THE SYMBOLICAL THEORY OF FINITE EXPANSIONS*

BY

0. E. GLENN

INTRODUCTION.

The first two sections of this paper are the result of an attempt to identify,
and state in general terms, certain fundamental common properties of a
large number of known types of finite expansions of polynomials in p variables.
The number of such expansions which are known and available for such a
synthesis is of course large, and only the most salient properties can be com-
prised under one general theory. The principles proved in these preliminary
sections are subjected to verification when it is shown that they hold for a
number of new expansions. These are derived in sections 3 to 6 inclusive.
They are of considerable interest in themselves, apart from the general theory,
to the fundamental laws of which they conform.

The Aronhold symbolical notationt for algebraic forms subject to linear
transformations constitutes the basis of the general methods of the paper.

To state briefly our initial point of view; if a function f can be given an
expression of the form

f=Body+mB i Aot () B AT A+ - + Bu a3,
it can be represented symbolically as an mth power, say
f=En=(Eidi+E ) =Er A+ mET " B A7 4o+ -+
But with v, = Z; (9/9 E;) this may be written

stm 2 rim
f=mar+ VT A A+ TS AT A T

Now the symbol Z* equals B,. If it prove possible to find a non-symbolical
operator V equivalent (§ 1) to V1, then we shall have expressed f in the funda-
* Presented to the Society, April, 1911, and March, 1913.

t Aronhold, Journal fir Mathematik, vol. 565 (1858), p. 97.
72
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mental, non-symbolical form

. VB n— VQB ~— v.B
f=BoA,+—-|_1—94, 1A2+F°A, P A . !Ln_o

A47.
This is what is actually done in what follows.

§ 1. FUNDAMENTAL LEMMA.

Definitions. The general term function will be used to indicate an alge-
braic form in p variables.

By an expansion of a function we shall mean a representation of it as a finite
series proceeding by a law in powers of one or more arguments, with coef-
ficients dependent upon the coefficients, and possibly upon the variables
also (§3), of the original function.

Equivalent operators. In connection with the familiar symbolical repre-
sentation of a binary form

f=a=((aantan)"=czl+nn " w2y e+ -
=az}+na 2y 2+ -,

we note that the expressions o} (= a¢), o} @2 (= a1), --- and linear
combinations of these, are the only expressions in the symbolical «;, which are
defined in terms of the actual coefficients. We call an expression, as I =a}
+ pai~? o}, the symbolical equivalent of the corresponding expression in the
a’s, J = ao + pa,.

The differential operator oz (d/0ay ) is such that when

. d
(1) ars-I=K,

and I is a defined expression, then K is a defined expression. Let the non-
symbolical equivalent of K be L, that of I being J as illustrated above. Then
the non-symbolical operator

7] d 7]
0=m1%—0+(n—1)a2b—a-;+“-+a,.m

has the property that*

* For example when / is the particu'ar expression given above, equations (i), (ii) are re-
spectively
o (o] + paf~taf) = naf~l oy +p (n = 2) ol i,

O(ao+pas) =na1+p(n—2)as.

The operands on the left are equivalent, and the right-hand members are also equivalent
expressions.
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(ii) 0J=1L.

Two operators, one symbolical and the other non-symbolical, related like
as (8/da;) and O will be called equivalent or isomorphic operators. We shall
refer to this important property of equivalence of two operators as the property
(A), and we now state it in such general terms as will completely define it for
all the symbolical representations of functions that are employed in the sequel.

(A) Let there be given a definite symbolical representation of a function f.
A symbolical derivative operator on an expression in the defined combinations
of the symbols, which produces a result containing the symbols in defined
combinations only, has corresponding to it a non-symbolical derivative operator
which carries the non-symbolic equivalent of the first expression into that of
the second.

Finite Expansions. Any finite expansion of a function f can be made the
basis of a symbolical representation of that function. For, if there exists an
expansion of f in powers of a given argument 4,

f=Bo+(7{L)BxA+(7g)BzA2+ coo 4 Bp 4™,

then f may be represented as the mth power of a purely symbolical binomial
expression

0)) i+ E 4.

