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§ 1.    Introduction.

Fejér f has obtained the following general result concerning the partial

sums of a Fourier series:

Let f (x) be a function, finite and integrable for 0 < x < 27r; suppose

that

(1) |/(*)|^M, O^Z^TT,

and that the Fourier coefficients of / ( x ) satisfy the inequalities

(2) l°»l^'        1^1^'

which is the case, for instance, when f (x) isa function of limited fluctuation.

Let

(3) s„ ( x ) = a0 + ai cos x + bi sin x + • • • + o„ cos nx + bn sin nx

be the (n + 1 )th partial sum of the Fourier series for / (a:), and

(4) Sn (x) = ^rj[so (x) + Sl(x)+ ■■■+ sn (x)];

thenj

(5) \Sn(x)\^M,       0^z^2r,

and from the identity

1       B
(6) sn ( x ) = Sn ( x ) H-r-r 5Z " ( «i- cos »»a; + 6V sin »<.t )

n + 1 „=i

we conclude by the aid of (2) and (5) that

(7) |*„(x)| ^ M + —!r-r( AY.I cos vx\ + BY,] sin vx \
n + i \    ,,=i „=i

* Presented to the Society (Chicago), April 5, 1912.
t L. Fejér, Sur les sommes partielles de la série de Fourier, Comptes Rendus, 23 mai,

1910, and Sur les singularités de la série de Fourier des fonctions continues, Annale.s de l'École

Normale, ser. 3: vol. 28 (1911), pp. 63-103.
î L. Fejér, Untersuchungen über trigonometrische Reihen, Mathematische Annalen,

vol. 58 (1904), pp. 51-69.
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whence Fejér's inequality

|s„(x) \^M +
re+ 1 (A + B) < M + A + B.

In § 2 of the present paper, it is shown that the above inequality may be

replaced by the following closer ones:

(8) \sn(x)\< M+VA2+ B2

for any values of A and B, and

(9) \sn(x)\<M + \A + ^-B

iovBS VZA.
We then proceed to investigate the expressions occurring in (7) :

1

(10)

Un (x) =

Vn(x) =

re+ 1

1

ra+ 1

( | cos x I + I cos 2x | + • • • + | cos rex | ),

( | sin x | + | sin 2x | + • • • + | sin rex | ).

The first question demanding a solution is obviously that of the existence of

limn=«, Un (x) and limn=„ Vn(x).   In § 3 it is shown that for x = 0

lim/7n(0) = l,       limFn(0) = 0;
n=w n=co

that Îot x = (pI q) ir, where p ( =f 0) and q are integers and relative primes

_Btt
limiJnf ^7T   )

\ q   )

sin

g sin

= 2UCOtÍ?+(-1)í+ltané iq)
2g

(ID
1 .    7T
- cot — ,   q even,
q       2q

1
,    q odd,

q sin
2?

i-        ,r    (P      \ 1 x
hm K„ I - 7T 1 = - cot — ;

\q  /    q     2g

and finally that for x : ?r irrational

(12) lim Un(x) — lim Vn (x) =

Thus the expressions Iimn=M Un(x) and lim„=B Vn (x) are simple examples

of point-wise discontinuous functions of x, and it is interesting to note that
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they arise quite naturally from the elementary problem in Fourier's series con-

sidered above, while most of the known examples of such functions have to

be constructed in a more or less artificial way.

From (11) and (12) it is seen that for any fixed value of x

x ^ lim Un (x) ^ 1,

(13) _ _ 2
0< \\mVn(x) < -

»=» v

Let x'n be the value of x which makes Un(x) an absolute minimum (the absolute

maximum is obviously n/(n+l),forx = 0), and x'„ the value of x making

Vn(x) an absolute maximum (the absolute minimum = 0 being attained

for x = 0 ) ; it will be shown in § 4 that

(14) UmUH(*:) = l>

and in § 5 that

(15) Vn (x'n')< lim F„(.0 = sin *„,

where zo is the smallest positive root of the equation

tan — = 20.

On account of sin zo > 2/ x, it is shown by (13), (14) and (15) that Vn (x)

presents an analogon to Gibbs' phenomenon, while there is none in the case

of   Un(x).    Furthermore,   Vn (x'¿)   increases  monotonously with n,  and,

for A = 0, the inequality (9) may be replaced by

3
| sn (x) | < M + B sin zo < M + ±B.

§ 2.    Demonstration of the relations (8) and (9).

