ON TRIPLY ORTHOGONAL CONGRUENCES*

BY
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INTRODUCTION

1. A vector field is defined by the value of a vector o at each point of the
field. This vector ¢ is a function of p, the vector to the point from some
given origin. If ¢ is taken as tangent to a curve at each of the points of the
space considered, these tangents will envelop a congruence of curves, the
vector lines of the field of ¢. The tensor or length of ¢ is not determinable
from the congruence, the congruence depending only upon the unit vector Uos .
The congruence itself however determines many properties of the field, which
are of course purely geometric properties, and in physical phenomena.are not
dependent on physical facts except through the law by which Uo is determined.
It is purposed to consider some of these properties which belong to the con-
gruences determined by three unit vectors which are everywhere mutually
perpendicular. These will generally be indicated by «, 8, v; but in case
they are the tangent, principal normal, and binormal of a curve, we will use »
with a proper subscript to indicate the principal normal, and u with the same
subscript to indicate the binormal. For instance, if we are discussing a curve
of the o congruence the normal will be v, and the binormal g, .

The algebra used throughout is Quaternions, all the usual symbols of that
algebra being introduced with no explanation. However it should be noted
that such an expression as af is always a quaternion product.

The symbol ¢ and the symbol 6 are throughout linear vector operators,—
in the case of ¢ related to certain vectors which are subscripts of ¢. For
instance we define for any vector n: ¢, = — 8 () V- 7. The occurrence of
such operators is due to the fact that if the point under discussion at the end
of p is displaced to p + dp, the vector 7 becomes n + dn where

dn = — 8dpV - n = ¢,dp.

In every instance V operates upon every variable that follows it unless it
carries a subscript, in which case it operates upon everything with that sub-
script whether preceding or following, the subscripts being dropped after the
differentiation.

* Presented to the Society, December 28, 1918.
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2. We recall the Serret-Frenet formulas in this notation, indicating the
curvature by ¢ with proper subscript and the torsion by ¢ with subscript.
For instance, we have for a curve of the a congruence

V¢C¢=¢¢a, ”'u.tu_aca=¢va’ —V¢t¢=¢“a,

since ¢, « is the vector rate of change of &, dv/ds, in the direction of «, ¢,
the rate of change, dv/ds, of v, for displacements in the direction of «, etec.
If we set w, = ¢, po + t, @ then w, is the rectifying line of the curve and we
have (omitting the subscripts for brevity)

%—:=va, %= Vou, %= Vwa.

In case we have n = la + mB + ny where [, m, n are constant and w retains

its meaning,

dn
T = Voy.

THE SYSTEM «a, 3, ¥

3. Since «, 8, v are unit vectors Sada = 0 = SBdB = Sydvy, or Sap,dp =0
for all dp, and similarly for the others. Hence we have for any vector,
Sap, () = 0, or ¢, a = 0 where ¢’ is the conjugate, or transverse operator,
and likewise ¢35 8 =0, ¢, v = 0.

Since SaB = 0 etc. we have SadB + SBda = 0, or Sags () + SBp. () =0,

or ¢ @ = — ¢, B with similar equations for the others.
Since o8 = ¥ we have Vy = Viau 8 + ViaBi, and since for any two
vectors \, u we have always A\u = — ul\ + 28\ we obtain from the equation

just written
VY = ViaaB — ViBra + 2V1 Sef,

or, remembering Vi Saf; = — Vi Sa1 B,
VY =Vie1B — ViBra + 2¢.8.

We obtain the similar equations for the other vectors a, 8 by interchanging
the symbols cyclically. This equation shows that the quaternion vy is fully
determined from « and 8. Taking the scalar and writing the expressions
so that the subscripts may be omitted, the convergence of v is

8vy = 8BvVa — SavB, or  Sy[VaVva+ VBVVS + VyVvy].
The expression in the bracket being the same for all three vectors, we will set

2 = VaVva + VBVVB + VyVvy
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and have the three convergences in the form

Sva = 28ae, SvB = 288e, 28vy = 28+e.
Hence

2¢ = — aSva — BSVB — ySvry.
Since

VaVva = Sav - o — ViSa1a = Sav - a — ivSaa = — ¢, a = — ¢, v,

it becomes evident that e is half the sum of the three vector curvatures, with
sign reversed, of the_ three curves for a, 8, v at the point considered.
4. We have, by taking the vector of Vv, the curl of v:
Voy =VvieuB —VWViBra + 2¢.8 = ¢.8 — ¢p a + 2Vey.

The last member is found by expanding the first two vectors by the usual qua-
ternion formulas, introducing ¢, and substituting the values of Sva, SVS.
This form will be further reduced.

5. Multiplying vy into v and taking the scalar we have (since S\¢’ u

= Su¢\)
Syvy = Sava + SBVB + 288, v .

