SINGULAR MULTIPLE INTEGRALS, WITH APPLICATIONS TO
SERIES*

BY

BURTON H. CAMP

Introduction.

The object of this paper is the study of the convergence to zero of Lebesgue
integrals of the type

ff(t: u, "')d’(t’ U, =+ N, M, "')dE:
E
and to f (2, y, - --) of singular Lebesgue integrals of the type

ff(t)u) --~)0(t,u, ey XY,y M, M, "')dE’
E

where E is a limited, measurable field in space of ¢+ dimensions, f is a function
of ¢ variables, (z, y, +--) is a fixed point in E, and n, m, --- are j para-
meters that grow infinite simultaneously but independently.} In a recent
memoir LEBESGUE { has considered the same problems for the case where
¢ and j are unity, The main part of the present discussion consists in the
extension of his theorems so that they will apply to the more general integrals.
The proofs of these theorems are long, and accordingly, in those cases where
important new difficulties are not encountered by the addition of more vari-
ables, and also in certain other relatively unimportant instances, the proofs
are omitted.

These integrals arise, in practice, especially in connection with the develop-
ment of functions in series of normal functions, where the coefficients have the

* Presented to the Society, April 27, 1912.

tlL.e,n,m, --- belong to sequences which are independent except that they diverge to
plus infinity at the same rate. This restriction concerning the rate is essential only to the
proofs that the conditions are necessary. In all the convergence theorems of this paper, then,
the conditions remain sufficient without this restriction, provided only it be understood that
everywhere multiple, not iterated, limits are meant.

tAnnalesdela Faculté de Toulouse, ser. 3, vol. 1 (1909), pp. 25-128. Cf.
also two theorems of HopsoN in which the sufficient conditions of two of LEBESGUE’s theorems

are extended so as to apply to the more general integrals, Proceedings of the London
Mathematical Society, ser. 2, vol. 6 (1908), pp. 349 fi.
42
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form of the first integral, and the sum of the first nm --- terms can be put
in the form of the second. As applications of the theory, therefore, I have
given necessary and sufficient conditions that the coefficients of such a series
converge to zero, and have proved a theorem concerning the development
of a function in double Fourier series. Finally, I have indicated some appli-
cations which may be made to the evaluation of multiple integrals by means
of series. As far as I know, the best recent work on the subject of double
Fourier series has been done by HArDY * (1906). Other articles that have come
to my notice are those written by Ascorr t (1880), by Prcarp { (1901), by
Cern1 § (1901), and by VercEmio || (1911). Theorems corresponding to
mine on the evaluation of definite integrals, for the case where the integrands
are functions of a single variable, have been given by W. H. Youne. § In
a paper on Sturm-Liouville series of Normal Functions in the Theory of Integral
Equations, MERCER ** has had occasion (page 124) to prove for one variable
the sufficiency of 1° in my eighth theorem. Of his two fundamental con-
vergence theorems, the first may readily be deduced from the sufficient part of
my Theorem 1, and the second has no close connection with any of my theorems.
§ 1. Conditions that the integral

ff(t: u, "')¢(ty U, *+*3 N, M, )dA:
A

where 4 is any limited, measurable field in space of ¢ dimensions, f and ¢ are
definedin 4,and n,m, - -- are j parameters that grow infinite simultaneously
but independently,tt may exist, for sufficiently large valuesof n, m, - --, asan
absolutely convergent L-integral 11 and approach zero for all functions f, of
variables, belonging to one of the families specified below, may be stated in
the several cases as follows:

THEOREM 1: If F 1s the family F, of absolutely L-integrable §§ functions, it is

*Quarterly Journal of Mathematics, vol. 37 (1908), p. 53.

tAtti della Reale Accademia dei Lincei, Memorie, ser. 3, vol. 8 (1880),
pPp. 263-319.

$1Traité d Analyse, 2d ed. (1901), p. 294.

§Reale Istituto Lombardo, Rendiconti, ser. 2, vol. 34 (1901), p. 921.

IGiornale di Matematiche, vol. 49 (1911), pp. 181-206.

YProceedings of the London Mathematical Society, ser. 2, vol. 9
(1910), p. 464.

**Transactions of the Royal Society of London, 4, vol. 211 (1911), pp.
111 ff.

t1 After obvious verbal changes, these theorems are valid also in case the parameters converge
to a fixed point (7o, mo, ---) simultaneously but independently. See also the first foot-
note to this paper.

11 L e., integral in the sense of LEBESGUE.

$§ It should be noted that the conditions automatically require ¢ to be absolutely L-integrable,
when the parameters are large, except in Theorem 6, where this requirement is separately
stated.
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necessary and sufficient that (1°) M exist so that | ¢ | be less than M when *
n, M, -+ > ny, except perhaps at a null set of points; and that either (2°) the
integral of ¢ over each measurable set a in A, or else (2a°) the integral of ¢ over
each standard cubet q, approch zero as n becomes infinite.

CoROLLARY: If F 1s the family F) of L-integrable functions having only a finite
number of values in A, it is mecessary and sufficient that 2° of the theorem be
satisfied.

THEOREM 2: If F 1is the family F. of functions whose squares are L-integrable
in A, it 1s necessary and sufficient that (1°) M extist so that the integral over A
of ¢* be lessthan M , whenn,m, - - - > ny, and that either 2° or else 2a° of Theorem
1 be satisfied.

THEOREM 3: If F 1s the family F; of functions which are limited and L-in-
tegrable in A, it is necessary and sufficient that (1°) M exist so that the integral
over A of the absolute value of ¢ be less than M whenn,m, --- > ny, and that 2°
of Theorem 1 be satisfied; it is also necessary and sufficient that (1a°) there exist
for an arbitrary v > 0 two numbers, \, > 0, and n,, so that for every measurable
set b in A whose measure i3 less than \,, the integral over b of the absolute value
of ¢ is less than v when n,m, - -+ > n,, and that 2a° of Theorem 1 be satisfied.

CoROLLARY 1: The meaning of condition 1a° is not changed if either of the
following substitutions be made. (1) The integral of the absolute value of ¢
may be replaced by the absolute value of the integral,} or (2) b may be replaced by
an infinite set of non-overlapping,§ standard cubes {q.} .

