ON A THEOREM OF FEJER'S AND AN ANALOGON TO
GIBBS" PHENOMENON *

BY

T. H. GRONWALL

§ 1. Introduction.

Fejért has obtained the following general result concerning the partial
sums of a Fourier series:

Let f (z) be a function, finite and integrable for 0 Z = 2 2x; suppose
that

1) [f(2)IZ M, 0IJ2%32m,

and that the Fourier coefficients of f () satisfy the inequalities
| B

@ AT TN

which is the case, for instance, when f (x) is a function of limited fluctuation.
Let
@) s (x)=ao+arcosx+ bysina+ --- + a,cos nx + b, sin nx

be the (n + 1)th partial sum of the Fourier series for f («), and

@ S (2) = s lo0 (@) 01 (@) 4 o o ()]
theni

(5) ISn(-‘l’)le, 02232‘21!’,

and from the identity

(6) s (x) =8, (2)+ > v (a, cos vz + b, sin »x)

n + 1 v=1
we conclude by the aid of (2) and (5) that

) lsn (2)]| 2 M+ _I_I(AE!cosm:|+BZ|smv1|>
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whence Fejér’s inequality
= _n_
lsn () | M+ 774+ B) <M+ 4+ B.

In §2 of the present paper, it is shown that the above inequality may be
replaced by the following closer ones:

(8) [sa () | < M+ V A2+ B
for any values of 4 and B, and

1 _
©) lsn (@) | < M+54+728
for BS V34.

We then proceed to investigate the expressions occurring in (7):

Ua () =n—_1'_—1(lcos:c|+|c032x|+ <-4+ |cosnx|),
(10) 1
V,.(x)=n—+—i(]sina:|+ |sin2x|+ -+ 4+ |sinnx]).
The first question demanding a solution is obviously that of the existence of
lim,_., U, () and lim,_., ¥V, (z). In §3itis shown thatforz =0
limU, (0)=1, lim ¥V, (0) = 0;

n=wo n=wo

that for 2 = (p/q) =, where p (# 0) and ¢ are integers and relative primes

_+_

p Sin _—_q 1 ™ m
i Sr)=—--—"F— =~ X — 1)eH tan ~
Jim U"(q") o 2q(°°t4q+( 1) ta"4q)
g sin 2%
(11) lcotl q even
g 2’ ’
= 1
, qodd,
sin —
q 2q
. 4 1 T
ImV,{=7)==cot —;
n=xn q q 2q
and finally that for 2 : r irrational
(12) lim U, (2) = lim V,,(x)_—.12_r.

Thus the expressions lim._., U, () and lim,_, V, (z) are simple examples
of point-wise discontinuous functious of x, and it is interesting to note that
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they arise quite naturally from the elementary problem in Fourier’s series con-
sidered above, while most of the known examples of such functions have to
be constructed in a more or less artificial way.

From (11) and (12) it is seen that for any fixed value of x

%_Z—limU,.(x)2 1,

13 o
(13) OilimV,.(x)_Z_?r-
Let x, be the value of z which makes U,(z) an absolute minimum (the absolute
maximum is obviously n/(n+ 1), for x = 0), and z," the value of = making
V. (2) an absolute maximum (the absolute minimum = 0 being attained
for x = 0); it will be shown in § 4 that

(14) lim U, () = %
and in § 5 that B
(15) V,(2)) <limV, (z.)) = sin 2,

n=ow

where 2 is the smallest positive root of the equation

20
tan B)

= 20.

On account of sin 29 > 2/ =, it is shown by (13), (14) and (15) that V, (&)
presents an analogon to Gibbs’ phenomenon, while there is none in the case
of U, (x). Furthermore, V, (z,)) increases monotonously with n, and,
for A = 0, the inequality (9) may be replaced by

ls,,(x)l<M+Bsinzo<M+%B.