That is, if we write 4, as an abbreviation of this non-homogeneous (as to 4)
expression, then

Q) f=E&=(E1+EA)"=Er+mE} ' E; A+ -+ = By+mB1 4+ ---.
Then the only defined expressions in the symbols are

Er*E: (= Bx) (k=0,1,---,m),

and linear combinations of these, where, according to our definition of an
expansion, the B; are non-symbolical, determinate expressions in the coef-
ficients and variables of f.

Symbolical basis. In the case of every finite expansion with which we shall
deal, (i) the property (4) holds for both operators

VN R 3
Vl—AzaEl) V: = lazg’

and (ii) the non-symbolical equivalents of V; can actually be found, expressed,
not in terms of the unknown B:, but in terms of the coefficients of the known
function f, and the known argument 4.
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When (i), (ii) have actually been verified we say that the existence of a
symbolical basis of the expansion, viz.,
E(A) =5+ A:
has been verified.
Fundamental lemma. For an expansion for which a symbolical basis
exists we now prove a lemma. Evidently

ViErREE=(m— k)EpLER (k=0,1,---,m).
Hence (1’) gives
@) f=mtwmEr A+ A

Write v for the non-symbolical equivalent of vy, according to the property
(4), and set ® = By (= E'). Then from (2’) we have

Lemma. There exists a function ® and a differential operator v, capable
of being represented symbolically by the linear operator

Vl=zzazlo
such that the explicit ezpansion of f is
) f= <1>+V|:I’A+ Ty A+ +V—};E’A

If a symbolical basis be assumed in homogeneous form, or, what amounts to
the same thing, if f be assumed to have a homogeneous expansion in two
arguments A;, 4, for which a symbolical basis exists in the form

EA=E],A1+EEA”

then
@) f=E=ErAr+mETE, AT A, + - =B, AT+ -+ + &, 47
This is the same as (2) when 4, = 1. But, in general, we have
ViE_ViE_1 v,:.,+v""'z") (m),_,,,_,z
[t lm—r 2\ [r "|m—r r v

Thus the third expression can be used in place of the general coefficient in (3).
Let v; be the non-symbolical equivalent of v; (=1, 2). Then we get from
(3’) an expansion formula more general, and more symmetrical than (2), viz.,

@) f=847+3 (VL°‘+|;")A-'A.+
+§(E+ ) 4, A7+ 8, 45
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Such an expansion- will be completely given by two non-symbolical operators
V; and two pre-determined functions ®; (2 = 1, 2).

The importance of a general formula like (3) evidently depends upon the
number of expansions which can be found to conform to its laws. We proceed
to point out the fact that many of the known finite expansions are special
cases of (2) or (3).

(a) Any binary form f (z1, 22) = ao 2T + ma, 27" 22 + - -+, when trans-
formed by

z =Nz + o, z, = N2+ p 2,

gives a result f (2], #;) which is an expansion of f in the arguments z;.
It is then a case of (3) where now 4; = z;, and

® =Ff (M, N2), Dy = f (1, pe),

, d d , 9 d
Vl_#la—x;.+#2ax2) Vz_klayl-'-xﬁa—,:;'

(b) Any covariant of f (21, 22),say C = Coay + - -, considered as an ex-
pansion in z;, 2, is a case of (3). Here & = Cy, the seminvariant leading
coefficient; ® = C,. Or 27“C is a case of (2), where A =2;/2;. In
either case

, d d d
v, = mala—a(;"‘ (m_l)aza_a‘l'l' +amaam-1’

gD El
vy = a°6a1+ 2anaa2+ et mam—laam'

() If o= (a0, a1, -+ ) (21, 22)™ goesinto (a;,a;, - - - ) (2], z;)" under the
special transformation z, = z; + Az;, z, = z;, and I (a0, @1, -+ ) is any
rational integral function* of ao, a;, - - -, then the expansion of I (a,, ay, - )
in powers of A is a case of (2), where f = I (ay, +--),® = I(ao, a1, -+-),
and V is the preceding V;.

