ON A COMPLETE SYSTEM OF INVARIANTS OF TWO TRIANGLES*

BY
DAVID D. LEIB

Introductory.

The simpler invariants of two triangles, arising from the connex set up by
them when regarded as two cubic curves of the third order and of the third
class, respectively, were discussed by Dr. HuN in vol. 5 of these Transactions,
pages 89-565. The present paper exhibits a complete system by means of which
all invariant relations can be conveniently expressed, and is largely the result
of an attempt to solve a problem proposed by Professor MORLEY : What is the
invariant relation between two triangles so that a conic may Le drawn on the
vertices of one triangle and touching the sides of the other? In this and similar
problems, the one triangle was invariably taken as the reference triangle, and the
invariant relation consequently expressed in terms of the coefficients of the other,
a simplification which we shall use throughout the article. In this way the
selection of the fundamental system was largely a matter of experiment in the
first place, the object being to select such as would enable one to write down
invariant relations in the most simple form, and at the same time to have these
fundamental invariants easily interpreted geometrically. In the body of this
paper we shall follow the logical order, however, of giving the system first and
then proving its completeness.

§1. The fundamental system.
If we take one triangle as a 3-line given by the symbolic equation

(az)(Bz)(ve) =0,
(a&)(b€)(c€) =0,

where (ax)=a,x, + a,x, + a,x,, etc., the constants «,, b, c,, ,, B;, v, form
the domain of rationality for the invariants. The six fundamental invariants
A, D, I, D,, I, and I, expressed rationally and integrally in this domain
are given on page 128 of The Johns Hopkins University Circular,July, 1908.
Of these, A, and D, are the determinants of the 3-point and 3-line respectively.

and the other as a 3-point

* Presented to the Society, December 31, 1908,
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That is
a B
A1= a, '82 72
a By v,

Following Dr. Hun’s notation for indicating the collective degree in Roman
and Greek letters respectively, the invariants are represented as follows:
D, (3,0); A(0, 3); I(3,38); I,(6,6); D,(6,6); I,(9,9). From

these can be formed four independent absolute invariants of zero degree,

I, A 1
D, AD> I, I’

3

and in terms of these four can be expressed rationally every other rational in-
variant of zero degree in both sets of coefficients. This is a minimum reduced
system, since two triangles have projectively four absolute invariants.

If now the 3-line be taken as the reference triangle, A, assumes the value
unity and the other fundamental invariants become homogeneous, rational inte-
gral functions of the coefficients of the 3-point, as follows :

al bl cl
Dl'_"' a, bz Cols
as ba 63

I, =ab,c,+ abje, + a,b;¢, + @, byc, + a,b,¢, + a,b,c,,
aya, b,by c,e,
D,=|a,a; byd, cyey,
a,a, bb, cec,
I,=uabbcc,+aabbcee +aabbec,+aadbec +aabbdcec,+aabbgec,
I = a,a,a,0,0,b,c c,c,.

It is in this simplified form that the invariants are most available, and it is a
matter of very little difficulty to introduce A, into any invariant form so as to
render it homogeneous and of the proper degree in the Greek letters. The in-
variants D, and D, are skew, as is evident from their form.

§ 2. Proof of the completeness of the system.

Take the 3-line as reference triangle and call it 7,. The 3-point, (af) (bE)
(c€)=0, we shall call 7,. If 7 is taken as (ax)(Br)(vyx)=0, we shall
define a rational simultaneous invariant of 7’ and 7, as a rational integral func-
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tion of the coefficients, which has the invariant property and is unaltered by any
permutation of the three lines or of the three points; that is, by interchanges of
a, B;,y,0orof a,b,,c,. When T, is taken as the reference triangle, all
rational simultaneous invariants (except A, which becomes unity) of T, and
T, are homogeneous, rational, integral functions of.a,, b,, c,, which are unal-
tered by all permutations of the letters and of the subscripts.

The converse is equally true, and any homogeneous, rational, integral function
of a, b,, c , which is left unaltered by permutation of the letters or of the
subscripts, is equivalent to an explicit rational integral function homogeneous
in both the Roman and the Greek letters, which has the invariant property under
all linear transformations of the plane. Hence the most general form of such
an invariant is

I= Z a:l a;"-’a;"b{l bé!b.;lc;‘l C’;’c;’,
where
i+t + iy =mn, i, +g, + k& =n,

j|+jz+js=n’ iz+j2+kz=n’
ki +k,+k,=n, i+j,+k =n.

We next prove the lemma : Every individual term of I, where I is of the nth
degree in the coefficients of the 3-point, is the product of n factors of the type
abe (ifk+!l,i=1,2,83;%k=1,2,3;1=1,2,3).

To simplify the proof we write

11b2°3=ao’ albacz=/go’
a,b,0, = ay, a,b,c;= B,
asb, ¢, = a,, ayb e, = B,

These a; and B, have no relation whatsoever to those used earlier in the article.
Clearly as long as every letter and every subscript is present in a term we can
continue taking out factors of type a,b,c,. But some exponents may be zero.
In that case suppose i, say, is not zero. Then the conditions on the exponents
give the inequalities:

i, <n, iy <M, h<n, k, <n,
Gt E>0, G+ kS0, Gi4+5>0, k4 k>0,

Hence, if j, = 0, £, > 0 and j, > 0, and therefore 8, is a factor.

If k,=0, j, >0, k,> 0 and B, is a factor.

If j,= 0 and %, = 0 at the same time, 3, is still a factor.

If j, = 0 or &, = 0 or both are zero simultaneously, o, is a factor. Hence,
if i, % 0, either a, or B, is a factor. Taking out the factor a, (or 8,), we
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have left a term of same type with » — 1 replacing n. This establishes the
lemma and we can write any rational invariant in the form

I=3YalalakB BrB;.

Since I is left unaltered by all permutations of @, b, ¢ and their subscripts,
it is left unaltered by all permutations of a and B and their subscripts. For
if we express the permutations of the Roman letters in cycles, it is easy to
express the corresponding permutations of the Greek letters in cyclic form.
We have

(abc)is equivalent to  (a,a,2,)(5,8,8,),
(123)« “ “ o (229,)(8,8,8;),
(be)« o« (aB) (0 B)(28,),
(23)« “ “ (@8, (2,B,)(2,8)-

This includes all independent types.
Nexi we introduce the notation :

a+ao +a=r, B+ B+ B, =3,
aa, a0+ aa, =1, BB+ 8,8+ BB =s,
aya,a, = py=B,8,8,,
(g —a)(—a)(a—a)=r, (B,—B)(B,—B)(B—B)=s.

Since any invariant admits of the permutations (a,@,,) and (B,8,8,), it
follows that if any invariant I contains the term ajala}B; B B;, it contains
the 9 terms

3 3
Zaald 3 B8R,

i signifying the sum of the three terms obtained by cyclically permuting ¢, j,
%k and I, m, n respectively. If i =j =% or [ = m = n, these nine terms reduce
to three, or if both sets of equalities exist simultaneously, they reduce to a single
term. In any event, we have the product of two alternating functions of «,,
a,a, and B, B, B, respectively. By the same argument for all terms of 7,
we see that

1 IT=R(r, 8,7, 8, P57 8),

where R is a rational, integral, isobaric function of its arguments. The sub-
scripts indicate the weight, » and s being of weight 3.