COROLLARY 2: For the truth of the conclusion, 1a° and 2° are likewise necessary
and sufficient; but 1° and 2a° are necessary and not sufficient.

CoOROLLARY 3: If ¢ does not change sign in each of a finite number of measurable
sets whose sum 13 A , 2° 1s necessary and sufficient.

THEOREM 4: If F is the family Fy of “ simply discontinuous functions’
(defined below § 3) in the limited, dense, metric || set C , it i3 necessary and sufficient
that (1°) M exist so that the integral over C of the absolute value of ¢ be less than M
when n, m, --- > ny, and that (2°) the integral of ¢ over each dense, metric
set ¢ in C approach zero as n becomes infinite.

CoOROLLARY: If F 13 the family F,, a partial family of F4 defined by means of a
particular, previously chosen division of C: C1+ - -+ + C,, (see §3), it is sufficient

* I use ny in place of the customary no to denote a fixed number. In the proof of the
necessary part of this theorem I need to use a sequence of M’s and a corresponding sequence of
ny’s . Similar reasons hold for analogous notations in other theorems.

t 1. e, a cube in space of ¢ dimensions whose edges are parallel to the coordinate axes. Since
¢ is defined only in A , the integral is taken over only those points of ¢ that arein A .

1 In this form the condition is that the integral of ¢ over A be ““equi-absolutely continuous”
in the sense of VitaLl (Rendiconti di Palermo, vol. 23 (1907), p. 139).

§ Except perhaps in their boundary surfaces.

|l L e, having content in the sense of CANTOR, cf. PIERPONT, Theory of Functions of Real
Variables, vol. 2, p. 1.
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that 1° hold, and that (2a°) for each C; 2a° of Theorem 1 be satisfied, the integral
being taken over only that part of q which isin C; (i =1, -+, )

THEOREM 5: If F 13 the family Fs of continuous functions of two variables in
the region D (defined below, §4), it 1s sufficient that (1°) M exist so that the integral
over D of the absolute value of ¢ be less than M when n, m, --- > ny, and that
(2°) the integral over D of ¢ approach zero as n becomes infinite, and that (3°)
for each e the integral over e of (¢ cos a + u sin « — p) ¢ approach zero as n
becomes infinite, where e, a, and p are as defined below * (§4). It is necessary
that the same conditions be satisfied, except that the region e is to be replaced by the
region d (defined below, § 4).

THEOREM 6: If F 1s the family Fy of functions  monotone increasing with
respect to the point sets {B,}” (defined below, § 5), it is sufficient that ¢ be
absolutely L-integrable, and that (1°) the integral of ¢ over B, approach zero uni-
Jormly for all \'s as n becomes infinite. It i3 necessary that (2°) M exist so that,
fn,m, - > ny, ¢ is absolutely L-integrable and the absolute value of its
integral over B, 18 less than M for all N's uniformly, and that (3°) for each value
of \ this integral approach zero as n becomes infinite.

CoroLLARY 1: If F is the family Fq of functions of two variables of limated
variation in the sense of Hardy 1, it is sufficient that 1° be satisfied uniformly for
all B)s, when B, and A are “simple domains containing the origin, and the
coordinates of each point of A are positive or zero.” §

CoroLLARY 2: If F ds the family Fy' of functions of two variables having
limited variation in the sense of PIERPONT § the conditions 2° and 3°, with ref-
erence to each set of ““ monotone increasing sets {B,},” are necessary, B, and
A being as in Corollary 1.

It is to be noted that if a function of two variables has limited variation in
the sense of Hardy it may be expressed as the difference of two functions
monotone increasing || with respect to the coérdinates, but that not all functions
which may be so expressed have limited variation. On the other hand, not
all functions that have limited variation in the sense of Pierpont may be ex-
pressed as the difference of two such functions, but all functions that are so
expressible do have limited variation. Ezample1. The function which equals
zero in that half of the square (0 Z z, y Z 1) that lies between the origin
and the line, z + y = 1, and equals unity in the remainder, is monotone in-

* These conditions are less severe than those of Theorem 4, even when C is replaced by D.

tHaroy. Quarterly Journal of Mathematics, loc. cit, p. 58. Cf. also Le-
BESGUE, Annales de 'Ecole Normale, ser. 3, vol. 27 (1910), p. 408.

1 In the paper mentioned in the preceding note (p. 445) LEBESGUE defines such a domain as
one having the property that, if the point P belongs to it, so does the rectangle fSrmed by the
codrdinate axes and perpendiculars to them through P.

§ P1erpoNT, loc. cit., vol. 1 (1903), p. 518.

|| Cf. Harpy, loc. cit., p. 58 (14), and p. 59 ({). Functions of limited variation, as HarpY

defines them, are limited and are expressible as the difference of two limited monotone in-
creasing functions.
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creasing and has limited variation in the sense of Pierpont, but not in the
sense of Hardy. Ezample 2. The function which is equal to unity in the
circle, 2> + > = 1, and to zero elsewhere in a square enclosing this circle is
not the difference of two limited monotone increasing functions, and con-
sequently does not have limited variation in the sense of Hardy, but it does
have limited variation in the sense of Pierpont.

PROOFS OF THE PRECEDING THEOREMS.

§2. Proofs of Theorems 1 and 2.—The proofs of these theorems for the
conditions 1° and 2° are similar to those given by Lebesgue for the one-dimen-
sional case. The substitution of 2° for Lebesgue’s 2a° simplifies the work,
especially if the corollary of Theorem 1 be established first. To show the
necessity and sufficiency of the other conditions the following lemmas will be
used.

LeMMA* 1: If each of two functions is absolutely L-integrable in the limited,
measurable field A, and one of them 13 limited, except perhaps in a null set, their
product 13 also absolutely L-integrable in A .

LemMa 2: If 1a° of Theorem 3 s satisfied, then 1° is also satisfied.

