<a<e),

and from (b) and (22)
N 2+ N
If(2)] < (ra) e < g

so that if we take as XK the greater of the two quantities M and 2'**N/c'*?,
we have by (23)
Ifu(2)] < K, (0<na<e).

For na = ¢ we have from condition (&)

N
|f,(a)] <W§CT+7<I{1

(na=c).

*This is the only condition that is not satisfied by the convergence factors of Theorem I. We
may substitute for it the condition
(@) So(a)—furi(a) =0 (0=na=c).

It (d) (or (d”)) holds for all values of n and a, (e) is unnecessary.

tIt we use (d’) instead of (d), the inequality signs in (22) are reversed, but this does not
affect the reasoning.
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For a = 0 we have from condition (c)

£(0)=1.

Hence if we choose K greater than either of the two quantities KX and 1, we have
the desired condition (). Place now

ug+u +u,+ - +u_ =4 +e,
so that
lime, =0,

n=awo

and let & be an arbitrarily small, positive quantity. Since by condition (@)
each term of (21) is a continuous function of a, our theorem will be proved if
we can show that a positive integer ¢ exists for which

(24) lliu”j;(a){<5 (vZp=gq;a=0).
n=pu
Determine a value of m > 2 such that

pcrd

(25) el <"=fortoL

(n=m).

‘We first consider values of « in the interval 0 < a < ¢ /2. Then
26) 2 ufi(a)=2 (e —6)Si(a)
n=u ”

— e fu(a)+ >: (@) = £ (®)] + &aafonn (@)

Let s be the greatest integer less than ¢/a, and x and v any two integers for
which

m=p =,
Three cases must be considered :
4) nEs<v,
(B) v=3s,
(C) w>s.

Beginning with (4) we put

(27) gen+l [-f:«(a)_-ﬂn+l(a)]=$+$=Rl+‘R2'
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By virtue of (d),* (f), and (25) we have for R,

B = 3 el [(2) o ()]
(28) ,
<L LA(®) =an (D] =1 [£(2) = fonn(®)] < 2.

For R, we have by condition (e)

|Rz|<2| € [ (@) =frin(2)]]

L 1 nL (*de 9L[—-17 9L
<w §W<?I a?+—»=a—»[;;ur],\psﬂa»'

But
c c ¢
8d=(——-1)a=c—a\c_§=§,
and hence
1;2L
29 R
) 1Bl <"

Combining (26), (27), (28), and (29) we get

|Zviunfn(a)}§l€nf,.(a)l+lli’ll+|Rl+l€y+1 ()]

|
‘ [4pc»1(+ 2»L] 5

We consider next case (B). We have
eu [2(8) = J:ﬂ(a)]}
<X (@) —Far (D] = 1 [ (@) = fona(0)] < 2K,

Combining this result with (26) we get

<|e#j“(a)|+2l(1,+ le, 1 fom(a)| < 4Kn < 8.

S i@
For case (C) we have
IZ €1 [So(2) — f“+](a)]l<1]2|f(a) f:.+1(a)|< o El l+p ‘-i;c{:’

which combined with (26) gives

| S (@)| < i)+ 17

2L 2 L
pc? + e v+1(a)l<Kﬂ+ﬂ;07+Kn<8

* The subsatitation of (d’) for ( d) occasions only a slight modification of the proof.
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Hence the desired inequality (24) is satisfied in all three cases, ¢ being equal
to m.

For all values of & = ¢/2 we have
BN BN 21+e

lu f (a)l < l+pal+p nl+Pcl+p

where B is the largest numerical value of the terms u,, u,, u,, ---. The series
2 1/n'*? converges, and therefore we can choose m, such that
n=y

E‘%J;(“) <98 (vz,u;m.;az%).

When a =0 the series (21) becomes the series (20), and we can so choose
m, that

n=y

Zu

n=un

(vZpzm,).