As a next step » and s may be assumed to occur to the first degree only, for
7% and s can both be expressed rationally in terms of the other 5 guantities.
In fact*

*SALMON, Higher Algebra, Ex. 2, p. 57.
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r* = r}rl — 41} p, + 187 7, p, — 47} — 2Tp3,
§' = 8)8; — 48} p, + 188 s, p, — 4s; — 27p;.

Also since the permutation (a,a,)(8,8,) changes the sign of  and of s, they can

occur only in the combination »s. Hence we can write

(2) I=R (1), 8,73 8,,p,) + 18- By(r,5 8, 7, 85 p5)-

Again since (,8,)(2,8,)(a,8,) interchanges r, and s;, 7 must be unaltered
by interchanging r, and s,. That is

®) B, (715 8 731 833 13) = B, (815 713 85 7 1)
Hence if 1 contains a term 7| s¥r} s} p}, it contains the two terms
4) Py(n8) (r8 )" (rirs + 818;) = 4,,

where for convenience we assume k =i, m =/, i—k=a,l —m=2>.
Now let

(5) pi(1,8,) ) (78, )" (118, + i) = 4,.

Then

(6) A+ A, =py(r,8,)(7,8,)" (7 + 81) (7, + 83)

= Si(r,+ 8, 1, + 85, 7,8,, 7,8, py),
™ A, — A, =pi(r,8,)(r,8,)" (1 — 81) (5 — &)
= (7= 8)(13— 8,) S(7, + 8,3 13 + 8, 118, 1385, y),
where S, and S, are rational functions. From (6) and (7) we can solve for 4,
in terms of r, —s,, 7, — s, and the arguments of S;. Carrying out the same
process for all terms of R,, we get
By = M (7,48, 7+ 85 781 7385 P3) + (1, —8,)(1y— 8) My(r, + 815 75+ 85 118,758 1)
where M is a rational, integral, isobaric function of its arguments. IR, can be
expressed in the same way. Hence, we have the following theorem.
Any rational simultaneous invariant of T, and T, is a rational, integral
isobaric function of v, + 8,, v, + 8, 7,8,, 7,8, Py, (r, — 8,)(r, — 8,), and rs.
Since the above seven arguments are themselves invariants, it follows that
they form a rationally complete system. They are not independent, however, for
we saw that 73? could be expressed in terms of the other six. It remains to show
that these seven can be expressed in terms of the system proposed in the preced-
ing section. The equalities are easily seen to be

n+8=1,
7+ 8 =1, r,—8=2D,,

py=1;, ns = (1) — D}),
r,—8 =D, 8, =%(1%: — Dj).
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The expression for 7s* in terms of the present system is very long. Since »s
must be added to our system, for »ational completeness we will call it 7. In
terms of the coefficients of the 3-point

I, = (a,by¢, — asb,c,)(a;b,¢, — @, b,¢,) (@, b,0, — @, byc, )
(azblcs - asbzcl)(“3bzcl - axbscz)(al bscz_ “21)1 cs)‘

The completeness of the system has thus been finally established. The prin-
ciple employed in this paragraph, namely, that if an invariant contains a term
ajofat B! By By, it contains all terms obtained by permuting the i, j, % and [,
m, n, is useful in determining all invariant relations, as we need only concern
ourselves about a single term of each type.

§38. The dual forms.

We next consider the transformation of the invariants when the role of the
triangles is interchanged, that is, when the one originally taken as a 3-line is
regarded as a 3-point and wice versa. Obviously in the simplified form of the
invariants we need only replace each letter by its minor in D,. We will desig-
nate the transforms by primes. To abbreviate we denote the minor of any letter
by the corresponding capital letter.

Al Bl 01
D =|4, B, C)|=D:.
A3 BS 03

This follows from the theory of 3-rowed determinants.
I,=AB,C,+ A,B,C,+ A,B,C,+ A B,C,+ A,B,C, + A, B,C,

3 3 3 3

=2 aidic— Y aphic; — 4( @ ab,by000, — Do a,abybcyc).
This can be expressed easily, for it is of weight 2, and the D’s must enter in
each term and to an odd degree. This follows from the remark that if the
terms of a given type have all the same sign, the D’s must enter to an even
degree if at all, but if half the terms are positive and half negative, the D’s
must enter in each term and to an odd degree. Hence in the present case we
need consider only 7,, D,, and D,. It turns out that

I, =1D —6D,.
I, and D, stand in a certain formal relation to a square array,
A,4, B,B, C,C,
|4,4, BB, C,C,
A A, BB, C.C,
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While D, is the determinant of this array, I, is the expanded form with all

signs positive. If we designate the sum of the positive terms of D, by ¢ and
of negative terms by @,

Dy=¢—0, I,=¢+0.

The actual calculation is long and the following table of summations is con-
venient here and elsewhere:

3 3
ettt — Satbie = L' — L,
9 9
S aibbe — Saibtce, = M — I,
9
Zafazbl b:bsczcg - Zai azbéb;clcgcs =N'—N",
18 18
S alabbtdd — Saahteed =D — D
3 3
Saansdd — Saaubidd = F — &,
3 3
Zafazasblb:bsclczci — 2 dia,ab b bic cie,=F — F”,
6 8
2 aia,b bycse, — 2 a}a,b b= G — G,
9
2 ajabbbiece; = H,

9
3 atbibicicl = K.

Further let L' + L” = L; ete. In this notation, there is no difﬁc’ulty beyond
long reckoning. Less direct methods offered no advantage. We have then

¢=E +8E"—2D +2N'+ N'—6F' +6F — @,

0=3E +E'—2D"+ N'+2N"+6F —5F" — G".
Hence

I,=4E—-2D+38N+ F—- @,
D,=—2(E'—E")—-%D—D")+(N'—N")-11(F'—F")— (G- G").
In 7} the D’s must enter to an even degree, if at all. It is readily shown that
Dl,=N—-2D+2E—F+ G+ 4H,
IDD,=—N+2E+5F+G—4H,
D:=FE+2F—2H,

and from these
I,=D1,-21,D D, + 6D;.
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D; must contain the D’s to odd degree in every term. It turns out at once

that
D,=—D:D,,

I,= A, A,A,B B,B,C,C,C,.

The actual expansion aad reduction of this form is too long for reproduction
here, but we get as a final form

Iy=Di1,— D; + 3D, D,(1,D,—- L, D,).
Summarizing the results of this section into a compact table, we have:

I =ID,—6D,

D, =D,
M I,=D:I,— 21D, D, + D%,
D,= - DD,

I,=Di1I,— D; + D, Dy(1,D,— 1,D,).

It is a simple matter to write down the corresponding table when the 38-line is
taken in general form.*

These formul® are very useful, for if we know that the vanishing of an
invariant 7 indicates a certain projective relation between the 3-line and the
8-point, the vanishing of I, obtained from 7 by these formule, will indicate
the same relation between the joins of the 3-point and the meets of the 3-line.