Suppose vy =1. By hvpotheSIS M >0 and therefore t A/M < o,
Set M = 9A/)q,and let A= Ay + ---+ A,, where I < A; <My, i=1, 2,

-, p. Then A > 3pn, or p<24/Mm=M. By hypothesis there exists
an n, so that

l¢' <1 (n,my:-->m,i=1, .-+, p).
A¢

-'~f|¢|=ifl¢]<p<M (n,m, - >m).
4 1 Jy

LemMA 3: If 1a° and 2a° of Theorem 3 are satisfied, then 1° and 2° are satisfied,
but 1° and 2a° are not sufficient to ensure 2°.

By the preceding lemma, 1° is satisfied if 1a®is. To establish 2°, let v be
greater than zero and arbitrary, and let a be an arbitrary, measurable set in
4, and enclose a in a set of non-overlapping, standard cubes, ¢;, ¢;, -,
and suppose p, depending on A, and a, to be so chosen that

1) at o+ Gt et - —a<a,,
and
) o1+ -+ <,

*Annales de PEcole Normale, loc. cit., p. 374, § 13. In the beginning of this
article will be found the principal properties of “mea.sure” and of multiple L-integrals used
in the present paper. For a more complete treatment the reader should consult PierpPoNT,
loc. cit., vol. 2.

t Let “measure of »”’ be denoted by % . See preceding note.
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Then, by (2) and 1a°, and by (1) and 1a°,

3) j:o&—ﬁ ¢|=
@ Jo=[o]=|[ ¢|<v @umsm.

S Sai—a
1 1

f | < v (n,m,..-- >ny),

Adding (3) and (4), and using 2a°, viz.,*

f o< (n,m, --- >np,y = Nya),
4

we have
f¢ < 3y (n,m, .-+ >ny, Nya).
a

An example of a function satisfying 1° and 2a° but not 2° is given below.}
LemMa 4: If 1° of Theorem 2 s satisfied, so is 1a° of Theorem 3.
For, for any v > 0 we may select A, > 0 so that «Ix, M < v, and then,
ith< A\, and bisin 4, by the mequahty of Schwarz,}

‘fd’l ¢2f1 < l/}Ib< I/M)\.,<'Y (n,m, - >n,).

Now, in Theorem 2, the necessity of 2a° follows from the necessity of 2°.
1° and 2a° are sufficient because, from them, by Lemmas 4 and 3, 2° follows,
and 1° and 2° are already known to be sufficient.

Similar considerations complete the proof of Theorem 1, for evidently, if
1° of Theorem 1 is satisfied, so is 1° of Theorem 2.

Proof of Theorem 3.—Lebesgue’s method suffices to show that 1a°, 2°,
and 2a° are necessary. From Lemma 2 it then follows that 1° is necessary.
By Lemma 3, then, all that remains to show in order to establish the theorem
is that 1° and 2° are sufficient.

Let — F < f< F, and let the interval (— F, F) be divided by the points,
av=—F,a,0a,-+-,a,=F,sothata;1—a;<e/2M,i=0, ---, (p—1).
For each of these values of i let ¢; be the set of points in 4 where a;2 f<ai,
and let g be the function which equals a; in each ¢;. Then, by Lemma 1,

o[- [oo|=|[-06|<g [161<5

* np,y i8 & fixed number after p and v are chosen, and p depends only on y and a .
t In the proof of Corollary 2.
tAnnales de I'Ecole Normale, loc. cit., p. 442.
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if n, m, .-+ > ny. But, by the corollary to Theorem 1, and by 2°,

@ [os]<5.

By the addition of (1) and (2) the theorem is now established.

Proof of Corollary 1 (Theorem 3).—Since the absolute value of the integral
of a function is at most equal to the integral of its absolute value, it is
evident that all that requires proof in (1) is that, assuming that for each
v > 0 there exist A, > 0 and n, so that the absolute value of the integral
over b of ¢isless than yif b < \,,and n,m, - -- > n,, then 1a° follows.

To prove this, having fixed n, m, - -+ > n,, we may divide b into two parts
b’ and b”, so that ¢ is nowhere negative in b’, and everywhere negative in b”.
Both b" and b" are now special cases of b.

(2) is readily established, since, if b < 3\, there exists a set of non-over-
lapping,* standard cubes { ¢; }, enclosing b, so that

y= i<

).—The following function satisfies 1° and

(n,m, <o >npe).

lOIm

/\u
|

W

Proof of Corollary 2 (Theorem
2a°, and not 2°,

Let A=(0,1),{n}=1,2, 2% -... Divide the interval (0, 1) by
the points 0,1, 1, (3)2, (3)3, ---,and let &, = [(})*1, 3)}],2=0,1,
Divide each §; into two equal intervals, &; and &; . Let

¢ (t,n)=nin each 8;, 02 ¢tZ 1/n,
=—mineach §],02t21/n,
=0 at t=0, and where t > 1/n.

This is the function desired. It shows that 1° and 2a° are not sufficient. The
rest of the corgllary follows from Lemma 2 and the theorem.

§ 3. Explanation and Proof of Theorem 4.—We shall say that f is “ uni-
formly continuous ”’ in a limited, metric,} dense set C, if it is defined in C,
and for each e > 0 there exists a finite set of non-overlapping,} standard
cubes, ¢1, g2, ***, qp, enclosing C, so that § in each q osf < e. It is known
that this condition is satisfied if, in particular, C is perfect, and f is continuous
in C.

* Except perhaps in their bounding surfaces.

t See footnote to Theorem 4, § 1,

1 Except perhaps in their bounding surfaces.

§ “ Osf ” is an abbreviation for “oscillation of f,” . e., max f — min f. I use the terms
maximum and minimum in the sense of upper and lower limits, not of greatest and least
values. In the proof, after the first clause and until equation (4) is reached, f refers only to
those values of .f in C;.
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We shall say that f is ““ simply discontinuous ”’ in the same set C if it is
defined in C and there exists a division of C into a finite number of metric,
dense parts so that in each part f is uniformly continuous.

Sufficiency.—For a chosen f, let C; be one of these metric, dense parts of C,
and let C; be enclosed in ¢1, - -, ¢y, so that in ¢;

1) osf < ¢ (Jj=1 ---p).

Letg=Fkij=minfing;(j=1,---,p). Then by 2° the integral over q;
having reference only to that part of ¢; which is in C;,

@) fqg¢=fhg¢+---+ q’g¢=lclﬁ¢+.--+z-pﬁ¢.

and approaches zero as n becomes infinite. By (1) and 1°.