If now we set 2p = SavVa + SBVB + Syvy we have
Saggy = — 8Bpay =p — SYVy, SBp,a = — Sy¢g @ = p — Sava,
S‘Y¢a6 = - Sa¢yﬁ =p — SBVﬁ’

Multiplying « into Vv, taking the scalar, reducing by previous formulas,
and writing the corresponding formulas cyclically,

SyVa = SB¢p, a = — Sapg o = ¢, SPy.,
SavB = Sy¢gB = — SBp, B = cg Syvg,
S8pvy = Sag, v = — Své.v = ¢, Saw,.
Multiplying by 8 and taking the scalar, and writing corresponding formulas:
SyVB = SBp.B = — Sapsg B = — cg Sowg,
Savy = Sypgy = — 8Bo, v = — ¢, Sy,
Spva = Sagp,a = — Sy, a = — ¢, Syv,.

6. From these results it is easy to see that if v is the principal normal of
the a curves and u the binormal, ¢ the curvature and ¢ the torsion, p,, referring
toa,v, pu,

¢c=— Suva = TValve, t =p,. — Sava, ¢ = — Valva,
v = — UVaVVva, pw=—UVaVaVva, W, = Dy @ + VVa,

(Sav) Vva

cp = — VaVaVvyva = aSava + Vve, = — Sava — 8 Valve
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Since the determination of the normal and the curvature depends only
upon an expression of the form ¢, 7 for any unit vector n, similar expressions
for the curves of 8, v, », and u may be written down at once except for .
The determination of ¢ depends upon the differentiation of the unit normal in a
direction perpendicular to it, and consequently cannot be found as simply
in the general case. However in certain special cases to be studied, the
determination can be simplified. This difficulty of determination is also
evident when we notice that the expression for ¢ contains p, which depends
upon the curl of 8 and v as well as on that of «. In general the quantity p
depends upon what 8 and v are, and in the formula for ¢ it is understood that
in finding p, 8, and vy must be the normal and binormal respectively.

In case 8 and v are not the normal and the binormal, let the angle from
the normal to 8 be w, then

B=cosw-v+sin_w-u,
VB =cosw-Vv+sinw-vVu+ Viw -,
Y= —sinw-v+cosw-pu,
\%%
Hence we have

—sinw -V +cosw-Vu— Viw - B.

SBVB + Syvy = Svwr + Suvu — 28avw,

and referred to «, 3, v we have for the value of p in terms of p,, (the value
of p in terms of a, v, p)

2p = Sava 4 SBVB + SyYvy = 2p,, — 2Savw,

or p = p,, + derivative of w for displacements in direction «. That is to
say the quantity p belonging to arbitrary axes will be the corresponding
quantity for the intrinsic axes of the curve plus the angular rate of rotation
of the arbitrary system 3, 4 about «, for displacements along a. If this
angular rotation is zero, so that 8 maintains a fixed angle with the normal,
then there is no change in p. The torsion of « in this case can be found from
the a, 8, v trihedral.

In particular if we consider the 3 curves and let « be the principal normal
for the B curve and also for the v curve then for. any 8 curve the torsion is
p — SBVB, and likewise for any v curve the torsion is p — Syvy. It follows
that the sum

tg +t, = 2p — SBVB — SyVy = Save
and this is independent of the particular curves 8 and v provided « is their
principal normal.* Hence the sum of the torsions of any two orthogonal

*R. A. P. Rogers, Some differential properties of the orthogonal trajectories of a congruence

of ¢urves, with an .application lo curl and divergence of veciors, Proceedings of the
Royal Trish Academy, 29A (1912), 92-117.
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curves for which « is the principal normal is also Sava. For, the tangent
to any curve of which « is the principal normal can be written 8 cos  + v sin .
Hence the normal « times the curvature ¢ is given by

—S(Bcosu+ysinu)V - (Bcosu-+ vsinu)
= a(cg cos® u + ¢, sin® u + sin u cos u) (Sy¢p, B + SBP. v)
+ B (sin u cos u (SBVu + SBep, B) + sin? uSyvu)
— v (sin % cos u (SyvVu — Sydg v) + cos® uSBvu) .

The terms in 8 and ¥ must however vanish by hypothesis so that in as much as
u is an arbitrary angle we must have along the curve in question yu = 0,
since SB¢p, B = — Sy¢g B = Sya = 0,and Sy¢pg v = — SBp, v = 0. Hence
along any curve for which the vector « is the principal normal the tangent
will make fixed angles with 8 and v, or what is the same thing the trihedral
maintains a constant relation to the fundamental trihedral. Hence for any
two such curves with perpendicular tangents, the sum of the torsions is Sava .*

It follows that the quantity p is the sum of the mean torsions of curves
normal to each of the three vectors «, B, v, respectively. These curves
cannot be taken so as to serve for different principal normals, unless they are
straight lines. For instance the two used for « as principal normal cannot be
used also for 8 as principal normal.

Further the curvature of a curve with o as principal normal is

cg cos® u + ¢, sin? w + sin u cos u [ SB($. + ¢.) 1.