§ 2. Demonstration of the relations (8) and (9).
The identity

1
nitagt - +d)=(atat tar+zllla—0o)
oyt s
gives, when ¢y, - - -, ¢, are any real quantities,

m+@+~~+m=4£+d+~~+&
< ’

n n

(16)

and making ¢, = | cos vz | and ¢, = | sin vz | respectively, we obtain from (7)

n ( [cosza'+cos22a:+~-~+cos2m:
—0H 4
n+1 n

l'?n(x)le’}‘

n

+B \lsin”x-}- sin? 22 4+ - - - +sin2nx)
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or, writing
an y=Jsin2x+ sin22m:---~+sin2n:c’
= _n_ —
(18) Isn(x)l<M+n+1(A1/1 ¥*+ By).
The expression AV'1 — y? + By becomes a maximum for
Ay
- B=0,
V1-— y2+

whence
B2 A2
2 = — =
y A2+ B? ’ 1 yz A? + B?’
AV1—y+By=VAL+ P,
and by comparison with (18)

(19) |8 (2)] 2 M+#VAz+Bz,

[October

from which (8) immediately follows. For 4 = 0 or B = 0, (8) coincides with

Fejér’s inequality.
We shall now proceed to prove (9) which, for B S V34, gives
limitation than either of the preceding ones. From

sin(2n+ 1) 2

4sin x

< 1g 1
Zsm’vx=§):(1 — cos 2wx) =ﬁ+z—

v=1 v=1 2

_sin 2n+1)x

2
(20) y= 4n sin z

As we obviously have
Y(r+z)=y(r—2z) =9y (2),

we need consider the interval 0 2 « 2 =/ 2 only. First, making

1
*

DO =

a closer

xr = 2n+1 ’ <m< 2 ’ <z<1r’
we find
1 1 sin 2
2 — ——
V=3t nsi 2mr + 2’
7 SIn 2n+1
whence
-1 1 Omr — _— (2m+4 1)« - =In
2 - = =\ —

In the second place, making

_(@2m+1)r+2 05 m= n—1 05 2=
= 2n+1 > <m<L ) ’ 3L ™,

-
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we find
1 1 sin 2
N B
(22) y 2+4n+4 T (m+ 1) +2
nsin—g ————

and to make this expression a maximum, z must be a root of the equation

¢ (2m+1)1r+z_ ¢ -0

" | on 120 E= 5

which obviously has a root in the interval 0 < z 2 /2, but none in the in-
terval #/2< 22 n. Making z = /2 — ¢, the equation becomes

1 Cm+1)r+7/2—¢

tan;‘—zn_i_lcot mF 1 =0,
andas0< ¢ 2 7/2,
(2m+1)rt5— ¢
§'<tan§‘=2n+lcot on+ 1
1 1
SCntDrtr2—c Cm+D
whence
™ 1 T
(23) SRR CTE S ALAS &
Now we first suppose 2m + 1 = n; the equation determining ¢ becomes
£ _
tan§—2n+ltan2n+l =0
or
¢tan ¢ — £ ¢ =0,

o+ 100, {1

and as z tan z is a monotonously increasing function for 0 2 = 2 =/ 2, the
above equation is satisfied only by ¢ = 0, whence z = =/ 2,

@m+1l)r+z =

2n+1 2
and from (22)
+ 4n +
2n+1 1
) R P

In the remaining case, we have 1 2 2m + 12 n — 1, and for all integral
values of m satisfying this inequality, the expression (2m + 1) (n — 2m — 1)
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attainsits mnimum value = (n — 1) rfor2m+ 1= land2m+1=n — 1;

as we have

(n—1)1r>2—n

forn S 2, we find

(2m + l)(n—2m—1)1r>2—n

or
T 1 2m + 1

2 " Cm+ D~ 2
By the aid of (23), this gives

™.

2
gsmtl
2n

or
2m+1)r+ 3
2n+1 ’

whence, the expression sin z/ z decreasing monotonously for z increasing from
0torx,

z>

. Cm4+1)n42

sinz<sm 2n+1
2 Cn+1)r+2
2n+1

This inequality compared with (22) gives

2n+1 2
¥<3 +4n+ i (mF Dtz

and as, for z limited by (23), the last fraction attains its maximum forz = =/ 2,

Znt1 1 em+Dr_ _(Cm+2)r , _
y2<2 4n+ 4n ’4m+3f°1' mt1 <*< on¥1 (n=2).