® lj;‘f¢—‘f;g¢|=IL(f—yM’?eLMKeM (n, my oo > mad.
From (2)

fgdt’(é, (”,m:"'>”¢)
G

and this added to (3) shows that the integral over C; of f¢ approaches zero
as n becomes infinite. Hence, since the number of (’s is finite, and since

@ z [ fo- fo 16,

the last integral also approaches zero.

It is apparent that this proof applies to the corollary.

Necessity.—2° is evidently necessary, for, if a ¢ exists for which 2° is not
satisfied, the theorem is contradicted by the function which equals unity in
¢ and zero elsewhere.

I will now show that if 1° is not satisfied there exists a continuous function,
which also vanishes on the boundary of C, contradicting the theorem.

LEMMA 1: Let Q be a finite set of non-overlapping,* standard cubes, and let
v (t, u, ) be defined in Q, and, for some h > 0, let the tntegral over Q of
the absolute value of ¥ be greater than h. Then there exists in Q a continuous
function, p (¢, u, -+ ), which is numerically Z 1, and which vanishes on the
boundary of Q, such that the integral over Q of py s greater than h.

This may be shown by a method used by Lebesgue in his proof of the
theorem corresponding to Theorem t 4.

* Except perbaps in their bounding surfaces.

t Loc. cit., p. 61.

Trans. Am, Math. S8oc. 4
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LemMa 2: If, in the hypothesis of Lemma 1, C be substituted for Q , then there
exists in C a continuous function g, vanishing on the boundary of C, so that the
tntegral over C of gy is greater than h, and |g| Z 1.

By hypothesis there exists a vy >.0 so that

1) j;l¢l>h+v.

Since by hypothesis C cannot have content zero, for an arbitrary ¢ > 0
there exists a @ set of cubes, all points of which are in C, so that

@) 0<C—-0<z¢.

Choosing ¢ > 0so that, by a known theorem,*

@ [ro1<v it B<y,
we have, by (2) and (3),

0 flvi=Lrvi=[ 1vi<n.
frer>n.

Now, using Lemma 1, let g be equal to p in @ and to zero in the rest of C.

Then

and, since p vanishes on the boundary of @, g satisfies the requirements of
the lemma.

We continue now the proof of the theorem. If 1°is not satisfied; for each
Ny, and each Ay > 0, there exist ng, mq, -+ > Ny so that

Hence, by (1),

f0|¢<no, mo, ++-)| > ho.

Then by Lemma 2 there exists in C a continuous function go, vanishing on
the boundary of C, and numerically Z 1, so that

j;yod’(no, mo, "’)>ho.

We may now proceed without difficulty in the manner outlined by Lebesgue.t

*Annales de PEcole Normale, loc. cit., p. 374.
tAnnales dela Faculté de Toulouse, loc. cit., p. 61.
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§ 4. Explanation and Proof of Theorem 5.—We make the following defin-
itions. D is a complete, metric * region in the fu-plane containing a point 0
such that every straight line through O cuts the closed curve forming the
boundary of D in exactly two points. There shall exist a fixed number which
is greater than the number of intersections of the boundary of D with any
straight line. That portion of D which lies on the opposite side from O of any
straight line is denoted by d; it includes its boundary; if the line passes through
0, each portion is denoted by d. The equation of this striaght line shall be:
tcosa+ usina=p. That portion of d which lies between two radial lines,
including at O an acute angle, is denoted by e; e also includes its boundary.

We begin by showing that the surface f may be approximated by a
continuous surface F made up of plane facets. Let ¢> 0 and 6> 0 be
such that, in any region which can be enclosed in a circle of diameter
less than 8, osf < e. Let D be enclosed in a regular poiygon @, whose

center is 0 and whose sides have a length < % §, and let  be subdivided in
the following manner. AZ being any side, triangle AZ0 is partitioned by
parallel lines, A’ Z’, A" Z", --., AZ, into parts so small that each can be
enclosed in a circle of diameter less than 6. Each of the finite number of
sides of all these parts is cut by the boundary of D at most a finite number of
times, so that there are between 04 and OZ a finite number of peints of inter-
section, 4°, B, C, ---, Z°; A° and Z° lying on 04 and OZ respectively, and
perhaps coinciding with some points already named. Draw the lines OBb,
0Cc, ---; b,c, -+ being in AZ; and fix the attention on S,, the part of D
in AOb. Let B’, B"”, --- be the intersections of Ob and 4'Z’, A" 2", ---.
For some ¢, 04 Z 04° Z 0A®) . By construction, as one goes along the
boundary of D from A°, the next point of intersection B with the network is
on 0b and also on a line parallel to AZ. This point of intersection will there-
fore coincide with B¢, B®  BG+) or BG+D, Without loss of generality,
as will become apparent, we may suppose that B®” = B, and that D contains
A9DOB. Draw A" B', A" B", ---, AV B®_ Let r, be 04’ B’, 7, be
A"A" B, ---, 1, be the part of S; in A®D 4® B® and r; the part in
* See note to Theorem 4, § 1.
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AGD RO BGiD | The essential characteristics of each 7 are that in it
1) osf < e,

and, except in the case of 7;, and perhaps of 7., the three vertices are points
of D. Let y (B“Y) be a point whose projection on the tu-plane is BG+D
and whose distance from it equals the distance of f (B®). If A%+ does not
belong to D, let y (A“*D) be a point whose projection is 4%+ and whose
distance equals the distance of f (A®). Through the points of the f surface,
f(0),f(4’),f(B’), pass a plane P, and let the part whose projection is 7,
be m. Proceeding in a similar manner with the other 7’s (using the y’s
just defined at vertices where f is not defined), and continuing the process
over all the other sectors, Sz, S3, - -+, we shall have finally the surface F of
facets desired; for, since the distance of every other point of any facet from
the tu-plane lies between the greatest and least distances of its vertices, by (1)

2 |F—fl<e.
We will now show that
3) F=c+ ‘T,f.»,

where fi=a; (t cosa;+usina;—p;)ine;, fi=0in D — ¢;, ¢ = f(0)
= F (0), a constant, and a;, p;, and ¢; satisfy the definitions of «, p, and e
of the hypothesis. Let the equation of the plane P; be 2 = P; (¢, u), since
no facet is perpendicular to the fu-plane, and let f = P, (¢, u) — ¢ in S,
=0in D — S;. The line in which the plane, z = P, (¢, u) — ¢, cuts the
tu-plane (since no facet need be parallel to the tu-plane *) passes through O,
and may therefore be written ¢ cos a; + % sina; = 0. The equation of P,
is therefore, 2 = a; (£ cos a; + u sin ;) + ¢, and we may write:

fi=ai(t cos a;+ u sin"ey) in (1= 8,),
=0in D — ¢.
(C)] z=c+ fiis P; in e,
18 m in 7,
isz=cin D-S,.

