ON CONVERGENCE FACTORS IN DOUBLE SERIES AND THE
DOUBLE FOURIER’S SERIES*

BY
CHARLES N. MOORE
Introduction.

It is generally recognized that in order to show that an actual solution of the
physical problem is given by the formal series arising in many problems of
mathematical physics, it is necessary to apply the theory of convergence
factors to these series. Results in this direction of the greatest generality
have been obtained by a method originated by Frj£r,t and applied by him
to problems involving the ordinary Fourier’s series.

In a previous paper { the writer bas applied FEJEr’s method to problems
that involve developments in Bessel’s functions. The object of the present
paper is to make such an application to problems that involve the development
of a function of two variables in a double Fourier’s series. Such a discussion
naturally involves the consideration of certain general facts in the theory of
the summability of double series, a theory that has as yet been scarcely
touched on. We have not made, however, any attempt to found a very broad
theory of this sort. Such an attempt would have led us too far from the
central aim of the paper, and in any case it seems preferable that the theory
of summability of double series should be developed at first from the point
of view of its applications, and that the study of such a theory from the abstract
point of view can be made to better advantage when the facts of widest use
in the application of the theory have been brought to light.

The consideration of the summability of double series naturally suggests the
consideration of the summability of multiple series of any order, and the study
of the summability of the double Fourier’s series suggests the study of the
summability of the triple Fourier’s series and the problems connected with it.
Generalizations of the results of the present paper to such cases may be ob-
tained by methods similar to those employed in the subsequent discussion.

* Presented to the Society, April 29, 1911, and December 27, 1911.

t Cf. his well-known memoir, Untersuchungen tiber Fouriersche Rethen, Mathematische
Annalen, vol. 58 (1903-04), p. 51.

$ These Transactions, vol. 10 (1909), p. 391.
78
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§ 1. Summability of Double Sertes. Definitions and General Facts.

We will begin this section by defining the type of summability of double
series that we shall be concerned with in this paper. Consider the double
series

an+ap+az+ -
O + a1+ ase + ags + - - -
+an+tantapmt+ -
and form
N ) P(ktm—4) ~_Ttn—g)
b mn 4=,,j=1P(k)I‘(m—i+l) I‘(k)I‘(n—j+1) i
where
54
(3) 8ij =,;=1 qzlapq.
If the quotient ’
5
(4) A;’:);
where
®) 4® = T(m+k) T'(n+k)

Tk+1)T(m) T(k+1)T(n)’

approaches a limit as m and n become infinite, the double series (1) will be
said to be summable (Ck) * and to have a value equal to this limit. This
type of summability for double series is seen to be entirely analogous to the
type of summability for simple series first considered by CEsiro.

In the above definition £ may be any quantity real or complex, except zero
or a negative integer. The definition may at once be extended to the case
k = 0, if we assume that for this value of % the right-hand sides of (2) and (5)
have the value that they approach as k approaches zero. It is then seen that
summability (C0) is the same as convergence.t In this paper we shall restrict
ourselves to the cases where % is a positive integer or zero. The discussion
of non-integral orders of summability for double series seems to have no special
bearing on the applications we wish to make, and would therefore lead us too
far away from the central object of this investigation.}

We now wish to develop some properties of S%, and A%:. It is evident

* We follow here a notation introduced by G. H. Harpy. See Proceedings of the
London Mathematical Society, ser. 2, vol. 6 (1908), p. 257.

t We refer here to convergence as defined by PRINGsHEIM. See Miinchener Sitz-
ungsberichte, vol. 27 (1897), p. 101, and Encyklopddie der mathematischen Wissen-
schaften, vol. I, A 3, p. 97. Also cf. BRomwich, Theory of Infinite Series, Chap. V.

$ Non-integral orders of summability of ordinary series have been discussed recently by
Cuarman, Knopp, OrroLENGHI, and M. Rixss.
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from the definitions of these quantities that

(6) o S(:»)n x"y" ~ (1 - m)—k (1 - y)-k”—§=r8»mx~yny
™ Y AP amyr o zy (1 — z)~HD (1 — )G+
m=1, n=1

where the sign ~ is used in the sense that if the expressions on the two sides
of this sign are expanded in ascending powers of « and y. the coefficients of
corresponding terms on the two sides will be equal. The second expression
could obviously be written as an equality, since the series on both sides converge
absolutely when « and y are less in absolute value than unity. Furthermore,
it would not be difficult to show that the same is true of the first relation for
the type of series considered in this paper. However, as the expansions are
used merely as a device to obtain more simply certain relations between the
S’s, the 8’s, the a’s, and the A4’s, relations which depend only on the equations
(2), (3), and (5), and which subsist whether the expansions in (6) are convergent
or not, it does not seem worth while to consider the question of convergence.
We have at once from (7)

2 Ay ooy (L+atat4 ) (b g+t ) (1=2)* (1= y)F,

and on equating the coefficients of 2™ y* on the two sides, we obtain
X (k+m—1— 1)(k+n—j— 1)
® -
(8) Amn ¢=I,Zj=l ( k —_ 1 k —_— 1 )

so that the denominator in the quotient (4) is equal to the sum of the coef-

ficients.of the s’s in the numerator. That is to say, we are dealing here with a

weighted mean of the sums, just as in CEsAro’s method for ordinary series.
Furthermore, since obviously

Timamy s (ka2 ) (L g+ 74 ) 3 amny,
it follows from (6) that
(1= 2)% (1= ) 35 S0 am 4 o 3 a0,
whence, equating coefficients on both sides, we obtain

L A 8 k+1
® o= 80 ATL) (AT ) e

where for the sake of uniformity we have set
(10) S¥ =0 (porg=0).
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Finally we have from the definition of .15,

N 1A 1
,,,,]‘,,T, mEnE T T (k4 1) 32
and hence
(11) A< Mk n* (m,n=1,2,3, ),

where M is a positive constant.

It is evident that if our definition of summability is to be of wide use, it
must be consistent with the more fundamental definition of convergence.
That is to say, if a double series is convergent in accordance with the definition
of PRINGSHEIM, it should be summable (Ck) for any & > 0, and to the same
value. We are naturally led to suspect that our definition will satisfy this
requirement on account of its analogy to CESARO’S definition, which is known
to satisfy a similar requirement. We shall find that it does so for a very wide
class of convergent double series, namely for those for which

59
(12) Is,,.nl=;;1-"$—:§<0 (m,n=1,2,3, ),
where C is a positive constant. Moreover, when the condition (12) is satisfied
for a convergent double series, not only will the ratio S,/ A%\ approach
the same value as s,,, when m and n become infinite, but also it will have in
common with s, the property expressed by (12), namely of remaining less
in absolute value than the positive constant C for all values of m and n.

In order to avoid any inconsistency between the theory of summability and
that of convergence, or in the theory of summability itself, we will restrict
ourselves to the consideration of double series for which

(k)

(13) lim ﬁ exists,
and at the same time T
8%,
(14) F <C (m’n=1)2:3’°")9

where C is a positive constant, for k£ equal to zero or some positive integer.

It is possible that some or all of this restriction might be removed. We
have not attempted to settle that question in the present paper for two reasons:
first, because the series whose summability we proposed to investigate, namely
the double Fourier’s series, satisfies the restriction; secondly, because in the
theorems about convergence factors that we needed for the applications, the
same restriction naturally presented itself. However, from the standpoint
of a general theory of summability for double series, it is desirable that the
necessity of the restriction, or part of the restriction, should be investigated.
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If it should turn out that the condition (14) was necessary for consistency in
our definitions, it would seem preferable to define the order of summability
of a series as the lowest value of k for which both (13) and (14) are satisfied.
This, however, would necessitate either imposing the condition (12) in our
definition of convergence, or having summability of order zero to agree with
convergence only for the class of series for which (12) is satisfied.