The comparison of this result with (21) and (24) finally gives

._..2n+1
(25) y: 2 (1+4m+3)
for
omr _ _(m+2)r  _ _[n _
m+1<"< Tmt1 ’ °<m<[.2] (n=2),
whence 3
— 2 1 1\ = —
yzz-"4+ (1"'5)22 for n S 4.

Now, for BS V34, the expression 4 V1 — 32 + By attains its maximum
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in the interval 0 Z 3> Z § for y* = §, and (18) gives

V3 _
(212 M+ A5 (54 +5B) (n=),

whence (9) is proved for n S 4; forn = 1, 2, 3 it is easily verified by numer-
ical calculation.

§ 3. Determination of lim U, (z) and lim V, (z).

n=wo n=wo
In order to obtain these limits, we have to consider three cases: 1°, x = 0;
2°, z : = rational and # 0; 3°, z : = irrational.
In the first case, we obviously have

U (0) =

n
n+1, Vﬂ(0)=0)

lim U, (0) =1, limV,(0)=

n=w n=w

whence

In the second case, we have x = =p/q, where p and ¢ are relative primes,
and we may obviously suppose ¢ > 0. As |cos vz | has the period =, we
obtain

>

v=1

[nigle n
cos P T

D SH SR

y=1 v=g¢+1 v=[nlglg—q+1 v=[nlglg+1
v
COos —p m

_lr]y 3 vp
—[q]g q + 2 Icos |-

v=[nlglg+1 | q
We further have [n/q]=(n/q) — 0,02 6< 1, and

> cosmwi P 1=n—[9]q=0q,
v=[nlglg+1 q v=[niqlg+1 q
whence
. P 1 vp
i 0, (2) = 15 o
,.l:: ¢ T qg eos 7 T

Now the numbers p, 2p, ---, gp have the same residues modulo ¢ (in a dif-
ferent order) as the numbers 1, 2, ---, ¢, so that
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g

. P 1& vp |1 v
lim U,.(— )=— Cos — cos —
n=w q i q .gl q N q .g q

1 ve 1 v
== cos — — — cos —

q v=1 q 9 v=[g2]+1 q

lcotl even
g g TR

» godd,
—
g sin 2q

and the last two expressions are obviously contained in

cos2 + (— 1)t sm'*’4

1 T
. = —_ q+1 — .
2q( ot 1q + (— 1)1 tan 4q)

LT
q sin 2
In exactly the same way we find
n [nlgle n
> bm— T Z'*‘ Z + - 2
v=1 v=1 v=g¢+1 v=[n/q]q—q+l, v=[n/qlg+1
nl&|. vp | u . v
=1 - sin-— w| + sin— w|,
[q ] vz=:: q ‘ v=[1%q+l q
. - (D 1 vp 1 o
llmv,,(-— )=— sin — | = — === sm———ct—
s "\q" ) ¢ Z q q 2 |sin q Z_; 2q

We finally consider the third case, where z: 7 is 1rrat10nal. In order to evaluate
our expressions, we begin by developing the even function | cos z |, which
obviously satisfies Dirichlet’s conditions for 0 £ 2 2#, in a Fourier series:

a a0
| cos x | =§0+Zla.,cosvx,
e
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where

1 1 -1
a,=—1;f | cos z | cos vadx = +( )f cos x cos vrdx,
0

—‘ll'-

whence, performing the integration,

1 1
(26) lcosxl——-}- vz_:l( (2v+1—2y_1)cos2rx,

and on account of the periodicity of both members, this formula is valid for
all real values of z. Consequently, we have

@27 lcosrl——+ Z( (I——QVIT)cOSva+RN,

= 2+ 1 1
where
- T - 1 1 _2 1
(28) 'R”'<§,§+,(2y—1_2y+1)‘;'2N+1
By (27), we obtain
1
(29) Un(z)= n_|_1+ gl(—l)( — 5 ) +1§cos2kvx+ey,

where, on account of (28),

612 1 (1B @) |+ 1 Ra(20) |4 -+ Ba(n2) )

30
(80) - n 2 1 2 1

<a¥l 7 aNF1 7 2NF1°

Now, z : = being irrational, none of the expressions sin vz (v=1,2,---,N)
is equal to zero, so that

1 sinnvecos(n+1)w

11_12 + 1,\;1 cos 2z = }.LT +1 sin »x =0,
and (29) and (30) consequently give
2 1
llrr:_iupU (z) 2 - -I-;_ INT1
2 2 1
llf’lllnfU (x)>; ;.Q_N—:i.