Plane P, intersects P, in a line whose projectionis A’ B’. Letf, = P, (¢, u)
— Py (t, u) in (e2=8,— 1), =0 in D —¢,. Evidently 3= P, — P,
is the equation of a plane which intersects the tu-plane where P, = P,
that is, in the line of intersection 4’ B’. Letting the equation of A’ B’ be

*’If a facet were, it could be replaced by two facets that would not be.
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t cos ap + u sin a; = P, we may write:
fao=a;(tcosas+ usinas — p;) in (e = 8, — n1),
=0inD — e
5) z=c+fi+foisz=c+fi, or m, in 7,
isz=c+fi+ P,— (¢c+f1), or Py, in e,

18 m In 79,
isz=cin D — 8§,.
Similarly fs = P; — Py = a3({cos a3+ usinas — p;3) in (e3=81— 11— 72),
=0in D — es,
etc.

The process may evidently be continued over S;. In dealing next, in
exactly the same manner, with S,, we leave the function z unchanged in §,,
because the auxiliary functions f; are zero outside the sector in question. The

process may, therefore, be continued till we obtain the function z = ¢+ X,
1

which is »; in 7;, and is the function F used above.
Now, since the following integrals exist,*

®) Jro=[u=-mro+ [rs,

and since
fF¢=cf¢+2a.~f(tcosa.+usina.—p;)d’,
D D i=1 [

in which by 2° the first term on the right-hand side approaches zero as n be-
comes infinite, and, r being fixed after e is chosen, the second term approaches
zero by 3°, it follows from 1°, (2), and (6) that

‘ff¢ <€f|¢!+’fF¢|< EM""(:' (ﬂ,m»"‘>n¢.u)-
D D D

Necessity—By referring to the proof of the necessary part of Theorem 4,
it will be seen that 1°is necessary. If 2° is not satisfied, the theorem is con-
tradicted by the function f = 1, and if 3° is not satisfied it is contradicted
by the continuous function f defined as follows: f = ¢ cos a + % sin a — p
ind,=0inD — d.

§5. Ezplanation and proof of Theorem 6.—Let {B,} be a set of ““ monotone
increasing point sets ” in the field 4. Such a set may conveniently be defined
by means of an auxiliary function ¢ (£, u, ---). Let ¢ be an arbitrary,
oo §2, Lomma 1.
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limited, L-integrable function, defined in 4. Then, for each number X\, B,
is the set of points where ¢y < X\, and consequently A — B, is the set where
A2 ¢. Itis evident that all of {B,} will be obtained if A be confined to
the interval * (min ¢, max ¢ + 1), for, if X is not in this interval, B, either
consists of no points or is 4. We shall therefore restrict A in this manner.
Now f is to be regarded as “ monotone increasing with respect to {B,},”
provided it is defined and limited in 4, and, £ being an arbitrary number
greater than min f, the set of points E; where f < £is a B,. These provi-
sions make f L-integrable. Fg, then, depends for its definition on the choice
of y.

Lemma: If f (¢, u, ---) belongs to Fe, and if ¢ (t, u, ---) 13 absolutely

L-integrable in A,
| fir| 2 3maxis 1 ma| [ o
A A A

For, by a theorem of Lebesgue’s,t using f, ¢ in place of his ¢, f, respectively,

we have
f ¢ |+ maX! f ¢ f ¢
Ba A [JA-B) B)
since evidently
|

I_
ffqb’z max]fl-(max
A i A
| _ | ,
lf b f¢!+f¢22maxlf¢l-
A—B) A By A B)

The sufficiency of condition 1° follows directly from the lemma, and therefore
we proceed at once to show that 2° and 3° are necessary.

If ¢ is not absolutely L-integrable, the function f = 1 belongs to Fs and
the integral over 4 of f¢ does not exist as an absolutely convergent integral.
If there exists a B, for which 3° is not satisfied, the function which equals
— 1 in this B, and zero in 4 — B, contradicts the theorem. It only remains
to show that the second part of 2° is necessary. To do this we shall assume a
part of what has just been shown necessary, viz., that
(1) ¢ is absolutely L-integrable for each n, m, ---, and for each N, H,

f
B)

2
Let us suppose U = {B,} to be the set of B,’s for which the particular family

* See the third note to § 3.

tAnnales de PEcole Normale, loc. cit., p. 443. The notation max u is used
to signify the maximum of u regarded as a function of A.

$ We might assume here that H is arbitrarily small, i. e., 3°, but in the proof of Theorem 7
we need to have 2° proved necessary without this assumption.

)23max|f|-max

S

<HA (n,m, --+ >npg).
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Fgin question exists, U being defined by some preassigned function ¢. Suppose
the second part of 2° to be not satisfied. Then, for [ and N arbitrary, there
exist the numbers n (1), m (1), --- > N, and A (1), so that

©)

£M0¢[n(l), m (1), ---]‘>l.

By (2) there exists a number M, which we may take > 1, and a corresponding
ar, SO that

(4)

f¢(nx m, ”')‘<M (n,m, «-+ >np).
A

Nowlet ! =2M > 2, N; = ny. By (3) there exist the numbers n;, my, «--
> N1+ 1, and )y, so that

(5)
Take, next,

¢ (n1, my, "-)’>2M>2.