This dual transformation, being obviously of period 2, affords an easy check
on the algebra involved in calculating the dual forms. Carrying out the sub-
stitutions of (I) a second time we get

I'= D(I,D,—6D,) + 6D} D,= D} 1,
D/ =D, D!=D'D,,
I;=DiI, I=DI,

This is an excellent verification of tha dual formule.

§ 4. Some invariant relations of the three-point and the three-line.

‘We shall calculate directly a few of the simpler invariant relations.
(1) The three points are collinear if

D,=0.
*For these forms, see the Johns Hopkins University Ciroular, July, 1908, p. 125.
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(2) The three lines are concurrent if
A =0.
The above two theorems require no formal proof.
(8) The 3-point is apolar to the 3-line if
I =0.
For 2, @,%, =0 is the 3-line and («f)(DE)(cE) =0 the 3-point. Regard-

17728
ing the «'s as differential operators, and operating on the equation of the 3-point,
we get merely the coefficient of £ £,£, in the equation, which must be zero for
apolarity. This is,
a,b,c, + a,be, + a,b ¢, + a,b,c, + a,b,¢, + ;b,e, = 0.
But that is precisely
I, =0.
(4) The three points of the 3-point and the meets of the 3-line are on «
conic if’
D,=0.
For the general conic on the meets of the 3-line, i. e., on the vertices of the
reference triangle, is
o, 2,2, + a,x,%, + a,x 1, =0.
If the points (a£) =0, (b€) = 0 and (c§) = 0 are on this conic;
@, a,a, + @,a,4, + a,a,a,= 0,
a,b,b, + a,b b, + a,b,b,=0,
a,c,6, + a,c ¢ + agc e, =0,
For these 8 equations to be consistent, their determinant must vanish. That is
e aaq a0,
b,b, 0,0, bb,|=0,
€, C,C  C\C,
which is D,=0. For the general case, a study of the degree in the Greek
letters shows that
AlD,=0
is the general condition.
The dual of D,, D} D, =0, is therefore the condition that the 6 lines be on
a conic.
(6) We will next take the problem of PascH * triangles and prove: If the

*Mathematische Annalen, Vol. 23 (1884), p. 426 ff. See also HUN, these Transac-
tions, Vol. 5 (1904), p. 49. PascH shows that if there is one such triangle in a collineation,
there is a quadruple infinity.
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two triangles are such that the 8-point is a PascH triangle in a normal collinea-
tion having the 3-line for a fixed triangle,

D,(I1,D,—-38D,)=0.

To shew this, we take again the 3-line as reference triangle. . The normal
collineation can be written
X, = ka..
and we want the transform of @ to be on the line b¢c. Similarly b is to go into
a point on ac, and ¢ into a point on ab. This gives us three equations like
ka, ka, kya,
b, b, b’l =0.
G ¢
ka A +ka, A, +ka, A, =0,
kb B, + k,b,B, + kb, B, =0,
ke, Oy + k,e,C, + k{scs =0,
where the 4., B;, C;, are minors as before.
For these 3 equations to be consistent, we must have

la, 4, a,4, a,A,
bB, bB, bB, =0
¢C, ¢C G

We can write them

Expanding this we get

iaf bje; — iai bib,c,c: + i aja,bbyc c,c, — 6a,a,a;0,b,b,¢,c,0,= 0.
This expresses itself readily in the form
ID}—-38D D,=0, or D (I,D —38D,)=0,
as we were to prove.
(6) If the two triangles are in perspective position,
I,=0.

It will be found that the 6 factors of 7, correspond to the 6 possible orderings
of the vertices of the two triangles. For example, by way of proof, suppose we
ask that the joins of 1,0,0;0,1,0;0,0,1 to a; b; c, respectively meet in
a point. The 3 joins are

' a,x,—a,x, =0,
baw, - blms = 0,

e, — ¢, =0.
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Hence the condition that they meet in a point is

0 —a, a,
b, 0 -b5,|=0,
—c, ¢, 0

or a,b,c, — «,b,c,=0. In the same way each ordering requires a distinct fac-
tor of 7, to vanish. As a corollary we can also state: If there exists @ conic
with respect to which the 3-line and 3-point are mutually polar, then must

I,=0.

All the problems discussed by Dr. Hux might be treated independently as
those of this paragraph have been. But every fundamental system of invariants
must be expressible in terms of the present system, since it has been proven
complete. Hence by constructing a table of equivalents we can utilize directly
Dr. Hun’s results.

§5. Hun’s invariants in terms of the present system.

Hrn’s three fundamental invariants are defined for the case of a general
3-line and 3-point as follows:

1= = ZBH’
1:.' = Z(BrzBss - stBsz)’
Bu Blz B13
L,=— B, B, B,;
B:n Baz Bsz

where

B = a,(By); + Bi(va), + v,(2B);,
B, = a,(By), + B(v2), + v.(aB),,
and in turn the symbols (Bv);, (y2),, ete., are defined as follows:
(By);=a,(be/By) + b,(ca/By) + c,(ab/By);
(be/By) = (b8)(cv) + (b7)(eB),
(caBy) = (cB)(wr) + (cv)(aB), ete.

the parentheses now indicating row products.
If now the 3-line is taken as the reference triangle, we need retain only
terms containing the product 8, v, and replace it by unity. This gives

6
B,=B,=B,= Z"'ibkcz’

where finally
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B, =2(ab,c, + ab,c, + abc),
B, =2(a,b,c, + a,b,c, + a,b,¢c,).

In general

1) B, =2(abc, +ab,c +abec).

Then denoting HUN’s invariants by bars to avoid confusion, we have
_ 3 8
I, =-3B,==3%abc,=-381,

L= 3(BuBy— B,B,)=8(Xab,c)
—4[(a,b,c, + ab,c; + a,bsc,)(a,b,c, + a,b, ¢, + a,b,¢,)
+ (ayd,c, + a,b,e; + a,b,e,)(a,bie, + a,by¢, + a,bc,)
+ (¢yb,e, + a,b,e, + a,bye,)(a,b e, + a,b,c, + a,d,c,)]

0 6
=817 — 4(2aibbsese, + 33 aya,b4B ¢, c,)
=8I'—(I: =D 4121)=2I* + D} —121,.

The transformation of — 7, = — ADN is more difficult. Obviously A and D
are A, and D, respectively. We have directly from above equalities (1),

1, 2(abe+ade,+abc,) 2(ade,+abe,+abe,)
—Ly= 2(abe,+abye, +adc) I 2(azbye,+ad e+ abe,) -
2(abic,+abe+adie) 2(ade+abc,+abe,) 1,

Expanding this and using the equality found in evaluating I,, we have

_ 18 12
— L =I! 416 a,a,a,b,bicic, + 8 a,albblc,c}
+ 48a,a,a,b,b,b,¢,c,c, — 1, (1] — D} + 121,)

=1} +1211,-4D,D,— I + I, D} — 121, I,= D,( I, D, — 1D,).
Hence _
N=4D,— I D,.
Therefore we have as a complete table
D=D, I =2I'+ D:A?—-121,
A=A, N=-1DA +4D,
I-n=_3fv

where the A's are inserted so as to be correct for the general 3-line.
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Using these formulas we shall write down the equivalents of Dr. ITuN’s results
as tabulated on pages 50 and 51 of these Transactions, vol. 5 (1904).