Before proceeding to the discussion of the theorem of consistency, we wish
to introduce a notation that we shall have occasion to use frequently in this
paper, and which we shall use for the first time in the course of establishing
the first of two lemmas needed in the proof of the theorem of consistency.
The object of this notation is to furnish an abbreviation for certain expressions
formed from a double sequence of quantities by selecting a square array of
terms from the sequence, attaching to the terms certain binomial coefficients
with signs that are alternately plus and minus, and taking the sum of all the
resulting quantities. The most general form of such an expression is the
following:

A+l k+1 , J k1 k+1
(15) r=§=o(—1) (_1) (k+1_r)(k+1_8)fi+ni+u
It will be seen that this expression bears to the double sequence fi;
(¢,j=1,2,3,---), arelation entirely analogous to that borne to a simple
sequence by certain expressions known as (% -+ 1)th differences of such a
sequence. Hence we may refer to expressions of the form (15) as the (£ 1)th
differences of the corresponding double sequences. Moreover, we will adopt
for such expressions a notation analogous to that used for differences of an
ordinary sequence; this notation is completely defined by the following ex-
pression which represents the quantity (15),

(16) AL fi.

We are now ready to prove the two lemmas needed in the proof of the
theorem of consistency.
LemMA 1. If we have two double sequences

(17) Qmn o bﬂm (my”=1:2,3r "'))
such that

(a) Atm| 0 (myn=0,1,238, ),
a A}bm,. ) y 1y, 4 90, ’
where C 13 a positive constant,

(b) A}bﬂl’l>0 (m,n=0,1,2,3, :--),

* In forming A} Gun 80 Al bpa for m or n = 0, we put for the sake of uniformity
Gmun = 0 = bun morn=20).
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) lll]_] bmn = ©,
(d) hm:— 0, lim II:L 0 (B, »=1,2,3, ),
p== 0=

where the limits (d) are approached uniformly, the first for all positive integral
values of q, the second for all positive integral values of p,

Al Amn

© mhnl.l}o A} byn exists;

then we shall have,

(s) l<c (m,n=1,2,3, ),
and furthermore "

(19) lim 3

will exist and be equal to the limit in (e).*
We will establish first the inequality (18). We have from conditions (a)
and ()

IA{anm|<CA}bnm (m,n=1,2,3, - -),
and hence
m—1, n—1 m—1, n—1
(20) 2 lAlagl<C > al bs;.
£=0, j=0 £=0, j=0
But obviously. 1
m—1, n-1 m—1, n—1
Qmn = E A} A5 bmn = 2 A} bij )
=0, §=0 =0, j=0

so that, in view of condition (b) and (20), we have

m—1, n—1
o 2 lAlay|
(1) b—i‘é%,_,— <C (m,n=1,2,3, ).
'mn A}b.‘j
0,0

It now remains to be shown that the limit (19). exists and is equal to the
limit in (e).

Since the limit in (e) exists, we can find a 4 and » corresponding to any
arbitrarily small, positive quantity e, such that

A} Qmn =
- e<am<l+e (n=e
where [ is the value of the limit in (¢). Hence, in view of condition (b), it

* This lemma is a generalization to double sequences of a theorem for ordinary sequences
due to Storz. Cf. BrRoMwicH, Infinite Series, p. 378.
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follows that _
(22) (l_ 6) Al b’”"<Al mn < (l+ G) A}. bmn ('::g‘:).

If we add the inequalities of the form (22) for all pairs of values of m and n
such that u 2 m 2 p, v 2 n 2 ¢, we obtain

(I — € (bpg—bug — bpy + b,,) < apg — a4y — a5, + a,,
< (4 €) (bpg— bug— by, + 0b,,).

If now we take p and ¢ so large that b,, > 0, which we can evidently do in
view of condition (¢), we can divide the last inequality through by b,,. This

gives us
b b b a a a a
1— ( _ g _ 9 _u_v)<_ﬂ__u.__£ Quy
(23)‘ ZACI Wt S ) A et S WAL
bug

- MY PV “V
<ato(1-gr-g ).
But from conditions (¢) and (d) it follows that the limit

b b b
lim [1— it o +ﬂ]
P, g=» b? q bP q b?']
exists and is equal to unity. Moreover, since

Gug _ O | By _ _ O bug Gy by | a4

- qu - bpq bPQ bllq bl'q bP' ' qu bpq ’
it follows from conditions (¢) and (d) and the inequality (21) that the limit

a a, a
i [_ pd LGt L 0 Wipad 14 ]
i Rt Sl W
exists and is equal to zero. Hence we obtain from (23)
- e<hmb <hm Ire 3 2+ e

Since € is an arbitrarily small positive quantity, it follows at once from the
last inequality that
lim 22 = Tim 2% = {.
- b rg bpa
Consequently the limit (19) exists and is equal to I, the value of the limit
in (¢). Our lemma is therefore proved.
LemMa 2. If the double series (1) is summable (Ck), and furthermore

S%,

(24) A(k)

‘<C (m,n=1,2,3, ---),
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where C 13 a positive constant, the series will be summable (C k+ 1) to the same
value, and furthermore we shall have

IS(L+I)
(25) e < C (m,n=1,2,3, ).

From relations (6) and (7) it follows at once that

v, "

2 Siamy e (T4t a2+ ) (1+y+ 3+ )ngﬁil"‘

1,1

®©, 7

YAk men o (1424224 - ) (I+y+ 2+ ) Z: AP am

1,1

whence, on equating coefficients of corresponding terms, we have

m,n m,n

(h+1) 3 (k+1 )
(26) Snm Z S‘ ) lmn )= Z “1 ij*

Yl 1,1
From these two equations we obtain
o= Yk 1 Qik k 1 k+1
(21) S(mr): = A glmtl n—1» —1( ) A lguil,)n—l ’

where for the sake of uniformity we make use again of the notation (10).

We are now ready to apply Lemma 1, taking for the first sequence in (17)
the quantities Si+", and for the second sequence the quantities A% ". It
follows at once from condition (24) of the present lemma, and equation (27),
that condition (a) of Lemma 1 is satisfied; that condition (b) is satisfied is
an immediate consequence of the second equation in (27) and the definition of
A® (see equation (5)). It also follows without difficulty from the same de-
finition that (¢) and (d) of Lemma 1 are satisfied, and that condition (¢) is
satisfied follows from the hypothesis of the present lemma that the double
series (1) is summable (Ck).

Since all the conditions of Lemma 1 are satisfied by the quantities under
consideration, it follows from that lemma that

(k+1)

m
1
m, n=w Afn:r )
exists and is equal to
Al S(L+l) S(k)
lim - 5= lim

, nm Al A(Ic+l) m e A(k) )

mn mn

that is that the series (1) is summable (C % + 1) and to the same value to which
it is summable (Ck).

It also follows from Lemma 1 that
Saa

W’<C (m,n=1,2,3, ).

The present lemma is, therefore, completely established.
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We are now prepared to establish the theorem of consistency which may
be stated as follows:

THEOREM 1. If the sertes (1) is summable (Ck), where k is zero or any
posttive integer, and if furthermore
S(k
E’?‘”‘)'H<C (m,n=1,2,38, ),

mn |

where C 1s a positive constant, then the series will be summable (Ck'), where k'
13 any tnieger greater than k, and to the same value, and furthermore we shall have

S*)

mn

A(k')

mn

It ¥ — k=1, this theorem reduces to Lemma 2. If ' —k=17r>1,
the theorem follows at once from r successive applications of Lemma 2.