Thus, finally, if we take for ¢ the greatest of the three values m, m,, and m,,
we have thé desired inequality (24).
The convergence factors e~"* satisfy the conditions of Theorem II. Hence if

the series
ay+ a,r+a,r*+ .-
is convergent, the series
a, + a,re® + a,rfe™ 4 ..

converges unif ruily 1 tue interval a = 0. If now we set e=* = 2/r, it follows

- oot (2) e (2) -

a,+ a,x + a,x* + - -

or

converges uniformly in the interval 0 =2 =+r. Hence Theorem II includes
ABEL’s theorem as a special case.

§ 3. Summable integrals. General facts and lemmas.

Let f(x) be a function which is integrable in every finite interval lying in
the interval @ = . Then the integral

[ r()dm

shall be said to be summable if the limit

tm [ [ [ (8)asax]

Trans. Am. Math. Soc. 21
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exists ; and we attach to the integral the value of that limit. The agreement of
this definition with the ordinary definition of ~a integral, i shown by the fol-
lowing theorem :

TaEoREM 1II.  Ewery convergent integral is summable, and the process of
summation gives the value of the integral ordinarily defined.*

Put

ff(z)dm= 4

and
ff(av)dw= A+ e(z),
so that
lime(x)=0.
Then =

;}Ix.[ff(ﬁ)dﬂda=£f[A+e(a)]da=A—%4+£ " «(a)da.

Since the second term approaches zero as x becomes infinite, our theorem will
be proved if we can show that the same is true of the third term. Let & be a
positive constant as small as we please, and choose m so that

8
|e(a)|<§ (a=m>0).

Then for values of £ = m we have

!%fe(a)da é%ife(a)da!.f.;,!f'e(a)da!.

The second of these terms reduces to

r—m
@x

le(a’)| (m<a’<z)

and is therefore less than 6/2. We can also choose p so that when x > p the
first term is less than 8/2. Accordingly, since 8 is arbitrary,

i 5 [ et ] =0,

and our theorem is proved.

I shall next establish a series of lemmas that will be needed in the proof of
the theorem concerning the introduction of convergence factors into summable
integrals.

*The subsaoe of this theorem is stated without proof by HARDY in an article in the Quar-
terly Journal of Mathematics, vol. 35 (1903-04), p. 54.
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Lemma 1. If f(=) is uniformly continuous for values of x = k> 0, then
there exists a positive constant M such that

()| < Ma (s k).
Let us choose & such that

(30) |f(z+ ) —f(z)] <1 (18]|=d;2=k).
Then for every « = & we can find a y = 0 such that
x=k+ ys.
If n is the greatest integer not exceeding y, we have by (30)

|f(k+ yB) —f(k)| <n+1 (y=0),
and therefore

Sk +99)| _|fB)| , nt1
k+ yé k+yd " k+yd

For values of y in the interval 0 =y << 1 we have, since n = 0,

lf(k+y8)| _ |f(R)| | 1
Frys < & tr=%&:

For valuesof y = 1,sincey =n =1,

7900 VDIt 1 DI 2 g
If then we choose as M the larger of the two constants K| and K, we have
|f (% +y8)| < M(k +y8) vz 0),
" |f(=)] < Ma (z=k).

Lemma 2. If f(x) is uniformly continuous for values of = k>0,

then f(x)[x? (where p is any positive constant) is uniformly continuous in the
same interval.

We can assume without loss of generality that % = e, where e is the base of
natural logarithms ; for, if it is not, it follows that f(«)/x* is uniformly con-
tinuous in the closed interval k£ = x = e since it is continuous in it.

From Lemma 1 it follows that there exists a positive constant M such that

{‘Lf:’_)ll<M (z=k).