As the left hand members are independent of N, we finally obtain, by in-

creasing N indefinitely,

lim U, (x) _%

n=wu

Trans. Am. Math. Soc. 29
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In equation (27), we change z into  + =/ 2, whence

. 1 ,
|sinz | = + 2(2,’_{_1 2y_1)cos2m+RN,

T y=1

91
| By < 3syr1’

and from these formulsee we obtain, in the same way as before,

lim V, (z) =

n=owo

§4. On the range of variation of U, ().
On account of the obvious relations
Up(z+7)=U,(r—2x) = U, (),

it is sufficient, in studying the range of variation of U, (z), to consider the
interval

0

Al
3w

xT

A\l

Let z, be the value of z in this interval which makes U, (z) an absolute
minimum; we shall now proceed to show that

lim U, (z,) = 3

n=wo

To this purpose, we begin by determining, for each positive integral n, in-
tegers m (n), ly(n), L(n), ---, I, (n) --- such that

2mr — , 2(m4+1)«
(31) mMEI<"< To;mt1
and

l0=0)

) =T ’
ll¢n2§<(ll+l)zn’
sz;_3—1r<(l2+l)(t,.,

(32,

hao2 (A= Dy < (h+1)a,
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and also an index x (n) such that

(33) L,<nZ .
We then have

|cosva,|= (— 1) coswvz, for L+ 12 »Z Ly,

and consequently

-1 IA+1 n
C (=1)* ,
_1\A
U (=) n+1>:'°°s”’“l Z( D" 2 cosmmt T 3 cona,
n—1
(- 1)*( Pty sin2lk+1.o.'.)
A=0 2
2(n+1)sinx§"
-1
—51n—+2“2( l)'\sin2—ly:;—+‘]:x;+(—1) 2n+1 Zn
2(n+1)sin g

To find the inferior limit of the expression (34) for n = oo, it will be con-
venient to distinguish two cases:

Case 1: From the set of integers 1, 2, 3, --- we may extract a set
1 1 1
i, nd, nd, .-
where
> a, T = e,

v=0w0

and when n assumes these values, z, is such that in (31) we have

m < nd.
Case 2: From the set of integers 1, 2, 3, --- we may extract a set
2 2
nl); "(2,)) 71(3), )
where
i, > 0P, limal = o,
y=®o

and when n assumes these values, x, is such that in (31) we have

mS nd.
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Case 1: n assumes the value in the set n{, n3’, n{", - - -, or briefly, the set
{1}, and for all these values of n we have

(35) m < nt.

We shall first develop some consequences of (31), (32), (33) and (35). By the
last inequality (32), we have

2A—1n A —1

;= 1
(36) L¥12 %<1

which may also be written

2A—1x 2,41,

@7 - TITi< :t,.—(2)‘—1);_7\'-2—)‘—l:-—l§.
From (31) and'(36) we find

(38) 2A—1 4(m+1); 2)\—1.§ 4m ’

: I +1 2n+1 IN 2n 41

and from (37) and (38)

From the first inequality (38) we obtain, making A = u and using (33),

AL+ Dt dn

u—1Z2m+1,
#2m+1,

and from the second inequality (38), making A= u 4 1 and using (33),

_ _ 4 1
2u+1s4l“+‘m— il =2m(l— )

m+ 1~ 2n+1 on+1
or on account of (35), for n sufficiently large
2ut+1S 2m,

u+1S2m+1,

whence

m,

Vil

I
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or finally, combining the two inequalities obtained,

(40) mIplm+1.
Furthermore, (32) and (33) give

n s, ST
(2p—1)-2—<(l“+1):t,,<m:,‘<l2
and .
Cut 135 lanah S nat> 15 35 35
whence
1/ n
1) ;(ll-z)<u< ( )