Before closing this section we wish to define uniform convergence and uniform
summability of double series, and point out a few facts in this connection.
If the terms of the series (1) are functions of x and y throughout a certain region
R of the z, y-plane, and furthermore s,.. , defined by equation (3), approaches a
limit uniformly for all values of 2 and y in R as m and n become infinite, we
shall say that the double series (1) is uniformly convergent. The definition
for any other number of variables is entirely analogous. Similarly we define
the series to be uniformly summable (Ck) in R if the quotient (4) approaches
a limit uniformly for all values of x and y in R, as m and n become infinite.

It is easy to show that if the terms of a double series are continuous through-
out a region in which the series is uniformly convergent or uniformly summable,
the function which the series represents will be continuous. The proof is
entirely analogous to the well-known proof for simple series that a uniformly
convergent series of continuous functions defines a continuous function. More-
over, it is easy to establish a test for the uniform convergence of a double
series analogous to the well-known test of Weierstrass for the uniform con-
vergence of a simple series, namely to show that if the general term of a double
series is less in absolute value than the general term of a convergent double
series of positive constants, throughout a certain region, the given double
series will converge uniformly throughout that region.

<C (m,n=1,2,8,---).

§ 2. Convergence Factors in Double Sertes.

Before entering on the subject matter of this section we wish to define one
further notation that we introduce for the sake of brevity. In analogy with
the abbreviated notation introduced to represent the expression (15), we will set

e N A N k41
(28) A:i}:g i = r=§=o (= 1) (=1) (k+ 1 — T)(k+ 1— 8)f‘+’.i+t'

Trans. Am. Math. Soc. 6
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It will be observed that the expression on the right-hand side of (28) is equal
to the expression (15) with certain of its terms suppressed. The number of
terms suppressed and the ones which are suppressed, are indicated by the
second upper and lower indices added to the expression (16) to form the left-
hand side of (28). For the cases in which p or ¢is equal to £ + 1 we shall
adopt a simpler way of writing the left-hand side of (28)*; thus we shall set

(29) ﬁ}. :.Hfu = Ak+l qfu ’ :I} ’k’+1fu = A +1’pf

This notation having been explained, we are ready to prove the theorems on
convergence factors that we shall consider in this paper. We begin by con-
sidering the case of convergence factors in double series that are summable
(C1). The results that we shall establish for this case are special cases of the
results that we shall obtain later on for the case of convergence factors in
series summable (Ck). However, as these special cases are the ones that
we shall make use of in the applications of this paper, it seems worth while to
prove them separately, especially as the proof is considerably simpler than
the proof of the general case.

LemMma 3. If the double series (1) is summabdle (C1), and moreover

S(l)
A(l)
where C s a positive constant, then for all positive values of a and B the series

(30) <C (m,n=1,2,38, ---),

31) 2 A fun (e, B)

m=1,n=1

will converge and have the same value as the series

©, ®

(32) 2 S 48ifi(a, ),

=1, j=1

which will also be convergent, provided the convergence factors fi; (e, B) satisfy
the following conditions:

™, @

(@) ‘.z_lileﬁf,-,- (a, B)| < K, a positive constant («,8>0),
®) liylmz_;jlfmf(a, B)I=0 (a,8>0),
(cy hmnzzlf.,.(a B)|=0 («,8>0),
(@ im [mnfon (2, B)]=0 («, 8>0),

*If either p or g is equal to zero, the zero value will be omitted.
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1t being understood of course that the limiting processes indicated in conditions
(a), (b), (c), and (d), all have a meaning.
Substituting in the expression

(33) ai; fij

L1
the value of a;; given by putting £ = 1 in (9), and rearranging the terms
according to suffixes of S, we obtain the expression *

m—2, n—2 =m—2

.jA ftj+ g S(tl,)n—lAg'lfi.n—l

1,1

=m—2 J=n—2
(34) + 2 S|» A2fln + 2 S —1,5 A2 lfm-—l. b
J=n—-2

+ j; o A2 i + 8911, ne1 AZ 1 fnez, nm1

+ 39.3. mn + S(m-l nAz lfm—l. n + n—-l Az lfm. n—1.

We shall show that for positive values of o and 8, each term of the expression
(34) approaches a limit as m and n become infinite, and that every term but
the first approches the limit zero. From this it will follow that the series (31)
converges for all positive values of & and 8 and to the same limit as the series

* The simplest way to see that the expression (34) is identically equal to the expression (33)
is the following: On expanding the terms of (33), we observe that each term of the double
summation in (34) is obtained by selecting according to a fixed rule one term out of each of the
expansions of nine terms of (33), these terms of (33) forming a square array whose upper left
hand corner is the term with subscripts p and ¢, in the case where we are forming the term in
the double summation of (34) whose subscripts are p and ¢. It is easily seen in this way that
all the terms in the double summation of (34) can be obtained from the expansions of the terms
of (33), and that this process uses up all the terms in the expansions of the (m — 2) (n — 2)
terms of (33) lying in a rectangle (m — 2 ) terms high and (n — 2) terms broad whose upper
left-hand corner is the first term of (33), and some of the terms in the expansions of each of the
other terms. It remains to verify the fact that the remaining terms in the expansions of the
terms of (33) are identically equal to the terms in (34) after the first. This is easily seen by
selecting terms from the expansions according to the same rule by which the terms of the
double summation of (34) were obtained. It is obvious that such a process will give us in-
complete terms of the form of the terms in this double summation, and that the degree of in-
completeness depends on the position with regard to the edges of the rectangle of mn terms
formed by (33), of the term in whose expansion we select the first term to form the term of
(34). The terms of (34) whose first terms are taken from one of the terms in the first (m —2)
terms of the (n — 1 )th column in the double summation (33) form the first single summation
in (34); the terms of (34) whose first terms are taken from one of the first (m — 2 ) terms of the
nth column of (33) form the second single summation of (34), and so on. By accounting for
all terms whose first term comes from the expansion of one of the terms of (33) that lie in the
last two rows, the last two columns, or both, we get all the terms of (34) and we use up all the
terms in the expansions of the terms of (33).

An entirely similar process will enable us to make the more complicated reduction required
later on to reduce (33) to (49).
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(32) whose convergence will be established in proving that the first term in (34)
approaches a limit as m and n become infinite. Thus our lemma will be
completely established.

Consider first the first term in (34). This term is the sum of the
(m — 2) (n — 2) terms of the series (32) contained in a rectangle (m — 2)
terms high and (n — 2) terms broad, taken from the upper left-hand corner
of that series. In view of (30), we have for the general term of (32)

(35) | SO A frun | < Cmn | A2 fn | (m’n:,léi’oa'm)'

But it follows from condition (a) that the series whose general term is the
expression on the right-hand side of (35) is convergent. Hence the series
(32) is absolutely convergent, and consequently the first term in (34) ap-
approaches a limit as m and n become infinite. That the sixth, seventh,
eighth, and ninth terms approach zero as m and n become infinite is an im-
mediate consequence of conditions (30) and (d). It remains to show that the
same is true of the second, third, fourth, and fifth terms.
The second term of (34) is in absolute value less than or equal to

m—2 m—2

m—2
f‘;‘ | SPu_ifirne |+ 2 g ISP 1 firt,noa |+ ?.3. | 8Pt fire, nor |

m—2 m—2

22 |80 fon |+ 42 I SDusfer o |+ 22 80 firesnl

which in view of (30) is in turn less than

m—2 m—2 m—2

C(n— 1)§li|fi.n—1|+20(n“ l)éﬂfu—l.n—l |+C(n—1)f\;_,:i|f;.,.g_,._1|

m—2 m—2

+20(n= 1) Z ilfal+40(n= D) Z i lforsn|+20 (n— 1) X i fosn]

<4C(n—-l)éilf.-,,._1]+80(n—l)gilf.-,.l.