Given e positive and arbitrarily small, let us choose 8 less than ¢/2M and
such that

ke
f(z+h)—f(z)|<ge (2Zk; 0<h=9).
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We have
h x
oy |[FELD SO\ s 5+ B) = f(a)

|1 _1
+|f(w)||(w+h)ﬁ— -
For the first term on the right hand side we have

kre

1 1 €
(32) CEY; |f(z+ k) —f(2)| < g =5 (zZk;0<A=3).
Also from the Law of the Mean
1 1 — ph
(x+ Ay = =(w+9h)p+l (0<6<L1),
and hence
1 xph
|f(”)|}@‘+—h),——a;'< w::,fM h (2=k; 0< b =4).
But
£ <1
ep< (p>0).
Consequently
|1 1) e ,
(33) @ aray | <HME<g (Bki0<hzd).

Combining (31), (32), and (33) we have
7= +2) f(f,c)l (z=k; 0<H=9),

| e+hy ~ @ |
and the lemma is proved.
Lemuma 8. If f(x) is uniformly continuous for values of x = k > 0, and

the integral
[ £y

lim[ig:’—)]_—.o.

We know from Lemma 2 that f(x)/x is uniformly continuous for values of
Z k. Given ¢, let us choose a positive 8 << £ and such that

| f(z+2) f(w)
(34) l x4+ h x
Let

is summable, then

3 (z=k; 0<h=24).

2 [ [rsrasda= s(z).
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Then
(85) f(w)= %ﬂ,
Moreover, since lim,_, S() exists, we can so determine x, = k that
(36) |S(m')_s(m)|<§;_‘ (#>zZ1).
But we have *

(2 +28)S(x+28)—2(x+8)S(x+8)+=8(x)=8f(x+68) (0<o<2),

whence by (36)

3| f(x+68)| < (= +28)|S(x+ 28)— S(x+9)|
+2|8(z+8)— S(x)| <

Consequently, since x + & < 2x, we get

S(x+08) 2(@+8)e 2(x+8)e 2
x <+ 68 | (w+08)§< = 6<% (2= 2).

It follows then from (34) that

2(2+8)%e  (aza).
6

<e (2= x),

1im[f%’)] —0.

=

’f_(_"‘)

and therefore

Before taking up the other lemmas, I wish to introduce the following notation.
Let

(83r>h Sf(R)de=p(=)+C, [ ¥(x)de=x(z)+C,.
en

a8 *5@=[ [fBrasaa= " [¥(2)- ¥ ()] da
= x(%) — 2¥(a) — x(a) + a¥(a).
Lemma 4. If f() is uniformly continuous for values of =k >0, and the

integral
[ r)aa

lim[ia(’,i)]so.

is summable, then

From Lemma 3 it follows that for a given positive but arbitrarily small ¢, we

* Cf. MARKROFF : Differenzenrechnung, § 8.
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can choose a positive x, > @ such that

,iii)ll<% (z=2).

We have also from (37)

Y(x)—¥(x) = (x—2,)f [+ 0(x — )] (o<,
and consequently

\lr(w)l<|\lr(wo)| x —x, f[w +0(w—_)] .wl+0(w—wo)
| ' x x,+ 0(x —x,) x
<|HE) |y oz
Choose x, = x, and such that
i‘pg") <§ %)
Then
’ ( )!<e (z=m),

and accordingly

fn[ ] -
Lemma 5.  If we have a function ¢ () such that
lim [$(2)] = €, lim [¢(2)] =0
where C is any constant, then it follows that
lim [ $(2)] =0.

Given e positive and arbitrarily small, let us choose B such that

(89) $(#) = d(2)| <3, ' (=)|<3 (#>zZB).
From the Law of the Mean
p(z+1)—¢(z)=9¢'(z+0) (0<0<1),

and therefore
(40) (=4 0)| <5 (s B).
Applying again the Law of the Mean, we have
F(e+1)—d(x+0)=(1—0)¢"(x+0) (6<<1),
from which it follows, by (89) and (40), that
|6 (z+1)| <|¢'(x+0)|+|¢"(x+0)|<e (2Z B).
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Consequently lim [ ()] = 0
im z)]=0.