The identity

n (c\ + c\ + • • • + c2) = (Cl + c2 + • • • + O2 + l; ¿ ¿ (cM - cvy-

gives, when ci, • • •, c„ are any real quantities,

ci + c2 + • • ■ + cn _     \c\ + c\+-.-+clen=     ¡i

(16)
7i K n

and making c„ = | cos vx \ and cv = | sin vx \ respectively, we obtain from (7)

,   - i — i, ,      n     ( .    I cos2 x + cos2 2.T + • • • + cos2 nx

*<*>i* tf+irn^Al-    -n-
r sin2 2x + • • ■ + sin2 na;,I sin2 x + si



448 T.  H.  GRONWALL :   A  THEOREM  OF FEJÉR'S [October

or, writing

(17)
I sin2 x + sin2 2x + • • • + sin2 rex

re

re
(18) \sn(x)\^M + —^(AV\-y2 + By)

The expression AVl — y2 + By becomes a maximum for

Ay

V\-y2
whence

+ 5 = 0,

9 " t •> A

A2+B2' "      A2+B2'

A\/\-y2JrBy= V A2 + B2,

and by comparison with (18)

re
(19) \sn(x)\<M + ~^v/A2 + B2,

from which (8) immediately follows.    For A = 0 or B = 0, (8) coincides with

Fejér's inequality.

We shall  now proceed to prove (9) which, for B = Vz.A, gives a closer

limitation than either of the preceding ones.   From

V-2          *Vm            o    ^     nA.X     sin(2re+l)x
IJsin2,x=2i:(l-cos2,x) = 2+i-J^-.

As we obviously have

y2 ( ir + x) = y2 ( ic - x) = y2 (x),

we need consider the interval 0 < x < tt / 2 only.    First, making

2mir-\-z ^ _      —Vn~\ ^_
"~to+Tl       °< m < L2J'       °^"^»'

we find
2_ 1 ,   1__sin 2

y      2i~4re     t     .   2m7T + z'
4n sin ̂ TT

whence

,on       2=1 ,   1   ,       2m7r   =     = (2m+l)7r =rrel
(2D     2'2<2 + 4refor2reTI<a;<     2re + 1    '       0<m<L2_r

In the second place, making

(2m + l)ir + z n=     _fn- 1
x =

2re+ 1
0<m<   —y~   >       0<z<7T,
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we find

<22> y2=12 + i+rr-(2Smll) + z'
inSm       2n+l

and to make this expression a maximum, z must be a root of the equation

+     (2m+l)x + z 1
tan-ñ     ¡—;-z—r-r tan z = 0,

2n + 1 2re + 1

which obviously has a root in the interval 0 < z < x / 2, but none in the in-

terval ir / 2 < z < x.   Making z = x / 2 — f, the equation becomes

1 (2m+ 1) x + x/2- f
tanf_277TICOt~      ~27H-~r =0'

and as 0 < f <[ x/2,

f < tan f = cot

1 (2m+l)x+^-f

2n + l— 271+1
1

<7-»_. ,  ,x-,-r^-z<
(2m+l) x + x/2- f     (2m + 1) x'

whence

(23) 2I-(2m+l)x<^"2-

Now we first suppose 2m + 1 = n; the equation determining f becomes

tan f — r—;—- tan -—r—: = 0
*      2n + 1       2n + 1

or

ftanf---^tan^:i = 0,

and as x tan a: is a monotonously increasing function for 0 < x ^ x/2, the

above equation is satisfied only by f = 0, whence z = x/2,

and from (22)

( 2?» + 1 ) x + z     x

271+1 " 2

,=1,    1   ,   1
y      2 "*" 47i "•" 4n

(24) .I + _L + ?»±I._J__.
v   ; 2 ^ 4ti        4n      4m + 3

In the remaining case, we have 1 < 2î>i + 1 < n — 1, and for all integral

values of m satisfying this inequality, the expression ( 2m + 1 ) (n — 2m — 1 )x
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attains its minimum value = (re — 1 ) -k for 2m +1 = 1 and 2m + 1 = re — 1 ;

as we have

2re
(re- 1) tt> —

7T

for n = 2, we find

(2m+ 1) (re- 2m- 1) tt> —,
7T

or
7T_1 2m + 1

2      (2m+l)7T>     2re     *'

By the aid of (23), this gives

2m + 1

Z>~^n~*

or
(2m+ 1)tt + 8

z>
2re+ 1

whence, the expression sin z/z decreasing monotonously for z increasing from

0 to ?r,
.   (2m+l)7T+z

sin--—¡—:-
sin z 2re + 1

(2m+ 1)tt+z   *

2re+ 1

This inequality compared with (22) gives

.1,    1   ,2re+l z
y2<ö + 7Z +2 ' 4re '      4re        (2m + 1) tt + z

and as, for z limited by (23), the last fraction attains its maximum for z = x/ 2,