It follows at once from condition (c) that the expression on the right-hand
side of the last inequality approaches zero as m and n become infinite. Hence
the second term of (34), which is always less in absolute value than this ex-
pression, must also approach zero as a limit.

Consider now the third term of (34). It is obviously in absolute value
less than or equal to

m—2 n—2 n—3

2 18R in |+ 222 1 80 sr,n |+ 25 | SBfisan |,
i=1 =1 =1
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which in view of (30) is in turn less than

m—2
Cn 2 ilfin] + 200 2 il fisrnl+ O Z i1 fivrn| <400 2 il fin .

It follows at once from condition (¢) that the expression on the right-hand side
of the last inequality approaches zero as m and n become infinite. Hence the
third term of (34), which is always less in absolute value than this expression,
must also approach zero as a limit.

That the fourth and fifth terms of the expression (34) approach zero as a
limit as m and n become infinite, may be shown by a discussion analogous to
that used in the case of the second and third terms, the principal difference
being that condition (b) replaces conditien (c).

Thus we see that every term in (34) approaches a limit as m and n become
infinite and that every term but the first approaches the limit zero. Hence,
as we have pointed out before, our lemma is completely established.

We are now ready to prove the following theorem:

TaeOREM IL* If the double series (1) satisfies the conditions of Lemma 3,
and the convergence factors f; (o, B) satisfy the conditions of that lemma and the
Sollowing further conditions

(e) fii (e, B) 18 continuous is a and B (i,j=a1,,ﬂz>,§,,...)’
@ NMim [fii (e, B)1=£5(0,0)=1 (5,j=1,2,3, ),

then the sertes (31) will define a function of a and B, F (a, B) , that s conttnuous
for all positive values of o and B, and for which
(36) lim [F(a, B)]=3S,

a, =10

where S 13 the value of the series (1).

We know from Lemma 3 that under the conditions of that lemma the
series (31) converges to the same value as the series (32) for all positive values
of aand 8. Hence if we can show that under the conditions of the present
theorem the series (32) defines a function of « and 8 that is continuous for all
positive values of a and S8 and for which (36) is true, our theorem will be

proved.
If we set
31 Soa _ .
mn mn

* This theorem includes as a special case a theorem proved by BromwicH and Harpy.
Cf. Proceedings of the London Mathematical Society, 2d ser, vol. 2
(1905), p. 161. In the same paper the authors consider series summable by higher means, but
the means used are the analogues of HSLDER’S means for simple series and not of CEsAro’s.
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we shall have
lim [o'mn] = S.

Hence if we put ’

(38) Omn = S + €mn,
it will follow that

(39) lim [eq.,] = 0.

m, n=w

By means of (37) and (38) we can reduce the series (32) to the form
(40) 8 2 ijarfi (o, B) + X djeshifi (a, B).

We can evaluate the series in the first term of (40) by applying Lemma 3 to
the double series in which
(41) an =1, a; =0 (t¢orj>1).

This series is obviously convergent, and moreover satisfies the restriction (12);
‘hence by Theorem I it is summable (C1). It therefore follows from Lemma 3
that for this series

42) 2 S0 S (o, B) = 2 aifi(a, B) (ay 8> 0).

Making use of the values of the terms of the series (41) and the definition (2)
of S, we have for this series
(43) 88 =1j (i,j=1,2,3, ),

by means of which equation (42) reduces to the form

©, o

(44) 2 ijdifii (e, B) = fu(a, B) (a«,8>0).

1,1

From (44) it follows that the first term in (40) is equal to
Sfu (e, B).

This quantity is a continuous function of & and 8 for all positive values of a and
B in view of condition (¢), and from condition (f) it is seen that it approaches
S as a and B approach 4+ 0. Since (40) is only another way of writing the
series (32), it only remains to show that the second term of (40) is continuous
for all positive values of & and B and that it approaches zero as o and 8 approach
+ 0. We will show this by proving that the terms of the series in the second
term of (40) are continuous in the region

(45) (a>O,B>0),
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that the series is uniformly convergent in that region, and that its value is
zero for « = 0 = . It will then follow from one of the theorems referred
to at the close of § 1, namely from the theorem that a double series which is
uniformly convergent in a region in which its terms are continuous, defines
there a continuous function, that the second term of (40) has the desired pro-
perties. Thus our theorem will be completely established.

That the terms of the series in the second term of (40) are continuous in
(45) follows at once from conditions (¢) and (f). It remains to be shown then
that the series is uniformly convergent in that region, and that it converges
to zero fora = 0 = 8.

For m and n sufficiently large | e;;| becomes less than an arbitrarily
small quantity ¢ by (39), and hence we have

' 4 2.9
(46) YZijfz‘jA;fﬁ (a, B)|Z e§ijl 83 fii(a, B)| < Ke (a,8>0),

by (@), Lemma 3.

Fora = 0 = B each term of the series in the second term of (40) is identically
zero, and hence the inequality (46) holds for those values also. Therefore
the series just referred to converges uniformly throughout the region (45)
and, moreover, it converges to zero for o = 0 = 3, since each term is identi-
cally zero for such values. We saw above that the terms of the series were
continuous in (45), and hence, as we pointed out before, our theorem is com-
pletely established.

In Lemma 3 and Theorem II we have assumed that the series in which the
convergence factors were introduced had constant terms. This limitation
was made in order to avoid increasing the complexity of the formule and also
in order to keep more clearly in mind the central fact of the theorem. More-
over, the extension to the case in which the terms of the series are functions
of one or more variables is easily made. The most important fact in this
connection is stated in the following corollary, where for the sake of definiteness
and because that is the case of most interest in the applications, we restrict
ourselves to series whose terms are functions of two variables.

CoROLLARY. If the series

fv_,:a,-j(x, y)

18 uniformly summable (C1) to the function f (x, y) throughout a certain region
R, and moreover

()
Son (2, y)l<0 (myn=1,2,8,-+),
mn
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where C 13 a positive constant, then the series

3 s (2, 9) s (o, B)

will converge for all positive values of a and B and all values of x and y in R, and
its value F (x,y, a, B) will approach f (x, y) uniformly for all values of x and
y in R, as a and B approach + 0, provided the convergence factors fij (e, B)
satisfy the conditions of Theorem I1.

The proof of this corollary requires only slight modifications in the reasoning
of Lemma 3 and Theorem II.

We will next consider the case of convergence factors in series that are
summable (Ck), where k is zero or any positive integer. As in the special
case just treated, we begin by proving a lemma.

LemMa 4. If the double series (1) is summable (Ck), and moreover

| g

(47) 4w | <C (m,n=1,2,3, ),

mn

where C is a positive constant, then the sertes (31) will converge for all positive values
of a and B, and will have for such values of a and B the same value as the series

», ©

(48) 2o~ SWAk £ (a, B),

i=1, j=1

which will also converge, provided the convergence factors fi; (o, B) satisfy the
following conditions

(a) Z * | AkE fii (e, B) | < K a positive constant (e, 8>0),
i=1, j=1
®) lim m* 2 * | fmj (@, B)| =0 (a,8>0),
m=w J=1
(¢) lim n* 3¢ | fin (@, B) | =0 (a,8>0),
n=ow i=l1
(d) lim [m*n*fp, (2, 8)]=10 (a,8>0),

it being understood that the limiting processes indicated in conditions (a), (b), (c),
and (d), all have a meaning.

