PROJECTIVE DIFFERENTIAL GEOMETRY OF CURVED SURFACES*
(FIFTH MEMOIR)

BY

E. J. WILCZYNSKI

Introduction.

On December 13, 1880, DarBOUX presented to the French Academy of
Sciences a note on the contact between curves and surfaces, wnich contains
some very important results.t One of these may be stated as follows: if we
consider all of the sections of a surface made by planes which pass through the
same tangent, the locus of the conics, which osculate these sections at their
common point of contact with the tangent, is a quadric having contact of the
second order with the given surface. Two of these osculating conics moreover
hyperosculate the plane section to which they belong, i. e., have fifth order
contact with it. Finally, there exist (in general) twenty-seven plane sections
through a point of a given surface whose osculating conics have sixth order
contact with them. DARBOUX also discussed an interesting problem of contact
between a quadric and a given surface, and determined a STEINER surface which
has fourth order contact with the given surface at a given point. He further
proved that the quadric surfaces, the ruled surfaces of the third order and
STEINER’s Roman surface of the fourth order are the only ones through every
point of which there passes an infinity of conics lying entirely on the surface.
The other results in DARBOUX’s paper are of a metrical character and do not
concern us here.

Two weeks later MOUTARD} announced the fact that the same questions
treated by DARBOUX had been discussed by him in two oral communications
made to the Société philomathique about 1865. The second of these was
concerned with metrical geometry and calls for no discussion in this place.
Moreover no trace of it exists in print. The first however contained pre-
cisely the theorems mentioned above concerning the conies which have con-
tact of the fourth, fifth and sixth order with a given surface at a given point,

* Presented to the Society (Chicago), January 1, 1909.

tComptes Rendus, vol. 91 (1880), p. 969. The detailed discussion of these results is to
be found in the Bulletin des Sciences Mathematiques et Astronomiques, 2d series,

vol. 4 (1880), p. 348.
{Comptes Rendus, vol. 91 (1880), p. 1055.
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together with some additional more special remarks which follow from an appli-
cation of these results to surfaces of the third order. These theorems were
communicated by MOUTARD to PONCELET in a letter, a part of which was
reproduced by the latter in the second volume of his Applications d’analyse et
de géometrie. A part of this again was used by CHASLES in 1870 in his
Rapport sur le progrés de la géometrie. These important theorems dis-
covered by MOUTARD in 1863, it seems, were practically Jost until rediscovered
independently by DarBoux in 1880. A very careful search on my part has
failed to show me any trace of these theorems in the standard treatises on the
theory of surfaces, which have appeared since 1880, or in the “ Encyklopidic.”
Nor have I seen any mention of these results in the general literature of the
subject. Consequently I thought them new when I rediscovered them in the
spring of 1908, and announced them as such at the summer-meeting of the
Sociery in Urbana. I shall henceforth speak of the first of the above men-
tioned results as the theorem of MouUTARD.

The method of proof which I have adopted is closely allied to that of
DarBoux. But there are several essential points of difference. The tetra-
hedron of reference chosen by me is one whose geometrical significance has been
fully elucidated by my previous work, while that of DArBOUX, which is not the
same, was introduced by him in a purely analytic fashion. Since, moreover,
these theorems are necessary parts of any general treatment of the projective
differential geometry of a curved surface, such as has been presented for the
first time in these five memoirs, since other results closely related to them can-
not be presented except in this connection, and since the modifications which
DARBOUX’s theorems undergo in certain important cases are also included in
this treatment it becomes necessary, even at the expense of some repetition, to
publish these new proofs. In this way the concepts of the MouTArD-DARBOUX
theory can be brought into organic connection with the theory developed by
myself in the first four memoirs. Another method of establishing this con-
nection would consist in obtaining the geometric characteristics of the Darsoux
tetrahedron of reference. This will be left for another paper, as will also the
detailed discussion of the exceptional case when the point of the surface con-
sidered is parabolic. The case in which all points of the surface are parabolic,
i. e., in which the surface is developable, shall however be included in this paper
at least as far as the principal features of the theory are concerned. This
enables us to apply our theorems in detail to all analytic surfaces, including
developables, only special points of certain surfaces being excluded.

§ 1. Darboux’'s tangents of quadric osculation.