, „ 1  ,   1   ,  2re + 1 1 (2m+l)7T=     = (2m+2)7r -

y<2 + rn+~ïn--4m-+3ÎOT     2re + 1     < * <    2re+l        (n>2)>

The comparison of this result with (21) and (24) finally gives

(25)

for

whence

, = 2re + 1 / 1      \

y <~4re~V1+4mT3j

2m7T   _     _(2m + 2)7T n _ Vn~\ ,   _„,°<m<UJ    (n>2)-
2n +_ 1 ^     ^     2re + 1

J = 2n+1/        1\ = 3
y <^rl1+3j<4 for n>4

Now, for B > 1/3^4, the expression A V\ — y2 + By attains its maximum
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in the interval 0 ^ y2 ̂  f for y2 = f, and (18) gives

\sn(x)\tM + ^-l(^A^B) («5=4),

whence (9) is proved for n > 4; for n = 1, 2, 3 it is easily verified by numer-

ical calculation.

§ 3.    Determination of lim Z7„ ( x ) and lim V„ ( x ).

In order to obtain these limits, we have to consider three cases: Io, x = 0;

2°, x : x rational and +- 0; 3°, x : x irrational.

In the first case, we obviously have

Un(0) =
n

F„(0) = 0,

whence
71+ 1

lim 0,(0) = 1,       limFn(0) = 0.

In the second case, we have x = wp/ q, where p and q are relative primes,

and we may obviously suppose q > 0. As | cos vx | has the period x, we

obtain

vp
cos — X = Z + £ +•••+    £    +   Z

>.=! v=9+l p=[n/j]j-«+l        i.=[n/j]?+l

We further have [n/ q] = (n/ q) — 0, 0 < 6 < 1, and

vp
cos — x

9
+   E

i/=[n/j]j+I

Vu
cos — X

whence

z vp        —
cos — x

lim Í7,

<   z   i = rc--U=0c,

V q    )     q,=i
vp

eos — x

Now the numbers p,2p, • • ■ , qp have the same residues modulo q (in a dif-

ferent order) as the numbers 1,2, • • •, q, so that
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lim[/„(X) = i¿
n=.      \q   /     q v=i

vp
COS - X

q

1 -%M       "*■
= - 2_J cos —

?,=> 7

VIT1   lÄJ „x 1       A
= - /Le c°s-2-1     cos ~

9 »=l q ?k=[j/!J+1 ï

sin-

2g sin

2 .    ir
ir — sin jr-

? 2ç>
2g

1 •     9+2
sin —

2g sin

- 7T  —   Sin - 7T  /
9 /

sin

2g

<?.Sin2g

i. Tcot —,    g even,
2g

1
,    g odd,

g sin
2g

and the last two expressions are obviously contained in

cos2 7+ (- l)«+1sin2
4g 4g

g sin

1 /       x

= 2gVCOti?+ (- l)ï+1tan
4gj

2g

In exactly the same way we find

sin
vp

2« i»'»]'/

x =E + X) + ■•• +    £    +   £
x=i   »-=?+i "=[n/?]í-?+l k=[ii/?]í+1

=    - I ¿.  sin — x
L?J»=il        ?

/p   \     lfl.   .p    I     1A
lim 1 n I - x I = - ¿_, sin — x  = - >,

\g   /     g„=i|      g g„=i

+   £
v=[nlq]q + l

sin— x

1 V"»   •    vv      1 ""
= - ¿. sin — = - cot ¡r-•

?,=i        g       7       2g

We finally consider the third case, where x: x is irrational. In order to evaluate

our expressions, we begin by developing the even function | cos x |, which

obviously satisfies Dirichlet's conditions for 0 < x < 2x, in a Fourier series:

,       do
COS X     = 7Tö + 2-.a»

¿      l/=l

cos VX ,
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where

1 ri    i    a   i + (-!)vr'2        a
a„ = — I     | cos a; | cos vxax =-I      cos x cos vxdx,

whence, performing the integration,

2
(26) | cos x | = - + iS(-ir(27Tl-27^l)cos2-'

and on account of the periodicity of both members, this formula is valid for

all real values of x.    Consequently, we have

(27)     |cos.t| = 2+-Z(- 1)'( ^—r -5-^-r ) cos 2vx + RN,
X        X „=i \ ¿V + 1        ¿v — 1 /

where

By (27), we obtain

(29)  Un(x) = -.-^rr + -£,(-iy(^1— - ^-1-ï)---J-TZcos2Xya;+€JV,
x 71+ 1      irv-i \¿v + 1      ¿v— 1/   71+ 1^=1

where, on account of (28),

M ^ n\\ (l «*(*) I + I R»{2x) \ + ■ ■ ■ + | RN(nx) |)