(d) Taylor’s expansion of a non-homogeneous polynomial f (z) in powers of
z — a is a case of (2), where

2=1(a), V=g

(¢e) As a proposition inverse to the fundamental lemma (2), or (3), any
formal identity containing three terms may be employed as the symbolical
basis of finite expansions. In fact, if the identity is

BEa=E1 A1+ 5, 4.,
* Elliott, Algebra of Quantics, p. 115.
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then functions f = E7% and corresponding expansions in the arguments A4;
exist for all values of m. Gordan’s* series may be developed (see § 6) from
this point of view, from the formal identity

az by — ay b, = (ab) (zy).
This is also the principle upon which Hermite’s theory of typical representa-
tiont and associated forms is based.
§ 2. EXTENSION OF THE FUNDAMENTAL LEMMA.

The extension of (2) to the case of the general homogeneous expansion in p
arguments can be readily made. We set

@) f=Er=(Eidi+Eeds+ - - +E, )" =ErAT+--- =D, A7+,

and assume that the property (4) is satisfied by all of the symbolical operators
of the set

- O .
Vi=o'-'vi+lau:v' (¢=1,2,---,p—1).
it

Then it is easy to verify, by actually performing the indicated differentiations,
that (4’) may be written

f= Z tl Vz V‘—ll :’;‘Am_.l A‘l_" A"'l
K li_2 * e 7

where the set (m — %1, 91 — %2, -+, tp—g — Tp—1, 1,1 ) Fanges over the par-

titions of m into p parts, assuming each partition once and once only. Hence

if, according to the property (4), V; is the non-symbolical equivalent of v,

then there exists a function ® and a set of p — 1 operators V; such that the

explicit expansion of f is (§ 5)

v;‘l V;‘x v V;:-‘Q

@ I=Zlils

Azr—il A;l—'! cen A;p-l .

e i
§ 3. ON EXPRESSING ONE POLYNOMIAL IN TERMS OF ANOTHER.

Non-homogeneous variables will be used throughout this section. We let

f@)=d=aaz+az"'4+ -+ an (ao=l,m=uv).

e)=&=be+bhae '+ -+ EL=h(z—a)(z—9) - (z—3,).

* Gordan, Vorlesungen tiber Invariantentheorie, vol. 2, § 117.
t Hermite, Journal fir Mathematik, vol. 52 (1855), p. 23.
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It may be shown by a form of the Euclidean process of successive division
that there exists an expansion of f in powers of £/,

(6) f@=®+E+B(E)]+ - + B (£ + Bura (£)*,
where ®; is a polynomial in 2 of order » — 1, and in particular, say

&=y '+t o F .

We proceed to the determination of (the coefficients of) ®, and the operator
vin (2). These will then give the whole expansion, and it will appear that (5)
has a symbolical basis of the form

(6) Ee) = Eir) + By @
Substitution of the roots of ¢ () for z in (5) gives at once
@ F) =T+ + - v (1=1,2,-,9).

These are linear equations in the y; (j = 0,1, -+, » — 1). Their solution
is possible provided D # 0, where D is the discriminant of ¢ (z). This
solution yields

arl .’;'_3 e a‘l"f f (81) 3‘l'_j—’ e 8 1

3;-’ 8‘;" cee .’;-J' f ( 82) 8;-)'“2 cve 89 1

g1l g2 ... g f(a) 2 ...8 1
8 = v ¥ v Ad [ v

(j=0,1,2,:-+,»—1)"

Thus 4; is symmetric in the roots s;, rational in the coefficients
(e (k=0,1,---,v)and linear in @ap (= 1),a1,0as, ---,am. Itisnecessary
to evaluate the symmetric functions v; of the roots s; in order to determine
the operator V required by the theory of the symbolical basis, and (2). I did
this originally by means of the Euclidean process mentioned above, i. e., f (x)
was divided by ¢*, the remainder by ¢*~', and so forth.* The results for the
general case are given below, without details of derivation. In these formulas,
© indicates the following operator:

(i} a (i}
ﬂ=aoé‘;l+015£+ +au.-16—a;-

* This work was subsequently checked by inductive steps based upon ordinary computa-
tion by symmetric functions.
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I obtain
F=rqy=0""f(~ &)+Z£ QRS (= &)

+ 3 i“ & gt (— gy)

=2 j_!
ky kn

©) + R R REbG b gt (- g)

i=2 j=2 k=3

+ .