By,

l=‘j; ¢ (n1, my, ..-)'+1,N2=max(nl,ml, s )> N+ 1.
M
Then there exist the numbers ng, ma, -+ > Ny + 2, and \,, so that

thﬁ#(nz,’mm'")

Proceeding in this manner we have finally the following sequences, of which
the first and third diverge to infinity:

(6) >

f ¢ (ny,my, ---) |+ 1.

By,

n”<nl’ My, *+- <n2’ My, *** <L vve

xl) k2:

[ smm - |<| [ otmm, | <
By, By

No )\ is repeated an infinite number of times, for otherwise the absolute value
of the integral over B, of ¢ (n, m, ---) diverges to infinity for a certain
sequence of (n, m, ---)’s, and therefore the function f which equals — 1
in B,, and 0 in 4 — B, contradicts the theorem. Consequently infinitely
many of the A/s are distinct, and we may assume without loss of generality
that they are all distinct.

Since the N’s are infinite in number they may be represented by a point-set
in (min ¢, max ¢ + 1) which must have at least one limit point, L; and there-
fore there exists among the \’s an infinite set, A, N/, ---, having L as a
limit point, such that, either

M 2<2M<
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(a) N>AN> ...
or

) NN <L -,

or both. By the definition of B,, then, either

(4) ByS ByS .-+,
or

(B) ByZ2 B2 .-

Case B.—By (7) and (4), for an arbitrary ! and an arbitrary N, there exists
a A® of (b) so that n®, m®, ... > N, and simultaneously

fqb(n“’, m®, ---)|< M.
A

[ oo, mo, o> 2+,
B, ()

Applying these inequalities to the identity

f ¢(n(o,m(o,...)=f_f ,
Ja-5,0 PRV X0

we have
) ¢(n<">,mw,-.-)}= [ |p-u+em+i-m+1.
4-B, () PR O
There exists in (b) a sequence A"V, A" | ... g0 that

f ¢(n‘“’,m“",~-)‘< f e (nD, mUn, ...)|< ...,
A4—B, (iy) A—B,\ ()

A—BwS A—BwsS .-,

and the former sequence diverges to infinity. By reference to (7) it is now clear
that, without loss of generality, we may assume Case 4; and, to save changing
subscripts, let us suppose (@) and (4 ) to have been true of (7). Case B, con-
tinued, would mean that the g’s defined later would be related to 4 — B,
as, in Case A4, they are related to B,, except that the numbers would be
positive instead of negative. Assuming Case A4, then, we may add to (7):

® M>N> e, and B, SB,S .-,

and here the \’s are all different and the first sequence has the limit L.
We are now ready to show the existence of a function g which contradicts
the theorem. Setting /; = 2M, and so, rewriting

¢(n1’ m, "') >ll=9M)

BAI

®
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we note that, since, n;, m;, --- are fixed, the following is, by (1) finite:

¢ (1, my, ---)|.

L; = max
A BA

Let 4=0 in A4—B,, = —1 in B,. If the integral over 4 of
16 (n, m, ---) does not approach zero as n becomes infinite, g, is the
desired function, for B,, belongs to U and therefore g; to Fs. Supposing, the
worse case then, that this is not true, there exists a u; > 0 so that

(9) fgl¢("’ m, )'<1 (n,m, -« >m).
A

Set

(10) L=22L,.

By going far enough in (7) to a N\ which, dropping intermediate \’s, we may
rename \;, we have simultaneously

(11) ¢ (ng, ma, ---)|>22Ly = ly; ma, mg, -+- > p.
BAg
Set
(12) Lz=maXf¢(nz,mz,-~),
A BA
(13) g2 = 0 in A - B)",

By (11) and (8), respectively,
(14) Ly> L, and B, S B,.

Consider the function g, + g,.

InBy,,i+g2=—-1-2/L,b< —1.

Ind — B,,, g1+ g2 = either — 1, or 0.

In B,, g1+ g2 = either — 2/, — 1, 0r — 1, <O0.

Ill A - Bh’ g1+gz = 0.
For any number ¢ which is greater than min (g; 4+ g2), the set of points
where g, + g2 < £ is either B,,, B,,, or 4, all of which belong to U. Hence
91+ g belongs to Fg. Therefore, if the integral over 4 of the product
(91+ g2) ¢ (n, m, ---) does not approach zero as n becomes infinite,
g1 + g2 is the function desired.

Otherwise, there exists us > 0 so that

(15)

f(!h+9z)¢(n: m, «+-)I<1l (n,m, - >um).
A



58 B. H. CAMP: [January

Set
(16) Iy = 23 L, etc.

Finally, if (the worst case) the number of steps is infinite, there exists a
function g, limited in 4,

(17) g(t’u"'°)=gl+g2+'°'y

where * g; = — 2/l;in B,,, = 0 in 4 — B,; for (17) may be compared with
the series,

2 2 B 11
it A 1

and this converges, since, by (14) and corresponding formule for the later
indices, L; < Ly < ---. Moreover, g belongs to F; for, by (8), we have for
any ¢

-1-

DY

T2l 2L

: = 2 2 2 2

mBo\ng<gl+"'+g;=—l—E—..._l_i<_1__E _____ i
. - 2 2
mA-Bm9=91+-~+y.»S—l—l—’ ————— i

and, for any ¢ such that ming < £ < maxg+ 1, B; is some B,, which
belongs to U. It only remains to show, then, that

a18) [oon,m, )

does not converge to zero as n becomes infinite.
For each subscript j > 2,

i1
[ostrims, )= % [0otmms, )+ [g6(ns,ms, o)
A i=1e¢/4 oJA

+ X | gio(nj, mj, ---) =T+ 11+ 1III.
i=j+1dJ4a

By (15) etc., |[I| < 1.
By (13) etc., and by (11) etc.,

1 2L _
11| = ‘j;sz_le-x‘#(nj’ mj, “')|> 2:‘—1L’._1“2°

By successive applications of (13) etc., (12) etc., and (14) etc., we have
1 1
2"_.Ilj.£~“¢(ni,mj’...)+T’T—Lj+l.‘£~”¢(nj’mj’”.)+‘..