Substituting in (33) the value of a;; given by (9) and rearranging the terms
according to suffixes of S, we obtain the expression *

* For the method of making the required computation see the footnote to Lemma 3.
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m—k—1, n—k—1 m—k—1, k

2 SR ANt X SE ke MY fi ks

51 i=1, p=0

k, n—k—1

k+1
+ Z ‘Sm—k tp,3 Akil, p+1 fm—k+p, j

p=0, j=1
k

(49) + Zo Sm—k+p, n—k+p ,lii}: ﬁi} fm—lc—}-p. n—k+p

—1 k
+ 2 [ z: Sm—k+p, n—k+gq AH—!, P+l fm—k+p n—k+q]

=0 L ¢g=p+1

k=1 k
+ Z[ E Sm—l-+q, n—k+p Ak+1,q+}fm—k+q, n—k+p] .
»=0 L g=p+1

We shall establish our lemma by showing that for « > 0, 8 > 0 each of
the terms in the above expression approaches a limit as m and n become
infinite, and that every term but the first approaches the limit zero. Thus
it will follow that the series (31) converges for « > 0, 8 > 0, and to the
same limit as the series (48), whose convergence will be established in proving
that the first term of (49) approaches a limit as m and n become infinite.

Consider first the first term in (49). This term is the sum of the
(m—k—1)(n—Fk— 1) terms of the series (48) contained in a rectangle
(m — k — 1) terms high and (n — k& — 1) terms broad, taken from the upper
left-hand corner of that series. In view of (47) and (11), we have for the
general term of (48)

(50) | S5 AKH fn | < CM ¥ 0¥ | A fonn | (a,8>0).

But it follows from condition (a) that the series whose general term is the
expression on the right-hand side of (50) is convergent. !lence the series
(48) is absolutely convergent, and consequently the first term of (49) ap-
proaches a limit as m and n become infinite, this limit being the value of the
convergent series (48).

It remains now to be shown that the other terms in (49) approach the limit
zero as m and n become infinite. The fourth, fifth, and sixth terms of this
expression each consist of a fixed number of terms, that is a number dependent
on k but not on m and n. Moreover each term is of the form

(51) NSijfirr, ite

where N is a coefficient that is never greater in absolute value than the largest
coefficient in the expansion of (a + b)*™ (¢ + d)**!, 4 and j are positive
integers that become infinite with m and n, and r and s are integers, each of
which may have any one of the values0,1,2, ---, k.
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It follows easily from conditions (47) and (d) that an expression of the form
(51) approaches zero as a limit as m and n become infinite. For combining
(47) with (11) we have

| NSij firr, ja | KNCMij| firr, j40|X NCM (i 4 1) (G + 8) [ Firr, 4a -

From condition (d) and the fact-that < and j are integers that become infinite
with m and 7, it follows at once that the expression on the right-hand side of
the last inequality approaches zero as m and n become infinite. Hence the
expression on the left-hand side, and consequently the expression (51) approach
zero as m and n become infinite. As the fourth, fifth, and sixth terms of (49)
each consist of a fixed number of terms of the form (51), it follows that they
also approach zero as m and n become infinite.

We have still to consider the second and third terms of (49). Here the
number of terms in the summations is not fixed but varies with m and =,
and we have to make use of conditions (b) and (¢) in order to show that the
quantities we are discussing approach zero as m and n become infinite.

For the second term of (49) we have, in view of (47) and (11),

m—k—1, k i m—k-1, k \

- 123 S t, n—k+p A:i:' p+lf:', n—k+p 2 Hz_o I sz)n—kﬂ: I * l A’;I;' p-“fi. n—-HP'
62 e

N2 R PUEY RSP )
=1 =0
But, since ?
k+1 k

1+ e+ D+ EERE e 41

2
+ (k+ 1)+-(k+1)2+(k—+2i1M+ e (1P 4 (k1)

+ . . . . .
2
+ D+ G+ EEDE L et e )

(k+1)k

F 1 (1) + e (R 1) 1= (1 1FH (141 =44,

it is not difficult to see, if we write out the terms of the various expressions
AP fi, nebtp

and make use of the principle that the absolute value of the sum of several
quantities is less than or equal to the sum of the absolute values, that

Z (n—k+ p)| A fi, aip |
(63) *=° ka1
4”“2("" k+P)"{E|fﬂ-q.n—h+p|}

p=0
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Combining (52) and (53), we obtain

| m—k—1, k
(k k+1, 1
i E St,')t—kﬂ) Akil pt fi. n—k+p

Gy T v Mokl [ ksl
< gt CMZo(n - L+ 1'))"[ 2 * { Z:,) | fita, i | }]
= = 7=
BUt mn—k—1 k41 n
CONMNND IR b o{F R Y1) > JF A
= q= i=

and hence we have finally, from (54) and (55),

m—k—1, k
‘_12_0 Sg,e)n—k+p Afill' Pt fi. n—k+p
(56) s

k n
<+ en e E (k4 S |-
= =1

It follows without difficulty from condition (c) that the right-hand member
of (56) approaches zero as m and n become infinite. Consequently the left-
hand member, that is to say the second term of (49), approaches zero as m
and n become infinite.

By a discussion precisely analogous to the above we may obtain for the third
term of (49) the inequality

k, m—k—1
Z Sg:)—k+p.f A',:I{.p+lfm—k+p- j

(67) ' k "
<A DRSS (m— k4 9 EF acsins .

By means of this inequality and condition (b) we may infer at once that the
third term of (49) approaches zero as m and n become infinite.

We have now shown that each term in (49) approaches a limit as m and n
become infinite, and that every term but the first approaches the limit zero.
Hence, as we have pointed out before, our lemma is completely established.

With the aid of Lemma 4 we can prove the following theorem:

THEOREM IIL* If the double series (1) satisfies the conditions of Lemma 4,
and the convergence factors fi; (o, B) satisfy the conditions of that lemma and the
following further conditions

(e) fii (e, B) 18 continuous in a and 8 (t”’ =a1’ ’B2>’g’ ),

* Theorem III is a generalization to the case of double series of a theorem for simple series
due to BrRomwice. Cf. Mathematische Annalen, vol. 65 (1908), p. 358. Re-
cently BroMwicH’s theorem has been generalized to the case of simple series whose order of
summability i8 non-integral by CaapMaN and by OrroLEngHl. Cf. Proceedings of
the London Mathematical Society, ser.2,vol.9(1911),p.382,and Giornale
di Matematichedi Battaglini, vol. 49 (1911), p. 245.
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6) Eﬂo[fs,-(a,ﬁ)]=fif(0,0)=1 (4,=1,2,3, ),

then the series (31) will define a function of a and B, F (a, B8), that is con-
tinuous for all positive values of o and B, and for which
lim [F(a,B)]=S§,
a, p=+0
where S 13 the value of the series (1).

The above theorem is proved with the aid of Lemma 4 in almost precisely
the same manner that Theorem II was proved with the aid of Lemma 3.
Practically the only changes in the wording of the proof which are not merely
those of notation consist in the substitution for the equality (43), of the
equality

1,5 > — —_— ) — () —
SY‘}: Z (k+7' P 1)(k+1 q 1)=A(‘,? (i,j=1)2’3’ ..-)’
p=1,¢=1 k-1 k-1

which follows from (2) and (8), and the use of the inequality (11) in proving
the uniform convergence of the series that corresponds to the series in the
second term of (40).

A corollary to the present theorem that bears the same relation to it that
the corollary to Theorem II does to that theorem may be established without
difficulty.

§3. The Summability of the Double Fourier’s Series at Points of Continuily
of the Function Developed.*

We will begin this section by stating that wherever we refer to a function
as being finite and integrable, the statement is to be taken in the sense that the
function has an integral according to the definition of LEBESGUE.

We will now proceed to prove several lemmas that are needed in the proof
of our principal theorem.