L) LN 7% T
+ Z: > ’g’___f‘ & If s"9-»+i+:‘+----i-n—:—lf(:) (— &)

=2

N
.,

(knéf,kd'*'kn"' "‘+ku§(ﬂ-l)ﬂ+l).
Then there results

=0 =Fr"+[-(£2+ &P+ -+ £ Q) F + amppa] 2
H = (6Q+ P+ - + £ 27) Ftan ]2

(10) +
+[ - (Ev—19+ fvﬂz)F+am-1]z
+ [_ EvﬂF"' am]'

Furthermore, we find during the course of the derivation of these results by
the division process that an operator Vv in (2) exists and is’ precisely [see (6)]

i) d
(11) v= E’“’)O_EJ(—.;= ~
Hence expansion (5) takes the form
y ¥ (&) e O ()
S =2 -FEt sy g T T REyE =1

a2)
*e (£)"
TEDSE W

It is thus analogous to the Taylor expansion, to which it reduces when » = 1.
We note in passing the following interesting property of the function F':

—(aQ+ 6P+ -+ EXC)Ft o n=F.
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§ 4. HOMOGENEOUS EXPANSIONS.

As an illustration of formula (3), we consider the expansion of a homogeneous
binary form in terms of two other binary forms of lower order. Let

M
fu=af =110z —2)=azt+ -

=1

be the form to be expanded. Let the arguments of the expansion be

”
d1=fin=oar= H(a(zj)xl_ o’ 2,) = i+ -+,
=

A2 = fan = B ="I_Il(ﬁg)xl — B 2) =Byai+ ---.
Then the expansion sought will be of the type
(13) fu= e fint e1ofi fon+ <o+ + Ompfons

where ¢;, is a homogeneous binary form of order p.

It is assumed at the outset that fy, fin are perfectly general forms, i. e.,
that their coefficients are independent variables. These forms are also
understood to be given in the sense that the coefficient forms ¢;, are to be
determined from them. Hence the totality of coefficients of the ¢;p (2 = 0,
1, ---, m) must be equal in number to those of f,,

(14) M+1=(m+1)(p+1).
Also

M=mn+ p.
Thus

p=n—1, M=n(m+1)—1.

When M and p have these values the solution of n (m + 1) linear equations
will determine the coefficients of @iy (2 = 0,1, ---, m), and consequently
the whole expansion. Hence the expansion exists provided these linear equa-
tions are consistent. It will be shown that the determinant representing the
condition for consistency is a power of the resultant of f1,, f2 , multiplied by a
constant.

For this determinant D is of order n (m + 1), and is of the form of the
eliminant of the set of m + 1 forms of order mn,

fi';, f:‘_lftu M) f;:.'
If D = 0, then there exists a linear relation of the type

(15) MA+MET faat oo+ M fR =0,



1914] THEORY OF FINITE EXPANSIONS 81

where My11 18 of order n — 1in (z), and so fia, f2n have at least one common
root. Conversely if fi,, f2n have a common root then D = 0, for otherwise
Snm+1—1 would have a root of multiplicity m.

An expansion (13) of fami1)—1 exists provided the resultant R (o, B) of
Sin s f2n does not vanish.

To determine our expansion (13), let

(16) @in1= P2 + pa a2 es+ -+ + Pina 277 = P (i=0,1,---m).
Substituting 8® for z in (13) we get

an Poa ()™ = ajit! (k=1,2,---n).
Also owing to the symmetry of (13) in («, 8),

(18) Diatty (Bow)™ = ain V! (k=1,2,---,n).

Equations (17) form a set of n linear equations for the determination of the
n coefficients of pj'. In order to exhibit the solutions as briefly as may be
let Ag be the discriminant of 82 and A, that of a?. Then

== Ap = “3(11)-1’ ﬁ(x’)ﬂﬁ(z”: ﬂ(lsr-tﬁ(zsﬁ’ cee, ﬁ(;)"‘ Iz - Lllﬁ(’kﬁ(-n .
Also let
Zi(a,B,0) = | gy B, g B 6P, -+, af B B,
G, aF BT B, o ol B
1 2j(a,B,0a)

(19) Poi = R (a’ ﬁ)' ) fIB(kp-l .

then we get

(j=0,1,--,n=1).