The 3-line degenerates, if

The 3-point degenerates, if
D =0.
The 3-point is apolar to the 3-line, ii
I =0.
The wmeets of the 3-line are apolar
to the joins of the 3-point, if
1 DA —-6D,=0.

The

A conic circumscribed to the 3-point, A

and apolar to the 3-line exists, if
1A D —-2D,=0.

A point conic apolar to both the 3-

point and the 3-line exists, if

DiD,=0.

A conic circumseribed about both

the 3-point and the 3-line exists, if

AID,==0.

an

There exists a point, whose polar

conic as to the 3-line is apolar to the | ¢

3-point, if
DA (I, DA —4D,)=0.
The three polar lines as to the 3-
line, of the points of the 3-point, taken
two at a time, meet in a point, if
A (4, DA —4D,)=0.
There exists a collineation having
the 3-point as a fixed triangle, which
sends each meet of the 3.line into a
point on the opposite line, if
A,(1,D,A, = 3D,)=0.

“There exists a collineation having the

3

A =0.
3-line is apolar to the 3-point, if

I=0.

The joins of the 3-point are apolar

to the meets of the 3-line, if

I,DA —6D,=0.

conic inscribed in the 3-line and

apolar to the 3-point exists, if

IDA —2D,=0.

A line conic apolar to both the 3-
line and the 3-point exists, if

AiD,=0.
A conic inscribed to both the 8-point
d the 3-line exists, if
1»D,=0.
There exists a line, whose polar
onic as to the 3-point is apolar to the
-line, if
DA (L DA —4D,)=0.
The three polar points as to the 3-
point, of the lines of the 3-line, taken
two at a time, lie on a line, if
D (I,DA —4D,)=0.
There exists a collineation having
the 3-line as a fixed triangle, which
sends each join of the 3-point into a
line through the opposite point, if
D(I,DA —-3D,)=0.

There exists a collineation having the

joins of the 3-point as fixed lines, which

meets of the 3-line as fixed points, which

sends each point of the 3-point into

a | sends each line of the 3-line into a line
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point on the join of the other two, if
I, DA —-38D,=0.

There exists a point, such that its
polar conic as to the joins of the 3-
point is apolar to the meets of the 3-
line, if

D:AN(I, DA —2D,)=0.

D. D. LEIB:
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through the meet of the other two, if
I,DA —-3D,=0.

There exists a line such that its
polar conic as to the meets of the 3-
line is apolar to the joins of the 3-
point, if

DIA(,D,a, —2D,) = 0.

To this we will add one more, adapted from the same article.
There exists a line conic, touching the joins of the 8-point, and apolar to the

8-line, if

Di(1,D,A,—4D,)=0.

It will be seen that the essential factor of all these invariants is a member of

the pencil,

I,D,A, +2D,=0.

It may be noted that if two points of the 3-point are taken as the circular points
at infinity, and the third point taken as variable, this pencil is the pencil of cir-
cles determined by the Feuerbach circle and the circumecircle.

Another pair of dual theorems which can be readily proven are these:

If one of the 3 points lies on either of the lines of the 3-line,

I,=0.

If « meet of the 8-line lies on a join of the 3-point,
2D} — 2D+ D, D,(1,D,— I,D,)=0.

The powers of A, are not inserted in the latter form, and will not be in the

future unless for some special reason.

§6. A conic inscribed in one triungle and circumscribed about the other.

The present investigation has grown by extension from the problem: To
find the invariant relation on two triangles so that a conic may be drawn touch-

ing the sides of one triangle and on the vertices of the other.

This problem

together with its applications is especially interesting.
Let the three lines be the reference triangle, and take the polar conics of the

three points «, b, ¢ as to it.
@
(2)
@)

The three polar conics are :
X, + a2 o, =0,
by, + by + by, =0,

ey, + e, 4 oo, =0,
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Let n be any line of (1), the polar conic of .«, and the poloconic of n will pass
throngh a.* Ilence if the three polar conics have # as a common line, then the
poloconic of 7 as to the 3-line will be on all three points @, b, ¢. But it will
alzo touch the three reference lines a, 8, vy, for the Ilessian of a triangle is the
triangle itself, and the poloconic of any cubic touches the Hessian in three
pointst: in the present case it touches each of the three lines making up the
Hessian, for they enter symmetrically.

Consequently the problem is now reduced to finding the condition that the
three polar conics have a common line. SALMON § gives the condition that three
point conies have a common point as 72 = 64./. For three conies to have
a common line we need only form their line equations and impose the analogous
condition. The line equations of (1), (2), (3) are

() o8+ GE+ 8 — 20,088 — 20,0 EE — 2¢, 4,66, =0="T.

®) UiE+ b8+ 08 — 20,0,6,8 — 20,0, EF — 200,68, =0=V,
(6) ";"Exl + c,_”, ES + Cgfé - '2(‘._.035253 - 263('1 ESEI - QCICSEIEZ =0=1I.

Now I/ = 0 is the condition that in- a net of line conics IT +mV 4 2 W
there shall be a double point. In that case, the reciprocal of that particular
conic of the net vanishes identically. Following SALMON’s notation,§ we find
the equation to be

(7) BY +m* Y + n* 3" + mnd, + nld, + lmg, = 0.
The X's are the reciprocals of ', ¥, T respectively and the ¢, are the
Clebschians of the same taken two at a time:

(8) 2z =da g (e, + a0z + ae,) = 0.
2" and 37 ave the same in b and c respectively. By the Clebschian of two

line conies («£)* and (b€)’, we mean the contravariant | b %, where | aba |
is the determinant.|| In the present case

by = (a0, — a,b, )2 + (¢, — « b,y x; + (a,b, — 0,0, )2
9 + (a0, —a,0,)(a,b, — ab)ayw + (b, — 4,b,)(a,b, — aabz):':x"s

+ (a0, — a,b,) (a0, — a,by) 2, vy,

* SALMON-FIEDLER, — Analytische Geometric der hiher:n ebenen Kurven, p. 292. The English
edition of this book is out of print. RALMON ecalls the poloconic simply the polar conic of the
line. CLEBSCH-LINDEMANN, — Vorlesungen iiber Geometrie; Vol. 1, p. 543.  Konx, Encyklopi-die
der mathematischen Wissenschuften, Vol. 111, part 4, p. 471, gives an account of the poloconic with
references.

+ DURRGE : Ebene Curyen diitter Ordnung, p. 278.

t Conic Sections, p. 365-6.

% Conic Sections, p. 366.

ii Ibid., p. 344. CLEBSCH’s form is non-symbolic and ¢ equals ¢,, above. See also CLEBSCH-
LINDEMANN, Vol. I, p. 277. If ai = bi, the Clebschian is the line equation.

Traus. Am, Math, Soc. 23
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and ¢, and ¢, are similar forms in b, ¢ and ¢, @ respectively. The above forms,
2 and ¢, are most easily verified by expanding the symbolic forms and sub-
stituting the real coefficients.