Let P be a point of a surface S, and let B be a non-vanishing portion of S,
finite or infinite in extent, such that P is one of its interior points, and such
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that the homogeneous coérdinates x,, - - -, x, of any point of & may be expressed
as convergent series of positive integral powers of two parameters » and v.
Moreover let the two asymptotic tangents of the surface at P be distinct. We
shall then say that P is a regular point of the surface.
If we introduce non-homogeneous coordinates
z, g %3
T = C;‘ ’ y= :’;‘ ’ z= 274 ’

these may be chosen in such a way that one of them, say z, assumes the form of
a series proceeding according to positive integral powers of the other two, x
and y. If, moreover, neither of the asymptotic tangents of P has more than
three consecutive points in common with the surface at P, this series may by a
projective transformation be put into the form

¢)) e=ay+ (2 +¥) + g (& + Jy) + - *

where I, J, and all further coefficients are absolute invariants of the surface.
Any non-ruled surface will admit of such a development in the vicinity of one
of its regular points. DARBOUX t mentions this development but makes use of
a different one, viz.:

(1a) z=oy + &+ 3 + wy(ax® + by*) + - - -,

in the investigations mentioned in the introduction. The form (1) of the devel-
opment is also derived by TRESSE | but implicitly is already contained in a few
remarks of HALPHEN’s in his thesis on differential invariants.

The geometrical significance of the development (1), i. e., the geometrical
definition of the tetrahedron of reference which gives rise to this development is
explained in one of my previous papers.

Obviously the most general quadric involving three arbitrary constants a,
B, v, which has contact of the second order with § at P is given by an equation
of the form

(2) z=wxy +z(ax + By + 72),
which gives the development for z
@) z=uwy +ay(we + By) + ay(ax + By)* + vy’ + - .

The projection of the curve of intersection of (1) and (2) upon the xy plane will
be

3@+ ') —xy(ax + By)+ o (Lot + Jy')—wy[ (o + By) '+ vy ] +--- = 0.

This curve has a triple point at P for all values of a and 8. The three tangents
of this triple point will coincide if and only if

*Second memoir. These Transaotions, vol. 9 (1908), p. 103.
t DarBOUX, L. 0., p. 353.
t A. TRESSE. Sur les invariants différentiels des groupes continus de transformations, Paris, 1893.
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a=_"}a B——'—%; a=_;0y B=_%0; a=_§‘02’ B='—§02;
where 6 is an imaginary third root of unity, while v is not determined at all by
this condition.

We have, therefore, the following results due to DarBOUX. The most gen-
eral quadric @ which has contact of the second order with S at P contains
three arbitrary constants. It is not possible to dispose of these in such a way
as to have the three tangents of the triple point of the curve of intersection of
S and Q coincide with an arbitrary line, tangent to S at P. If the three
taugents of the triple point coincide at all, they will coincide with one of the
three tangents of S given by the equation,

@ B4y =0,
Moreover, to each of these three tangents there corresponds a single infinity of
quadrics of this kind.

These three tangents are called tangents of quadric osculation. They have
recently been obtained by SEGRE* from a different point of view.

Obviously we may obtain in this way a family of curves on the surface S,
three of which pass through every regular point. These curves DArRBOUX
denotes as the lines of quadric osculation.

§2. The osculating Steiner surface.

Let

: ¢ (N> 1) AU D, é3 (M 1)

5 =——-l———-—, =—-£—————-, = 3 — .

©) P=enm)  YTe(M ) TR

where

(6) ¢, = e\ + 2, Ap + b, 47 + 29, N + 2f,p + ¢, (k=1,2,8,4),

be the equations of a Steiner surface, X and u being the parameters which
determine one of its points. It is well known } that any Steiner surface may be
so represented. Since, moreover, the most general Steiner surface depends
upon fifteen arbitrary constants and since the requirement that one surface shall
have contact of the fourth order with a given one is equivalent to fifteen condi-
tions, we may expect to be able to determine one, or at most a finite number of
Steiner surfaces which have contact of the fourth order with S at P. We shall
find that a unique surface of this kind exists.

The equations (5) and (6) may be siwplified somewhat without loss of gen-
erality. Let us assume first that the parameters of the point x =y =2 = 0 are
A=p=0. Then we may put ¢,=c,=c,=0and ¢,=1. Moreover, let

(7) glfz_ngx*o‘

*(. SEGRE. Complementi alla teoria delle tangenti coniugate di una superficie. Rendiconti
della R. Accademia dei Lincei, vol. 17 (1908), series 5%, 2° sem. fasc. 9°. Seduta dell’ 8

novembre 1908.
t Aocording to WEIERSTRASS ; cf. CLEBSCH in Crelle’s Journal, vol. 67 (1867).
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Then the quantities

a=2gl)“+2f1l‘” B=-g,7t+2f,/z,
may be introduced as new parameters in place of A and ux and it will still be true

that for a = 8 = 0,2, y and 2 will all vanish. By these assumptions equations
(6) reduce to

¢, =a+ A,a®+2H af + B B,

¢, =B+ 4,0’ + 2H,28 + B, 8",
¢,=2Q,a+2F,8 + A,a* + 2H,a8 + B, 2,
¢, =1+2G,a+2F B+ A,a*+2H,aB+ B, S,

where G, and ¥, may moreover be equated to zero. For if they are not zero
the transformation of the parameters given by
a g
a= 7 B = 7 7
1—G4a—ﬁlﬂ" I—G‘a—l'-:B
will give rise to a system of the same form as (8) but with zeros in the place of
G, and F,.