(30)
=     n      2     _1_       2 1

< 7i+ 1 ' x ' 2N + 1 < x ' 2iV + 1 *

Now, x : x being irrational, none of the expressions sin vx ( v = 1, 2, • • •, N)

is equal to zero, so that

,.        1     ^ ..1    sin nvx cos ( n + 1 ) vx     A
hm —,—r 2_ cos 2\vx = iim ——-:-= 0,
»=» n + 1 A=i „=„ n + 1 sin ke

and (29) and (30) consequently give

= 22 1
lim inf Un ( x ) > - —

x     x   2ÍV+1

As the left hand members are independent of N, we finally obtain, by in-

creasing JV indefinitely,
2

lim U„ ( x ) = - ■
71= to T

Trans. Am. Math. Soc. 20
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In equation (27), we change x into x + x/ 2, whence

2     2^/1 1     \
| sin x | = - + - £ ( ^—j—r - ñ-7 ) cos 2j<x + R'*,

x     x v=i \ zv + 1      ¿v — 1/

2 1
|i^l<x,2ÏVTl''

and from these formulae we obtain, in the same way as before,

2
limF„(x)

X

§ 4.    Ore the range of variation of U„(x).

On account of the obvious relations

Î7„(x+x)  =   tf„(x-x)   =   CUX),

it is sufficient, in studying the range of variation of Un ( x ), to consider the

interval

„ =     - 20 < x < -.
x

Let x'n be the value of x in this interval which makes Un (x) an absolute

minimum; we shall now proceed to show that

lim Un(x'n) = -z.
n=w w

To this purpose, we begin by determining, for each positive integral n, in-

tegers m(re), la ( re ), Zi(re), •••, lK ( re ) ••• such that

_2mx_=   ,   ^ 2(m+l)x

ldlJ 2re+l<Xn<     2re+l     '

and

¿o=0,

hx'„<2< (h+ l)x'n.

(32,

q
kx'n  ^  "S" <   (¿2+ 1)X^,

ZAx;< (2X- 1)£< (k+l)x'n,
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and also an index p. ( re ) such that

(33) l^ < re = ZM+i.

We then have

| cos vx'n\ = ( — 1Y cos vxn   for   4 + 1 <! v ^ lK+1 f

and consequently

J        n 1       n— 1 'a+1 /_i \n      n

Un(xl) = —j^11\cosvx'4 = --j-T2Z(-í)>í £ cosvxñ-|-TT £  cos^
«Ti(=i re-|-i A=o >'='a+1 re-(-i v=tu+i

2, (— 1 ) I sm-K—x»~sin—2~*"/

(34) =_+(-!)" ^sm-^-x.- sin-y-x. )

2(re+l)sin|

•Z-ioVV    , NA • 24+1+1 , , ,    , N. . 2re+l ,
- smr+ 2 2-( -1 ) sm-=-x„+ ( -1 )" sin xn
_¿ *=0_f_f_

2(re+l)sin|"

To find the inferior limit of the expression (34) for re = °o, it will be con-

venient to distinguish two cases:

Case 1 :   From the set of integers 1,2,3, • • • we may extract a set

no)   nd)   nw   ...iix , ii2 , /i3 ,

where
ref'+i > rg\       lim ni," = °o ,

and when re assumes these values, x'„ is such that in (31) we have

m < re*.

Case 2 : From the set of integers 1,2,3, • • • we may extract a set

where
n\2\ nf, nf,

n?+l > re(„2\        lim n?> = oo ,

and when re assumes these values, xñ is such that in (31) we have

m > reJ.
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Case 1: n assumes the value in the set n^, n2l), n^, • • •, or briefly, the set

{1}, and for all these values of n we have

(35) m < ti* .

We shall first develop some consequences of (31), (32), (33) and (35).    By the

last inequality (32), we have

2X- 1 x       , _ 2X- 1 x
(36) ^ + i 2 < Xn <      h     2'

which may also be written

2X - 1 x     21, + 1   ,       ,9, x=2X-lx

From (31) and'(36) we find

,*a\ 2X-1     4(m+l) 2X - 1 =     4m
{áS) k+1^    2n+l   '' h     >2n+l'

and from (37) and (38)

(39) *+1*-<»-i>?
= 2X~11     «•(«*+!) k+1 = 2x(m+l)

<     k    4<    2n+l        h    <      2n+1    '2     ~.     v-»     -i 2

From the first inequality (38) we obtain, making X = p and using (33),

2m_1<-2^+1-<2?rn(m+l)<2(m+l),

2/j - 1 ^ 2m + 1,

Ai ̂  m+ 1,

and from the second inequality (38), making X.= m + 1 and using (33),

_    .  , — 4Z„+i m _   47im / 1      \
2"+ ! > äT+1 > 2n + ~l = 2mV - 277+1 )

or on account of (35), for n sufficiently large

2M+1 ^ 2m,

whence
2M + 1 ^ 2m + 1,

At 5  7ft,
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or finally, combining the two inequalities obtained,

(40) m ^ n <^ m + 1.