LemMa 6. If f(x) is uniformly continuous for values of x = k>0 and
the integral

[ )0

lim[ 8 (2)]=0.

r=wo

is summable, then

We have from (38)

4 )@ _NE) @) 2=y (@)

From Lemmas 8 and 4 it follows that
lim [f-(w—w)] =0, nm["'(f)] =0,

Z=aew

and from equation (88) that
s %3] -0
Hence from (41)
lim [ 8" (x)] =0.
Accordingly, since by hypothesis S(x) approaches a limit when = oo, we
have by Lemma 5

LemMa 7. If we have a function of two variables ¢ (a, x) such that
(2) ¢(a, x) is continuous in x and in a separately in the region
R(x,z2x=2, e,=a=aqa,),

(®) ¢.(a,x) and ¢, (a, x) exist and
|¢)(a,2)| <C

in the region R, then ¢.(a, x) i continuous in a in the region R.
Take any point (a,, ,) that lies in the region B. Choose a constant Az
such that x, + Aux lies in the interval x, = « = «, and

(“2) |Az| < 55

where e is an arbitrarily small, positive constant.
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Then choose 7 such that

(43) |6(0 7+ A2) — $(o 7, + A2) | <gAz (o —al <n),*
(44) 18(ds ) — 6 (s 7,)| <3 Aw (la—agl < 7).
By the Law of the Mean

(45) $( w°+AZi_¢(a” w°)=¢;(a’, x, + 0Az)  (0<6<1),
(46) $ (%, "’°"'A2'4’(“°’ %) _ (g m + OBy (0<O<1).

By subtraction of (46) from (45) and with the aid of (43) and (44) we obtain

@T)  |4(«) 7+ 082) — $(a, 7, + OA2) | <g+ =5 (&—al<n).
Applying again the Law of the Mean we have
¢.(a's 7+ 0Az) — ¢ (', ) = OAz ¢ (d, =, + 6,082)  (0<6,<1),
B (s Ty + OAZ) — $L(ay, %,) = BB (,, %, + 0,0Az) (0<6<1),
whence it follows by subtraction that
|6y ) — ¢ (ap @) | = |$,(a 2 + OA%) — ¢ (@, %, + FAz]|
+ 0| 82| |9 (0, 5, + 0,082)| + 0| Az| |4/(<, 7, + 6, 082) .
In combination with (b), (42), and (47) this gives
|8 (ds %) — (2, %) | <e (1 — gl <7),

and the lemma is proved.

§4. Convergence factors in summable integrals.

THEOREM IV. If the function f(x) is8 uniformly continuous for all values
of * = a, where a is any positive constant, and the integral

[ sy

is summable and has the value S, then the integral

(48) F(a)=ff(m)¢(a, x)dx

 *It isassumed in this and in the following similar inequalities that o’ lies in the interval

w=a=q.
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will be absolutely convergent and continuous for all positive values of a and
will approach S as its limit when a = + 0, provided the convergence factor
d(a, x) satisfies the following conditions for x = a:

(a) ¢(a, x) is continuous in.(a, x) («=0),
®) ¢, (a, x) ewists and is continuous in (a, x) (a=0),
N
() | b(a, w)l<m (a>0),
(@) $(0,2) =1,
© ¢, (a,z)=0* (0=za=ec),
” 'L
0] 1¢. (25 2) | < =5 (a>0),

where N, p, c, and L are positive constants.
We must first derive from the given conditions the following further condi-
tions which hold for « = a:

(9) ¢.(a, ) is continuous in a (a=0),

, L .
(%) I (2, 2)| < a7 (a>0).

