ON PARASTROPHIC ALGEBRAS*

BY

JAMES BYRNIE SHAW

The following paper is a consideration of the relation to a given algebra
of algebras produced from it by the interchange of certain of the multipli-
cation constants for an assigned basis. In particular the process of multi-
plying parastrophically is studied somewhat, with some simple applications.

A very simple test is thus furnished for ascertaining whether a given algebra
is semi-simple or not, a test not always applicable but very simple when it is
applicable. The parastrophic algebra is not an invariant of the given algebra
but changes with a change of the basis. However certain expressions furnished
by the parastrophic algebra are invariant for the given algebra, at least in a
certain defined sense.

The parastrophic algebras are shown to be determinable when an operator
p’ is determined, defined uniquely by p. In the important case (there are
also others) of a Dedekind algebra in canonical form, the operator p’ corre-
sponds to the multiplication by a definite number of the algebra. The para-
strophic multiplication becomes then the original multiplication not by p but
by a definite number 7 of the algebra determined by p.

The results of much of the paper by Frobeniust on hypercomplex numbers
are implied in the parastrophic multiplications and arrived at in a very direct
and simple manner. The introduction of the numbers x with their sig-
nificance indicates the manner of procedure in the reduction of an algebra to
its canonical form.}

1. We assume an algebra with a given multiplication table, the products
being linear in the variables implied in the numbers of the algebra. Related
to this multiplication will be other multiplication tables which we proceed to
define. These are chosen from an infinite variety of other related tables on
account of their simplicity. Each table defines an algebra which may or
may not agree with the original algebra. Thus let two general numbers of
these related algebras be

P=Zl’iei, a=2yfef,
* Read before the Chicago section of the Society, December 29, 1914.
tSitzungsberichte K. Akademie Berlin, 1903, pp. 504-537, 634-645.
I For terms in general see Shaw, Synopsis of Linear Assoctative Algebra, 1907.
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wherein the variables x and y run over assigned ranges, not at first specified,
and where the units e are any numbers from the algebra, r in number, not
subject to any conditional equation of a linear form, such as D a;e; = 0,
unless every a vanishes.
We then define the original algebra by the equation of general multipli-
cation
M1~pa=2z;y,~'y;,~kek (¢,5,k=1,---,71).

The constants v are assigned in some manner, and may or may not run over
the same range as x and y. The related algebras that are mentioned here
will then be defined by the equations following, and will be named as indi-
cated, the original being the strophic:

M, - po = D y; ik €k, antistrophic,
My - po = 2 i y; Yiks ex, preparastrophuc,
M, - po = D y; Yrjiex, postparastrophic,
M; - po = D 1 Y; Viki ex, antipostparastrophic,
Mg - po = D : Y; Yrss e, antipreparastrophic.

The antistrophic is also called the reciprocal. With the exception of the
latter, the related algebras are in general not associative, even when the
given algebra is associative. For an interpretation of M;, ---, M in terms
of operations in the given algebra, see § 7.

2. If we let o be in turn each of the units ¢, we can write out for each of the
six algebras a general table of multiplication, consisting of r equations, thus:

M, - pe; = D ex X, b= D% Yijks
M, - pe; = D er Xk, 2 = D T Yiik,
M - pej = D er X5, 3 = DX Yiks,
M- pe; = D e Xie, X = 2% Vriis
Ms - pe; = Zek ka, 2 = in Yikis
Mg - pej = X e Xk, Xé = Do yuis-

3. The number p in each case may be looked upon as an operator upon the
following number, in fact it may be considered to be a linear substitution on
the units. We may arrange the coefficients X in r rows and columns, and form

a determinant for each case:
| X | G k=1,-,r).

The column is indicated by the second subscript, the row by the first. " This



1915] ON PARASTROPHIC ALGEBRAS 363

determinant we shall indicate by A!, A%, A3, A%, A5, A%, in the respective
cases, and if we need to indicate the number from which it arises, we shall
write A (p) with the proper superseript.

4. If we write the multiplication table of each of the algebras as a square
array, the multiplicands being the units ¢, arranged in order along the top
of the square, and the multipliers the units ¢ arranged in order vertically
downwards, along the left side of the square, the product of ¢; into ¢, being
in the square on the line j and in column %, then we have the entry

Mi-ejen =2 eivin, My-ejen=2eiveii, Ms-een = 2 eV,
11’.[4 * 66 = 28; Yikjs 1”5 cej ey = Zei Ykijs .Z”ﬁ c € e = Zeiy,-jk.

If we compare these with the entries in the array of X’s, we find that we
can deduce one set of arrays from the other and reciprocally. In all the
cases we change ; to ¢; and vice versa. We thus arrive at the simple rules
following:

To derive the determinant of each algebra for the general number we change
e to x wn the multiplication table indicated, deriving A' from M, A? from M,
A3 from My, A* from My, A% from M, A® from M.