If these simplified expressions be substituted for x, y and z in (1), and if the
ocoefficients of all of the powers of @ and 8 up to and including those of the
fourth order be equated to zero, the resulting Steiner surface will have contact
of the fourth order with § at P. The resulting homogeneous equations are

px, = 576a — T21a* + T2JaB — 9637,
px,= 5768 — 96a* + T21aB — T2J57,
px, = 57648,
pr, =576 + (24J — 9I*)a? 4 (181 — 80)aB + (241 — 9J%) B°.
In deducing these formule we assumed g, f, — ¢, /; + 0. Suppose
9fi—9/i=0 but g fi—g.fi+0.
‘We may again assume ¢, =c¢,=c¢,=0,c¢,=1, G,= F,=0. If weput
29, M+ 2f p = a, 29\ + 2f,n =8,
we shall have, instead of (8), the system
¢, =a+ A d’+2H a8 + B S,
¢, =ka + A,a’ + 2H,08 + B,#,
=B+ A;a* + 2H,aB + B8,
¢, =1+ A +2H,apf + BB

®)

®)

(80)
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But it is easy to see that a surface whose equations are of this form cannot have
contact even of the first order with S at P. In fact, its tangent plane at the
point P(a= 8= 0) would be
kx — Yy= 0

instead of z=0. Finally, both of the determinants g, f, — g, f; and g, f; — 9./,
cannot vanish simultaneously since the point P is supposed to be a regular point
for the surface S and therefore also for the osculating Steiner surface. We
may therefore state the following theorem: A wunique Roman surfuce of
Steiner can be determined whick has contact of the fourth order with a given
nonruled andlytic surface at one of its reqular points. Referred to the
canonical tetrahedron the parametric equations of this Steiner surface are
given by equations (9).

We shall refrain from developing in detail the geometric relations between
this Steiner surface and the elements of the canonical tetrahedron, all of which
may be expressed in terms of the invariants I and J.

§ 8. Osculating conics of plane sections.

Let the behavior of the surface S in the vicinity of the regular point P be
expressed by its canonical development

1
z=ay + 3 (2 + ) + 5 (T + Jy) + 51 (K2 + 5 Kia'y + 10K,2°y

10 1
(10) + 10K,2 + 5B 2y + K,*) + gy (Lo + 61,28y + 151,247

+ 20L,2*y + 15L,2*y* + 6Ly + Lyy®) + -

the terms up to those of the sixth order being explicitly written down. Con-
sider the intersection of this surface with the piane

1 Xﬁ
(11) 2= Ae + uy, A= p=3

3

The projection of this plane section upon the xy plane will be given by the
development

1 1 1
A+ py —ay — g1(0* +9°) — g (B + Jy') — gy (K,2° + S K z'y
(12) 3,,2 2,7 4 1 6
+ 0Ky + 10K, 2"y’ + 5K xy' + Ky') — gy (Ly2° + 6L, 2%y

+ 15 L.ty + 20 Loty + 16 L 2*y* + 6 L2y + Lyy®) — - - - =0.

If the secant plane does not contain the z axis, the projection of the osculating
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conic of the plane section will be the osculating conic of the curve (12) in the
xy plane: and conversely, the quadric cone whose vertex is the center of projec-
tion (the point at infinity of the 2 axis) and whose directrix is the conic oscu-
lating the curve (12) at the origin, will determine as its intersection with the
plane (11) the osculating conic of the plane section considered. To be sure, the
osculating conics of a plane section whose plane contains the z axis escapes this
method of treatment. It may be obtained by choosing a different center of
projection, or more simply by considering it as the limit of a sequence of conics
determined by a sequence of planes which approach coincidence with the plane
considered.
Let

(18) ax® + 2hxy + by* + 29% + 2fy =0

be the osculating conic of (12). Then this equation (13) must be satisfied to
terms of the fourth order inclusive if the value of y as function of «x be substi-
tuted into it from (12). If p 4 0 we may always assume that (12) is capable of
a solution of the form