If we add to this the curvature of a perpendicular curve of the set we have
¢g + ¢,, which does not contain %, and is the same therefore for all such
perpendicular pairs; it reduces to SB¢, 8 + Syd. v, that is to — m;(o.)
where m; (¢) is the first scalar invariant of the operator ¢, and for ¢, is
+ Sva. Hence the sum of the curvatures of the perpendicular pair of
normal curves is — SVa.*

Since SBVa is the projection of the vector curvature of a on v, the per-
pendicular to both « and 8, and Syva the projection of this vector curvature
on — 8, the common perpendicular to v and «, we see that the curl of &
consists of a vector along a and a vector in the plane perpendicular to «, the
latter being the numerical curvature times the unit vector which is the bi-
normal. Hence the components of 8 along the unit normal and the unit
binormal are — 8yVa/c and — SBva/c, and the corresponding components
of v are 38va/c and — SyVa/c. In case VaVVa = 0 these components

*R. A. P. Rogers, Some differential properties of the orthogonal trajectories of a congruence
of curves, with an application to curl and divergence of vectors, Proceedings of the
Royal Irish Academy, 29A (1912), 92-117.
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become indeterminate. In case SaVa = 0, « is perpendicular to Vva and ¢
becomes merely TVva. Also we notice that in any case

p =t + Sava + dw/ds.

THE OPERATORS ¢., ¢g, P,

7. Since ¢, a = 0, the transverse of ¢, has at least one zero root, and
therefore ¢, has at least one zero root. The form of ¢, must then be either

(@ —BS¢s+ 882, H# 0, HL# 0, Vst #0,

’
(b) B’ 8¢, ¢ %~ 0, where 8 is perpendicular to o, 87 = — 1,
(¢) 0.

In case (¢) « is constant and its congruence consists of parallel straight
lines. The 8-and « curves lie in parallel planes perpendicular to «, that is
is their common binormal. This is evident also from the Serret-Frenet
formulas. For we have

$a=—-80OV-a=—-80)V-By ="V, — Vyés,
and if this vanishes its transverse vanishes, that is ¢5 Vy — ¢, V8 = 0, whence
¢sa=0, $,a=0, and as ¢sB =0, ¢,y =0,
¢ =¥SE, &, = —BSE, ¢ B =888, o,v=—BS8,

so that the binormals are « in each case. The B curves in their plane are

respectively orthogonal to the 4 curves in the same plane. The curvature

of the B curves is the projection of £ on their normal, and likewise for the

curvature of the v curves. The projection of £ on « is the quantity — p.
In case (b) we find that for some vector 7

¢ = — aS¢ cos u + ST, ¢, = — aS¢ sinu — BS7,

where B’ =B cosu + ysinu. In this case da = + 8’ S¢dp for any dp.
But if dp is taken along the a curve da = ¢, v, hence + 8’ =v,, o = u.,
and 4+ Saf = c¢,. We have at once since m; (¢,) = Sva etc.

Sva=88¢, SvB= —cosuSal+ Syr, 8vy = — sinuSat — SB7,

and

2¢ = ViVaB + Vra = Viu, + Vre.
Again since the double spin vector of ¢, is Vva,
Vva =VB' ¢, VvB = — Vag cosu + Vyr,
Vvy = — Va{ sinu — Vpr,
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SavVa = Su, ¢, SBvB = Syt cos u + Sar,
Syvy = — 8B¢ sin u + Sar,
2p = 28u, ¢ +28ar, or p=8u, ¢+ Sar.
Differentiating the normal along o, we find from the Frenet formulas
t, = Sta — Savu, w, = [aSa (T — vu) — SatlB’.

If B is the normal v, , and v the binormal p,, Sar is the torsion of the a curves.

When dp is in the plane S{r = 0, da = 0, and hence for all infinitesimal
displacements of the vertex of the trihedral of «, 8, v in a plane perpendicular
to {, o remains constant, dB becomes yS7dp or VaBStdp and dv is

— BS7dp = VayStdp.

That is to say, the trihedral is rotated about « by the angular rotation Srdp.
Hence for congruences orthogonal to the congruence Vdp¢ = 0, the trihedral
merely rotates about @ by an amount equal to the projection of 7 on the
tangent of the curve. In case then the { congruence is a normal congruence,
the normal surfaces are such that displacements of the vertex on any such
surface are accompanied by rotation about a. If dp is perpendicular to 7
there is no rotation, so that for displacements along the congruence VdpVr{ = 0
there is no rotation of the trihedral at all. Particular cases would occur if
Vir=0orifr =0.