SAaLMON gives M in the form of a 6-rowed determinant. From equations
(8) we see that the block

I' A B C
' A B
|A” B” C”

is composed entirely of zeros. Hence M reduces at once to the product of two
8-rowed determinants

l 2aja,0, 2“1“2“3 20,0,04 (“zbs_‘a.w.bz)2 (asbx - axbs)z (albz" ab,)* }

| 1
(10) ! 2bszba 2blb:bs 2blbzb§ X (bzcs- bscz ! (bscl - blcs;)2 (blcz - bzcl)z :

2cfee,  2c0je,  2o,c,05 (caay—cya,)’  (ca,— )" (c,@,— c,a))?

The first determinant is clearly 87,D,. The second is seen to be the dual of

¢ g
(11) a a; a
by b b

Now (11) in terms of our fundamental invariants is
I1,D, —2D,.
The dual of this, by the formulz of (I), § 8, is

-Df(Ilpx - 4D2) .
Therefore
(12) M=8I,D}(1,D, - 4D,).

To express 7' similarly we can start with either of SALMON’s forms as given
on pages 365 and 867 of his Conic Sections. We shall develop the second form

13) T= efzs - 4(01220133 + emozss +96 su zz) +128.
Next recall the meaning of the 6’s. If we write the discriminant of
(14) L(ak) + m(bE) + n(cE)’

we can define them as follows : 0,,, is the coefficient of /mn in the discriminant,
0,,, is the coefficient of /m?, and so on. For the net {U + mV + n W, this

gives
8 0
(15) 6, = Zazb’c2 23 a,a,b,b,c,0c, —23 atb,bye,c, = D} — 41,
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(16) 0, =—4(«¢,0,b,0,0; + a,a;b,b,0} + a,a,5,53d,),
anm 0,5y = — 4(@,a,¢,c,C; + a,a,cic,cy + a,a,¢,czc,),
and similarly for 6, , 6,,, 0,,,, 6,,,- Combining these we have
0,00, = 16 (a3 a3d, b, b3 ¢, c,¢5 + a3 a3 bbbt ey .

+ aiald, bibse, ey + Y ada,azb, b3bse encl),
01100 = 16 (@, @, a3 b3 03¢, ¢, ¢5 + af @y a3 0505 ¢t ey .

+ @, @Gasbibie,cies + D dlaya b bibse epcl),
0110500 = 16 (@, 2, a3d, b, b%¢i 3 + af @ a, 07 0,05¢5 ¢3

6
+ @, a3 a;b,b3b 3¢ + 3 ata,ugb bibse e cF).
Hence

9 6
0,220,535+ 011695+ 631,030 =16 (3 afar3d,b,bie,cocf+ 8 Z aayash,bibyeicxcs)
=41} — 4D + 481 1,.

(18)

As a final step we must evaluate @, which is defined as the coefficient of Imn

in the reciprocal system
Iy+mY +23"=0.

The expressions for 3°, 3°', 3" were given by (8). The discriminant can be
written at once in determinant form, as

0 la, + mb, + ne, la, + mb, + nc,’
(19) 8a,a,a,b,b,b,¢, c,c, |la, + mb, + nc, 0 la, + mb, + ncli
| a,+mbd, + nc, la, + mb, + nc, 0 |

(20) =16a,@,a,;b,b,d,¢,c,c,(la, + mb, +ne,) (la, + mb,+nc,)(la,+mb,+nc,).

The coefficient of Imn in (20) is seen to be

8
16a,a,ad,b,b,c c e ( Z a,b,c,) =161 1,

Hence
(21) © =161 1,.

Substituting the values (15), (18) and (21) in (13), we have after reduction
(22) T=D{—8D*I,+ 16D;.

Substituting the values of A/ and 7" thus found, in the condition 7% = 641/, we
have the theorem

If the 8-point and the 8-line are such that a conic may be inscribed in the 3-
line und circumscribed about the 3-point, then will
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(23) (D! —8D;1,+16D;)* — 5121, D}(I, D, — 4D,) = 0.*

Forming the dual of (23) we get a theorem which admits of an important
application. The dual is

[D;—=8D{(D;I,— 21 D D,+ 6D;)+ 16D} D;]*
= 812D{( D}, — D+ 31, D, D; - yI,D; D,)(1I,D}—-2D; D,) =0,
which reduces to
(24) D'[D,(D;+64I;+ 321 D D,—16D; I, — 64D3)
-512L (1, D, —2D,)]=0.

From this we have the dual theorem, neglecting the trivial case where the
three points are on a line:

A conic may be drawn on the meets of the 3-line and touching the joins of
the 3-point, if

(26) D (D}+64I;+ 321 D D,—16D;1,—64D%)—5121 (1, D,—2D,)=0.

Next consider equations (24) and (26) when two points of the 3-point are
taken at the circular points at infinity, and the third point as a variable point 2.
They become equations of curves of the 8th and 5th degrees respectively. We
shall discuss these curves briefly, as many properties can be deduced directly.
Ve will designate them by B and (@ respectively. The equations of these’
curves can be written down explicitly by replacing b, and ¢; by the codrdinates
of Zand J and q, by «,.

In the case of conics inscribed in the 3-line and on the 3-point, if two of the
points are taken at 7 and ./, all the conics become circles touching the 3-line.
In other words; the octavic, B = 0, is the locus of points from which circles
can be drawn touching the lines of the 8-line.

In other words, B = 0 is simply the equation of the 4 circles which can be
drawn touching the 3 lines.

In the dual case, the join of 7 and o/, that is, the line at infinity, becomes a
tangent to all the conics. Hence they are parabolas. Further the lines joining
T and J to x are to be tangents to the conics, so that x is in every case a focus.
Hence the theorem :

The locus of the foci of parabolas on three points is a quintic curve, and
if the points are taken as vertices of the reference triangle, the equation of
this quintic is

Q=0.

It is possible to deduce many properties of & and ¢ without writing out the

#* This was further verified by expanding SALMON’s alternative form, Conic Sections, p. 365.
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explicit equations. As a first step it is well to note what curves are represented
by equating certain simple invariants to zero, when the points are taken as above.

I, =0, is the equation of the reference.triangle.

D, =0, is the line at infinity.

I, =0, is the polar line of 7 and  as to the 3-line.

D, =0, is the circumcircle.

I, D —2D,=0, is the apolar circle.

I, D, —4D, =0, is the Feuerbach circle.

None of these require proof here except possibly the last. This can be
shown directly from HuN’s form, for he shows * that 2V = 0 is the equation of the
Feuerbach circle, and we have found N'= I, D, —4D,. Or it can be proved
directly from the easily established fact that 7, D, — 4D, = 0 is the locus of
centers of rectangular hyperbolas on the vertices of the 8-line. But the feet of
the three perpendiculars of the 8-line are clearly such centers and are also on
the Feuerbach circle. Hence since 7, D, — 4D, = 0 is a circle, it must be the
Feuerbach circle. (All the conics 7, D, + AD, = 0 are circles, being on 7 and
o, the intersections of D, =0 and D,=0).

Now take the equation

27) R=(D:!—8D'I,+ 16D —5121,D%(1,D, — 4D,) =0,

which we know to be the equation of the four touching circles.