14 = kx + la? + ma® + nx' + px® + g2t 4 - ..
Y p q

1f p vanishes, a similar expression may be found for x in terms of y, unless A
also is equal to zero. But there is no need of considering these cases separately
as it will become evident how the formulae will have to be modified for x = 0.
Finally if A = p =0, i. e., if the secant plane is the tangent plane, the oscula-
ting conic obviously degenerates and becomes indeterminate. Let us assume
w4 0. The substitution of (14) in (12) will give

A A

1
k=_._, = — 3, = —X’-—-GX 3,
u 2 m 6;:.‘( w4+ pt)

1
15) == Ty [JA — 167° — 24np + 4% + Tp'],

pp = n + 3m + 3R+ FJBPL+ 115 (K k),
pg = p + klm + 34 30+ L J (4 m +61°0) + 13 4( K, k)14 5}o(L, k),

where
(K, k)= K, + 5Kk + 10K,k + 10K} + 5K A + K1,
(K, kY= 5K, + 20K,k + 80K + 20K, k* + 5K k*,
(L, k)= L,+ 6Lk +15L* +20LA* + 15L % + 6 LK + Lyi°.
If we substitute (14) into equation (13) and equate to zero the coefficients of

x, x*, #*, 2* we obtain the conditions necessary for the determination of the
osculating conic. Upon solution these give
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a=2(—U4kml —Bin+ n*)=N(a —128 — 12xu'),
b=2(m?—In)=p*(a— 128 —121'4),

17
(N = — ml® 4 2kin — 2km? = A (o — 188 + 3622u?),
=P 860, g=—kP= — 36N,
where
a=2(N— u®)2 4 Bau(JA + IuY),
(18) ( ) u(JIA + Tpt)

B=ru(2 4+ ).

If p = 0, these formul give as the osculating conic of a plane section through
one of the asymptotic tangents that tangent counted twice. This same result
is ohtained if the development in powers of y be employed which exists in
place of (14) when =0, 3= 0. If both A and u vanish, the secant plane is
tangent to the surface and the osculating conic becomes indeterminate. It con-
sists of one of the asymptotic tangents and any other tangent of the surface at
the given point.. The pair of asymptotic tangents in that case constitutes a
degenerate hyperosculating conic.

Let us examine the locus of the osculating conics corresponding to a fixed
tangent, i. e., corresponding to those secant planes for which

A
(19) =
is a constant. Put
(20) A=2(c—1) 4 8c(Jc* + 1), B=c(c’+1).

If we divide by the common factor uf, the coefficients of the equation of the

projection of the osculating conic become
@1 a=cu[Ap—12(B +¢)], b=pu[Ap—12(B + ¢')],
) h=c(Ap*—18Bpu + 36¢*), = — 386c’u, = — 36c'u.

The locus of these conies is found by eliminating u between the equations
(22) ax? + 2hxy + by® + 292 + 2fy =0, z=p(cx+y),
where, a, %, b, g, f ave given by (21). The result is

(28) A —T22—12(c* + Be)az —12(c¢' + B)yz + 7282y =0,

so that the required locus is a quadric surface, which, as may be easily verified,
is never a cone unless ¢ =0 or oo, in which cases it degenerates into the tan-
gent plane counted twice. We have thus proved the theorem of Motrarp
for the case of a nou-ruled surface. Since (23) is of the sixth degrec in ¢, we
see that six quadrics of this kind pass through an arbitrary point of space which
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is not in the tangent plane. All of these quadrics have contact of the second-
order with § at the origin, as they are included in the form (2). We may
express these results as follows. Consider the section of a non-ruled surface
S made by a plane passing through one of its regular points P. The conic
which has fourth-order contact with this plane section at P generates a quadric
surface if the plane turns about a fixed tangent of the surface at P as awis.
Thus there corresponds a unique quadric surface to every tangent of the surface
at P. Euachof these quadrics has second order contact with S, and six of them
pass through an arbitrary point of space which is not in the tangent plane.
Leaving aside the case when one of the quadrics degenerates into the tangent
plane counted twice, there exists no cone among them.

We proceed to complete these considerations by studying the plane section of
the surface S made by a pencil of planes whose axis passes through P, but is
not a tangent of the surface.