From symmetry, or directly from (18), we have also

— 1 .Ei(B:a’a) . e
(20) Pni = R (B, ) fIa(k)-lE (G=0.1,:--,n=1).
=51

The coefficients of R (a,8)™in (19), (20) are rational, integral and symmetric
in the roots of fi, fi» and hence rational in the quantities ag, a1, - -;
Bo, b1, ---

Referring now to expansion formula (3) we note that the functions ®; (=1, 2)
are determined in the present case by (19), (20).

The operators V;, V, required by (3) to complete the determination of (13)
Trans. Am. Math. 8oc. 6
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are the Aronhold operators obtained from o, 8; i. e.,
, 9 9 9
@1) TVi=eggteugg T T enggy
(i) 9 9
Vs =ﬁoa—m+315¢‘;1+ +ﬁar‘”-

These with ®; = @on—1, P2 = @mn—1, Ai = fin, give in explicit form the
desired expansion of famt1y-1; that is, it takes the form (3):

L B

@) fumirs = B f+ (AR BT ) e b o+ RS

1t is of some interest to enumerate the conditions, necessary and sufficient,
in order that series (22), taken in non-homogeneous form with z; = 1, say,
should have constant coefficients. We get a minimum set of such conditions
by equating to zero all of the coefficients of pin—y (¢ =0,1, ---, m) except
the last.

Let (19) be written in the form

Qi (e, 8) im0, 1,
Doj = R(a ﬂ)- (J 0,1, yn—1).
Then the aforesaid conditions are given by
’ 'Bo,l,o..’
(23) C-':'EV:Q:"_'O (;=0,1’...,:_2)'

Their number is

N=(n-1)(m+1).

It follows that a series free from conditions (N = 0), having constant coef-
ficients, exists only when the arguments f;, are linear (n = 1).

By constructing equations analogous to (14) it is easy to show that a ternary
form fm can be expressed as a ternary expansion in three ternary arguments
fin (i = 1) 2’ 3):

fm= ¢m00m+ ctty

with the coefficient forms ¢ all of order n — 1, and with the expansion free
from conditions, only when the arguments are linear.

§ 5. EXPANSIONS WITH LINEAR ARGUMENTS.

Consider next the problem of expanding a p-ary form a] in terms of powers
of p linear p-ary forms a;; (=1, 2, -+, p). Expansion formula (4)
applies, and

- a1 € e
(24) P o).t /L /AL P

=& Rk ol

e airt.
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In this the coefficient ®; is given by the set
i1=i2="‘=ij—1=m; ij=ij+1="'=ip—l=0 (j=1’2’...’p).

To get ®; we substitute for (z) in (24) the codrdinates of the point of inter-
section of the p — 1 hyperplanes

o a:=antitaeh+ -t ap2,=0 (i=2,3,---,p)
This gives
Qq Qg **°* Q. Ay O ces (¥ X .
x)'=—( 173 =1 7p Tt ’-l) 4 (]‘1,2,"',?),
(aza' Y a,)
and by substitution
(aaz a3+« - ap)™
‘bl= P
(araz -+ ap)

For this expansion there exists a symbolical basis in the form of (4’), as may
readily be verified by considering (24) to be the transformed of o by the inverse

of
Xi=aa'z (t=1,2,---,p).

The operators for this case.are the Aronhold operators

, d d d
— V. = —-—+ .-————+...+ P — 1=1,2,-..., -1),
\"A [+ 43} aai-l-ll [+ 7] aai+l2 Qsp aai-l-lp ( y &, Y4 )

the whole expansion (24) being given by &, and V;.

It can be shown that corresponding results hold for forms whose coefficients
belong to a field or reduced residue system* [modd p, P (z)], where p is a
prime number and P (z) an irreducible quantic modulo p of order . Thus
when m = p = 2, we have, provided (af) % 0 [modd p, P ()], an expan-
sion of the form

fE=®(azri—arn)+I(a121— ar2:) (121 — B2 22)
+ ®; (B121 — B2 22)* [modd p, P (2)],

where the linear arguments have coefficients belonging to the residue system.
Then
® = (a1 — @2 f1)” " (a0 Bi+ a18: 1+ a2 ),

® = (1B — asB1)” % (apo3+ a1 03 01 + a2 of)

[modd p, P (z)],
* Dickson, Linear Groups, p. 7.
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and with

DU LI - 9 59
Vl'_ (alaﬁl+ a2aﬂ2)’ Vz—_(ﬁlaal+ﬂ2ad2)’

we have
I=3(A1®1+ Vi $:) = — (aB)*™[2a0 a2 B2 + a1 (a1 B2 + 2 B1)
+ 2as a; B1] [modd p, P(z) ].