If L,=0, (D} —8D;I,+ 16D} =0. Hence, the reference lines touch
the octavic where they cut K, the quartic, Dy — 8D 1, + 18D} = 0.

If I D —4D,=0, K*=0. Hence, the Feuerbach circle touches the
octavic (or passes through double points) where it cuts K. This is really the
well known theorem that the Feuerbach circle touches the inscribed and
escribed circles.

The quartic A is interesting in itself. From its equation,

K=D:—8D:I +16D: =0,

we see thatif D, =0, D] =0, and if D, =0, either D} =0 or D; —87,=0.
This shows that A is a bicircular quartic, that is, it has double points at 7 and
J. Since the latter are quadruple points of R, all the intersections of /A and
R are accounted for and easily constructed. There ave 12 at the points where
the reference triangle touches the 2 circles, 4 where the Feuerbach circle
touches them, and 8 at each of the circular points at infinity.

Since 2 =0 can be easily constructed, we will now take up @ =0. We
can abbreviate

Q= D,[(D} — 8L +321,D,D,— 64D:] — 5121,(1, D, — 2D,) = 0

*These Transactions, vol. 5 (1904), p. 47.
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by calling

D}—8L,=1U, 16(1,D, -2D,)=V,
therefore
(28) Q=D (U*-~D,V)—-82LV=0.

In this if D, =0, I,V=0. That is, Q cuts the line at infinity where
LV =0 cuts it. But I, =0 is the reference 8-line and V"= 0 the apolar
circle. Hence

The quintic Q = 0, passes through the circular points at infinity and has
its asymptotes parallel to the sides of the reference 3-line.

Again if V=0, D,U?=0. This says that the apolar circle touches the
quintic (or cuts it at double points) where U/ and V intersect. Since ) can be
proven rational,* its six double points will not in general lie on a conic. Hence
V does not cut () in double points and we have the theorem :

The apolar cirvcle, V=0, has fowrfold contact with the quintic, @ =0,
touching it at the four points where U= 0 cuts V=0.

This theorem can be proven more divectly by taking the dual of V=0,
which is I, D, — 4D, =0, or the Feuerbach circle, /. But, by the well-
known theorem, the Feuerbach circle touches each of the four tangent circles, I2.
Since contact is not destroyed in taking duals, V, the dual of #' touches ¢, the
dual of R in four points which was the theorem to be verified. Rewrite ¢), thus:

(29) Q‘—"Dle"'2V(D1Dz"16L)=D102_2VW=0'

The curve W = 0 is a cubic on the vertices of the reference triangle, cutting
the line at infinity where the sides of the reference triangle meet it. That is,
its asymptotes are parallel to sides of reference triangle.

When W= 0, U?=0 or D, = 0, hence W= 0 touches Q where U cuts W.

But since 7 and @ have parallel asymptotes, it follows that three of the con-
tacts are at infinity.

We can also find where @ cuts the circumecircle. In @, let D, =0, and it
becomes

(80) D,(D;—8L)Y—5121 I,D, =0.

So unless the 3-point degenerates

(81) (D;— 8Ly —51211,=0.

Then let D, =0 in R and drop D} as a factor, the result,
| (D} —8L)yY—5121 1, =0,

*R. F. Davis, Educational Times, December 2, 1907, p. 545.
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is the same as (81). Hence:

Q and R cut the circumcircle in the same points.

It should be noted in this connection that the question, whether a locus is on
any of the 6 fundamental points — that is, the points of the 3-point and the
meets of the 3-line—is equivalent to the question whether the corresponding
invariant vanishes, when there is a coincidence among the fundamental points.
This is a question of some importance, but will not be discussed in detail here.

§ 7. The Clebschians and their invariants.

In the case of two general line cubics (2£)* = 0 and (b§)* = 0, the Clebschian
is a point cubic defined by
1) x=|abx[*=0.

Similarly the Clebschian of two point cubics (ax)*= 0 and (Bx)*=0 is
defined by
) x = |aBE[F =0.

If, as in the case of two triangles, the curves are of both the third class and
third order, the two Clebschians are in general different. In forming the
Clebschians both triangles or cubics must be taken in points or b th in lines.
So the work here is slightly different from the preceding sections.

If one cubic is taken as the reference 3-point and the other as (af)*=0,
from (1) we have

200 m% 1 %0y op? 2 2 2
3) X= 6(a,a3xix, + ay ajw, 5 + af a5, — @, a3, %G — a5 Ay %, X5 — a5 A XX, )

If in turn the second cubic is taken as the 3-point (a£)(d€)(c€) = 0 we must

replace
3a,a] by (a,b,c,+ ab,c, + abe,),
and this gives us

x = 2[(a,bs¢, + a3d,cq + asbyc,)xiw, + (a,b,c, + a,b,¢; + a,b,¢, ) %, %}
4) + (asb, ¢, + a,b;¢, + a,b,¢;)wjay — (a, by, + a;b s + aybye, ), )
—(a,b,¢,+ a,b,e, + a,b,¢,)v,x; — (@,b,¢, + a,b,c, + a,b,¢,) 2} 2, ] -

It will aid in clearness to define x geometrically. If we call the reference
8-point d, e, f, then x may be defined as the locus of points y such that the
two triads of lines y — d, e, fand y — a, b, ¢ are apolar. ) is the locus of
lines 7 having the dual property. From:(4), we see that x is on the vertices of
the reference 3-point, and, since the two 3-points enter symmetrically, we have
the theorem :
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The Clcbschian of two 8-points is on all siz points.*

Further since (4) contains no terms in @, x, 2., the reference triangle is apolar
toat. Hence,

The. Clebschian of tiwo 3-points is « cubic to which both 3-points ure apolar.t

The dual theorems for two 3-lines can be written down at once.

Since the invariants, S and 7', of x are mutual invariants of the two 3-
points, they must be expressible in terms of our fundamental invariants.

For S, we will make use of SALMON’s standard form.t In y, the SALMON
coefficients have the following equivalents,

¢=b=c=m=0, dy = (a,byc, + a,b,c, + a,b,c,),
ay = — (ab,c, + a,bye, + a,b,c,), b, = —(a,bye,+ wb o, + abye,),
bs = (asblcl + q b:scl + “1bl"3)’ 6= (“21’161 + l’zcl + «, I)l cz)’

¢, = (,“1’)202 + 'Zzblcz + a’zbzcl)'

The nonessential, common numerical factor has been dropped. This gives,
by substituting in SaLMox’s form,

= —(a,bye, + a;b ¢, + a,b,¢,)’(a,b,¢, + a,b,¢, + a,b,¢,)?
— (@,b,0, + asb,c, + abie, ) (e,b ¢, + a, b, + a, b c,)?
— (a,b,¢, + a,b,0, + a,b,c,)’(a,b,¢, + @, byc, + a b c,)
+ (@b, + a,bye, + ab,c,)(a,b e, + @,bye, + a,b,c,)
(5) (a,b,c, + @,b,c, + a,b,e,) (@b e, + a,bye, + @b )
+ (ad,e, + a,bic, + a,b,0,)(a,b 0, + a,bse, + a, b, ¢;)
(a,b,6, + a,b e, + a,b,c,)( @, b,e, + «,b, ¢, + a,b,e))
+ (@,bye, + a,byc, + a,b,¢,) (a,bye, + a,bc, + a,b,e))
(@b,e, + a,b,0, + @,b,¢,)(a,b,¢, + a;b,c, + aybye,).
Expanding and collecting the above we get
6) S=16 [lza aa,b bib,c,cl — iafa?_,b, b,ble,coct — ia{ bbicad],
or using the symbols of §3,
(1) S=16(N—-— H—- K).