We now have

‘i(—l)" 2IA+1+1 . —“Z_(—-l)"sm (2>\+1)‘,

A=0

_2 (— 1)4\("1""‘1-'—1 »— (2A 4 1)%)005[(2)'{" 1)1)f

A=0
+ 0;\(2—15—“2_*;—12:,'.— (en+ 1)%)], (0<6<1),

whence, by (39), (40) and (35),

u—1 2l
2 (- 1)'\sin——l)‘+:2+ lx,',- p‘

| A=0
““1 2 n—1
2 (— 1) si IA—“L Z(—l)"sm(2>\+l)0
A=0 A=0
w §| 2hea + 1 '2r(m+1)  2mp(m+1)

= A+1 . TSy em(m _ 2mu(m
LT A - (D3R YT 1
=2r(m+1)> 8rm® 4x
<Tom+1 <2n nt’

Now first suppose that from the set { 1 } we may detach a set { 3 }:

3 3 3 . 3 3 H 3)
nd, 1P, 0, -oo; ad, > ad, limad = oc,

yv=®

such that, when n assumes the values of the set { 3 }.

(43) 1{@ L
3l
We have, by (34) and (42),
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2(k =2 ) + (- Drsin 2

2 1
U,.(il';)> ’ -
2 (n+1)sin 2(n+1)
4
_2(""177;) 1 1
> o ’

and by (40) and (31),

47
Z(m—ﬁ)—l 1
2(n+ D) (m+1)r 2(n+1)
o+ 1

On account of (40) and (41), it follows from (43) that

U, (x,) >

limm = o0,
{3}

and consequently the preceding inequality gives

(44) lim inf U, (2,) 5 > %
In the second place, suppose that from the set { 1 } we may detach a set { 4 }
WO, 0, n, sy >, lim o = w0,

such that, when n assumes the values of theset { 4 },
(45) lim ll‘ =a,

where o is finite. The inequalities (41) then show that for the set {4},
r is enclosed between finite limits, and consequently we may detach from
{4} aset {5}

2, 0P, 0, -5 2, > 0, lim 2 = o,
y—o
such that
(46) lim 2 = lim 2 =a, lim g = po,
srh (wh {5}

where g is finite . The inequalities from which we derived (41) were

(2 + 1>’§'>llilg;

T_n
(2#—1)§<l

ma

as (41) gives

1 4ﬂ+2’
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we have for n sufficiently large in the set { 5 }

n
and consequently the preceding inequahtxes give, when combined with (46),
(48) 20— 12 a3 2+ 1.

From (32) we obtain
’ 3

(2n+1)[4(11’;1) 488l3]<(-n+1)[—2-—£—]<(-n+l)sm—

< (2n+ 1)§”< (2n+l)ﬂ;,

’

whence by (47)
hm (2n+ 1) sin

and in the same way we ﬁnd
. . Tn . amT
l}?}l sin (2n 4+ 1)5 = sin 5
so that, by (34), (42) and (46)

lzn}l U, (z) = 2u0+ (— 1)*°sin ar /2
5

aw/2 ’
or, making
a;r ko + 2,
where, according to (48), — »/22 22 /2,
. /\ _ 2po+ sinz
lim U, (z) = =2——".
{s} () Ho T+ 2

Forz = = x /2, the right hand member is equal to 2/ =; it therefore becomes
a minimum for z = 2z,, where — (7/2) < 2o < (7/2), %, being a root of the
equation

e(2)= (pur+2)cosz— (2u+sinz) =0,
and the minimum is equal to

2#0 + sin 20

= COS 2.
Ko™+ 2

For uo = 0, we have

sin 2o — sin (w/2) 2
cos 2p = p

(x/2)
and for uo S 1, it is seen at once that
‘P(_T/2)<0: ‘P(0)>0’ ¢(1/2)<0
and
de _ +2) s >0for—x/2<2z<
dz = " (wor z)smz<0for0<z<w/2,
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so that ¢ (z) = 0 has one and only one root in each of the intervals
—7/2<2<0and 0< z2< /2. We further have, for o S 1,