Consider the function ¢(a, x) in the region R(B=x=a; a =0). By
condition (@) this function is continuous throughout 2. We can also show at
once that its second derivative with regard to « remains finite in the region R.
For from (b) we know that a positive constant M exists such that

|¢;'(a,w)|<M (B=z=a; 1=a=0),

and from condition (f) we have
L L
l¢:(a’w)l<m<a’_+’ (B=z=a;a>1).
Accordingly the function ¢ (a, ) satisfies the conditions of Lemma 7. Con-
sequently ¢ (a, 2) is continuous in @ in the region R, and therefore in the
region x = e, a = 0.
By virtue of conditions (¢) and (/) we have

lim [¢(a,2)] =0 (a>0),
lim [¢(a,2)] =0 (a>>0),

*We may—s:bstitnte for (e) the condition
(¢) ¢ (a,2) =0 (0=za=c¢).

It (e) (or (¢’)) holds for all values of z and a, (f) is unnecessary.
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Hence by Lemma 5 it follows that
(49) lim [ ¢, #)] = 0 (a>0),
and consequently
f:ﬁ;’(a,w)d:c=—¢;(a,w) (a>0).
We have then )

|¢;(a,:c)|=!f¢;’(a,w)dwiélw|¢;'(a, x)|de

> L L L
<f gzwdw < (a>0).

= ( 1 + P)wl+p aPf a,l+p af

Having thus established conditions (¢) and (%) we can now prove the follow-
ing inequalities (50) and (51) which hold when x =a. By condition (c) we
have

N N
|¢(a, a)|<mm<% (a>1),

and by condition (@) we can find a positive constant X such that

[$(a, a)| < K, (0=a=1).
Denoting by K the greater of the two quantities V/a*** and K| we have
(50) |¢(a,a)| < K (az0).

Similarly from conditions (%) and (g) we see that a positive constant C' can
be found such that
(1) |¢(asa)| < C («Z0).

We shall next prove that the integral (48) is absolutely convergent for every
positive value of . By Lemma 1 there exists a positive constant M such that
in tke interval x = a we have

|f ()| < Mo
Consequently
MN
| f () $(a )| < iz
Since also the integral

dx
[ &=

is convergent, the absolute convergence of (48) and the existence of #'(a) for
values of @ > 0 follow at once.
We have from (35)

F(a) =ff(:c)¢(a, z)dz =[ [28(z) + 28" (z)] $(a, v)da.
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Integrating twice by parts we get
F(o)=[8@)¢(a,2)]7 + [28" (@) $(a,2)]] — [S)a¢,(a, 2)]]

~ [ 8@)i(a2)ds+ [ 8(2) [$(a, ) +2(a, 2)] da.

Now from the definition of S(x) both S(a) and §’(a) are zero. Aszx
becomes infinite, S’ (2) approaches zero by Lemma 6 and S(xz) by hypothesis
approaches S. From condition (¢) we see further that for all positive values of
a, ¢(a, x) approaches zero as x becomes infinite.

Combining (49) with conditions (¢) and (f) we obtain next

(%2)

li'in [xp(a,x)] =0 («>0),
lim [2¢/(a, @) + (2, 2)] =0 (a>0).
Hence by Lemma 5
li_m Led.(a, ) + ¢(a,x)] =0 (a>0),
from which it follows that
li_m [xp. (2, 2)] =0 (a>0).

The quantities in brackets in equation (52) therefore disappear, and we have

(9 F(a)=—[ S@)¢/(a,2)do+ [ S(2)[$.(x,2)+$(a,2)]da-

Put
S(x)= S+ e(x)
so that
lime(x) =0

z=w

and then substitute in (563). We obtain
Fa)=—8 [ ¢l(a,2)dz+ S [ [#(a,2) +26](a,2)]dm
(54) a a

— [ @i (am)dn+ [ (@) 6130 2) + o8 (a, )] e
But

f¢;(a,w)dw=—¢(a,a) (a>0),

[ 1820 2) + 28 (0, 2)]d0 = [, 2)]2 = — ap (o, @) (x>0).
Consequently (54) reduces to

(55)  F(a)=d(a, a)s_a¢;(a,a)s+f°e(m)z¢;'(a,w)dw (a>0).
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By condition (d)
$.(0,2)=0,  $/(0,2)=0,

and therefore the right hand member of (55) reduces to S when a = 0. Since,
by condition (), ¢”(a, ) is a continuous function of a for all values of 2 = 0,
our theorem is proved if we can show further that the integral in the right hand
member of (65) is uniformly convergent in the interval a = 0.

