THE FORMAL MODULAR INVARIANT THEORY OF BINARY
QUANTICS®

BY

0. E. GLENN

The group, G, represented by the general binary linear transformation
in which the coefficients are parameters representing residues of the prime
number p, has the universal covariantst

Ly = o 2y — 2125,
a fundamental system being given by L = L,, @ = Ly/L,. Assume that

fm = (aO’ ai, **°, amgxly -'t2)m

is a binary quantic of order m whose coefficients are variables. We study the
functions of the a’s and 2’s which are invariantive under the operation of
transforming f», by G. Sections 1, 2, 3 deal with methods of constructing
such functions, especial attention being given to the case p =2. In §5
fundamental systems of first degree concomitants of the quartic and quintic
are derived. Section 4 is devoted to a proof that if the systems of concomitants
modulo 2 of the forms of orders 1, 2, 3 and the simultaneous systems obtained
by combining forms of these three orders are all finite, then the system of f, is
likewise finite. The hitherto undemonstrated theorem on the finiteness of
the formal concomitants modulo 2 is thus reduced to a comparatively simple
problem. In § 6 there is proved a theorem on the reducibility of any covari-
ant, modulo 2, of the binary cubic in terms of a set of fourteen invariants
and covariants.

1. INVARIANT OPERATORS

In addition to modular polars and transvectants previously discussed}
by the present writer we cite, in order to augment the number of construction

* Presented to the Society, February 26, 1916.
t Dickson, these Transactions, vol. 12 (1911), p. 75; and Madison Collogutum
Lectures, 1913, p. 33.
$0.E.Glenn, American Journal of Mathematics, vol. 37 (1915), p. 73;
and Bulletin of the American Mathematical Society, vol. 21 (1915),
p. 167.
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methods, the universal operators obtained by replacing, in L and @, the
variables z;, z; by the cogredient elements 9/dx;, — 9/dx;. Call these
operators respectively L; and Q;;
gD g1
@ = 9zt @D + Ja{P~D@=D g1 +

If Ky is any formal covariant modulo p of degree-order (7, M) and if
@ (p+1D)r+pp—-1)s+w=»M,
then

Craw = LE Q; Klll

is a formal covariant of degree-order (7, w). The number of concomitants
yielded by this formula equals the number of distinct solutions in positive
integers (r, s, w) of the linear diophantine equation (1). The lists given
below are for p = 2, K, = f,, each giving all forms C,,, for the corresponding
m. Corresponding to each invariant C,, there exists an invariant operator
> (9/da) obtained by constructing the Aronhold operator for the two forms
L @, fu. These are also given in the particular cases shown.

m =4

Coz = a1 + a2 + as; + +6a

2
Cinn = a1 21 + as 22, Coiz = a1 2] + as 3.

m=25
d I¢]
Cio = a1 + a2 + a3 + ag; :971_'-%:’

, ,
Co1 = a2 21 + a3 23, Ci2 = as 2t + a3 73, Cois = QCo21.
m=26

9 0
6a3+6a5+6a6 90 T 30y’

Cui = (a1 + az) 21 + (as + as) a2, Coz2 = a3 @, Cizs =as L,

Cos = a1 2% + a3 23 23 + a5 73

C200 = Cozo = as; + +

8a1

m="7
9
¢=laai’

Cizo = a1 + az + a5 + as + a5 + as;
Conn = (a2 + as) 1 + (as + as) 22,
Cos1 = (a0 +la1 +7as + as + ag) 21 + (ar4 az + a4 + a5 + a7) 23,
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Ciz = (a1 + as) 2} + (as + a5) 23,
Cos = (a0 + a2 + ag)al + (a1 + a3 + as) 2l 22 + (a2 + as + ag) 2123

_ . . + (as + a5 + a7) 22,
Cios = (a1 + a2) 1 + (a5 + as) 22,

Cos = (a0 + a1 + az)ai + (a1 + az + as) at @2 + (a4 + a5 + ag) 21 25
+ (as + as + m) 5.