Since we can write da = — Vau, Stdp, d8 = — VB (. Stdp + aStdp),
dy = — Vv (u. Stdp + aStdp), it is evident that for any case whatever of
displacement dp, there is a rotation given by the vector + p, S¢dp + aStdp.
In case 7 = 0 there is rotation about the binormal of the a curve and « is
the common normal of the 8 and the vy curves. In any case there is rotation
about a line in the rectifying plane of «, the vector axis of rotation being a
linear function 8 = u, S¢ 4+ St of the displacement. This function is such
that its transverse has the normal of the o curves for a zero axis. It is also
clear that if ¢, is of nullity* two, then ¢, and ¢, are of nullity unity or nullity
two together, (since they depend directly upon the same vectors ¢, 7) unless
it happen that 8’ is = 8 or = v in which case ¢, in the first instance, ¢, in
the second, is of nullity one greater than that of the other.

In case (a) it is not difficult to find that the general forms of ¢4, ¢, , ¢, are:

¢ = — 8§11+ oS¢, @, = — aSt + B8, ¢. = — B8 + ¥SEe.

These follow since ¢g ¥ = — ¢, B8 ete. It is evident that when ¢, is given
we also know ¢, and ¢, when further a single vector {; is given or found.
Since in this case {5, {3 are not zero and not parallel, ¢, is of nullity unity.

* Nullity equals order minus rank, that is, here, nullity two and rank one mean the same.
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We may have however {; either zero or parallel to {; or {3. So that ¢, or ¢,
or both may have nullity two but not nullity three. The invariant axis of ¢,
for the root 0 is easily found, for the adjunct operator v, is

VBYSVists = — aSVE &

so that the invariant axis V{: ¢ = ¢, =3 V1 V2 Saay a;.  This may
also be easily found by noticing that — {3 = ¢, v, or {» = Vi Sy v, and
$3= — ViSay .

We may have different possibilities for the other axes and roots of ¢,.
We may have another zero root, in which case the invariant m; = 0, that is
SVviVe Vaias = 0, or in terms of ¢z, {3, Safz {3 =0 and «, {2, and {3
are in one plane. Hence Vats, Vais, V. {3 are in the same direction 8’ in
the plane of 8 and +.

If now the nullity is to remain unity, ¢, must convert some other direction
into that of the invariant direction 8’’. This new direction cannot be in the
plane of 8 and v, for if ¢, converts this direction into " and annuls 8/, ¢2
would annul the whole 8, v plane, and as ¢, converts all vectors into this
plane, ¢ would annul all vectors and there would be three zero roots. Hence
with just two zero roots and nullity unity there is a direction £ not in the
B, v plane which is converted into 8"’ by ¢,. Now if ¢, {2 is not parallel to
B, VB" ¢. tais such a vector. For ¢, VB ¢. {3 is parallel to ¢, V. {2 Vats
or ¢, a8 paax — b, aSE2 ¢, 2 or Vi Ve, ad, &2 or finally Vi, @, hence
is parallel to 8””. Now ¢, converts vectors into the plane of {, and {; hence
they cannot be parallel to 8/, perpendicular to this plane. However ¢, {;
might vanish on account of {, being parallel to . In such case {3 is not
parallel to o and will answer just as well to determine the direction in question.
Hence we have £ a unit vector in the direction of VB" ¢. {3 or VB ¢. ¢s.
This is clearly perpendicular to ¢, {3, and to 8”’, hence is the line in the plane
of a, {2, {3 which is perpendicular to ¢, {2. But ¢, a = 0, hence if 8’ is
the intersection of the plane of «, {2, {3 with the 8, v plane, ¢, will give for
any vector in this plane a multiple of ¢, 8’ so that if 8’ = 8 cos u + v sin u,
the direction £ is in the plane and is perpendicular to — {3 cos u + {» sin u.
It may be written VB (— ¢3cos u + {asinu). Now there must under
the hypotheses be one invariant axis in the 8, 4 plane not in the direction
of ", and with a root not zero; let such direction be 6. Then

¢. = — 9088’ + hB" SVB" B’
where &’ is in plane of 8, ¥ and = VaB'’, hence
¢ = (— g8Sa + k8" Sp')VB”, and ¢, = VB"(gaSs — h"SB"),
fo = — VB" (gaSdy — k8’ SB" v),
s = VB (9aS38 — hB' SB” B) .
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THE OPERATOR 0

8. It will not have escaped attention that the three operators ¢,, ¢, ¢,
are intimately connected and have elements in common, as for instance the
vectors {1, ¢2, {3. In fact it is evident at once that if we let

0 = — aSt, — BS¢s — vS¢s,
¢a = - Vao’ ¢B = - Vﬂo) ¢y = - V'ya)

and that we can also write (since Sa¢, = 0, etc.)

20 = a¢a + ﬂd)ﬂ + 'y¢‘y'

We may arrive at 0 from another starting point however. If we consider
the trihedral of the three unit vectors o, 3, ¥ moving from one position to
another, the original position having been ay, Bo, vo, the position a, 8, ¥
could be produced by a rotation ¢ () g, where ¢ is a unit quaternion, and g is
the conjugate unit quaternion, that is

then

a=gquq, B=g¢hq, ¥ =4qr4g.