LEmMMA 5. Let R be a region in the o, -plane lying within the square whose

* The convergence of the double Fourier’s series has been studied by Krause, Harpy,
VerGerio, and W. H. Youne. Cf. Youna’s memoir in the Proceedings of the
London Mathematical Society, (ser. 2, vol. 11 (1912), p. 133), where reference to
the other writers is made. In the paper just cited, Youna has also considered the summa~
bility, and has obtained the result stated in Theorem IV of this section. The present paper
was completed and sent to editors some time before the appearance of Youna’s paper, and the
results of this section were indicated in an abstract of part of the paper published in-the
Bulletin of the American Mathematical Society (vol. 18 (1912), p. 223),
also before the appearance of Youna’s paper. The writer has also studied the summability
of the double Fourier’s series at points of discontinuity ci the function developed, as is indicated
in the abstract just referred to and in a note published in the Comptes hend us (vol.
154 (1912), p. 126). The results obtained in this connection will be incorporated in another
paper.
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stdes are a = = (v — p1), B= = (7 — p1) where p, i3 a small positive
quaniity, and such that no point of R lies within the circle whose cender i3 at the
origin and whose radius 18 ps , where p» 13 another small positive quantity. Then,
if ¢ (a, B) 18 a function that 13 finite and integrable in the region R, the limit

58) lim [ ff*’(“ ﬂ)smzma. sin anadﬂ]

», n=e sinfa  sin?

will exist and be equal to zero.

Let us represent by M the upper limit of the absolute value of ¢ (a, 8)
in the region R, and by p the smaller of the two positive quantities p; .and
o2/ V2. Let ebea given positive quantity, arbitrarily small, and let ¢ be
a positive integer such that

2
59) 42 M €

gsin?p 2

We will show that for value of m and n greater than ¢, the absolute value of
the expression in brackets in (58) is less than e. Thus our lemma will be
established.

Let us divide the region R into two parts, R, and R,, such that R; contains
all the points for which || < p./ V2, and R, contains all the points for which
|@|Sp:/ V2. It may happen that there are no points such that |a| < p/ V'2;
in that case R, will coincide with R. For any point of R we have from the
conditions of our lemma.

>+ B3 p;,

and since for the points of R,
2

a? < &)2 )
it follows on subtracting the second inequality from the first that

g >

S o

IR

for all pointsin R;. We have then

,T:;fjl;‘r’(“’ 8) Sir.lzmaSi.nandadﬂl

sinfa sin?g |

2 2
(60) ff o (o, 8) 1 2l g

sin?

2
sin? ma

. dadf.

mn sm2 f f sin? a 8
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But
sin? ma 1 [ (*"sin’ ma Y
o oS s < [ [T dads = 4,

a result which follows easily from the relation
w_ 1 f"” sin? na
sin®

established in Fejér’s paper.* Hence, combining (60), (61), and (59) we
obtain

i sm2 sin? nf i’ M e
(62) 'mnff,,,‘a( . da B\ : <2 (n=q).

sinfa  sin®B nsin®p

If R, has an area equal to zero, it is obvious that (62) still holds.
Since for all points of R,, |a|S p2/ V2, we may obtain in an entirely similar
manner

! 2 ;
63) |i_ff ‘p(a’ﬂ)sm ma.sm anadBI _:11::21[ <_e (m=q).
jmn R 2

sina  sin? m sin® p

Combining (62) and (63) we have

2
—Lffgo(a, B)Slnma.sm nﬁdadﬁl< e (m,n=gq),
mnJ Jg

sinfa  sin?

and as pointed out before, our lemma is established.
LemMA 6. If b, hi, k, and k, are positive numbers less than =, the limit

. sin? ma sin?ng
64) Jl,.r—_l-lw [mmr .[_,h j_;, sinfa  sin?p da dB]

will exist and be equal to unity.
The expression in brackets in (64) may be written in the form

65) mn,,z */2 f"’sm’gma. sm22nﬂ f f,%z siflzma . Si{linﬂ dadB

gz g SID sin' mn si”fa  sin?p
where R is used to represent the region that must be added to or subtracted
from the square whose sides area = = 37,8 = =1x,in order to produce the
rectangle whose sides area = h,a= — h,B8=Fk, 8= — k. It follows at
once from Lemma 5 that the limit of the second term in (65), as m and =
become infinite, is zero, and hence it only remains to determine the limit of
the first term.

*L.c., p.55. Also CarsLaw, Introduction to the Theory of Fourier's Series and Integrals, elc.,
p. 142. In FEJER’s original paper there is a misprint in some of the formule on the page quoted,
= occurring instead of §r .
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That term may be written in the form
1 [ "?sin?ma 1 ("/sin? nﬁ
Ge e o L5 0
Mr J_np SIN° nr J_pp sin? B
But we know from Fejér’s work * that the value of this expression for any
positive, integral values of m and n is unity. Hence its limit as m and n
become infinite is unity, and since the limit of the second term in (65) is zero,
it follows that the limit of (65), as m and n become infinite, is unity.
LemMMA 7. Let R be a region in the a, B-plane lying within the square whose
sides are o = = (w— py), B = = (w — p1) where p, 13 a small positive

quantity, and such that the point a = 0, 8 = 0 lies within or on the boundary of
R. Then of ¢ (a, B) 13 a function that is finite and integrable in R, the limit

2 In2
(66) lim —ff¢( gy ma-sé?n%ﬁdadﬁ]

m, n=w 8’"&2 [+

will exist and be equal to zero, provided

(67) .lifio["(“’ 8)]=0.
In view of (67) we may choose p; so small that
(68) lo () B)] < 3 (46 <o),

where e is an arbitrarily small, positive quantity. Let us divide R into parts,
R, and R, where R, is the circle with center at the origin and radius equal
to p2, or such part of that circle as is included in R, and R, is the rest of R.
It follows at once from Lemma 5 that

. 1 sin?ma  sin?mf _
,!‘,.‘E,[Zzﬁfﬁz“’("" B) sinfa sin? 3 dadﬂ]_

and hence we can choose ¢ so large that

f[<p(a ﬂ)smmaSls?n?:;Bdadﬂl € (m,nZq).

sin? «

(69)

Moreover, in view of (68),

* See the previous footnote.
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| 1 2 In2
‘!m—ff&¢(a,ﬁ)s“-’ m“-S;;‘,,:;fdada

n sin?

=1 sin?ma  sin? nB
2ot G dads

sinfa  sin?B

sin?ma  sin? nB
(70) 21r { mn f fg, sinfa  sin?B dadB}
7 "R sin?ma sin? nB }
21-2{ mn j:,,,_ j:,,, sinfa  sin?f da dp
e [ 1 ["2sin?ma 1 [ "2sin?nB €
= ?p[af_,,z St d“] ' [aLr, sin? B dﬁ] =3
Combining (69) and (70) we have

(l . 2 . 2
Lot piine S gpl< e (minz),
mnJ Jg 3

sina  sin?B

from which our lemma follows at once.

Remark.—In the three previous lemmas it was not found necessary to place
any restriction on the behavior of the ratio of m and » as these two quantities
become infinite. It may be noted further that the conclusions of these lemmas
hold equally well if, instead of letting m and n become infinite together, we
let m become infinite first, holding n fixed, and then let n become infinite, or
vice versa. We have not insisted on this latter point in the proofs of the
lemmas, because it is not of much importance in the applications we have in
view,

We are now ready to consider the summability of the development of a
function of two variables, f (z, y), in a double Fourier’s series, that is the
summability of the double series

®, 0 1 +
(71) Z 21:(1/1»)4-19(1/,.) zf j: (&, y) Pan (2, y, 2,y ) da’ dy

(72) Ppn(2,y,2',y') =cos[(m—1) (2" — z)]cos[(n—1) (¥ —y)]

E (z) being used as in the theory of numbers to represent the largest integer
contained in z.