1 V3
¢(—§)=(Moﬂ'—1§r) "3 2t 5-<0,

1 V3
‘P(;_:)=(llo7l'+‘37£) "5 20— 5 <0,

so that | 29| < 7/ 3 and cos zp > 3. Consequently, we have, whatever may
be the values of « and o,

lim U, (2) > 5,
{s} 2
and combining this result with (44), we obtain
. . , 1
49 lim inf U, (2,) > =
49) iminf U, (1) > 3

Case 2: n assumes the values in the set { 2 }, and for all these values of n
we have
(50) mS nd.

Then, as | cos vz | S cos? vz, we have

2 2 2
U,,(x:.)§cos x + cos ix-:-l + cos m:=n—7lb- l(l—yz),

where y is given by (17), and from (25) we obtain
=M (2_ L _emm i 1
Un () 551 1(2 4n”  4n  dmF 3,
whence, by (50),
(51) lin} i}nf Up(2,) S
2
Now (11) gives

.

im 0n(5) =2
so that, by (49) and (51), we have
o 6 -

On the other hand, U, (z) obviously becomes a maximum = n/(n+ 1)
for « = 0; thus the limiting values, for n = o, of the maxima and minima
of U, (z) are included in the same range (from } to 1) as are the limit values
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of U, (z) for z independent of =, or in other words, U, (x) presents no an-
alogon to Gibbs’ phenomenon.

§ 5. On the range of variation of V, (x) and an analogon to Gibbs’ phenomenon.
As we obviously have
Va(z+7)=Va(r—2z)=V,(z),

it is sufficient to consider the interval

T
0 2

Al

x

A\l

We shall first prove that in the interval 0 2 2 < x/n, V, (z) has a certain
maximum, which increases monotonously with n towards the limit sin z,
for n = oo, where 2 is the smallest positive root of the equation

Zo = tan 3 z.

Furthermore it will be shown that the maximum in question is the absolute
maximum of V, ().
First supposing 0 2 = < =/ n, we have

_|sinz|+[sin2z|+ --- + |sinnz
V,,(.’t)— n+1
_sina:+sin2x+---+sinm:
(52) n+1
2n+ 1
1 g ST 5%
=2t 1| ©t2 =z |
smE
whence
2
dVﬂ(m)“—1+(2n+1)sin2n;"I:a:sing+cosi;-—lxcosi;l-:z
dx

4(n+ l)sin"’g

—14+(n+1)cosnx—ncos(n+1)x
4(n+1)sinzg

n sin? _",_lx— (n+ l)sinzgx

2(n+1) sin2-§
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If 2 is the value of z, in the interval considered, which makes V, () a
maximum, we therefore have

sin — xﬂ_dn'{'l

. ’r
sing @,

where the square root is positive, as

’” n+1 7" n+l
<
z, < g ST T

n
2

IA
3

forn S 1. From the above equation we obtain

’” . ’” 1
sinﬁ:glx,,-l-smg:r,, \/1+-+1

n

.n+1l, . n, \, 1 ’
SIn—y - I, — sy, 1+;L_1

or

1
2n+1 o \ll+n+1 x

n

tan T, = ——— tan -Z .

T

The right hand member being positive, it follows that

2n+1, =«
i W<y
Introducing the notations
?!‘_:H " \[ 1, ___h(2+h)
(53) v, =2<m, 1+n_l—h’ = T RE T+ D)
whence
x) _ T 1
Z‘—O)Z<4! n h(2+h)’
the above equation becomes
+ 2

(54) tan% =y tan wz (z<x),
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and from (52) we obtain