2. COVARIANTS LED BY ASSIGNED SEMINVARIANTS

If we add to the variables ao, a1, ---; 21, 22 in any formal covariant
¢ (ap, +--; a1, 22) of fn the increments of these variables when f,, is trans-
formed by x; = xi, %, = txr; + 2z, and then expand ¢ (ao + dao, ---) by
Taylor’s theorem, we find that any formal covariant modulo p has an anni-
hilator of the type*

9 , & i
T =00+ Ormg-+ Oratgmt+ oo + Opa{go+ oo

In this theory ¢ is any residue modulo » and the expansion in question con-
tains only the p terms obtained by reducing all powers of ¢ below the pth by
Fermat’s theorem. The operator 0; (j = 0,1, ..) is a partial differential
operator in the derivatives with respect to the coefficients of f,, non-homo-
geneous as to the derivatives the orders of which range from zero to infinity
in each 0;.

If we apply T to a covariant and proceed as in the well-known proof of
Roberts’ theorem on the unique determination of an algebraical covariant
from its seminvariant leader we find that the resulting relations in the co-
variant’s coefficients and the operators 0; (j = 0,1, ---) are not recurrent
in the formal theory, whereas they are recurrent in the algebraic theory.
Thus a formal covariant is not uniquely determined from its leader. This
is also evident from the fact that if T' is any such covariant of order w 5 0

(mod p), then
a ]
(x{’a‘—,cl-l- xé’gx—z) T

is also a formal covariant having the same seminvariant leader.

Under definite conditions we can, however, derive a covariant T of order
p — 1 of f, having a given seminvariant S as leader. This is done by sub-
stituting for ag, a1, az, - - - in S the derivatives

* Cf. Dickson, these Transactions, vol. 8 (1907), p. 209. An explicit Q (5),

analogous to Oy, is given in my paperin American Journal of Mathematics,
loc. cit., p. 75.
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1o Lo
m 9z’ m(m —1) 0z3°’

LCY

’

Im )

regarding z;, x; as integers modulo p and rearranging the result as a poly-
nomial in z;, 2, of order p — 1. This is analogous to the process of Fai di
Bruno for algebraic covariants. The same result is reached by expanding
S (ag, ar, -+ ), corresponding to the transformation of f, by

o=, =+,

replacing ¢ by /2, and multiplying by «}~. The result is

008 018
2) T=Sx’f_1+—ol—Tx’l’_2x2+...+°—_lxx;—~1.

This is a formal covariant only provided it satisfies the differential congruence
TT = 0 (mod p), and is symmetrical under the substitution

8= (atm)(a1an1) -+ (2122).

Imposing these conditions we deduce the conditions which S must satisfy in
order that it may lead the covariant of order p — 1. These are, (a) that S
should be transformed into 05 S/|p — 1 by s, and (b) that the following
congruences should be satisfied:

028 =0,
(0771 + 0.0571)8 =0,
(3) (0‘;—2+0105—2+0203_1)SEO,

. . . . . . . . . . . (modp),
(054 0,05+ 0,05+ -+ + 0, ,051)8 =0,
(00 + 01004+ 0: 054 --- 4+ 0,1 051)S = 0.

The theory of T is thus complicated. It is given here because nothing has
been published hitherto on the determination of a covariant with a given
leader, and also for the reason that it is of much practical use in constructing
covariants with assigned properties in special cases. Let p =2, m = 3.
A seminvariant of f3 is S = apas + af. Transformation of f; by z; = i,
xy = ta; + a; gives

8" = [ao+t(a1+ a2 + as) ] (as + tas) + (a1 + tas)?
=aga; + af + (apas + a1 a; + ay a3 + af )t (mod 2).

Rendering § symmetrical with the coefficient of ¢ (condition (a)} by adding
the invariant aga; + a1 a0, = A, (annihilated by Op) we have the formal
linear covariant*

*Cf. American Journal of Mathematice, loc. cit., p. 78.
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CP=(S+A)z1+ (A +aras + a}) zs.