To derive the multiplication table of each algebra we change x to e in the deter-
minant array indicated, deriving M, from A%, M, from A*, M; from A2, M,
from A3, M from A%, Mg from Al.

5. The relationship of the X’s to each other is seen more clearly if we use
the notation of general vector algebra,* which gives us each X as an inner
product:

}k=Aoek(P€j), ka=Aoek(ejp), Js’k=A03j(Pek),
x}k=A0P(3k8j), Xj‘kz'AOP(ejek); ka=‘40€j(6kp)-

Considering p as an operator (linear substitution) we may write p’ for the
transverse operator and then these expressions become (% indicating columns,
j rows) the following inner products:

Xk = doer(pe;), Xi=Adver(ep), Xjn=Aoer(p'e;),

Il

;k=AOek(Pej,'); ka=A03k(3}P), X?k=Aoek(eiP')-

6. From this notation we see that we may consider p as a linear vector
operator in each case. The respective determinants becomet

* Ao - po = Zx;y:. This notation the author has used in other papers.
TAo - Acar o as A, B1 -+ B = (— 1)1V [ Ag - ai B, (3, =1,---,58),
AO‘Aaax b aaAs¢Bl e ¢Ba =A0As¢,al e ¢’anAsﬁl "'ﬁa-
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Al =tdo A;eres - -+ er Ar (per) (pez) - -+ (per),

A =14y Arerer -+ er A-(e1p)(e2p) -+- (erp),
A =tAy A, e1es--- e, Ar(p' 1) (p' e2) -+ (p' &),
A* =tAo Arerer -+ e A, (per) (pez) -+ - (pe),

A =tdoAreres - e, A, (erp)(ezp) -+ (erp),
AS =tAy Areres - e Ar(e1p’) (e2p") -+ (e p'),

where (¢t = (—1)"0—D/2),

We see from these forms at once that we have identically A3 = Al AS = A?,
and, by writing out the determinants, A* = A>. Owing to the alternating
character of the expressions 4,, they are not altered if we substitute e; + he;
for e;, where h is any arbitrary scalar multiplier. But a repetition of similar
substitutions would enable us to introduce a new basis, which we can repre-
sent by €, €, -+, €&, where ¢; = ¢e;, ¢ being a linear substitution on the
basis such that |¢|#+ 0. That is to say, in place of each ¢ in the forms above
we may write ¢; but it is to be noticed that the combinations with p are still
formed under the original multiplication table. If now we desire to consider p
as expressed in terms of the basis €, and also make our inner product 4, refer
to the new defining units, we must remember that if 4, refers to the basis e
just as 4, to the basis ¢,

Ay g8 = Aot/ 1971
where ¢’ is the transverse of ¢. We will let ¢¢’ = ¢, which is self-trans-
verse. Then
Ao k¢ = Ao &1 ¢
Also we notice that Aq£0(¢) = A, ([0 ¢ 1(£)] and ()p’ for basis € is
Y [{¢7()}p'] for basis e; p’ () for eis Y {p’ (Yy7[])} fore.

The expression X;; becomes under this change of basis (p now in terms
of €)
"Xk = Ay e (pe;) = Ao ' ex (pbe;)

and thus the determinant in terms of A,, which we may represent by ’A!, is

A=Ay Ard e er b e Ar(pd T er) (p¢' T e) - (pd T e) (=)D,

which reduces to
o] [¢7]- At = AL,
and it is evident that A! is invariant under a change of basis.
It is obvious that corresponding changes in the other determinants will
leave them also invariant.
7. Returning to §2 and using the last equations in §5, and since
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£ = D er Ao ex £, we see that we may define the six multiplications in terms of
p and the operator p’ thus:

M, - pe; = pej,  Mz-pe; =eip, Mz pe; =p'e,

M, - pej=pe;, Ms-pe;=¢;p, Ms-pe;=cep.
When neither letter is accented we have the original strophic multiplication.
The general formula of multiplication is then easily found by substituting the
general number ¢ for ¢;. There is obviously no essential difference between
an algebra and the anti-algebra save as to which of the two numbers we
consider to be the multiplicand. We may further omit the multiplication
symbol M, since the three essentially different types of multiplication are
now indicated definitely by writing

po, pao, pd,

which are respectively the strophic, preparastrophic, postparastrophic, for p
into o, and are the corresponding anti-algebra for p by o.
8. When the strophic is associative, we have

p-o-()=(pc)-(0, p-0"-0O)=(-p-)0=7(o0)(),
with similar equations for the post multiplication. Hence
(pn) E=n"p"& or [(On]E=17"[0)E].
Therefore we have the following equation in the determinants:
A% (&) - A%(n) = A%(n) - B3 (E).
We might equally well have written £ [ ()] = £()’ - %’ whence
A*(E) - Al(n) = A%(n) - A*(¥).
It follows at once when A*(£) = A®(£) #+ 0 that we have identically
Al(n) = A%(n) = A%(n) = A%(n).
Further we have easily

o' (nE)=1(n0)& or ()V(n &) =[20]E¢,

and at once
A% (n' &) = A (&) - Al(n) = A*(n' &) = A%(n) - A*(E).
&n'p" = &(pn) or (&n)()' =E[(O)n],
At (&n') = A (E)A*(n) = A* (7' §).