TrEOREM IV. If the function f (z, y) is finite and integrable in the region
(73) (—x223w, -2yl 7,

the development of the function in a double Fourier’s series will be summable
* See the previous footnote.
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(C1) to the value of the function at every interior point of the region (73) at
which the function 18 continuous.
We have for the series (71)*

Saa(z, y) _ S (2, )

A(l) mn
mn ’ _ 2 — 2
sin m_____(:c 2) sin n_____(y’ y)
= 1 f " f v ’ r) 2 2 'du’
T dmnxtJ_, _'f(:c,y .-z . Y-y v
sin sin ¥——=
2 2
If we set
(74) 2 —z=2a, Y —y=28,
we obtain
S (z, ) 1 f - f"””z sin?ma  sin?ng
(75) mn ~ mna® —(x+2)/2 -(t+y)/2f(x+2a y+ ﬂ) sin® o ) SInzﬁ dadﬁ

If we can show that the expression on the right-hand side of (75) approaches
J(z,y) as alimit as m and n become infinite, at any interior point of the region

(73) at which f (2, y) is continuous, our theorem will be established.
Let us put

(76) pla,B)=f(z+ 22, y+28) —f(z, y).
The right-hand side of (75) may then be written in the form

f(z,9) "’)ﬂf‘ “Msin’ma sin? nd dodB
nma® J_q rave J—uiyye I sin?B

(w—2)/2 r—y)2

o (o B)smma smnB

2 .
771/"1,1'2 —(x+2)/2 o/ —(x +y)2 sSIn® o Sll'l2 ﬂ

dedB.

But from its definition ¢ (a, B) is finite and integrable in the region of inte-
gration of the integrals in (77), and moreover

}iﬂo[“’(a’ 8)1=0,

provided f (z, y) is continuous at the point (2, y). It therefore follows from
Lemma 7 that the second term in (77) approaches zero as a limit as m and n
become infinite, provided (z, y) is an interior point of the region (73) and
f(x, y) is continuous at that point. Moreover, it follows from Lemma 6
that the first term in (77), and therefore the whole expression (77), approaches
as a limit f (z, y) as m and n become infinite. But since (77) is equal to the
right-hand side of (75), it follows that the limit of that expression as m and
become infinite is f (¢, y). Our theorem is, therefore, proved.

* This follows at once from the corresponding reduction for the ordinary Fourier’s series.
See FEJER, L. c., p. 54. Also Carsraw, L. c., p. 141.
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CoroLLARY 1. If f (x,y) satisfies the conditions of Theorem IV, its Fourier’s
development will be uniformly summable to f (z, y) throughout any region whose
boundary 1is interior to the boundary of a region of continuity of f (x, y).

If we make use of the principle that a function of two variables is uniformly
continuous in any closed region in which it is continuous, it requires only a
slight modification of the reasoning in Lemmas 5 and 7 and Theorem IV to
establish this corollary.

Before stating the second corollary to Theorem IV we wish to introduce a
definition which will serve to simplify somewhat its statement. If a double
sertes has each of its rows summable (Ck), and the series formed from the values
of the rows v summable (Ck), we will say that the double series is summable
(Ck) by rows, and we will ascribe to it the value of the series formed from the
values of the rows. We define in a similar manner a double series summable
(Ck) by columns, and the value of such a series.

We are now ready to state the following corollary:

CorOLLARY 2. Iff (x,y) satisfies the conditions of Theorem IV, its Fourier’s
development will be summable (C1) by rows or by columns at every interior point
of the region (73) at which f (x, y) ts continuous, and to the value of the function.

The proof of this corollary * follows from the remark at the end of Lemma 7
in the same manner that the proof of Theorem IV follows from Lemmas 5, 6,
and 7.

For the applications to mathematical physics we have in view, we need to
know something about the behavior of the Fourier’s development of f (z, y)
throughout the whole region (73) in cases where there are points of discon-
tinuity of the function in the region. The necessary information is embodied
in the following theorem:

TraeorEM V. If f(x, y) satisfies the conditions of Theorem IV, we shall
have for its Fourier’s development

Soa (2, y) m,n=1,2,8, ...
78) L< mn <M (—wézér, —réygf)’

where M and L are the upper and lower limits of f (z, y) tn the region (73).
In view of equation (75), we have

®—2)2 w—y)2 smz'mat sm’nB
7|'2 *T e da dﬂ
M J_iray2J—(zpe S sin?f
SO (x,y) Al Lt sin?ma sin?nf
< Swn(2,9) <M ce——dadp.
mn o S SIDPa  sin’ B

* We should note that this corollary is also an almost immediate consequence of FEIER'S
theorem about the summability of an ordinary Fourier’s series, for it follows at once from two
successive applications of that theorem. However, we cannot in this way obtain Theorem IV
from Fritr’s theorem, for a double series summable by rows or columns is not necessarily
summable as a double series, a fact that may be inferred at once from a theorem due to PriNGs-
gEIM (cf. Minchener Berichte (1897), p. 107).
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722 TV gin2 s 2
sin®ma sin’n
f f e i dads
—(xtzz J—(x+yyz SIN" Q@ SI B
{ (Psin® ma 9% sin? ng
= rn s %@ Eds) =1,
—~(rt+ayz SID" —r+r SID* B

and therefore our theorem follows at once.

§4. Application.

We will now illustrate the application of the above results to problems of
mathematical physics by considering a problem in the flow of heat. Suppose
we wish to determine at any instant the temperature of any point of a thin
rectangular plate, whose perimeter is kept at the temperature zero and whose
initial temperature we know. Let b be the length and ¢ the breadth of the
plate, and f (z, y) be a function of two variables that gives us the initial
temperature of the plate at each point when we take the lower left-hand corner
of the plate as the origin and the sides of lengths b and ¢ as x and y axes re-
spectively. Then the ordinary, formal method of constructing a solution
for problems of this type gives us for the temperature of any point at any
instant {

®, © 4 ==
(79) _IZ | Yo (z,y,t)= b _IE_I A €7 AP0 31n7-rlblx81n nzry ,
where ,
'
(80) amn=f ff(x’,y’)sinmz smmd:c'd ¢
[} [}

In order to prove that the double series (79) is really the desired solution,
we must show that it converges and defines a continuous function of z, y,
and ¢ in the region

(81) 02z2b, 0ZyZe, t>0,
that it satisfies throughout this region the equation

d u_ ?u  u
(82 e (G+5E),

that it approaches f (21, y1) as ¢ approaches zero through positive values and

* See Frifr, 1. c., p. 60.

t Cf. BYERLY, An Elementary Treatise on Fourier's Series, etc., p. 142, ex. 4. An analogous
problem in three dimensions that can be treated rigorously by means of the generalizations
referred to in the Introduction, in a manner precisely similar to the present treatment, may be
found in CarsLAaw, Fourier's Series and Inlegrals, p. 307.
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z and y approach 2, and y;, provided (z:, y1) isa point in the interior of a
region throughout which f (2, y) is continuous, and that it remains finite when
t approaches zero through positive values and z and y approach the codrdinates
of any point of the region

(83) 0222b, 02yZe.

That the series (79) is convergent, and in fact absolutely convergent in the
region (81), provided f (z, y) is finite and integrable in the region (83), is
easily shown. For, on account of the presence of the convergence factor

(84) eI
we have for the general term, um, (2, y, t), of the series

K
(85) Ium,.(x,y,t)l<w (0=z=b,0=y=c, 0< L=t),
where K is a positive constant and ¢, a positive constant as small as we please,
provided f (z, y) is finite and integrable in (83). Since the right-hand side
of (85) is the general term of a convergent double series of positive terms, it
follows that (79) converges absolutely in the region

(86) 02232b, 0Zylec, O0<%HZIt

and therefore, since #, is arbitrary, in the region (81). That the function it
defines there is continuous can also be shown by means of the inequality (85)
for it follows from this inequality and the test for uniform convergence stated
at the end of § 1, that (79) is uniformly convergent in the region (86). Since
also its terms are continuous there, it follows that it defines a continuous
function in (86), or since #, is arbitrary, in (81).