Let
(24) 2= Av + py, or Mz=Me+ Ny

be the equation of a plane which contains the point whose codrdinates in the non-
homogeneous canonical system are a, 3, y. Then we shall have the relation

(24a) y=Xa+upB, v#0,
between A and u, where of course only the ratios of a:3:v are of importance.
This plane intersects the tangent plane in the straight line

(25) z2=0, A+ opy=0, where Ao+ puB =1,

and the osculating conic of its intersection with § will be the intersection of the
plane (24) with the MOUTARD quadric which belongs to the tangent (25). We
may write the equation of the plane (24) as follows
v — Aa

(26) s T

The MoOUTARD quadric of the tangent of S in which (26) intersects the
tangent plane is given by (23) if the value of ¢ which occurs in that equation
be equated to

A

y—Aa’

The intersection of (26) and this quadric is the osculating conic of the plane
section considered. The elimination of A between (23), (26), and (27) will give
the equation of the locus of the osculating conics of the plane sections of §
determined by the pencil of planes considered.

We find
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28 B el i

28) Tyt

which may be substituted in (23) to obtain the required locus, which is of the
eighth order. It will be convenient however to introduce a new system of non-
homogeneous coordinates by putting

(29a) £=“W+aza ’7='73/—/3z, {=2,
or

1 1
(29%) = (—§+ab), y=_(n+8), =z=¢,

a transformation which is equivalent to choosing as { axis the axis of the given
pencil of planes without changing the x or y axes.
If this be done, the equation of the required locus becomes

278 + By (v — 4a)E'n — 24ByE 0’ + 4 (1828 — o) En°
— 2ayf'n* + 3y(v] — 48) 0’ + 290" ] + [ — 12787
+ 12987 — 24 (v + 88)En* + 24 (v + 3a)En* — 129§7°]
— 2TE gt = 0.

(30)

It may be verified that this surface of the eighth order, S, has a septuple point
at the origin and is therefore rational. The ¢ axis is a sextuple line, while the
£ and 7 axes are both double lines of the surface. The two planes that are
tangent to the two sheets of S, which intersect along the § axis are fixed, i. e.,
they do not vary with the point of contact. The same is true of the two tan-
gent planes which belong to any point of the # axis. One of these tangent
planes moreover is the plane { = 0, tangent to S at P. The other two planes
containing the £ and 7 axis respectively are

(81a) ¥ +6np=0 and v — 68 =0,
or returning to the canonical system of coordinates
(31d) 6yy + (v —68)z=0, 6yx + (y — 6a)2 = 0.

Since, moreover, the intersection of the &y plane with S, consists of the §
and 7 axis each counted four times, the £ plane is a stationary tangent plane
of S, along the entire £ and 7 axes. The surface S, has no other nodal points
than those indicated.

Referred to the canonical tetrahedron, (80) is homogeneous with respect to
a, B, v, as it should be.
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We are in a position to express more clearly than formerly the significance
of the canonical system of coordinates. The tetrahedron of reference requires
no further discussion, but the unit point of the system was defined in a some-
what indirect way.* Let us now consider the surface S, whose axis is the
z axis. Its equation is obtained from (30) if we put the ratios of a:vy and 8:¥y
equal to zero. The two planes (813) then reduce to

(32) 6y +2=0, 6x 4+2=0.

Their line of intersection intersects the canonical quadric of the point P of the
surface S,
2 =y
in the origin and the further point
w=—6, y=—6, z=236.

Let us speak of the surface .S; which is determined by any line / through P as
a surface of osculating conics; let ! be called its axis and let the two planes
(31d) be called its singular tangent planes. We find the following result.

The unit point of the canonical system of coordinates is chosen in such a
way that the second point which the singular tangent planes of that surface

of osculating conics, whose axis is the directrix of the second kind, have in
common with the canonical quadric shall have as its coordinates the values

:c=—6, y=—6s z=36'

If (18) is the equation of the projection of the osculating conic of one of the
plane sections of the surface S, its coefficients are given by (17) or (21). If the
development (14) for y be substituted in the left member of (18), the resulting
power-series will have zero coefficients for its first five terms. Let C, and 0,
denote the coefficients of «* and «° in this power series. Then ’

C, = 2p + 2hn + 2 (kn + Im )b,

83
(58) C, = 2fq + 2hp + (2kp + 2in + m*)b.

We find from (15)

p_—.%oﬂ,[(x, k) p— 1008 + 257 Ap 4 10A%s® 4 5 TS — 20003 + 20— 120A4%]

q=7_2t_,;5[(1,, I) W +85A—207N3° + 15 TNt —6 ( K, k) Mub+6 (K, k) pu*
— 420054 450 A% + 240073+ 80 Jub — 2400035 + 12044 —T200% ].