The axis of ¢ is the axis of rotation, and the angle of ¢ is half the angle of
rotation. It is important to notice that ¢ is a definite function of «, 8, v.*

If now we displace the vertex by an amount dp, the differential change in
the rotation would be given by 2Vdgq or 2dqg, since T'q is 1 and Sdgq = 0.
This is a linear vector function of dp, say 6dp, that is,

0dp = — 28dpV1 - q1 4.

The displacement of the end of a would be V6(dp)a = da, so that
¢, = — Vab, and so for the others. From this it would follow at once that

0 = a¢, + « times a linear scalar function = a¢, — aS{;.

We can easily now arrive at the form given above. We notice that for any
n=aax+b3+cy, Tn=1,a,b, cconstant, we must have § = ¢, — 3S¢.
This prevents 6 from being arbitrary absolutely.

9. If for ¢ we substitute ga, we see at once that if @ is a constant quaternion
8 is not changed. That is we may use for «, 8, v any other trihedral of
mutually orthogonal unit vectors, which maintain constant angles with
a, B, v in all positions. If however a is not constant then

01=0+qwc}, where =-250)Vi-aa.

0 is the operator that converts a displacement dp into the resulting instan-
taneous rotation, represented by an axis and a length on it which measures

* See Joly, Manual of Quaternions, p. 26, Ex. 6.
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the rotation rate; that is, for a displacement in the direction 75, the rotation
has the direction and rate of rotation given by 7. When this is multiplied
by ds, the length of the displacement, it gives the instantaneous rotation.
It might be called a rotation derivative.

10. By using a fundamental identity of quaternions we have

— () Sava = Vaa; 8V1 + Vay Vi Sa + Vvi aSa;.
Adding similar forms for 8 and v we have
() [Sava + SBVB + Syvv] = a¢. + Bds + v, — VViaSay
— VviBSB — VvivSy1 — Vau Vi 8a — VB Vi SB — V1 V1 Sy.

But we have always () = — aSa — BS8 — vSv so that operating on this
with v, and transposing,

VviaSa: +VviBSBi+VviySyvi= —VviarSa— VviBi S8 — VViviSy.
Hence if we set, as in § 5,
2p = Sava + SBVB + Syvy
we find from the above the important formula
2p() =20 + 2VViau S + 2VV1 81 SB + 2VV1i 71 S,
or transposing and limiting Vv to the first following vector,
0 =p— VvaSa — VyBSB — VvySy,

which gives 8 in terms of the curls of «, 8, .
This may also be written

0 =p— VavSa — VBVSE — VyVS7,
where V acts on the following vector, and this reduces at once to

p + Voo, + VBos + Vre,.
0 =p—o¢.Va—¢sVB— ¢, V7.

Whence we have

We now have
Gi=patdsgy—9¢,8, e=pB+d,a—d.7, {3=pY+dB—pa.
Since ¢g = Vy¢, — Vag,, etc., these reduce to
1 =pa+VVa+2Vae, & =pB+ VVB + 2VBe,
3 =py + Vvy + 2Vye.

These determine the vectors {1, {2, {3 in terms of «, 8, v respectively, since e
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is already known in terms of a, 8, 7. If 5 preserves invariable angles with

a,B,7,
bn =pn+Vvn, 0n=pn+VVn+2Vne.

11. The first scalar invariant of 8, designated by m, is
3p — Savae — SBVB — Syvy = p.
From this we can form the function
xo=m1—0=VViaySa+ VviB188 + VViv1Sy.
It is obvious at once that the curls are given in terms of 6 in the form
VVva = — xp,  ete.
The vector called the spin-vector of 8, is the same as € in § 3,
€ =3 [VaVva + VBVVB + VyVvy]
= —3(¢aa+ B+ ¢,7) = — 3[aSVa + BSVE + ¥SVv].

A necessary and sufficient condition that e = 0 is that the three convergences
vanish. If the curls vanish, ¢ = 0, and the divergences vanish, which we
would also know from the equations Sva = SyvB8 — SBvy, etc., so that the
vanishing of the curls is a sufficient condition, for the vanishing of e. How-
ever as p also vanishes, § = 0 in this case whereas the vanishing of ¢ means
that 6 = ¢, that is, 0 is self-transverse. Hence the vanishing of the curls
is not a necessary condition that e = 0.

When 6 = 0 each of the operators ¢,, ¢, ¢, vanishes, and «, 8, v are
constant. When 6 is self-transverse the three sets of curves which have as
principal normals the three vectors a, 8, v respectively, are such that per-
pendicular curves of the same set have equal curvatures and one normal is
opposite to the other; that is, taking the normal curves of o for instance,
if one is concave in the direction of « the perpendicular curve is concave in
the direction of — «.

If we subtract the last form of € from the first we have

Vavae + VBvB + Vyvy = 0.
Adding 2p we have

avVa + BVB + yVy = 2p.