1 1 — tan? 2’ 1+ tan?™™ 1 — tan? 2n + la{,'
Vn(x”)=9( +1) 77 - ”4 2 il
" 2(n X T, n
9 In n 2= T~
-tan4 2tan4 14 tan ey
2
— 2
_ 1 1—tan?wz 1+ tan? wz 1 — tan 2
- 2 2tan wz  2tan wz z
[ 9 2
h(2+h)+“ l-i-tan2
h? 2 2 2
LA S 2_ tan2?
~ 1 1 (2+h)2tan2 1+(2+h)2 an’; 1 tan2
- 2 2h 2 - 2h P 2
9 _r o _er ol 2%
h(2+h)+“ e htan2 ¥ htan 1+tan 2
h? 2
~ 1 1_(2+h)2 2tan§
- 2 ' 2h ' z’
- —_— 2_
re+m T2 zxa 1Tty
or finally
" sin 2
(55) V,.(x,,)=1+h-

In order to prove that this expression increases monotonously with n, we
differentiate and obtain

dVa () _ cosz dz sin 2
dh 1+ hdh (14 )
or
1 tang
av, (z) 2 1 z\ dz 2
(56) = [5(1 tan2—)
o (1+h)(1+tan2§) 2 2/dk1+h

Now (54) gives by differentiation

[%+%tan’g 2-ihhw(l-l—tanz wz)]d

hztanwz+ -;;h(l—i-tan wz)zdh
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or on substituting the value of tan wz given by (54) in the first member,

1 1. .z 24h k 23] dz
[§+§ta“'§—"“h—“"‘z‘+“';;°’tan"'§]a7;
= —%tanwz+—2 h h('1+tan2wz)zg;§:

or finally, introducing the value of w given by (53) in the left hand member
and in the expression dw/dh, and then making the necessary algebraic re-
ductions,

_1+h 2 dz _ 2 2(14k)(2+ k)
h2+2h+2(tan2§—l)a—}"= —z;tanwz-{- h(h2+2h+2)22(1+tan2“’z):

whence

2
tang

1 2\ dz 2 h~+2h+2 244 2w

é(l‘tanzé)(n- 1Fh= (hT(i':y by~ mm)“m wi— g #(1+ tan’ uz)

=%[?—1w—;—wz(l+tan2wz)]

2coswzsinwz —2{(1+h) w2
(14 k) cos® wz
_sin2wz — 20z (14 h)

S TRUF D eore <0

By comparison with (56) it then follows that

so that the maximum of V, (z) for 0 2 nx < = increases monotonously
with & decreasing, that is, with n increasing. We now have to find the limit
of this maximum for » = . To this purpose, let 2o be one of the limit values
toward which the root z < = of (54) tends for % going towards zero by the
values obtained by making n =1, 2, 3, --- in (53). Extracting from this
set of values an infinitely decreasing set such that for k passing through
the latter values, 2 tends to the limit z,, we have

. 2 Zo . h+2
llmtané=tan-2—, lim A tan wz = 2y,

so that zo (2 =) satisfies the equation

(57) tan%o =

20 .
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This equation obviously has one and only one root in the interval 0 < 2 Z =,
whence it follows that the root z < = of (54) tends towards one definite limit
for n = o0, viz. 39. From (55) it then follows that

(58) lim V, 2] ) = sin 2.

n=wo

The numerical values are approximately

Zo= 233133 --- = 133° 34 ---,

(59) ) 2
sin 2o = 0.72457 - - - o= 0.6366 - - -

We now proceed to the investigation of V,, (2) in theinterval 7 /n Z 2 Z =/ 2.
Assuming that
(60) mrZne<(m+1)nr, mS 1,

we determine integers I, Iy, - - -, L, such that
lwc? r< (l1+1)x,
<

lz(t 21r<(l2+l)x,

lmw<m1r< (lm+ 1)z,

and obtain
Iy n
Va(z) = (Zsmx > sidat -4 (=1 X sina:)
v=1 v=l1+1 v=lp+1
cosg—Zc s211+1 + 2 co 212;-1 —
+ (= 1)™- cos "+1 x4+ (— 1)'"+’cos2—n—;——1a:
2 (n +1) siné
whence .
om+ 1+ (— 1™ cos 1y
(61) Va(2) 2 . :
2(n+1) siné
We have

) 3 ) 1 1)a*
2(n41)sing >2(n+1)(; 18) n;- x+§(1_(n-|1-2 )x_)

-

> T+ 12n?

on + 1 x( (n+1)(m+1)21r2)
g Tt3\1— ’
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whence