=( L, _1 1,1 .
* Except that g1 = — 2M /1,.

| 111 | =
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Hence, if 7 > 2,
[ I+ 41| >2—-1-3=14,
and (18) is proved.
§6. Let us now consider the integral

ff(t, u)0(t,u; z,y; n, m)dE
E

and its convergence to f (z, y) at the arbitrary, fixed point (x, y) of the
limited, measurable field E, in space of two * dimensions.

THEOREM 7: Let (a) f be continuous at (z,y), (b) f belong to one of the families
F of the previous theorems, (c) E satisfy the conditions imposed on the field of in-
tegration in that one of the preceding theorems which relates to the F in question,
(d) V; be a circle of radius 6 > 0, whose center 13 (z,y), and suppose also that
E 7s dense and metric in some V.

Conditions that this integral may approach f (x,y), as n becomes infinite, for
all ’s belonging to one of the families F, may be stated in the several cases as
follows:

If F s Fy, Fy, Fy, Fs, or Fy, it 13 necessary and sufficient that there exist a 5,
g0 that, for every positive § < &y, (1°) the conditions of the previous theorem
relating to the F in question are satisfied for E — Vy, that (2°) there exist an M
30 that the integral over V5, of the absolute value of 013 less than M ,if n,m > ny,
and that (3°) the integral over E of 6 approach unity as n becomes infinite.

If F is Fg or Fg, it is sufficient that the sufficient conditions involved in 1°
be satisfied with respect to By, where B is the part of B, in E — V', that 3° be
satisfied, and that (2a°) there exist an M so that the absolute value of the integral
over B, of 0 13 less than M ,if n, m > ny, for all §’s < 8 and all N’s uniformly,
where B is the part of B, in V.

If F s Fg, it 13 necessary and suffictent that the necessary and sufficient con~
ditions, respectively, of Theorem 5 be satisfied relative to E, 3° replacing 2° of
Theorem 5, and the region d being defined by using (z, y) as a new origin; this
imposes a certain resiriction on E (cf. the second sentence in § 4).

The proof of this theorem follows from the preceding theorems in much the
same manner as the proof of the corresponding theorem t in one dimension
follows from their analogues.

APPLICATIONS TO SERIES OF NORMAL FUNCTIONS.

§7. THEOREM 8: Let-w; (t,u, - - - ) be a complete set of normal § functions in

* The generalization to more than two dimensions in certain cases is evident from the
preceding theorems. See also the first note to § 1.

tAnnales dela Faculté de Toulouse, loc. cit,, p. 70. Note also the remark
concerning the integral on page 28.

1 1. e., orthogonal functions of which the integrals of the squares over the field in question
are equal to unity. Consult, e. g., RiEsz, next footnote.
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the limited, measurable field A. In order that the coefficients of the formal de-
velopment of f (¢, u, - - - ) in terms of the w’s may exist for sufficiently large values
of © and approach zero as i becomes infinite, for all functions f of each of the
families Fy, F,, Fy, Fy, and F5, previously considered, it i3 necessary and suffi-
cient that in each case there exist an M so that when © > 1, the inequality mentioned
below for the family in question is satisfied:

If Fis Fy, (1°) | w;| shall be less than M .

If F is F,, (2°) the integral over A of w’ shall be less than M .

If F 13 Fs, (3°) the integral over A of | w; | shall be less than M .

If Fis Fy, or Fs, (4°) the integral over C of | w; | shall be less than M .

CoroLLARY: Stmilar statements may be made for functions of onme variable,
and in that case we have the additional statement that if f is a function of limited
variation, it 18 necessary and sufficient that M exist so that, if © > 1, the absolute
value of the integral from a to \ of w; 13 less than M for all N’s in (a,b), (a,b)
being the interval in which the functions are defined.

It will be shown that if F is F;, 1°is necessary and sufficient. If F is some
other family, the proof is analogous.

Sufficiency.—F. Riesz * has shown that if { w; } is as in our hypothesis,
and if f2 (and therefore, by ScHWARZ’S inequality,t f) is absolutely L-integrable,
the series of the squares of the coefficients,

e

is convergent. Hence, under these conditions, each coefficient, (1) f Jw;,
A

approaches zero as ¢ becomes infinite, and this is true in particular when
f=11in a and zero elsewhere, a being any measurable component of 4. That

is, provided only that {w;} be as above, (2) | w; approaches zero as 7 becomes

infinite. This is condition 2° of Theorem 1, ;nd in our hypothesis 1° is condi-
tion 1° of that theorem, w; being a special case of ¢ (n, m, ---). Hence (1)
follows from 1° and (2).

Necessity.—If w; does not satisfy 1°, then by Theorem 1 there exists an f
belonging to F, for which the integral over 4 of fw; does not approach zero as
i becomes infinite. Therefore 1° is necessary.

§ 8. DouBLE Fourier Series: Let f (¢, u) have the double period 2=
in the tu-plane, and be absolutely L-integrable in the square S, where S is
(z—72t2 2+ r,y— 2 uly+ v), and (x, y) is an arbitrary,

*Comptes Rendus, vol. 144 (1907), p. 616, p. 734. Riesz does not state that
J* is supposed L-integrable, but he implies it in his proof.
tAnnalesde’Ecole Normale, loc. cit., p. 442.
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fixed point. We may formally develop f (z, ¥) in a double series of the form,
”Z:l [ (@s; sin 22 4 by; cos 12) sin jy + (cij sin iz + d;; cos ix) cos jy].

As is well known, it may be shown in a manner analogous to the method used
in simple series that the sum of all those terms whose subscripts are not
greater than n, m, respectively, may be put in the form:

) _1 sin} (2n41)(t—z)sin} (2m+1) (u—1y)
S(n,m,x,y)—’zﬁf(t,u)[ 2sin} (t — z) 2sin} (u—y) ]

We now define the sum of the double series to mean the double * limit of
S (n, m), if this limit exists, as n, m become infinite. We will show that,
under certain circumstances, this limit does exist and is equal to f(z, y).
In this integral we make the substitutions:

t—2=2d,u—y=28;2n+1=»,2m+1= pu.