These equations express Frobenius’ fundamental theorems.
9. The general equation of the number p, whether for pre- or post-multi-

Also

giving
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plication, has certain irreducible factors of determinant form corresponding
to the invariant regions of p. Let one of these be & corresponding to an
invariant region of order s, then we can also write

D=p" —mpltmp 2 — - (=) m,e
and for a certain set of s units e, -- -, ;41 we have for premultiplication,
Pe; = 0, t=2,.--,84+1,

and for a certain set of s units as, -+, as4; we have a; ® = 0.
The coefficient m, may then be written in the form

ms = Ao A5 (pes) (pes) -+ (pesyr) dseaeg -+« egyy (— )BCD

dods(azp)(asp) -+ (@sr1p) Asazag « -+ aopa (= )00,

We will now operate upon both these with the generalized Hamiltonian oper-
ator* v, giving

Tms = ZZ:;AxAs_l(pee) con () oo (pesyr) Agepeg e ey - (— el DFLg
= }:a; Ay A (agp) o (1) -+ (asp1p) As@raz -+ - @gyy - (— I3+

=2 i2eei do Ay (per) -+ (8) -+ (pesrs) Asren -+ (1)
Ceelep

=2 i2ueiec Ao Adei(asp) oo (i) - (agap)dsrar--- (1)

cee g (— Yate—D

( — )%s(s—l)

The (7) indicates an omitted factor.
Multiplying postparastrophically and preparastrophically into ® we have,
since ®e; = 0 = a; P,
vn,® =0 = & ym,.

Again, since for any number ¢ the first scalar invariant in the field that
@ annuls is given by

(= YD 0 = g Ay (N) -+ A Ay Ay -+ Ay
-+ 4’10As)\1(0')\2) )\sAs>\1 EEID W SRR

where the numbers \ are linearly independent, we have
Ao (op)Vm, =mi? (6)m = Ay (po ) vm’ = Ayo (Am? p’) = Ago (p’ vm$’).
Now m; (o) is linear in the coefficients of ¢ and we may therefore set

mP (¢) = Aook,, ke = 2e;mi (e;),
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and the numbers « so defined for the different values of s are constant for the
basis e. They usually vary for the change of basis. Making this substitution
and remembering that ¢ is any number we have

m ks = ym? p" = p' ym’, or ks (mp ') = vm".

It is to be remembered that as the numbers X were linearly independent
this equation holds for those values of p that make pes, pes, - - -, pesy1 linearly
independent. In such case m{” # 0, and we have

ks = Vlog m$" p’ = p’ v log m{.
By parastrophic multiplication we see that we have also
k& = vm(&p), mPE k= (pE) vm.

10. If we multiply the different «’s for the p different irreducible factors
of the general equation by arbitrary constants ¢ and add we have

mtD

na 2)C2 ()6
Dcoks = p Vlog (m)" - m* ..o mP7),

This cannot vanish identically for arbitrary values of the constants without
the product in the parénthesis being constant in the coefficients of p, which
is absurd. Hence the different numbers « are linearly independent.

What has been said above for certain irreducible factors of the general
equation will hold equally well for products of these factors, no factor being
repeated and for the regions corresponding. If however we study an irre-
ducible factor raised to a power not higher than its power in the general pre-
latent equation, or the general postlatent equation, we see from the formula
above that we have no new « but simply a multiple of the original x, which
multiple is « times the power of the irreducible factor. A similar statement
will hold for the numbers deduced from combinations of the irreducible factors,
and we find thus combinations of the form D_u, «,, where the numerical values
u are the indices of the powers of the factors. When these are the indices in
the general prelatent equation we arrive at a special number we will call ;.
It is evident that

K1 = Zei mi (ei) = EAO 6,’(6;’ ej) c e = Zej e}.
There is likewise a number arising from the postlatent equation which will be
called «,, )

ke = e, my (&) = Deidoe;(e5e:) = D eje.
From these we have easily

my(p) = dopxr,  mi (p) = Ao pxa.
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Further ¥ = vp’, k2 = p’ V. We have in a manner entirely similar to the

process above
k1 = Vlog m, p’, ke = p’' vV log m, .

These forms for «;, k; are particularly simple. Setting the expressions for «;
equal and those for x; equal we have easily

V(p'/m;) =0=(p'/m/)V.