For p =3, m =2, § = aga} — a5 a,, the method leads easily to the quad-
ratic covariant of f,,

Cs = 8zi + (a0 a3 — a3 az) 2122 + (a1 0 — ai az) 23

3. SOME COVARIANTS OF f, MODULO 2

For the modulus 2 the real points (z;, 2;), other than (0,0), in the
plane are (1,1), (0,1), (1,0). The values of f, at these points are,
respectively,

ago+a+ - +an, @u, Q.
By a theorem* of Dickson’s, any symmetric function of these three expressions
is a formal invariant, modulo 2, all such being, of course, rational in the three
elementary symmetric functions

K=ai+a+ - +an1, I=aamn+ (a+an)(a+as+K),

€]
k=ao(a+ K+ an)an.
In the same way if

Cy = Aozt + A1ty + -+
is any formal covariant of f,, modulo 2, any symmetric function of
A0+'°'+AM’ AO) AM

is an invariant of the original form f,. Thus the middle coefficient of any
quadratic covariant of f, is an invariant, the sum of the two middle coefficients
of any cubic covariant is an invariant, and so on.

By means of the transformations on the a’s induced by z; = 2 + tx3,
2o = T3, Viz.

5) a. =[(?)ao+<?:ll)al+ +(m_lr+1)a,_1]t+a,

(r=0,:--,m),

it is readily shown that
(61) Ke=aoai +Kei2s +amaz, Ki=(ao+K)ai+ (K+ an)a,,

are formal covariants modulo 2.
LemMma. For any odd order m > 1 (p = 2) the form fm has a cubic covariant
Kns with leading coefficient ag, whick is such that

Kns = K, (mod 2)
for integral values of x1, x.

*These Transactions, vol. 15 (1914), p. 497.
Trans. Am. Math, Soc. 36
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The covariants K3 for the first twelve odd orders m are
Kz =aoa} + 1222, + ag 21 25 + az a3,
K5z = aoa} + (a1 + az) af @2 + (as + as) 21 27 + a5 23,
Kis = aoat + (a1 + a2 + as)af 22 + (as + a5 + as) 21 23 + a7 23,
Ky =aoal + (a4 as+as+a)aiz + (as + a5+ ar + 1) 2123 + a9 23,
Kus=aoal + (ar+ a2+ as+ a5 +as) 2l 22
+ (a3 + as + a7 + a5 + a10) 21 2% + au 7.
The general form to be proved is

2 3
Kns =ao2i + Iiatas + L2y 27 + am a3,
where

L=a,+ - +4a, L=a;+:--+a;,, s=3(m-1),
I,+1I,=K.

Assuming the increments of I, I; under (5) to be I ¢, I; ¢ we readily show

that
IL=I,=a  (mod2).

Hence, letting I = @1a1 + ++ + om—18m-1 (o = 0 or 1), we have from
> =t a, a;, with (5), the conclusion that the selection of the set a;,, a;,,
-+, a;, is accomplished by selecting a set oy of columns from the following
Pascal triangle (6), the set to have the properties (a), (b) below:

e

N
(7)) (G (R,
M) @) 6 ()6

a as as vee Am—2 Gm-1.

(a) The sum of the numbers of the first row of the selected set o, is odd.

(b) The sum for all of the other rows of o; is even.

Grant for the moment that such a set can be selected. If its columns be
deleted from (6) the set o, of columns remaining in (6) will also have the
properties (a), (b) since Pascal’s triangle is symmetrical with respect to the
median drawn from (7). This second set o3 gives aj,, a;,, -+-, aj, , i. €., I5.

We now construct the triangle ABC made up of the residues modulo 2 of
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Pascal’s triangle, placing (}) at the upper vertex, with the aforesaid median
drawn vertically. We note particularly the symmetrical properties, and in
particular the regular recurrence of the inverted triangles of zeros, of increasing
dimensions, having the median as a line of symmetry. Consider any ele-
ment ¢ of any horizontal row, to the left of the median. We call the column
parallel to 4B and containing ¢ the column of ¢. The element ¢’ in the same
row as ¢ but occupying the complementary position to the right of the median
is called the complementary element of ¢. The column parallel to 4B con-
taining ¢’ is the complementary row of ¢, and the column containing ¢ and
parallel to BC is the complementary column of e. We have ¢’ = ¢, and
the complementary row and complementary column of ¢ identical.