Given an arbitrarily small, positive quantity, 8, let us choose m > a and

such that

(66 peted =
(56) |€(w)|<"=(p+1)c’L+pc‘+P(aC+K)+pN (zZ=m).

Consider first values of a in the interval 0 <a. Let s=c¢/a and x and »
be any two quantities such that

m=plv.

Three cases must be considered
(4) r<s<lv,
(B) v=a,
() n=s.

Beginning with (4) we write
67) f"e(w)z¢;'(a,w)dm=f +f"=12l + R,

M " .

By condition (e) we have

|R1|<nf x¢. (a, w)dwéqf x¢p)(a, x)dx.
But * :

f.:mﬁ;'(a, x)de=sp.(a,s)—ad.(a,a)—$(a, s)+ ¢(a, a)
and consequently, in view of (%), (¢), (50), and (51),

| [t 20 S0 (2, )] + [ (s )]+ 1 0) 4 [ 0))

L N L N
<s’aﬂ+ac+W+K=&+a0+zﬁF+K'

Hence

L N
(58) &I <a[Z+ac+ T4 K]
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From condition (/') we have for R,,
v 7 L
18,1 = [ e(@)o¢! (as2) do<n [ rrode
L7 L
=1[ -] <1
Combining (57), (68), and (59) and using (56) we have
v |
[ e@)ndi(a m)ds| = | B +1 By

Cp+1)L 4 pc*te(aC+ K) +pNT| 5
<7 Pcz+p =

(69)

For case (B) we have

fve(w)mﬁ:(a, '.z:)dav'I <nfvw¢:(a, z) = nI'w¢:(a, x)dx

L N L +pc*t?(aC + K) + pN
<7)[;+00+527,+K]=’1[Pcz P ’(,624-’ hd ]<8-
We have finally for case (C)

f'e(w)wdﬁ(a, x)dx

éfv|e(w)a:¢:(a, x)|de
" g
v L v L L L
<’7£ mdxéﬂ[ mdw<ﬂp—c,=ﬂp—oz—ﬂ<'8~
Hence in all three cases

(60) <8 (v>,y§m;0<a<’%).

f: e(x)xd.(a, x)dx

For a = 0 we have

fve(w)axﬁ;'(o, w)dw=fve(:c)[0]dw<8 (hZa).

Finally, by taking for g the greater of the two quantities a and m, and by
combining the results just obtained we have

Ilve(w)wﬁ(a,,w)dw

and our theorem is proved.

We assumed in Theorem IV, for the sake of simplicity of proof, that o was
greater than zero. That this assumption really places no restriction upon the
generality of the theorem is shown by the following corollary :

<3d (v>p=q;a=0),
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CoroLLARY. If, in Theorem IV, a is any constant, and the convergence
SJactor ¢(a, x) satisfies conditions (a), (b), (¢), (d), (e), and (f) for
© = b, where b is any positive constant, and conditions (a) end (d) for
a=x = b, the theorem holds without change.

Let

1]
f S(x)de=A.
We have ‘

%fff(ﬂ)dﬁda=i—f[‘f(/8)d/3da+}:ffabf(,8)dgda
= [[roasas+L [ [r8)dsaa+; ["ada

=i [ [r®astat; [ 1v@—v@ena+27 %,

and consequently

S=limé[zfaf(ﬁ)dﬁda=lim}cj;x.[“f(ﬂ)dﬁda+ 4

x=awm ZzZ=®

or

1im£fff(ﬂ)dﬁda= S—A.