Furthermore, (32) and (33) give

457

and

whence

(41)

We now have

(2p - 1 ) - < (/„ + 1 ) x'n < nx'n < j -,

f o       ,     . -. T =   , >   - >   ^ " X _    71; X(¿/x + 1 ) 2 > '»+» xn> nxn> £-T7j g > 27 2 '

Ks-0<'<Ks+0-
-i

\=0
Z(-D

.   2/A+1+l   ,X    •      ""A+l
sin 4-Z(-l)Asin(2X + l)J

= Z(-l)^(^t-1x;-(2X+l)f)cos[(2X+l)2r

+ ex{2-l^^íx'n-(2X+í)¡)1,      (0<ä<1),

whence, by (39), (40) and (35),

|n-l

IZ(-D» .   2/,+i + l   ,
sin xn~ M

(42)

M-l 2/,
í^tia:;-Z(-irsin(2X+l)í

A=0

1

< %tL±ix:_(2x+1)J = t;'2T(m-|-l)     2xM(m+l)
< 2-

=o    2n + 1 2tt+ 1

_2x(m+l)2     8xm2     4x

2n + 1 2n       n* '

Now first suppose that from the set { 1 } we may detach a set { 3 j :

nf\ nf, nf, •■■; ig», > n«, lim w» - oc ,
y=oo

such that, when n assumes the values of the set { 3 I .

(43)

We have, by (34) and (42),

hmr- = »
{sj   h
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2(M"S)+(_irSÍI
2re + l   ,

sin —-z— x„

UA*'J>
„,     ,  ,s  .   < 2(re+l)
2(«+ l)sm-¡r

.»(-S)-*    .
>     or   j_i^- 2(re+l)'

2(re+l) -g

and bv (40) and (31),

*(—y)-»

[/ (x) >-—---•
u»Kx.) ^2(w+ 1) (m+ l)x     2(re+l)

2re+ 1

On account of (40) and (41), it follows from (43) that

lim m = oo ,
{3}

and consequently the preceding inequality gives

(44) liminf Un(x'n)^->\.
{3} X I

In the second place, suppose that from the set { 1 } we may detach a set { 4 }

nf, nf, nf,  • • • ; nf+x > nf, lim n(„4) = oo ,
p:=ao

such that, when re assumes the values of the set { 4 },

,.    re
(45) hm- = a,

{4} h

where a is finite. The inequalities (41) then show that for the set { 4 },

p is enclosed between finite limits, and consequently we may detach from

{ 4 ) a set { 5 }

nf, nf, nf, • • • ; n?», > nf, lim nf = oo ,
v—m

such that

(46) lim 7 = lim 7 = a,        lim p, = p0 >
«   h {4}    il {5}

where /¿o is finite .   The inequalities from which we derived (41) were

,. x _ re x ,„    ,   „ , x re      x

(2,-i)2<ri2;,     <*H-i>2>fe+l2!
as (41) gives

Zi>
4m + 2'
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we have for re sufficiently large in the set { 5 }

re
<47> h>^+4-

and consequently the preceding inequalities give, when combined with (46),

(48) 2Mo - 1 ^ a = 2/xo + 1 -

From (32) we obtain

(2n+1)[4(7^-4W3]<(2w+1)[|:-4l]<(2re+1)si4:

<(2re+l)|<(2re+l)¿-,

whence by (47)

and in the same way we find

lim s
«

so that, by (34), (42) and (46)

lim(2re+l)sin§ = ^,
{5} 2       2

r       •    ,r.     i   - xx«        .air
nm sm ( 2re + 1 ) -r- = sin -¡r-,
{«} ¿ ¿

2^o+ (- IT'sin ax/2
Im Un (xn) =-j¿-,
{5} OL-K\¿

or, making
air
-g- = MO x + Z,

where, according to (48), — x/2 ^ z <; x/2,

i:«. 7-r  i  ' \     2Aio + sin z
1 m [/„(*„) =-——.
{6} MO x -+- Z

For z = =*= x/ 2, the right hand member is equal to 2 / x; it therefore becomes

a minimum for z = z0, where— (x/2)<z0<(x/2),Zo, being a root of the

equation

ip ( z ) = ( mox + z ) cos z — ( 2mo + sin z ) = 0,

and the minimum is equal to

2mo + sin z0
-¡-= cos Zo .