Consequently we shall have
#Recond memoir. These Transactions, vol. 9 (1908), p. 110.
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¢ 1
k=—.c, l=—-;, m=—6—ﬂz (1—0’)[4—60],

1
n= m,[(Jc‘ + 1)+ 4(1 —4c)pu — 24c],
1
(85) p= 1—20——‘[(1(, F)u 4 (—10¢°+ 25Jc* 4 10¢* + 5 T)u*+ 5(—40¢*+ 4)u—120c],

g= —‘, 0 [(L> B) '+ {35J68— 207+ 16 I —6 (K, k)’ o+6 (K, k) } u°

d

+(—420c*+450Jc' +240¢% 4 30I)pu*+(—2400c*+120)u—T20c] .
It will be convenient to make use of the relation

(36) h+kb=6(c®—c*)u+ 86c°
in computing C;.
We find

A_.?_Oﬁ C,=[20(c*—1)—18¢*( K, —c)+4bc(—1)(I+Jec*) ] u?

—180c[c*—1+c(Je'—T)]u+3860c*(c*—1),

(87) M=T20p*C;=[—=T2(L, —c)c*+T2( K, —c)(—1)*—60c(Jc*+ I) A
+20(c*—1)* 4]+ [482(K, —c)'c*+4320c*(Jc'+ I)—1080c*(Je' + 1)
+1200¢(c’—1)—38600c*(c*~1)] 4>+ [ —15120J¢" + 6480 Lc*—12960c®
—8640c%(c*—1)] u+25920c°—17280¢°.

For a given value of c, there are two values of u for which A becomes equal to
zero. In other words, through every tangent of the surface there can be passed
two planes in general different from the tangent plane, such that their inter-
sections with the surface shall be hyperosculated by their osculating conics.
It is easy to verify that through every line which contains the given point P of
the swrface .S, and which is not tangent to S at P, there pass nine such planes.
Consequently, all of the planes whose intersections with the surface S are hyper-
osculated by their osculating conics at the point P, generate a cone of the ninth
class, which has the tangent plane as a septuple plane. The elements, along
which this cone touches the tangent plane, are the asymptotic tangents, each of
which counts as two, and the three Darboux tangents of quadric osculation.
Among the plane sections just considered, for which C, = 0, there will be
sonie for which C; also vanishes. Their osculating conics will have seven con-
secutive points in common with them. They are determined by the simul-
taneous equations A =M = 0. It seems desirable, however, to replace the
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equation M = 0 which is not symmetrical with respect to 7 and J, by the

equation
N =M-—-60cA=0
which is symmetrical. Put

D =20(c*— 1) —18c*( K, —c) + 45¢( — 1)(I + Jc*),
E =—180[c*—1+ ¢(Jc* — I)], F=3860(c—1),
D' = —T2(L, —c)+T2( K, —c)c*(*—1)—60c(Jc' + 1) A +20(c*—1)°4,
E =432(K, —c)'c® + 1080( K, —¢)c® + 1620c(c* + 1)(Jec* + 1),
F'= — 4820c(Jc* + I) — 2160c* — 8640¢* — 2160,
G'=4320(c +1).
Then the two conditions for seven-pointic conics become
Dp® 4 Eep + Fet=0,

(38)

39 .
(39) D'+ Ecp®+ F'du+ Gc=0.
Let us put
1
(40) p=

so that (39) become
D+ Eem + Fe*m*=0,
41
(41) D +E'ecm+4 Fcm*+ Gcn®=0.
We may eliminate cm between these two equations by SYLVESTER’s dialytic

method. The resultant is
D E F 0 0

0O D F F 0
(42) A={0 0 D E F|=0,
D E F & 0
0 D E F G-
which is certainly not of degree higher than 33 in c, as may be seen at once by
noting that D, E, F are of degrees 9, 6, 3 and D', E', F', G" of degrees 12,
9, 6, 3 respectively. We shall see, however, that A is really only of the thir-
tieth degree in c, and that it has ¢* as a factor. So that after division by this
factor, there will remain an irreducible equation of the twenty-seventh degree.

We shall show first that A contains ¢® as a factor. Let us put cm =u in
(41) and interpret » and c as cartesian coordinates. The two curves (41) will
have the point ¢ = 0, v = } in common, as is easily verified. In fact for c=0,
both equations are satisfied by » =} and by no other common value of u.
Let us put

u—}=nv.
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The two equations become

(48) 24 ev + fo? =0, d+ev+fvP+gvP=0,
where

d=D+}E+ 4 F, e=E+{F, f=0PF,
44) d=D4+3IE +HF +3}; @, €=FE +}F + {;&,
f=F+1Q, g =0G.
If these coefficients be developed with respect to powers of ¢, we shall find
d=—15Ic — 18K c*+ (70 + 90K )c* + - - -,
e=6041801c +120¢*+ ..., f= — 860 + 360c°,
(45) d'=90Ic + (108K, — 1801%)c* — (T2L, + 180K, 4 300)c® + - .-,
¢ =860 4 180J1c + 10804 c* — (3240K, — 2520)c* + - - -,
S = —48201Ic — 6480, g = 4820 4 4320¢°.