12. Since a = VVa + pa, it is clear that if Vva = 0 then ais an invariant
axis of 6, and since ¢, @ = 0, the a curves are straight. Hence Vya = 0is a
sufficient condition that the o curves be straight. But conversely if « is an
invariant axis, either Vva = 0 or else ValVya = 0 = ¢, o hence the curva-
ture of the « curves is zero, and they are straight lines. The necessary and
sufficient condition is therefore V - aVva = 0. If 5 is any vector which
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maintains constant angles with a, B, v then 6 = Vg + pn, and if 5 is an
invariant axis for 6 at all points, so that Vy0yp = 0 = VyVvy, then the 5 con-
gruence consists of straight lines, and displacemeirts along them would be
accompanied by rotation about them. Since 6« is the instantaneous rotation
that accompanies a displacement along o, the component of this rotation
along a is — aSafa:. In case B is the principal normal of the a curve and ¥
its binormal, for all positions, then — Safa is the rate of rotation of the
osculating plane and is therefore the torsion of the a curve. However it is
to be remembered that in this expression of the torsion 6 is dependent upon
the normal and binormal. 6 does not change however if for the normal
and the binormal we substitute 8’, 4’ two perpendicular unit vectors in the
plane of 3, v which maintain constant angles with them. Since — Safa = p
— Sava we see that when « is the principal normal of the 8 curves and of
the v curves we have
— Saba =p —ts — t,.

This relation will hold if 8 and v are the tangents of any two perpendicular
normal curves of «. We may write this in the form

ts +t, =p+ Saba.

In case a is the direction of the principal normal of a curve whose tangent
is B we must have as the necessary and sufficient condition

Vagg B =0 = — VaVpoB = SalbB = Sabf = S’ «.

Likewise if it has the direction of the principal normal of a v curve we must
have Safy = 0, hence Sy6’ « = 0 also. Under these conditions

Ve alVBy =0 or Vabl « = 0.

Hence the necessary and sufficient condition that «-is in the direction of the
principal normal of the 8 curves and the v curves, and hence of all curves
whose tangents maintain constant angles with 8 and v, is

Vab a = 0.
13. Since 20 = — aa1 SV1 — BB1 SV1 — vv1 SV:1 we find at once that
20VV = — Vasaa SV1 Ve — VVB 18V V2 — Viys ¥1 SV1 V2,

where V on the left operates only on 6 and where each term on the right con-
tains a vacant place for the operand of the linear vector operator. But this
is the same as

VY = — ¥, —¥s — V5.
But since ¢, = — Vabf we have for all \, u,

VoVAu = Vo Ao b = VVabONVabu = — aSaViNu = — aSas VAu
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so that Y, = — aSay, with similar forms for the others. Substituting these
we have
.= —0Vy.

This is an important form. When it vanishes identically we have the
necessary and sufficient condition fulfilled that 6dp be an exact differential.
In this case we could write 8dp = — SdpV - ¢ where ¢ is properly chosen.
That is, the form of 6 can be reducedto§ = — S () v - ¢. Hence p = Svo,
2¢ = Vvo, SVa = Save, SVB = SBve, SVy = SvVe, ¢,v, = — Vao, a,
etc. This particular case leads to some very interesting possibilities.

From the equation above we have

Yo = VV101.
From this it is easy to arrive at the second scalar invariant of 6, for it is the
first scalar invariant of ¥, and it is easy to prove that for the general case
of an operator like this the first scalar invariant is — 2Sve.

Hence m; = — 28ve. This can be verified by the direct calculation from
the first or other form of 6.

Since ¥y 6 = m3 (), we have taking the first scalar invariant of this

3ms = 28V €gy,

where the subscript is removed after the differentiations. When m; = 0, 6 has
at least one zero root. In case ¥, is not also zero nor m; zero, there is but one
zero root. The invariant axis of this root is ¥, 6 where & is any unit vector.
If also m2 = 0 but ¥, is not zero, zero is a repeated root with one invariant
axis, but 6% has a plane of invariant axes. The other root is then m; = p.
If ms =0, ¢ = 0, since there must be a repeated root, we must also have
me = 0, and the zero root has two invariant axes, and hence a whole plane
of invariant axes. In case all the scalar invariants are zero, there is a triple
zero root with one invariant axis, 62 has an invariant plane, and 6° annuls all
vectors. If 2 = 0, there is a triple zero root, with an infinity of axes in a
plane. If @ = 0 any line is an axis.

14. Other expressions for the scalar invariants m. and m; are as follows:

my = — p* — SaVvBV vy — SV VYV Va — SyVvaVv8,

mg = pmg — SVVaVVBEV VY.
We also have
2¢+2p = aVva + BVVB +7VVy, 4e=VVVaa+ VVVBB+ VVVyy,
2p — 2 = VVaa + VVBB + VVvy, O =Vavae+ VBVB + VvV,

VvaSva — VvBSv8 — VvySvy _
0(e) = pe — 2 = T €y = €y

= pe — VaVVVBV vy — 3VBVVVYVVa — VYV VVaV VB,
Sefe = — See, .
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In all the above formulas v operates only on the first following symbol.
Another class of formulas which are useful are the following:

VSVa = 2vSae = — 2¢. € + 2V1 Se; @
=20 Vea + 2viSera = 0/ o — 6 o — 26, ,
SavSva + SBVSVB + SyvSvy = 4€ — 28ve,
VavSva + VBVSVB + VyvSvy
= — 2Vab' Vae — ete. + 2Va (V1 Se1) @ + ete.
— 2VvBy8 Vae — ete. + ete.
= 20¢ — 2pe — 4V Ve.