B
1%

0 0/0
1,070,711,

0 1/’ 0 ////1// /(>

1 171,111

0005050000 0
70,070 0
1011,1//6’0/60,6”00011 0
20,70/ 11
1000/0 {1,700 001 0 0 0
SOXUX1L70 01 1 0 0 1
(0 1//0//1, 1 01 0 1 0 1 O
L L/XKINT 1 1 1 1 1 1
A OB
0IX0X0X070 0 0NO 0 0 0 0 0 0 1.0
191 1>(1X0200>(0 6 0 0N0O 0 0 0 0 0 1 1 1
0 0 01T 000000 000001 000
1.0 01 1000 00000001 1 0 0 1
010101 000000000 1010 10
011 111 1100 02000 020 111 1 1 114
a a, a; a, a; a; a, G G,

Suppose we wish to select I, i. e., the set g1, for m = 19. We take the
left-hand half-row number 18 from B as hypotenuse and draw the triangle
enclosing the columns of these elements. The elements on the hypotenuse
correspond to set

Ti:a1, a2, a3, a4, as, as, a7, Gs, Gq.

If the rows enclosed within this triangle satisfy conditions (a), (b) (as is the
case for m = 17) then ¢, would be the set T, and I; equal to the sum of the
2(m — 1)a’s in their natural order beginning with a;. The sums of the
rows above the first in the triangle are however 1,1,0,1,0,1,0,1 (mod 2)
respectively, instead of 0, 0, 0, 0, 0, 0, 0, 0 (mod 2) required by condi-
tion (b). To secure a triangle (augmented) which does satisfy (b) we replace
some of the elements on the hypotenuse by their complementary elements,
in this case e, e5 (corresponding to as, as) by s, €5 (corresponding to ass, a) .
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The columns of e3, ¢; are thus replaced by their complementary columns by
rotating the latter counter-clockwise around e;, ¢s. The augmented triangle
now satisfies conditions (@), (b) and hence

L=ai+a+as+as+ au+ a4+ ar 4 as + as.

Now the orders m for which the triangles do not need to be augmented are
those giving the first row below the base of each central triangle of zeros.
These values of m are

(7) 3)5,97 17: 33,""2”+11"'

and 2" — 1 is the number of the row, counting downward from B, in which
the base of the nth central triangle of zeros is found. For m =241, I,
equals the sum of the first 2! @’s in their natural order, I; = a; + a2 + «--.
Between any two consecutive cases of (7) there is a cycle of augmented tri-
angles such that the whole configuration from B downward forms a sequence
of recurring cycles of figures proceeding according to the laws of symmetry
of the triangle ABC. Thus the set oy can always be selected and the lemma
is true.

We now observe that any covariant Cy of f, of odd order M has corre-
sponding to it a quadratic and a cubic covariant of f,, constructed as co-
variants of Cy, on the models of K,, K3 respectively. (Cf. § 6.)

4. THE FINITENESS OF THE FORMAL CONCOMITANTS FOR THE ORDER M AND
MODULUS 2

THEOREM. The general quantic f,,, m > 3, 13 reductble, modulo 2, in terms
of @, L, and ts own covariants of the first degree and orders 1, 2, 3.

Let m be even, m = 2k. Then f,, — Q¥ K, has the factor x;. Hence
it has the factor L, since the real points (mod 2) form a conjugate set under
the group G. Therefore

8) fa=Q 'K, +LC (mod2),

where C is a first degree covariant of f, of odd order 2k — 3. Next let m
be odd, m = 2k +3 > 3. Then

9) fn=@Q"Kns + LC"  (mod 2),

where C’ is of even order 2k.