Mo x + z0

For mo = 0, we have
sin z0 = sin (x/2)     2

COSZo = ^T>     (x/2)    =x*

and for mo 5 1 > it is seen at once that

v(-x/2)<0,       *(0)>0,       *>(x/2)<0
and

d<p . ...      > Ofor- x/2 < z <
Tz = - ( mo x + z ) sin z < 0 f or 0 < z < x ; 2 >
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so that iç (z) = 0 has one and only one root in each of the intervals

— x/2<z<0 and 0 < z < x / 2.   We further have, for /i0 ̂  1,

/     x\      / t\     1     n     .  VZ     A

^(3) = (P07r + f) •2~2mo~^"<0'

so that I z01 < x/ 3 and cos z0 > § • Consequently, we have, whatever may

be the values of a and ¿to,

lim Un(x'n) > -,
{5} 2

and combining this result with (44), we obtain

(49) liminf Un(x'n)> J.
{<} ^

Cowe 2: n assumes the values in the set { 2 }, and for all these values of n

we have

(50) m > n*.

Then, as | cos vx | 5 cos2 vx, we have

TT   ,  , . _ cos2 x + cos2 2x + ■ • ■ + cos2 na: ra „ 4
tu*»)>-^+1-= n-+-l(i~y2h

where y is given by (17), and from (25) we obtain

TT  (  ,,=     n    (1       1       2n+l      _1\

UnKXn>> n+l\2     4ti 4ra       4m+3j'

whence, by (50),

(51) liminf Un(x'„) *>-■
{2} ¿

Now (11) gives

so that, by (49) and (51), we have

lim [7n ( x'n ) = - •
dan ¿

On the other hand, Un(x) obviously becomes a maximum — n/ (n + 1)

for x = 0; thus the limiting values, for n = 00 , of the maxima and minima

of Un (x) are included in the same range (from § to 1) as are the limit values
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of Un (x) for x independent of re, or in other words, Un(x) presents no an-

alogon to Gibbs' phenomenon.

§ 5.    Ore the range of variation of Vn (x) and an analogon to Gibbs' phenomenon.

As we obviously have

Fn(x+x) = Fn(x-x) = Vn(x),

it is sufficient to consider the interval

0 <: x ^ g-

We shall first prove that in the interval 0 < x< x/re, Vn (x) has a certain

maximum, which increases monotonously with re towards the limit sin z0

for re = oo , where z0 is the smallest positive root of the equation

z0 = tan § z0.

Furthermore it will be shown that the maximum in question is the absolute

maximum of Vn ( x ).

First supposing 0^x<x/re,we have

rr  ,   ,      | sin x | + I sin 2x | + • • • + | sin rex |
Vn (x) = -

(52)

re+1

sin x + sin 2x + ■ • • + sin rex

re+ 1

2re+ 1

x     C0S—2~
cot ñ —

2(re+ 1)\ —2 .   x
sin 2

whence
, „    ,  ,,   .   2re + 1     .   x ,        2re + 1 x

dV (x)      -l+(2w+l)sin—g—«sin^+cos—^—xcos^

dx ,,     ,   n.,ï
4 ( re + 1 ) sin'' ñ

_ — 1+ (n+ 1) cos rex — recos(re+ l)x

x
4 ( re + 1 ) sin2 r

• 9n+ 1 /     ,   i s   • 2n
re sin—ñ— x — ( re + 1 ) sinz » x

2(re+l)sin2^
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If x'n  is the value oí x, in the interval considered, which makes Vn (x) a

maximum, we therefore have

.    71+1
sin —^r-

.   n
sin-a;„

—        )ra+l

AI    n

where the square root is positive, as

71,.       71+1    „,71+1 ,

for 7i > 1.    From the above equation we obtain

n+1  „  ,    .   n „ I   ,  1

2*"      y1 + n
sin —7,-*- xn + sin - x„      -\jl + - + 1

n+1   „

2      " 2 n
oa'l'     -yjlH-1

or

..   M2ft +   .   „      \*  ' n+1       x"
tan—4~~ *-=     r      T-tan4

AÍ^ft-1

The right hand member being positive, it follows that

2ft + 1   „     x
-x   <1 — ■

4     ■*« ̂ 2

Introducing the notations

,„,   2ft+l  „ LI      ,      , A (24-*)
(53)   --2-.rn=z<x,        -V1 + --1-*.       w = 2(Ä2+2Ä+2):

whence

z„ x 1
= coz < -t ,        71 =

4      ""^4 A (2 +A)

the above equation becomes

z      A4- 2
(54) tan ¡r = —,— tan coz ( z < *• ),
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and from (52) we obtain