We wish next to show that the function defined by (79) satisfies the equation
(82) throughout the region (81). Each term of the series obviously satisfies
this equation, and hence if we can show that we have a right to form the
several derivatives involved by differentiating the series term by term, it will
follow that the function defined by the series satisfies this equation. The
proof that we have a right to differentiate the series term by term is similar
to the proof of the continuity of the function defined by the series, the principal
difference being that the present proof rests on the uniform convergence of
the derived series and the theorem that we have a right to differentiate a con-
vergent double series if the resulting series is uniformly convergent in-the region
under consideration. The details of this proof are easily carried through.

It remains finally to show that when ¢ approaches zero through positive
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values, and « and y approach x; and y;, the function defined by the series will
approach f (x1, y1) when (1, y1) is an interior point of a region of continuity
of f (z, y), and will remain finite when this is not the case.

In order to establish these facts we must make use of some of the results
we have obtained with regard to convergence factors in double series. It will
be observed that the convergence factors of the form (84) are, for any particular
values of m and n, functions of a single variable ¢, whereas the convergence
factors we have dealt with previously were functions of two variables.*
However, there was nothing in the conditions of the theorems on convergence
factors to prevent there being a relation between the two arguments of the
convergence factors, and if we set

_a*n’t _an*t

(87) [0 B ﬂ— 02 ’

the convergence factors of the form (84) assume the form

(88) e—(n’wn%p) ,

a form to which the conditions of Theorem II can be applied at once.

Our results on convergence factors must be used in connection with some
of the results we have obtained with regard to the summability of the double
Fourier’s series, in order to establish the facts in question. It follows from
Corollary 1 of Theorem IV by a change of variable, that the series (79) without
the convergence factors is uniformly summable (C1) to f (z, y) throughout
some small region surrounding any interior point of a region of continuity of
f(z,y). Hence if we can show that the convergence factors of the form (88)
satisfy the conditions of Theorem II, it will follow from the corollary of that
theorem that the function defined by (79) approaches f (x, y) uniformly
throughout the small region above referred to, as the a and 8 defined by (87)
approach + 0, or what is the same thing, as ¢ approaches 4+ 0. From this
we shall be able to conclude at once that the function defined by (79) approaches
f (21, y1) as = and y approach 2, and ¥, and ¢ approaches + 0, provided
(21, %1) is an interior point of a region of continuity of f (z, y).

It only remains then, in order to establish the result just stated, to show
that the convergence factors of the form (88) satisfy the conditions of Theorem
II. These conditions include the conditions of Lemma 3 and the conditions
(e) and (f). It is obvious that conditions (¢) and (f) and condition (d) of
Lemma 3 are satisfied; it remains to be shown that conditions (a), (b), and
(¢) of Lemma 3 are satisfied.

* Our object in considering convergence factors that were functions of two variables was,
of course, to obtain results of greater generality.
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Let us consider first condition (b). We have obviously
K

mint

Ie-(M’do-Hl’Bo)|< (m,n=1,2,8, ---),
where K is a positive constant, provided o and B, are any constants greater
than zero. Hence

J=v

2] | e-(ﬂ"dotf’ﬁo)l < Z Z

where K, is a positive constant, and hence condition (b) of Lemma 3 is satis-
fied by the convergence factors of the form (88). That condition (c) is satis-
fied may be shown in a manner entirely similar, and hence it only remains to
be proved that condition (a) is satisfied.

We have by direct computation

m‘ ’

(89) A§ 3—(M’a+n’ﬂ) —_ [e""" — 28—(1»+l)‘3¢_|_ e-(m+2)’a] . [e-n’ﬂ —_ 20—(n+l)’3 + e-(n+2)*B] .

It follows then that
2 7'.7 | A -«tuﬁs)l = [ 2 i( %8 — Qp—(i+1Fa + o~ (+Pa )]
s 1 t=uy
. [i j(e 8 — Qg~(+1B | p—(I+208 )] ,

=y

and hence (a) will hold for some K provided K can be so chosen that

(90) Doi|e ™ — 2ot | gt < K (v>0).
i=1
Therefore it only remains to be shown that the inequality (90) holds for a
proper choice of K.
We have evidently

(91) % — 2 gt T - O (4 ({4 0)2u2—2u} (0<0<2),

whence it follows that the terms in the series

(92) ‘Z;z' (67 — 2+ | p=G4T)

are negative fori =1, 2, ---, so long as (¢ + 2) is less than (2u)~12, and
are positive for all values of ¢ greater than (2u)™2, Thus the series consists
of a group of negative terms followed by two terms of uncertain sign and an
infinite set of positive terms. But it follows at once from (91), that a positive
constant can be assigned such that each individual term of the series is less
in absolute value than this constant. Hence K can be chosen so that the
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inequality (90) holds, provided any sequence of positive or of negative terms
that we can choose from (92) is less in absolute value than a fixed, positive
constant. Any such set of terms

P (€77 — 2% 4 mADN) L g (g0 — 2D (D
has the sum
(93) pe—p':u —(p—1) e~ (¢g+1) e~ (gt + qe—(q+‘2)'-'u
which differs from
B p (e = ) — (g 1) (@ — )
by at most unity. But
|m (e — g™ tP) | = | me= ™+ — 2 (m 4+ 0) u} |

(95) .
<2(m4 0)2ue™ (0<6<1),

and since pe~* is limited for p > 0, the left-hand member of (95) is limited
for all positive, integral values of m and all values of « > 0. Hence the same
is true of (94) and (93), and therefore any sequence of positive or negative
terms chosen from (92) is less in absolute value than a fixed positive constant
for all values of « > 0. Hence (90) holds, and consequently, as we have
pointed out before, condition (a) is satisfied.

We have now shown that the convergence factors of the form (88) satisfy
all the conditions of Theorem II. It therefore follows, as we have pointed out
before, that the function defined by (79) approaches f (21, 1) as  and y
approach x; and y, and ¢ approaches + 0, provided (a1, ) is an interior
point of a region of continuity of f (z, y). It remains to be shown that the
function defined by (79) remains finite as ¢ approaches + 0 and z and y
approach the coordinates of any point in the region (83) in order to complete
the proof that this function furnishes the desired solution of our physical
problem.

We have seen that the convergence factors of the form (88) satisfy all the
conditions of Lemma 3. It follows then from that lemma that for all positive
values of a and 3, that is to say for all values of ¢ > 0, the series

©, o

(96) > S0 (2, y) Al

i=1,j=1

converges to the same value as the series (79). But, since f (2, y) is finite
and integrable in the region (83), it follows from Theorem V that

<

.o i,'=l’2,3,...
|89 (2,9)1 < Cij (0. =0 %2,5.)
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where C is a positive constant. Combining this result with the fact that con-
dition (a) of Lemma 3 is satisfied by the convergence factors in (79), we have

2 3 ISy (z,y)| - | Ao
i=1,4=1

z S‘}}(z, y)Age—«’ﬁM)

$=1,4=1

ESY . a, 0

< 2 Cij| | < CK (o=22% o2y=c)
and hence it follows that the series (96) remains finite for all positive values
of « and B and all values of x and y in the region (83). But since the series
(79) converges to the same value as the series (96) for all values of ¢ > 0, it fol-
lows that the function defined by the series (79) remains finite as ¢ approaches
<+ 0 and z and y approach the codrdinates of any point in the region (83).
Hence the function defined by (79) furnishes the desired solution of our
physical problem.

Paris,
December, 1911,