We may now obtain from either equation of (43) a development for v in powers
of ¢, and we shall find that these two developments agree up to the terms of the
second order inclusive. These common terms of the developments are

ve=}I + 1hy (36K, — 451°) - - 5

the terms of the third order in the two developments do not agree in general.
We see, therefore, that the two curves (41) have contact of second order at the
point ¢ =0, u =}, consequently this point counts as three among the inter-
sections of the two curves, and A must contain ¢® as a factor. In the same way,
it may be shown, and moreover it can be seen without further computation, that
¢ = oo must be a triple root of the equation A = 0, i. e., the coefficients of the
three highest powers of ¢ in A must vanish. The eliminant of the equations
(41), therefore, reduces to the twenty-seventh degree, The three roots ¢ = 0
and c = oo, which have just been removed from (42), obviously do not give
proper solutions of the problem under consideration. The other twenty-seven
do. In fact, if the surface considered were a cubic, a conic having seven-
pointic contact with it would have to be entirely upon the surface. But owing
to the existence of twenty-seven straight lines upon a cubic surface, there exists
upon it a family of conics, of which twenty-seven pass through every point.
Since in this special case twenty-seven seven-pointic conics actually exist, we
see that our eliminant of the twenty-seventh order contains no factors strange
to the problem. We conclude therefore that the following theorem is true:
At a regular point of a non-ruled surface twenty-seven conics may be con-
structed having contact of the sixth order with it.
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The discriminant of the equation A = 0, after removing the extraneous factor
¢, is of the twelfth degree in c. Consequently there are twelve tangents
through a regular point of a non-ruled surface for which the two hyper-
osculating conics coincide.

§4. Osculating and hyperosculating conics at a regular point of a ruled
surface.

If the surface S under consideration is a ruled surface the development (10)
breaks down. We may write in that case

1
(46) z=ay+2+ Ko+ Kia'y+ K2y + g L(2y) + 0"
where
(4T) L(w,y) = La* + 6L,aby + 16L,aty? + 20L,a?y® + 16,2y,

the terms involving 3 and y® being necessarily absent. More generally, if we
denote by u, the terms of the nth degree in the development (46), the coefficients
of 5" and y"~! in w_must be equal to zero. In fact, if the coefficients of y" were
not zero, the line x = z = 0 which is a generator of the ruled surface could not
be upon it. If the coefficient of y"~' were not equal to zero, the planes which
contain this generator g, each of which is tangent to the surface at one of the
points of g, could not be projectively related to their points of contact.
(CHASLES’s correlation.)
As before, let us cut the surface by a plane

z2=Ax + py,

and consider the projection of the curve of intersection

1
7\:c+,uy—wy-—a:’-—]ﬂosc‘—I(lw‘y—l(za:’yz—mL(w,y)_...=0.

We shall find
y = kx + l* + mx® + na* + p® + quf + - .-,

where
A A /Lz—k, pz_),
k=—-—, l=;;3’ m_—.—,‘s—m, n=——,~‘T——,

1
(48) p = 5 (K, + K Np — KM o+ w2 — 1),

171 A
1= Y (-2 s s3]

#*Third Memoir. These Transactions, vol. 9 (1908), p. 299.
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and where (L, — \[p) denotes L(1, — A /p). The projection of the osculating
conic becomes

(49) ax® + 2hxy + by® + 292 + 2fy =0

where

60) e=27u(p—2c), b=2u(p—c), h=c(p—c)(2p—c),
Sf=—cn, g=—cn, c=X\p.

The locus of the osculating conics of all the sections whose planes pass
through a fixed tangent, (A[p = c), is again a quadric surface, viz.;

(81) 2?— (282 + cy + )z + Pxy = 0.

We see that three of these quadrics pass through any point of space which
is not in the tangent plane, while in the case of a non-ruled surface there were
six. As in the general case, none of these quadrics is a cone except in the case
when it degenerates into the tangent plane counted twice.

Consider the plane sections of S whose planes have in common a fixed line {
through the given point P when ! is not a tangent of the surface. As in the
general case, we denote by a, 8, v the coordinates of any point of this line { and
put

= —qx+ oz, n=ny— Bz, =2, v+ 0.