The forms C, C’ are, in turn, reducible in terms of their own covariants of
orders 2, 3 with L and @, and, as a covariant of C is a covariant of f,,, we are
led to a recurring process by which f,, is in all cases expressed in terms of its
covariants of orders 1, 2, 3, and L and @, which was to be proved.

Any concomitant of a polynomial in a set of concomitants is a function of
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concomitants of the forms in the set. Hence if the systems for the orders
1, 2, 3, and the simultaneous systems modulo 2 for these three orders are
finite, the system for f, is likewise finite (see § 6).

5. SYSTEMS OF THE FIRST DEGREE

While illustrating formulas (8), (9), we now derive fundamental systems
of first degree concomitants for the quartic and the quintic forms.

An independent set of linear seminvariants of fs is ao, a1, az + a3. The
only linear invariant is Coeo = a1 + a2 + a3 (= K, m =4 (§3)). Multi-
plication of K; of (5;) and Cio; of § 1 by powers of @ gives covariants of
any odd order led by a1, ap + K, and, by subtracting such covariants, co-
variants led by ao + a2 + as.

LemMA. There extists no covartant of odd order led by K .

Assume such a covariant in the form C = Kz**' + Iz 2, + ---. Then
from (5), m = 4,

KM 4 a2Plat+ - )+ ' (22, +---)=C  (mod?2),
where I becomes I’ under (5). Hence, writing I’ = I + tI,
K=1, (mod 2).

Now if I contains a4, the increment I; contains ay, whereas K does not.
Hence I does not contain as. But the increment to a linear function of
a9, a1, az, as contains a; only, whereas K contains a;. Hence K £ I, a
contradiction.

It now follows that the general form of a covariant of odd order is

C =[N+ p(ao + a2 + ag)]af*' + ---.
C=(\+p)QCin +u@Q*Ki+ LT  (mod2),

where T is of even order 2k — 2.
Any covariant of even order may be written

Cy = [Nao + par + v (az + az) 2" + -+ -,
and we have, using K, (m = 4) of § 3, and Corz of § 1,
Ci=Q"'[AK: + (p + ») Cora] + vK@* + LTy (mod 2);

T'; being a first degree covariant of odd order 2k — 3. Hence the fundamental

system sought is
(10) K; Kl) K2, ClOl; 0012) L: Q'

The form f; itself is reducible as follows [cf. (8)]:
fi=QK; + L(K: + Cin) (mod 2).

Thus
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Fmploying Ky, K2, K, K3 (m = 5) of §3 and Co1, Cio2 of § 1, we find
for the required fundamental system of the quintic,

(11) K’ Kl’ K2’ K53; CV02l, 0102) L’ Q'
The reduction of the form fs itself is given by
fs = QKss + L(Ks + Ci2) (mod 2) [cf. (9)].

6. ON THE COMPLETE SYSTEM OF THE CUBIC, MODULO 2

The development of the asyzygetic theory of the concomitants of a form
often precedes the derivation of its complete system. In this section we
show that every covariant of order > 3 of a binary cubic, modulo 2, is quasi-
reducible (i. e., reducible on multiplication by K* (s = 0)) in terms of a set
of fourteen concomitants, nine covariants and five invariants.

It is known that the fundamental system of seminvariants* of f; modalo 2 is

a, K = a; + a., 600 = (a0 + K + asz)as,
(12) 2
A =apa; + a0, B =a1+ aa,
and also that f; has the invariants
K, A, I =aj+ ao K + o0, k = ao oo,
V=BB+K+a K)(A+ ).
In two previous papers (quoted above) I have shown that f; has the covariantst

H = sxi + Azyay + (a1 05 + a3) a3,

(13)

Gi=(A+s)z1+ (A+ara; +a3)a, (s = aoan +a?),
P =ajai + af 2} 2 + a} 21 25 + af a3,
(14) K1=(ao+K)x1+(K+a.3)x2,

K, = apai + Kz, 2, + a3 a3,
Ci1 = (a; + K?)a, + (K? + a3) 22,

2,2 2 2
Cz = Qy &) +K2x1x2+a,3a:2.