MO-
l

x x 2n A- \
1-tan2^"-      1 + tan2^   1 - tan2^^^;

4 4 4       "

2 tanf
O*        *» 1     I     *       22n+   1     "
2 tan -j      1 + tan2 —-.— x„

h(2+ h) + 2'

1 — tan2-
1 — tan2 coz      1 + tan2 <az 2

2 tan coz 2 tan coz „ z
1 + tan-

1 -(2+T72tan1     1+
A z z'

(2+Ä)2*an22   1_tan22

A(2+A)+2' 2+Ätan2
2A z

2+Ätan2 l+tan2|

1-
A2

(2+A)2

A(2 + A) + 2

or finally

(55)

2A

2+ A

MO =

2 tan;

1+tan2;

sin z

1 + A'

In order to prove that this expression increases monotonously with re, we

differentiate and obtain

dVn (x'% ) _  cosz dz sin z

dA 1 + AdA     (1 + A)2

or

(56) dh
(l + A)(l + tan2¿)

iO-tan2

a\&     tan2

2 J dA     1 + A

Now (54) gives by differentiation

m 2Z        2+A       MJ_*      2 JdZ
2tan2""Ä~a'(1 + tan w2)   dÄ

2              , 2 + A, ,     v   du
= — j-2 tan oz H-7— ( 1 + tan¿ coz ) z -jr »
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or on substituting the value of tan coz given by (54) in the first member,

[

1     1      ,2     2+A A ,zldz
_ + .tanî__ __„___ wtan2_J_

2 , , 24*,,  ,  ,    .     s   du

dh'
= — -r2 tan coz 4   —i— ( 1 + tan2 coz ) z

or finally, introducing the value of co given by (53) in the left hand member

and in the expression du¡dh, and then making the necessary algebraic re-

ductions,

1 +A      /     2z       \dz 2 2(1 + A)(2 + A)
Ä2+2A+2(tan22-lj^=-T-2tancoz+Ä(Ä2+2/i+2)2z(l + tan2coz),

whence
z

1/ 2z\dz     tan2     /A2+2A+2       2 +A   \ 2co
2Í1-tan2j7A-i+^=U^T+«)-A7T4T)JtanwZ-¥z(1+tan^^

tan coz on
— coz ( 1 + tan¿ coz )

2Ttt~ A2 L 1 4- A

2 cos coz sin coz — 2 ( 1 + A ) coz

A2 ( 1 + A ) cos2 coz

_ sin 2coz_- 2coz ( 1 + A )

V( 1 + A) cos2 a«     <    '

By comparison with (56) it then follows that

r/A      ^U'

so that the maximum of F„ (.r) for 0 < nx < x increases monotonously

with A decreasing, that is, with n increasing. We now have to find the limit

of this maximum for ti = oo . To this purpose, let z0 be one of the limit values

toward which the root z < x of (54) tends for A going towards zero by the

values obtained by making n = 1,2,3, ••• in (53). Extracting from this

set of values an infinitely decreasing set such that for A passing through

the latter values, z tends to the limit z0, we have

,. z z0 ,.    A+ 2
lim tan _ = tan —,        hm —;— tan coz = z0,

¿¿ h

so that Zo ( < x) satisfies the equation

z0
(57) tan-x = z0.
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This equation obviously has one and only one root in the interval 0 < z0 ̂  x,

whence it follows that the root z < x of (54) tends towards one definite limit

for re = oo , viz. z0.    From (55) it then follows that

(58) lim VnKx'ñ) = sinzo.
n=«j

The numerical values are approximately

z0 = 2.33133 • • • = 133° 34' • • •, ,.

(59) 2
sin zo = 0.72457 • • • > - = 0.6366

x

We now proceed to the investigation of Vn ( x ) in the interval x / re <; x <; x/2.