=

Hence the integral
f S(=)dx
14
is summable and has the value (S — A). Therefore by Theorem IV the integral

Iof(m)d>(a,ac)d:c

is absolutely convergent for all positive values of a, its value G'(a) is continu-
ous for such values, and

lim G(a)=S—A.
a=-+0
Hence *

(61) ff.(w)qb(a,x)dm +ff(w)¢(a,x)dx =ff(m)¢(a, z)de
is absolutely convergent for all positive values of a.
Let
ff(a')¢(a, x)de = H(a).
Then ‘
H(0)= [ f(2)6(0, 2)do= [ f(2)dn= 4.
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We have by (61)

F(a)= [ f(@)$(a 2)do= H(a) + G(a),

and since H(a) and G'(a) are continuous for all values of a > 0, F(a) is
continuous for such values. Moreover, since H(a) and G'(a) each approach
a limit when a = + 0, sc also does #'(a) and we have for that limit

lim F(a)=H(0) + lim G(a)=S.
a=+0 a=+0

§ 5. Convergence factors in convergent integrals.

Theorem IV is applicable to convergent integrals since by Theorem III every
convergent integral is summable. As in the case of series, however, less re-
striction can be placed upon the convergence factor, as is shown in the following
theorem :

TaeorEM V. If the function f(x) is finite and integrable in every finite
interval lying in the interval x = a, where a is any positive constant, and the
integral

(62) f " f(z)de

converges to the value A, then the integral

(63) £°f(m)¢(a, 2)ds

will be absolutely and wuniformly convergent for all values of a =0 and
therefore will define a continuous function, provided the convergence factor*
¢ (a, x) satisfies the following conditions for x = a :

(@) ¢(a, x) is continuous in (a, x) («=0),

®) ¢.(a, x) exists (a=0),
N

() (2 2)| < ~mrrgrrs (a>0),

* That the integral (63) converges more rapidly than (62) can be shown by a method precisely
analogous to that suggested for series in a previous footnote (see page 307) since for a given value
of o, an m can be determined such that

Iﬁ‘f(z)¢(a,x)dx|<|f;(x)dz{ (n=m).
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(d) ¢(09 w)=1’

(¢ o (a, ) =0* (0=za=c),
, L

() 16.(a; )| <o (a>0),

where N, p, ¢, and L are positive constants.
We must first derive from the given conditions the following further condi-
tion which holds for = a:

()] [¢(a, )| < K (a=0),

where K is a positive constant.

We know from condition (e) t that ¢(a, z), for a given value of a, either
decreases or remains constant with increasing = as long as xa does not exceed c.
We have then

(64) 4’(‘19 a)§¢(a, m):“i’(a’g) (0<Cza<e).
But by condition (a) we can find a positive constant M rch that

[p(asa)| <M (0<a<ela),

N
o) <2

so that if we take as K the greater of the two quantities M snd N/c'+* we
have by (64)

(65) [p(a, z)| < K, (6<za<e).

and from condition (c)

For xa = ¢ we have from condition (c)

N
(66) (e, )| = 55 = (zra=c).

c'te 1
For a = 0 we have from condition (? )

(67) $(0,z)=1.

*This is the only condition that is not satisfied by the convergence factor of Theorem IV.
‘We may substitute for it the condition

(¢) ¢ (e, 2) =0 (0=z2a=¢).

It (e) (or (¢ )) holds for all values of z and a, (f) is unnecessary.

t If we substitate (¢’) for (e), the inequality signs in (64) are rgversed but this does not affeot
the reasoning.
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Hence if we choose A greater than either of the quantities & and 1, we have
from (65), (66), and (67)
$(a,2) < K (a=0).

Let & be an arbitrarily small positive quantity. Since ¢(a, x) by condition
(@) is a continuous function of a for all values of a = 0, our theorem will be
proved if we can show that a positive quantity ¢ exists such that

(68) ‘fvf("’)'#(a, w)dx}<8 (»>pZg;aZ0).
|
Determine m > a and such that
v )
(69) !j;f(“’)dw’<ﬂ=JTw (v>p=m).