The form f = a, b, is apolar to ¢ = (a1 21— @z 22) (B121— B2 22) = a2 B:
provided I = 0. In fact the latter congruence is a necessary and sufficient
condition that the two forms f, ¢ respectively be the following linear com-
binations of two squares in the field:

f=sal+ 18 ¢ =ocal+ 7b.

§ 6. TaHE CLEBSCH-GORDAN EXPANSION.

Gordan’s series* is a case of expansion (2). It may be of interest to give a
sketch of the derivation of this series from the present point of view, for two
reasons: first to show how the preceding general theory applies, and secondly
because our methods give a very compact treatment of the details of the deri-
vation, which is believed to be novel.

We employ as symbolical basis the formal identity

(E) azb, — a, b, = (ab) (zy).
From it we have
a:'b;E[a,b,-l-(ab) (zy)I=b;™ (n =m),
or
ar by = a;'b:b;-"+(7:)a’:“ byt by™ (ab) (zy) + ---
(25)
m
+ () apt bzt b= (a)* (o) + -+ (ab)™ ()b

This is one form of Gordan’s series. Here we have (§ 1)

9 3’

§=a,;‘b:‘b;_", v=a$13yz—axgay1.

But to reduce the series to the ordinary form we nse the following polar formula:
(a2, b2

©6) = (ab)* “tlm—k )( n—k
m+n—2k\ i\ m—k—h)\n—m+h
( n—k

* Gordan, Ueber Combinanten, Mathematische Annalen, vol. 5 (1872), p. 95.

M—k—R B AM—k—h hn—Wm+A
ay a.b? by—m+h,
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Since the sum of the numerical coefficients in the polar of a product is unity,
(26) can be written

(a2, B2)hes = (ab)* @yt b2 by

” +(m+n—2k)kz=x m—k—h)\n—m+h)% RO
n—Fk
X (ak bt — aj bl).

The first term of this is, aside from the factor ('), the coefficient of (zy)*
in (25). Hence this coefficient is the (n — k)th transvectant of a® and bZ,
minus terms which contain the factor (ab)**! (zy). Hence (27) may be used
as a recursion formula; and, starting with k = m, we get

(ab)™ )™ = (a7, b2)jm

n\m— 1 m  Jn\m
(ab)*'a, b, by ™= (a2,b;)pmmn— 7—;_—m+——2-(a, , 0w (2y),

(28) 4

(ab)™*aib2by™ = (a7, b )pmmn — ey R L b2 )yan (2y)

2 m pn\m
+(n—m+2)(n—m+3)(a”b‘ y"“"(zy)2

And, in general, by induction

(ab)™* ay b by™ = ao (ar, b3 )yt + ca (a7, B)pemdh (zy) + -+
+ a; (aZ, bo)p=it (zy ) + -+ + ax (a7, b2)jm (2Y)™

Consequently it follows at once from (25) that

(29)

a2 b2 = Co (a2, b2)% + C1 (a2, b3)hs (29)

(30) .
+ oo+ Ci(am, b2 s (2y ) + - + Cm (a2, bB2)n(2y) ™

The constants C; may now be determined in the usual manner by operating
on both sides of (30) with the proper power of A, and noting that when y ~ «
in any polar it goes back into the original polarized form. The following
known formula* may be used for this purpose:

i |m+n—j+1
—smtn—j—i+1

(Bl) Ai(zy)oaiia) = (zy) oz o)

(1=5).

* Grace and Young, Algebra of Invariants, p. 54.
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The coefficients may also be derived by multiplying the respective members
of the column (28) by

(M) (™)) @, - () @ (T) @
and adding the results. Either method gives the well-known result

. (1) ()

(32) ar b =Z(m+n_i+ 1)(xy)‘(a:',b:)j..‘.
i

$=0
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