Assuming that

(60) mx ^ rex < ( m + 1 ) x,       m^>l,

we determine integers h, l2, • • -, L such that

Zix <; x < (h+ l)x,

Z2x^ 2x< (l2+ l)x,

ImX < mx < (lm+ 1) X,

and obtain

Vn(x) = —7—: ( £sinx-   £  sirix+ ••• + (- l)m   £   sin x )
n~\- 1 \v-i r=h+J r=lm+l /

x     _      2/t+l 2l2+l
cos 9 ~ 2 cos —-      x + 2 cos —-— x — ■ ■ ■

+ ( — 1 )m • cos -—— X + ( — 1 )m+1 cos —~— X

whence

(61) Vn (X)  t

We have

2(re+ l)sin~

2m + 1 + ( - 1 )m+1 cos —o— x

2(re+l)sin|

x Jx     x3\     2re+l     ,   x/        (re+l)x-\

^ 2re+l        x /       (re+l)(m+l)2x2\
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whence

(62)

for

(63)

.   , n   .   x     2ft + 1
2(n+í)sm^>—~x

n > (m+ l)2,

(except for m = 1, n — 4, in which case it is easily shown by numerical cal-

culation that the absolute maximum of Vi (x) occurs for an x in the interval

0<x<x/4).   From (61) and (62) it follows that, as soon as (63) is satisfied,

Vn(x)<

2n+ 1
2m + 1 + ( - 1 )m~1 cos —j— x

2ft + 1

or making

(64)

we find

(65)

2ti +1                ,             „                  ,  m + 1 3x
—ñ—x = mir + z,       0 < z < x + —^-tt<-^-,

Vn (x) <
2m + 1 — cos z

TftX + Z

so that an upper limit for Vn(x) is furnished by the maximum of the right

hand expression.    In order to obtain this maximum, we must have

(66) <p ( z ) = ( mir + z ) sin z — ( 2m + 1 ) + cos z = 0.

Determining z. by the conditions sin z„ = 2 / x, x / 2 < z„ < x, we find

<p' (2) = (mx + z) cos z

>0,

< 0

and

(o<*<f),

/x 3x\

'        \2<Z<T)>

<p(0) = - 2m < 0,

,(f)-(2»+l)(f-l)>0,

2
<p( z«, ) = - z. — 1 + cos z. < 0,

x

<p(ir) = - (2m+2) <0,

1 <0,
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so that, in the interval 0 < z < 3x/ 2, the equation (66) has one root between

0 and x/2, corresponding to a minimum, and one root zm between x/2 and

z«,, corresponding to a maximum, which on account of (66) has the value

,R~, 2m + 1 — cos zn
\v<) -¡-= sin zm ■

mir + zm

On the other hand, this maximum decreases monotonously with m increasing^

for we have by (66)

_d_ 2m + 1 — cos Zm_d_ 2m + 1 — cos zm      d   2m + 1 — cos Zm dzm

dm       mir + Zm dm       mx + Zm dZm       mir + Zm       dm

d 2m + 1 — cos Zm

dm       mir + Zm

_ 2 (mx + Zm) — it (2m + 1 — cosz»,)

(mir + Zm)2

2 — x sin Zm
=-¡-< 0, on account of zm> z„ .

mx + zm

By numerical calculation for m = 1, we obtain 137° 35' < zi < 137° 36',

sin Zi < 0.6745 • • • , so that, for re satisfying (63) and any m ^ 1,

(68) Vn(x)< sin zi< 0.6745.

Now turning our attention to the remaining case w+l^(m+l)2,we

find from (25)

1/  <   ^ /     n        / 2«. -+- 1 ï~
re + 1 \    4re 4mi + 3

= ^(1 + 4-m7+3)(2-re^l)(1-^+-l)'

where mi is determined by

2mi x_ 2(mi+l)x
< x <

2re + 1 v 2re + 1      '

so that, by (60), mt = m or mi = m + 1.    In either case we have

F„(x)<^l(l + 4-^)(2-?¿T)(l-^r-1)
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It is readily seen that for integral positive values of m, the last expression

attains its greatest value = 0.70904 • • • for m = 6, and by comparison with

(68) we finally find that for any n and any x in the interval x/^a;<x/2,

(69) Vn (x) < 0.70904

It is easily found that Vn (x'ñ), which we have shown to increase monotonously

with 7i, exceeds the above value for n > 20, and by numerical calculation

(which may be very materially abbreviated by various artifices) it is shown

that also for n < 20, Vn ( x'J ) is the absolute maximum of Vn ( x ).

It is thus finally proved for all values of n that the absolute maximum of

V„ ( x ) occurs for an a; in the interval 0 < x < x / n and increases monoton-

ously with n toward the limit

lim Vn (x'n') = sin zo = 0.72457 • • • .

As we have sin z0 > 2 / x, it follows that the limit values for n = °o of the

maxima and minima of V„ (x) cover a wider range (from 0 to sin z0) than the

limit values of Vn ( x ) for x independent of ti , which all lie within the range

from 0 to 2/ x; the analogy to Gibbs' phenomenon is obvious.

On account of (7), we further have, for A = 0,

\sn(x)\ <M + Bsmz0<M+ÏB,

which, in this particular case, gives a still closer limitation than (9).

Chicago, III.,

October 25, 1911.