The locus of the osculating conics of these plane sections is the quintic surface
(62) G [vE—2ayEn®— ByE'n + afn’] + E[vEn'— v'n’— BEn’+ an'] — En*=0,

which has the origin as a quadruple point and is therefore rational, which has
the given line l as a triple line, and which has the asymptotic tangent t of S at
P as a double line. Moreover, the two sheets of the quintic (52) which have
the points of t in common are tangent to each other and to the tangent plane
of 8 throughout the entire extent of t.

We find in this case

P

Cym i [— (24 Bod — K. 4 Kot )p o+ Ben— ),
(68) 1 , . .

Cum s [(2— 2,6+ 2K,6 — 2K, — o (L, — o)} o
+ (—10c + 2K c¢* — 4K, ¢ )’ + 1262 pn — 4c].
Consequently there exist again two sections through every tangent, whose oscu-
lating conics hyperosculate them. There are four tangents through P such
that these hyperosculating conics coincide. The conics which have seven-point

contact with the ruled surface at P are obtained by. equating C; and C simul-
taneously to zero. Put again

IS
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so that the conditions C, = C, = 0 become
D—3u+4+u=0,

(64)
D+ E'u+12u — 44 =0,

where A
D=2+ K — K+ K,c,

(65) D'=2—-2K .+ 2K ,c— 2K,c* —
E'=—10 4+ 2K c*—4K,c'.

The resultant of (54) is

(66) D(E'+4D)Y 4+ 8D (E' +4D)+ D" =0,

which is of the fourteenth degree, but may be easily shown to contain ¢* and no

higher power of ¢ as a factor if

57 T20K, — L,+0.

ca

360 (£> — <)

We may therefore state our result as follows: At a reqular point of a ruled
surface there can be constructed, in general, twelve conics having contact of the
sixth order with the surface.

If the surface is a developable, the expansion of its equation in the vicinity
of an ordinary point may be written in the form *

(68) z=24 Kay+ (—31—! (LS4 6 L x’y+ 16 L xty*+ 20 Lo*y*+16 L oy ")+ - - -,

where A may be supposed to be equal to-unity or zero, according as a certain
differential invariant of the fourth order is or is not different from zero. In
the latter case however there will, in general, be present in the development also
one of the terms of the fifth order. We shall find incidentally the significance
of the vanishing of this differential invariant of the fourth order as a conse-
quence of the considerations which follow.

If we maintain the same notations as in the other cases, we shall find, assum-
ing that the secant plane does not pass through the generator, (u 4 0),

A 1 A K

=——, l=—-, m—_—o, = — 5
(59) I I
K 1 A
])=;‘—2, q=m(L,k),

whence we obtain
60) a=2(K*p*—1), b=2Key’, h=2K’p’, [f=p, g=cp

*This is essentially the form of development given by DARBOUX. But this may be further
simplified in the terms of the sixth order and the geometry of the transformation suggests a
number of questions which will be left for a future occasion.

Trans. Am. Math. Soc. 20



296 E. J. WILCZYNSKI: DIFFERENTIAL GEOMETRY OF CURVED SURFACES

as the coefficients of the equation of the projection of the osculating conic of the
section of the developable made by the plane

z2=\e + uy,

if X/p be denoted by c.  The locus of the osculating conics, as the secant plane
turns around a fixed tangent t determined by the ratio \[p = c, is again a
quadric surface

(61) cKt—a*+42=0,

which, however, in this case, is a cone, and its vertex i3 a point on the y awis,
which is independent of the value of c. The geometrical significance of the y
axis in the development (58) is therefore apparent. It is of interest to notice
that we obtain a single infihity of curves on the developable defined projectively,
if we associate with each of the points of the surface as direction of progress the
line which joins it to the vertex of the associated cones.

If we consider the osculating conics of the sections of the developable S
that are made by a plane turning around a fixed line l which passes through
the point P of the surface, but which is not tangent to S at P, we shall find
as its locus a ruled surface of the third order (a Cuyley cubic scroll) if K is
different from zero.

If K vanishes, this surface degenerates into a plane and a quadric cone.
This, then, is the significance of the vanishing of the differential invariant of the
fourth order which was mentioned above.

We find

(62) ;0,—_-%(1_%@,&), C,=5lg(L, —c) — 4K<".

Consequently there will be, as in the general case, two plane sections through a
fiwed tangent whose osculating conics hyperosculate it, if K + 0. Since the
condition C, =0 is of the fourth degree in ¢, and to each of these values the
condition C, = 0 makes correspond two values of u, we see that there will be
eight conics which have contact of the sixth order with a developable at any
one of its ordinary points.

TAE UNIVERSITY OF ILLINOIS,
URBANA, February 15, 1909.