(62) 2(n+1)sing>2n;-1x
for

(63) nS (m+ 1),

(except for m = 1, n = 4, in which case it is easily shown by numerical cal-
culation that the absolute maximum of V4 (x) occurs for an z in the interval
0<z< w/4). From (61)and (62) it follows that, as socn as (63) is satisfied,

2m+1+(-—-1)""lcoszn;_1x
Va(z) < 2"_""_1_:” ’
or making 2
(64) 2”;_1x=m1r+z, 0<z<7r+m21'17r<37",
we find
(65) V. (x)<2m+1—cosz’

mr + 2

so that an upper limit for V, () is furnished by the maximum of the right
hand expression. In order to obtain this maximum, we must have

(66) e(z2)=(mr+2)sinz— (2m+ 1)+ cosz= 0.

Determining z. by the conditions sinz. = 2/ 7, r/2 < 2. < 7, we find

>0, (0<z<%),

T 3T
<0, (§<z<—2—),

¢ (2) = (mm+ 2) cosz

and
e(0)==-2m <0,

¢(’§')= (em+1) (3~ 1)>o,

2
o(20) = ST 1+ cosz. <0,

e(r)=—(2m+ 2) <0,

«p(%’—')= — (2m+ 1)(§+1)—1<o,
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so that, in the interval 0 < z < 37/ 2, the equation (66) has one root between
0 and 7/ 2, corresponding to a minimum, and one root z, between =/ 2 and
%s , corresponding to a maximum, which on account of (66) has the value

2m+ 1 — cos 2,
mmr + 2m

(67)

= SIn Zm .

On the other hand, this maximum decreases monotonously with m increasing,
for we have by (66)

i2m+l—cosz,,.__&_2m+l—coszm
dm mw -+ 2m T om mx + 2m

0 2m+ 1 — coS Zm dzm
2 mr + 2m dm

+

9 2m+1— cos 2

T om  mm+ 2w

_2(m1r+z,,.)-1r(‘2m+ 1 — cos 2,)
- (mr + 2a)?

_2— 7sinz,

< 0, on account of z, > 2. .
mr + 2 ’ m °

By numerical calculation for m = 1, we obtain 137° 35’ < 2; < 137° 36’,
sin z; < 0.6745 - - -, so that, for n satisfying (63) and any m S 1,
(68) Va(x) < sinz < 0.6745.

Now turning our attention to the remaining casen + 1 2 (m + 1), we
find from (25)

n 2n+1 1
nt+iN dn YT im i3

1 1 1 1
=§\l(1+m)(2"m)(l“m)’

where m,; is determined by
2m11r_ 2(m1+1)1r

m+1<7% m+1

Va(x) <

so that, by (60), m; = m or m; = m + 1. In either case we have
1 1 1 1
o <14 ggs) (2 0) (1-9)

2N(+s) (- ) ().
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It is readily seen that for integral positive values of m, the last expression
attains its greatest value = 0.70904 - - - for m = 6, and by comparison with
(68) we finally find that for any n and any z in the interval »/ 2 2 2 =/ 2,

(69) Va(2) < 0.70904

It is easily found that V, ('), which we have shown to increase monotonously
with n, exceeds the above value for » S 20, and by numerical calculation
(which may be very materially abbreviated by various artifices) it is shown
that also for n < 20, V, (z.') is the absolute maximum of V, (z).

It is thus finally proved for all values of n that the absolute maximum of
V. (z) occurs for an z in the interval 0 < ¢ < =/ n and increases monoton-
ously with n toward the limit

lim V, (') = sin 29 = 0.72457 ---.
As we have sinzy > 2/ 7, it follows that the limit values for n = oo of the
maxima and minima of ¥, (z) cover a wider range (from O to sin z,) than the
limit values of V, () for « independent of n, which all lie within the range
from 0 to 2/ x; the analogy to Gibbs’ phenomenon is obvious.

On account of (7), we further have, for 4 = 0,

|8 ()| < M+ Bsinzo < M+ 4B,

which, in this particular case, gives a still closer limitation than (9).

Caicaco, ILv.,
Oclober 25, 1911.