We cannot assume from these that the expressions in the parentheses are
constants for the vanishing is due partly to the hypercomplex multiplication
and not wholly to the differentiation.

From the definition we see that if we change the basis we have

Aook = Adgayk = Ay ok,

where k. signifies that we find the number « for the new basis. Comparing
these equations we have at once k., = Yk, since ¢ is any number. This equa-
tion holds for all the numbers «.

11. It is clear from the last equations in § 9 that the only number that
will give k& = k or & k = «, for any given irreducible factor, will be the
number for which for that latent region p¢ = p = £p for all values of p in
the region which have a non-vanishing m, that is it will be the partial modulus
of the latent region. Again, since ym, ® = 0, it follows that also

ks® =0 = P «,.

The number « is thus entirely within the sth latent region of p’, either pre
or post.

12. It is evidently an interesting question to answer as to when p’ is itself
not simply an operator determined by p, but a number of the system. If we
let the semi-simple subalgebra of 4 be B and the maximal invariant nilpotent
system be N, then 4 = B + N. Now let us suppose that p is a number in N
and has a transverse p’ = 7 in the algebra 4. Then since the product of p
into any number £ of the system is in N, we have if 8is in B

AoB(pt) =0 =AoE(p'B) = As E(7B) (for any £).

Hence 78 = 0, for 8in B. But the modulus ¢, is in B and thus 7e;, = 7 = 0,
and therefore Ao 8(76) =0 = Ao £(pB),and p = 0.

13. It follows at once that if every number of the algebra has a transverse
in the algebra, then the algebra has no maximal invariant nilpotent system
and is a Dedekind algebra.

This furnishes an extremely simple proof that every finite group defines a
Dedekind algebra of a special kind, a Frobenius algebra. For if the operators



1915] ON PARASTROPHIC ALGEBRAS 369

of the group are represented by e;, - - - e,, then we may represent the product
e;e; by e;; and if p = Zx,- e; we have

Ao D zie (D xje; D trer) = Ao D ziei (D xitien) = D zjn by
Ay tha (22,6 2 ze) = A, 2 e D ayz 6] = D2zt = Xz, at,.
It is obvious then that the transverse of p = D e, is in the algebra and is
T=p =€,

Likewise in the semi-simple system let the units be X, where Xpg Nrs = 8¢r Nps,s
the symbol §,, having the value 0 if ¢ # r, and 1 if ¢ = r. Then we have

Ao Zqu Apg (quv A Ztah xah) = 4o Zzpq Ao ( quv toh Aun) = zzuh ZTuw Lon
Ao Ztyh Ao ( Za'uv Ao Zzpq Apg) = 4o Ztah Ao ( prv Zpq Nog)

. . = Ztvq Lpy Bpg = Zzuh Ty ton -
Thus the transverse of p exists and is

o' =T =D TuMur-

It would be interesting to apply to these two examples the preceding the-
orems, but we will content ourselves only with pointing out that for the group

—1
KL=Vp =D eiei' = nei =,

that is, n times the identical operator. For the semi-simple or Dedekind
algebra

K1 =K =V = D N huw = 20, 71,
where w? and 75; are respectively the orders of the integral subalgebras and
their partial moduli.

14. If the basis of the algebra is subjected to the non-singular transforma-
tion ¢, and ¢¢’ = ¢, we have seen already that any operator ' becomes
¢80’ ¥1, hence as operator, p’ on the new basis would be ¥p’ ¢! in terms of
the old basis. Hence the transverse of p on the new basis in terms of the
units of the old basis is not 7 but becomes

Te = \b [T\b_l 61]
where e; is the modulus, and 7,0 = ¢ [y 'e¢]. Hence
Te‘pel=¢‘r) T.¢3[=¢/(Tei).

These equations are not satisfied for every value of ¢, nor ¥, but only for
those values which permit of the simultaneous existence of the equations.
In other words, if we let 7 run through the entire range of numbers in the alge-
bra we must have in all cases as a condition on y

yr =71 der =y (e )per =Y (Y e 7).
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We may state thus the condition on ¢ from this equation: If we form the
multiplication table for the original basis, and then operate on multipliers,
multiplicands, and products all alike by either (ye;) ¢ () or ¥ () (¥e1)™
the new table must be still a correct multiplication table for the algebra.

It is to be noticed that ye; is a multiple of x; = k, for the new basis. It
is also evident that k = k; = k; must have an inverse. Any operator ¢ which
leads to ¥ such that Ye; = k does not have an inverse, is not permissible.
The same algebra may therefore be such that it permits a transverse for
every number on some bases but not on others.

15. When p’ = 7 is in the algebra the preparastrophic and the postpara-
strophic multiplications can be defined in terms of the strophic multiplication.

For example, in the case of an abstract group, parastrophic multiplication by
p is strophic multiplication by > x; 7.
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