*These two theorems lay no claim to novelty, see F. MoRLEY, these Transactions, vol. 5
(1904), p. 472, for a discussion.

1 Iihere Ebene Kurven, p. 247.
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Employing the fact that the 2)’s must enter in each term to an even power,
if at all, we find that the only combinations entering are

I(D}+ It)=2N+4E+ 10F 4+ 2G + 8H,
I3 — D} =4H,
(I} — D}y =32N + 64H + 16 K,
IDD,=—N+2E+5F+ G —4H.
It is not difficult to select the proper coefficients ; the result is
8 S=121,(D'+ 1})—386(1;— D})— (I} — D})?*—241,D,D,
9 =4(1,D,—3D,)*— (I} + D; —61,)".

Geometrically S = 0 is the condition that the Hessian of the Clebschian of the
two 3-points shall be three lines.

Since the Clebschian treats the two triangles symmetrically, it is clear that
S should be self dual. Applying the formul of § 3, we get

(10) S =Di8S.

This is a good check on the work.

To substitute the coefficients of x directly in SALMON’s form for 7'* leads to
complicated expressions. The following method presents fewer difficulties.

Let (ax)® and (a£}® be two cubics giving the connex

a1 (aa)? (o) (af) = 0.
The 3 fixed points of the connex are given by
(12) a () (aa)? = a3 (i=1,2,3).
If the 3 equations of (12) are consistent
a,a(aa)*+N  a,a (aa)’ a,a, (ac)?
(18) A(A) =|a,a,(aa)? a,a,(aa)?+ N aya,(aa)? =0.
a,a,(aa)? a,a,(aa)? a,a,(aa)? + A

The coefficients of powers of A in A(M) are invariants of the connex. Now
let (ax)® become the reference 3-line and

2a,a,a,+ A 2¢¢a, 2a,a?
(14) AN =] 2dalq, 2a,a,a, + N 20, a2
242 a, 202 ¢, 2ua,aya, + 2

* Hihere Ebene Kurven, p. 248,
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If the second cubie is taken as
af} + b} + £} + 30, £, + 8a, 825, + 3, £2¢
+ 8B, 82, + ¢, B3E, + Bc, ELE, + Omé, £§=0,
A(\) takes the form, dropping numerical factors,

(15)

!m+)‘. a, a,
(16) AA)=| b m4+r b |=MN+IN+LA+ I,
¢, ¢, m4+A|
where
J,=8m =231,
J, =3m? — (b,¢, + c,a, + a;d,),
m a, a,
Jy=|b m b,
¢ ¢ m

Now the Clebschian of the reference 3-line and the general cubic is
X = ¢,x}%, + b x x3 + a,xlw, — ¢, 2, %% — @, xix, — byt =0,

and 7 for this is

T =6bd,c,c,a,a,0, — 8(b3c3 + cia} + a3bdy) — 27 (a2dlc? + aidic?)
+12(b2¢?a, 0, + bicta b, + c2aia by + c3alb c, + a2dib ¢ + atdic,a,).

Or we can write
amn T'= 6x — 8y — 2Tz + 12¢.

From the expressions derived above we have
3 []
(18) (81 —J,) =D bici+ 33 bicia,c, + 6b,c,¢,0,a,b, = 6w + y + 3¢,
(19) (J; + 213 — LY = a3bict + atbict + 2b,6,,qy0,5, = 2 + 2,
3
(20) S(3I§—J,)=——Zb{oﬁ+3blclezaza3b3=3w+y.
Elimination of x, y, 2, ¢ from these four equations gives
@l) T=4(31 —J,0 —21(J+ 21} — LJ,} + 128(8T: — J,).

But 7, is identical with the J, of the present system, JJ, and JJ; are [, and — J
of HuN’s system, and S is given by (9).
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Substituting these values in (21) we find
= —8[(I?— D?)*— 21613 — 181, (It — D})
(22) +108(1: 12+ D D2) —54(D, I,— I, D,)
+ 861, D D,(It — D*)— 6481, D:].

Applying the dual formulas we have 7" = D{T, again a check on the work.

As a further example, the invariant condition on the two triangles, that
the two Clebschians may be apolar, will be calculated. The outline, only, of the
work shall be given. The form of x is given in full by equation (4). To get
the equation of i, the coefficients of the corresponding terms can be derived
from x by replacing each letter by its minor in D,. Call the minors 4,, B,,
etc., asin § 8. Then

X, = (A2B3 C’S + A3B2 03 + A3B3 02)8%52 + (AI'BZ 02 + 'AZBI 02 + A2B2 Cl)fleg
+ (ASBI Ol + AIBS 01 + AlBl Os)fgfs - (‘AIBS 08+A3Bl 03+A3B3 Ol)eleg
- (Asz 01 + 'A‘IB2 01 + AIBI 02)E2E§ - (A3‘B2 02+ AzBs 02+ AZ B2 Ol)&fs‘

To find the apolarity condition, regard, as usual, the £’s as differential opera-
tors and equate the result to zero. This gives

(@,byes + asb, 0, + asbyc;) (A, B,C, + 4,B,C, + A,B,C,)
+ (a,b,¢, + a,b,¢, + a,b,¢,)(4,B,C, + A,B,C,+ A,B,C,)
+(asd 0, + a,b5¢, + a,b,¢,) (A4, B,C, + A, B,C, + A, B,C,)
+ (@,bs¢, + ayb, ¢, + a,bye, ) (A, B,C, + A, B,C, + A,B,C,)
+ (@,b,¢, + a,b,¢, + a,b,c,)(A4,B,C, + 4, B,C, + A, B,C,)
+ (a,b,¢, + asbye, + a,b,0,) (A, B,C, + 4, B,C, + 4,B,C,) = 0.

(23)

By replacing the capitals by minors in the small letters and expanding, the
whole can be summed thus:

9 f (] 6
24) 2(3_a,a,a,b2b,c2¢, — Y aa,abibeie,) + 3(Daaibblec? — 3 a,azbbic,c?)
~ 9 9
+2(2L a3 b, cfe, — 3oa3bibyc,cl) = 0.
Expressed in terms of the fundamental invariants, this is

(25) D} — I3D,—8LD,+9I,D =0.

(
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Hence: The two Clebschians of two triangles are apolar if
D} —-1!D —381D,+91,D =0.

Of necessity, this form is self-dual.

The invariants of " are seen to be the dunal of those of . But § = § and
T’ =T. Hence: If neither triangle is degenerate, S = 0 is the condition
that the Hessian of one Clebschian break down into 3 lines and at the same
time that the Hessian of the other break down into 8 points.