We first consider values of a > 0. Integrating by parts we get

[r@(a aaa=[s(a, ) [F@rae] - [ [Fm)anbi(, 2)d0

=¢(a,v)j‘:vf(w)dw-—f:[[f(w)dw] $.(a, z)dz.,

Let s = ¢/a and let u and v be any two quantities such that

(70)

m=ulv.
Three cases must be considered :
(4) <8<,
(B) v=s,
(C) pZ s

Beginning with (4) we write

a [ [[r@a]s@ai= "+ [ -5+ a,
By virtue of (69) and conditions (e) and (g) we have for. &,
az 1 B1= S [ [re |eicase)|du<n [ 1= gice e

=n[¢(a,p)—¢(a,8)]=n|d(a,p)|+ "I“’(a’s)' <2Ky
-('v>u:m;0<a<,§).

Trans. Am. Math, Soc. 22
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From condition (f) we have for R,

&)= [7|[ [ #rde | 462 )

From (70)—(73) we get

[ 7@b(a)dz| = 18(a,0) [ Fm)ds] + | B+ B
N
For case (B) we have

“'[j:f(w)dm]ﬂ(a, x)dx%gf“' [j:f(a:)dw]cﬁ;(a,m)ldw
<2 [ [—i(ar )] do=n[$(x, 1) — $(a, 8)] <2,

which combined with (70) gives

| [0 )| <180 ) [[F(2)d0] + 2B < 8En = 0252 <.
Finally we have for case (C)

:[ff(w)dw]#(a,w)dm sf' [f'f(w)dm]qb;(a,w) &
<o [(1gieode<n [ Epdesa [ s <n,

which combined with (70) gives

L
d:v<1)f e Pdw

e [-m ]l <itar-re

o p(say " per

(18)

=3d.

8 Kpcr

[ r@ e z)is| <19, ) [ 1o)dal 415

L L + Kpcr
RS et

Hence in all three cases we have established the inequality (68), ¢ being taken
equal to m.

For a = 0 the integral (68) becomes the integral (62), and since the latter is
convergent, we can choose m, such that

1 paraal e
ff(w)¢(0,w_)dw|—|ff( Jao|<d  G>uzm.
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To establish the inequality (68) we have now only to take ¢ equal to the
greater of the two quantities m and m, .

Theorem V has been proved under the assumption that a is greater than zero.
As in the treatment of summable integrals, however, the theorem can easily be
extended to the case where a is any constant. We shall show this by proving
the following corollary :

CoroLLARY. If,in Theorem V,a is any constant and the convergence factor
¢(a, ) satisfies conditions (a), (), (¢), (d), (e), and (f) for « = b, where
b is any positive constant, and conditions (a) and (d) for a =2 =0, the
theorem holds without change.

Let

ff(ac)dm= B.

A=ff(a‘c)dw=ff(w)dac+ff(w)dx

and consequently

We have

f'f(x)dmnA_B.
1
Hence by Theorem V

j:f(m)¢(a, z)dz = G(a)
is absolutely and uniformly convergent for all values of a = 0 and therefore

defines a continuous function for such values.
Then

[ f@)8(a =)t + [ f(2)(a, 2)do= [ f(2)d(a,2)de
is absolutely and uniformly convergent for all values of @ = 0 and therefore

defines a continuous function for such values.
The convergence factor e~ satisfies the conditions of Theorem V. Hence if

the integral
f () dw

f -2 f( ) dar

converges uniformly in the interval @ = 0. If now we set

is convergent, the integral

k- 3
e®—) = my, =m,,
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we have the theorem :
If the integral

[ f ()
18 convergent, then the integral

fm‘f(w)dw

converges uniformly in the interval 0 = m = m,.
This theorem is due to BONNET (cf. Liouville’s Journal, vol. 14 (1849),
p. 250).
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