There is, therefore, a covariant led by 3, viz.,

t=KK,+ H =Bai + (A + K*) 212, + (az a3 + af) 23.

* Dickson, Madison Colloqguium Lectures, p. 53.
tCf. American Journal of Mathematics, loc. cit.,, p. 78. The forms
CP, € in Table I are reducible as follows:

CP =LK, +QK:, C{ =Kt+ (A+K?)K:(mod?2).



1916] FORMAL MODULAR INVARIANT THEORY OF BINARY QUANTICS 555

None of the invariants A, g (below), I can be leading coefficients of covariants
of odd order, but there exists a cubic covariant led by the invariant K, viz.,

G = QK: + fs = Ka} + (a0 + a1 + as) 2{ 2 + (a0 + a2 + a3) 21 27 + Ka3.

Taking the elementary symmetric function of second degree in the coefficients
of ¢, as explained in § 3 (4), we have the fourth degree invariant of f3,

(15) g=p+B(A+ K*) + BB+ B (A + K?) + B (81 = azas + a}),
= +B(A+ K?) 4+ (A+ 600)(B+a K+ K?) (mod 2).
Now from (13), (15) we have
as+adK+al+k=0,
B+ B(ai+a K+ 1+ K?)
+ (g +aK+I1+A)(a K+ K?)+g=0.

Any seminvariant ¢ of f3, being a polynomial in the seminvariants (12), is a
polynomial in ao, K, 3, A, I;

¢ =¢(a0’B’K’ArI)-

We now use congruences (16) as reducing moduli, whereupon we are able to
reduce all exponents* of B (in ¢) below 2 and all exponents of ao below 3.
Thus any seminvariant can be reduced to the form

(16)

¢=Jo+Jiag+Jaas + (To+ T1ao + T2 a5)B,

wherein J;, T'; (+ = 0, 1, 2) are invariants (expressed in terms of K, A, k,
I, g) some of which might be zero. Let C), be any covariant of f; of even
order M = 2h,led by ¢; Cyy = ¢p2i* + ---. Then,

Cu=Q"Jo+ Q1 (Ko Jy + C2 J2)
+ @1l 4+ Q¥ 2(K, Ty + Ce T2)t + LC (mod 2),

where C is a covariant of odd order 2k — 3. Thus every covariant of even
order > 3 is reducible in terms of our covariants and invariants.
Proceeding to covariants of odd order; there is a covariant with semin-

variant leader B = 8 + A, viz.,
l = Ba} + (a0a2 + @102 + a1 a3 + a3) 2l x2

4+ (apas +aras +aras +a})2 23 + (A + az a3 + a3) 23
= QGl‘l'Kfs-

* Cf. L. J. Reed, “Some fundamental systems of formal modular invariants and covariants,”
Dissertation, University of Pennsylvania, 1915, § 3.
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Replacing 8 by B + A in (16) and in ¢ we can reduce any seminvariant to
the form
¢ =Ro+ Riao+ Reai + (So + S1a0 + S.a3) B,
where R;, S; (¢ =0, 1, 2) are polynomials in the five invariants K, A, k,
I,g9. Let Cy be a covariant of f; of odd order N = 2k + 3 > 3, led by ¢;
=¢x¥ + ---. Then

KCN = QhRo G + KR1 Qh’fs + KRz QhP
+ K (180 Q* + 18: K, @ + 1S, C, Q¥ 1) + LC’ (mod 2).

We have now proved the following:*

THEOREM: Every formal covariant modulo 2 of order > 3 of the binary cubic
fs 18 quasi-reducible, upon multiplication by K* (8 = 0), in terms of the fourteen
concomitants listed below:

K: A’ k; I’ g9, fa, K2, 02’ Kl; Gl; P: t; L: Q‘

*On the subject of quasi-reducibility in ternariant lheory, cf. Forsyth, American
Journal of Mathematics, vol. 12 (1890).
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