Numerous other relations can be written down easily.

15. The linear vector function 6 has at least one invariant axis, say &;.
This axis is such that 6¢; = g1 £&1. There is therefore at every point one
direction at least such that displacements in that direction are accompanied
by rotation about the same direction, though the rate g, may be zero. Con-
sequently these directions determine at least one congruence of curves such
that if the vertex of the trihedral travels on any one of the curves the trihedral
will rotate about the tangent of the curve, the amount of rotation depending
upon the position. The motion of the trihedral is a sort of screw motion. In
case the roots of 6 are all distinct, they have shear regions of one dimension,
and there will be at each point three curves, the whole constituting three
congruences, such that displacement along any one of the curves is accom-
panied by a screw motion along the curve. Since any point can be reached
by displacements on the three congruences, any displacement and consequent
rotations of the trihedral can be analyzed into three successive screw motions,
If one of the distinct roots is zero, the rotation about the axis is of zero mag-
nitude and the displacement is accompanied by a mere gliding, the trihedral
remaining parallel to itself. If there are two zero roots which have distinct
invariant axes, that is if they have shear regions of one dimension each, they
may be any two distinct directions in the plane of the two shear regions. In
such case the plane containing all the invariant axes would envelope a surface
such that displacements from any point of the surface to any other point
would be accompanied by no rotation whatever. If we have the similar
case for all three roots, § = 0 and any motion is a mere translation.

When one of the roots is repeated, even a zero root, but the shear region is
of two dimensions, so that there is only one invariant axis, then 8 converts
any other definite direction in the shear region into a multiple of itself, which
may be zero, plus a multiple of the unit vector of the invariant axis. Hence
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at each point therz would be one tangent line of a curve belonging to a con-
gruence along which the motion is a screw motion on the curve, and there is
also a tangent to a curve for which displacements are screw motions along the
curve and also a rotation about a straight line which would be in the direction
of the tangent to the curve at the point belonging to the first mentioned
congruence. In case this double root is zero, there will be a congruence for
which the trihedral simply moves parallel to itself, and there will also be a
congruence, for which the trihedral moves parallel to itself with a superimposed
rotation at each point about the tangent of the curve at the point which belongs
to the first congruence.

When there is a triple root we may have the preceding case with a third
congruence for which the motion is a screw motion on the curve, this con-
gruence and the invariant congruence of the same root determining a surface
for which displacement along any curve lying on it is accompanied by a screw
motion. The third congruence cuts through these surfaces and displace-
ments along it would be screw motions accompanied by rotation about a single
tangent to a curve lying on the surface. If the root is zero the rate of rotation
is zero and the motions become translations, save for the last case.

Finally if there is a triple root with a shear region of three dimensions,
there is a congruence for which the motion is a screw motion, another con-
gruence for which the motion is a screw motion accompanied by a rotation
about a tangent to a curve of the first congruence, and a third congruence
for which motion is a screw motion accompanied by a rotation about a tangent
to a curve of the second congruence. In case the root is zero, the screw
motion degenerates into a translation, but the rotations remain.

In the cases of shear region of dimensions two or three the congruences
accompanied by rotations are not unique, for it is clear that if

0t = g1 & + h&, and 0 = g1 &1,
0(& + at1) = g1 (&1 + 2k1) + héy,

and similar equations hold for a shear region of order three.

16. If @ has no zero roots, then ¥, @ must be an axis for ¢,; and similarly for
B, and v, for ¢, ¥Ysa = — Vaby,a = — Vaa = 0. In case 6 has a zero
root the corresponding invariant axis or axes are also zero axes for each ¢,,
¢s, ¢,. In this case if ¥, o does not vanish it is also an invariant axis for a
zero root of all of the operators 8§ and ¢. In case there are two zero roots
of 6, then ¥, may also vanish identically, and there is a whole plane of invari-
ant axes of § and each ¢, or ¥, may not vanish identically, in which case
again Y, a is an invariant axis for ¢, etc. The case of three zero roots for 4
gives ¥, = 6%, and if this does not vanish identically it gives ¥, « an axis of

¢. as before. If also however 82 = 0, and 8 % 0, then 6« is an axis for ¢,.
Trans. Am. Math, Soc. 27

then
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If « is an invariant axis of 6 it is a zero axis of ¢,, etc. But in this case
Vafa = 0, hence the curvature of curves of the o congruence is everywhe e
zero and they are straight lines. The condition Vafa = 0 is evidently the
necessary and sufficient condition that the a congruence consist of straight
lines. Also Va#’' o = 0 is the condition that « is everywhere the principal
normal of the 8 and v curves. The form of 8 in this case is special, being

0= —zaSa — BS(uB + vy) — ¥S(w B+ v).