There are a number of other interesting cubic covariants and contravariants
of two triangles. But the limits of this paper will not permit of a detailed
treatment, the above discussion of the Clebschian being itself meager and
incomplete.

§ 8. Self-dual invariant forms.

A number of self-dual forms have appeared in the course of this article, and
the question naturally arises as to the number of such self-dual forms which are
independent. Such forms are of special importance, because the vanishing of
one of them indicates a mutual relation between the two triangles. The most
general self-dual invariant of given degree can be found by carrying out the
dual transformation on the most general invariant of that degree, and asking
that the invariant be left unaltered save for multiplicative powers of D,. ¥or
example, suppose the most general self-dual imvariant of degree 38 is required.
We ask that

D¥(aI3+ bD3+cID,+dI D+ el I+ fI,D,+9D,D,+hI,D,+2kI)
=a(I3D3—181:D2D,+1081,D,Di—216 D3)+b.Ds
+eD(13D2—121 D, D,+36 D2) + d{ I Di—6.D*D,)

@ +e(II,D3—2I:D2D,+181.D D:—6I,D:D,—36D})
+/ (= L,D3D,+6 D2 D) —g(Di D)+ W DiL,—2L.DiD, + 6 D: D3)
+k2D:,—2D3+ I.D D} —I,D*D)).

Equating coefficients, we get the equalities ¢ =— 9a, k = 54a, 6c=— (f+ %),
g = —3d. Introducing these in the left of (1), we have as the most general
self-dual form of degree 3,

8) a(Zi—9LL+108I)+d(D}—3D,D)+o(I3D,~61,D)+KI,D,— D).
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Since a, ¢, d and A are arbitrary constants it follows that the expressions in
parentheses are all self-dual forms, as can be readily verified. In the further
study of self-dual forms, we get the following system of five independent ones,
which form a complete system :

W) D, (@ LD,—3D,, (3) -6,
4) LD, — LD, (5 I! — 951, + 1081,

To prove this system complete let us designate forms (1), (2), (3), (4), (5) by
A, B, C, E, and F respectively. We then have the following equations:

D =4,

D,=—}(B—-14)=}(Al - B),

I2=%'(I¥— 0),

L= 155 (F—1,C+ 30 1) = 3} (F—-3CL + I}).

That is, D,, D,, I,, and /, can each be expressed in terms of I, and self-dual
forms.

From (4) or £ we get the further equation

E=§(Ig— 0)-%'(4411_3) or 6E=2BI,— AC— AT,

and hence
®) qu=6E+AC‘—2BIl

A ’

a formula which enables us to reduce higher powers of 7,. Hence from this
series of equations we see that any invariant can be expressed as a rational
JSunction of the five self-dual forms A, B, C, E, F, and of I, to the first
degree. 'That is any invariant J can be written as

M I=8,+*%L8,,

where S, and S, are rational functions of 4, B, C, £, and F. Now sup-
pose [ is self-dual and written in form (7). Since S, and S, have been proven
self-dual, it follows that (7) can be true only for k1, S, = 0, as it can obviously
not be self-dual, 7| not being self-dual. Therefore if self-dual 7= S,, that is, a
rational function of 4, B, C, E, F. This proves the theorem.

Any form which can be expressed in terms of these five is self-dual, and it is
frequently easier to show the self-duality of a form by expressing it in terms of
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A, B, C, E, F, than by applying the dual transformation formule. Only
the first two of the five have a simple geometrical interpretation known to the
writer.

§ 9, The fundamental invariants under a special Cremona transformation.

It is the purpose here to show the effect of a special Cremona transformation
on the fundamental invariants, and to apply the result to a single example.
Take the simple, quadratic involutory transformation

k
Yi=7

x;

The effect of this transformation on the invariants is to veplace each symbol by
its reciprocal. Since all invariant forms are homogeneous, 4 will appear to the
same power in each term, hence may be taken as unity without loss of generality.
The fundamental invariants, under this transformation, become

, D, , I

M b=z he=y
D I 1
D’=T:, Iz='I‘;, I3="I'-8'

As a typical illustration we take the rational quintie,

— _...—t - a_‘_
HEE=RY

This quintic has 8 cusps, 8 double points, 8 double tangents, 3 flexes, and is of
class 5. It follows from the simple counting of constants that any two of the
singular triangles can not be taken arbitrarily, but have a single relation con-
necting them. 'We shall give in detail but a single one of these relations. Tak-
ing the triangle of double points as the reference 3-line, we ask: What is the con-
dition on the triangle of cusps?

From the theory of Cremona transformations,* it is well known that if the
above involutory transformation is carried out on the given quintic, with the
double points as fundamental points, the quintic goes into a rational quartic
with 8 cusps, and with simple points at the 8 fundamental points. If we next
carry out the same transformation regarding the cusps as fundamental points
(which change of fundamental points is evidently equivalent to taking the dual),
the rational quartic goes into a conic which touckes the original fundamental
lines, and has the three cusp points as ordinary points. But we already know

(i=1, 2, 3).

*CLEBSCH-LINDEMANN, vol. I, pp. 478, ff., where a number of references are given.
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from an earlier paragraph the condition that a conic may be inscribed in the 3-
line and circumscribed about the 8-point. It is

(@) (D4 —8DiI + 16D5)* — 5121, Di(L, D, — 4D,) = 0.

Hence to find the condition on the cusp triangle, we must take (2) and carry
out the above transformations in reverse order. Being of period 2 the inverses
are the same as the direct transformations. That is, transformation (1) must be
carried out first, then the dual transformation, and finally (1) a second time.
This gives an expression of the 24th degree in the coefficients of the original
triangles.

If on the other hand the cusp triangle is taken as the reference 8-line the
oondition on the 8-point of double points turns out to be of the 18th degree by
a similar argument. It is

DDi+16(I3DD,~41,D,Di+4 Di— DiD,—16 1,D})
®) x (2D, —2Di+1,D,Di— I, DD,y
—8D,21,D!D,—81 D;D:+6D;D})(2D}I,—2D}+1.D D:—I,D*D,)=0.

This is sufficient to illustrate our point. For by direct attack this problem
is practically impossible, yet by this transformation it becomes comparatively
simple. Other examples can readily be found to further illustrate this idea.

Incidentally this gives a convenient geometrical interpretation for Z, = 0, the
only one of the fundamental invariants not previously interpreted. For if the
transformation y, = 1/x, is carried out on the three points of the 8-point, they
are carried into three new points, whose equations are

a0 + a,0 8+ ¢, a0,6,=0,
byby &, + by &, + b, 8,6, =0,
¢, e € + 0 & +cc,E,=0.
Clearly the condition that these shall be apolar to the reference 38 line is
I,=0.

Or as a definite theorem : If two triangles are such that when one is taken
as a 8-line and the other as a 8-point, and the transformation y,=1/x, is
carried out, the 3-point is apolar to the 8-line, then will

I,=0.
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This gives, however, no direct information as to the projective relation
between the 8-line and 3-point in their original position. Other interpretations
of I, = 0 arose, but none so direct and simple as for the vanishing of the other
fundamental invariants.

JorNs HoPKINS UNIVERSITY,
February, 1909.