S becomes the square (— #/2Z ', 8/ Z x/2). Then, making the trans-
formation,

a=d, =4, where 02 o, 8/ 2 =/ 2,

2

a=—ao, B=§, where — /22 a2 0and 02 83 7/2,

’

a=—da, B=—F, where— x/22a,8 20,
a=do, B=—f, whee0Z o' Z x/2and — /2T 8 20,

and proceeding in a manner analogous to the well-known t theory for simple
Fourier series, we may learn that the validity of the expansion depends on
the convergence to zero, as v becomes infinite, of the integral

D (v, n)=£w¢(a,ﬂ),where

sin a sin 8
@) ¢(a,B)=f(x— 2, y—28) + f (2 + 2,y — 28)
+f(z—2a, y+28)+f(z+ 2a, y+ 28) — 4f (2, y),
and S; denotes the square, (02 a, 8 Z x/2).

The substitutions made above are valid if the various integrals may be ex-
pressed as iterated integrals,{ a condition which is fulfilled since the double
" *CH. the first footnote to this paper.

t E. g., PixrPoNT, loc. cit., vol. 2, pp. 421-3.
tAnnalesde 'Ecole Normale, loc. cit., pp. 447-50.
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integrals * exist, f being absolutely L-integrablet{ and sin va/ sin a,
sin uB{ sin B being limited for each », u.

THEOREM 9: If f (2, u) s absolutely L-integrable in S, its double Fourier
series 13 valid at the fixed point (z,y) , provided,in (2), ¢ (a, B) [ aB 13 absolutely
L-integrable in S,.

Proof —Writing D (v, u) in the form,

f¢(a,ﬁ)asinva - Bsin up
Iy

b

af sin a sin B8

we learn from Theorem 1 that it is sufficient to show that

a 8in va - B sin pBl
®3) sin o sin B I < some M, forall », u,
and
asin va - B sin uB
) j; sin a sin 8

approaches zero for each gin 81, as v, ubecome infinite. Since 1Z2a/sinaZ #/2,
ain (0, n/2),and |sinva| 2 1, (3) is evident. We may write (4) in the
forms,

a sin va Bsin up a sin va B sin uB
f sin « dex . sing dﬁ_[f sin a da][ , sing dﬁ]’

since the double integral exists, and the limits, a, b, are constant. Now
af sina is monotone increasing in (0, x/2), and sin va is L-integrable.
Hence the lemma of § 5 applies, and
A
f sin va do l
a

a sin ya
- da
jJa SN a
r 1 3

235 --max|cosva — cosv\| Z —.
2 v, v

. b 3 |
[oine g, (Bt gy 2 07
s SIha . sInp Vi
and (4) is proved.

COROLLARY: If f 12 absolutely L-integrable in S, the validity of the expansion
at (z, y) depends only on the behavior of the function in the vicinity of the lines
through this point parallel to the codrdinate azes.

For it is only in this vicinity that additional restrictions on f are needed in
order to make ¢/ ap integrable. Cf. Lemma 1, § 2.

*HossoN, Proceedings of the London Mathermatical Society, ser. 2,
vol. 8 (1910), p. 30.
{ See Lemma 1, § 2.

= a
Z 3 max|— - max
| 81N a A

Al
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THaEOREM 10: If f i3 absolutely L-integrable in S, the coefficients of its formal
series at (x, y) approach zero as a double limit as n, m become infinite.

For sin nt and cos nt are numerically less than or equal to unity for all
values of n and ¢. Cf. Theorem 8, 1°.

REMARK: These theorems include corresponding theorems in simple Fourier
series (already known) as special cases, and may be stated more generally so
as to apply to multiple Fourier series of functions having any desired periods
in the ¢ variables, ¢, u, ---.

DEFINITE INTEGRALS.

§ 9. Other applications of the fundamental theorems may be found in the
evaluation of absolutely convergent, multiple L-integrals of the form,

‘Ef(t’u)”')g(t:u) "')dAp

by means of the device of expanding one of these functions, say g, in a multiple
series, multiplying through by f, and integrating termwise. If the partial
sum of such a series be denoted by 85, m, ..., it is clear that this process is equi-
valent to the requirements that the integral over 4 of the product, f(g—$s,m, ...),
exist for sufficiently large values of n, m, - - -, and that its multiple limit be zero.
In Theorems 1-6, therefore, replacing ¢ (n, m, ---) by ¢ — 8s, m, ..., the
reader will find stated the necessary and sufficient conditions that the process
be allowable.

It will be noticed that condition 2° is satisfied if the series for g converges,
except perhaps for a null set, and is integrable termwise in each set a. VrraLr*
has shown that a simple series of limited functions of one variable has this
property if it converges to an integrable function, and if condition 1a° of
Theorem 3 (cf. Corollary 1, Theorem 3, and footnote) is satisfied. His reason-
ing is sufficient, however (by the aid of a theorem of Lebesguet), to establish
the same result for simple series of absolutely L-integrable functions of 2
variables defined in 4, whether these functions are limited or not. Therefore,
at least if simple series be used, the conditions that the above process of evalu-
ation be valid, whenever the g series converges to g (except perhaps at a null
set), and all the integrals involved exist, may be stated more simply in certain
cases, as follows:

If f 18 in Fy, it is sufficient that | g — sa | be less than M, except perhaps at
a null set, when n > ny.

*Rendiconti di Palermo, vol. 23 (1907), p. 139. VrTaALI uses 1a° with reference
to s, instead of g — 8, , but it is readily shown that there is no difference, since g is integrable.

tAnnalesde 'Ecole Normale, loc. cit., p. 375, § 15. A fundamental theorem
in the theory of measurable sets is also needed. Cf. PIERPONT, loc. cit., vol. 2, p. 358.
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If f i3 in Fy, it 13 sufficient that the integral over A of (g — sn)? be less than
M, when n > ny.

If f is in Fy, 1t 13 sufficient that for each v > O there exist two numbers, \, > 0,
and n,, so that for every measurable set b in A whose measure is less than N,
the integral over b of the absolute value of (y — 8a) 13 less than v when n > n,.

For it has previously been shown that if 1° of either Theorem 1 or Theorem 2
is satisfied, so is 1a° of Theorem 3.

These conditions are also necessary in the same sense as the conditions of
Theorem 1 are necessary; that is, if, for example, the first condition is not
satisfied, then there exists an f belonging to F, for which the process is not
valid.
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