Therefore Vea = 0 and Vefe = 0 are necessary and sufficient conditions that a.
congruence of straight lines be principal normals to the orthogonal con-
gruences 3 and v .

17. In case Vab’ a = 0, that is when « is an axis of ¢, « is the principal
normal of the 8 and the v curves so that

tg = Syp. B = —SBOB, &, = — SBd.y = — Svyby.
From these we have
ts —t, = 879 B + SBb. v = SaVB(¢. + ¢.)B.
Since we already have seen that

tp + t¢ = SaVa,
we have at once

2ty = Sava + SaVB(é. + ¢.)B, 2, = Sava — SaVB (¢, + ¢.)8.-

Let us hold o constant now and vary 8. This torsion is an extremal if

0 = SaVdB (¢. + ¢.)B8 + SaVB (. + ¢.)dB.
But dg is parallel to v, since « is fixed; hence
0= —S88(¢a+ ¢.)8+ Sv (g + ¢2) 7,

Hence we have for a maximum or minimum
SBpaB = Syp.y or  SyVB = — SBVy = — 3 Sve
S~v68 + SB6y = 0.

This may be interpreted to read: the curvatures for the curves of extreme
torsions are both equal to — 3 the convergence of . Hence the vectors 8 of
extreme torsion are in the directions of equal curvature for the perpendicular
vectors B, v.

18. The curvature of a 8 curve is easy to find when « is the normal of all
the B curves, for it is

or

— Sagg B = 5B¢.B.
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This is an extremal when SdB¢, 8 + SB¢. dB = 0, or since d is parallel to v,
SB68 = Svbovy.

That is, the direction of curves with extreme curvature is such that the torsion
equals that of the perpendicular curve and is hence = } Sava.
19. The value of the torsion of the 8 curve is

2ty = Sava + (808 — Sv8y) = Save + SaVB (é. + ¢.)B

and if we let 8 be a direction of extreme curvature, Sg68 — Syf8y = 0. Sup-
pose B’ s any other direction, and

B =B cosu+ vsinu, Y =of = —Bsinu+ ycosu.
Then
S8’ 68" — Sv' 64" = 28 (BOy + ¥88) sin 2u.
Hence for any torsion
2t = Sava + 28 (B0y + v6B) sin 2u.

Again the value of the curvature of the 8 curve is Sy68, and if we measure
u now from the direction of extreme torsion, we have

Sy’ 08’ = Sy88 — 3 (SBOB — Syfv) sin 2u
or

28y’ 68’ = Sva — (SB68 — Sv8v) sin 2u

as the value of the curvature of the 8’ curve.
It is easy to see if we set 8’ = 8+ v, ¥’ =8 — v, that when

Sp68 — Svby =0
Sp 6y +8vy' 68" =0,
Spoy + Sv68 = 0, SB8' 68 — Sy' 64’ = 0.

we have

and when

Hence the two sets of extremal directions bisect each other.

20. Recurring to the form 0 = a¢, — aS{ we need to notice that this form
alone with { purely arbitrary will not give us 6, since it is too general. The
derivation of 6 shows that a similar form must hold for any unit vector 7,
instead of «, if % is fixed with reference to the trihedral of o, 8, v. Hence ¢
is not purely arbitrary. In fact, we have from the form given in § 12 for ¢,,
when 8 is taken in the form just above,

0Vy = — Voo a1 SVV1Va + a1 SV1 ¢ () + aSVVE () = — ¢,

whence ’
Yo = 2¢, — Vig, — VViSa.
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But forming ¢ VAu = V0’ N0’ u directly we get
'po = 'pa - Vg_ ¢';.'

It follows that we ought to have Vv{ = — ¢, «. This we can prove directly
as follows:

Vvl = —VVéay = VUV 867 = VViVa SB2 1 = VVidg 71
Now we have from § 10, ¢g = — ¢, Vv + ¢, Va, and substituting we have:
Vv =Vvil¢. VriVeB — ¢, V1 VBy]
Vil . BSav: — ¢. aSBy1 — ¢, ¥SBY1 + ¢, BS¥11]
= —VV1i¢.88017 = Voo 79,8 = — Y cx.

The form above gives simple forms for the invariants of . We have

m; = p = SavVa — Saf, me = Savi + S{ve, ms = S¢VE,
2¢ = aSVa + ¢, a + Vat, 20e = ¢, Vva — ¢. ¢ — {Sva.

The discussion above can now be stated in terms of « and {. For instance:
6 cannot have a zero root unless m3 = 0, that is S{v¢ = 0, and the ¢ con-
gruence is normal to a set of surfaces. We need not elaborate these results
further however.




