POLYNOMIALS AND THEIR RESIDUE SYSTEMS
BY
AUBREY J. KEMPNER

(Continued from page 266)

JII. RESIDUAL CONGRUENCES AND RESIDUE SYSTEMS MODULO m

§8. Reduced arithmetical sequences (modulo m)

We consider an arithmetical sequence of any order, ay, a;, a;, ---, where
all elements are integers, and reduce each term* modulo m (m a given positive
integer), thus obtaining ay, a1, a3, -+ +;0 = a; < m. Similarly, the sequence
of first differences is reduced modulo m, etc.—We introduce the following

DErINITION 7: If the nth differences are all congruent to zero modulo m, bué
not all of the n — 1st differences are congruent to zero, we call the arithmetical
sequence ay, Gy, a3, -+ - an arithmetical sequence of order n modulo m; and we
call the sequence g, a1, az, -+, 0 = a; < m, a reduced arithmetical sequence
of order n, modulo m.—When there is no danger of ambiguity, abbreviated
terms explaining themselves are used.

It is clear that a given arithmetical sequence leads to exactly one reduced
arithmetical sequence modulo m , while a given arithmetical sequence modulo m
may be derived from any one of an infinite number of arithmetical sequences.

TrEOREM VIII: A reduced arithmetical sequence is periodic.

Proof: The general term of an arithmetical sequence of order n of which
all elements are integers may be represented by a polynomial f(z) of degree
n, with fractional (including integral) coefficients, the denominators of which
are factors of n! (including n! itself). Assume then the polynomial to be
written in the form f(z) = (1/k) - p(x), where p(z) is a polynomial with
integral coefficients and k a factor of n!. Then

T-p(z+k-m)=}-p(z) (mod m)

for all integral z; and k - m, and all the more n! - m, is either the length of
the period or a multiple of the length of the period.

* R. D. Carmichael, On sequences of integers defined by recurrence relalions, Quarterly
Journal of Mathematics, vol. 48 (1920), pp. 343-372, has discussed, in an entirely
different field, interesting applications of more general sequences obtained by reducing (modulo
s given integer k) the elements uo, u1, us, -+ of a sequence satisfying a recurrence relation
Ussk + a1 Usyrk1 + -+ + arU: = a, in which a, a1, - -+, a; are given integers.
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CoROLLARY: In case k = 1, that 1s, in case the polynomial representing the
general term of the arithmetical sequence of order n has integral coefficients, the
length of the period is a factor of the modulus m , including m ttself.

Assume now

Qoo Qg1 Qo2 o

a0 ;1 Q012 03

Qlng Qln1 Oln2 Olns vy, 0#an°=a"l=a”2=...’

to be a reduced arithmetical sequence modulo m of order n; then*

® aoksf(f)am (mod m),  where (’5)=1;

v=0

v=k k
9) (—l)k'akoszo(—l)"(y)ao, (mod m).
Also, if ag, @01, @02, - - - form an arithmetical sequence from which the reduced
sequence in the « is obtained, and ayo, @11, @12, - - - the first differences, etc.,
then obviously

k
(8a) ao;,sZ(y)a,o (mod m),
k

(9a) (—l)"-akoEE(—l)'(y)ao, (mod m).

TaEOREM IX: Assume f(z) a polynomial with integral coefficients. The
reduced arithmetical sequence modulo m derived from --- f(— 1), £(0), f(1),
-+ 18 of order lower than p(m), where p(m) is the number defined in § 1.

Proof: The reduced sequence -+ o_; ag o1 @ - - - is the same as if we had
started, not from the polynomial f (), but from the corresponding, modulo m
completely reduced, polynomial, which is of degree < u(m).

* From the corresponding formule for arithmetical sequences of order n: aos, o1, oz, -« - .
The second of these formulee,

CEVIEPES = {ES I (o P
is obtained most directly by applying the first,

aor = Iy20 (’:) a0,

to the arithmetical sequence obtained from the original sequence by replacing ai; by
(— 1)%*4 . aj, where now (on account of a.; = constant), a; =0 forj >n. (See §10, end.)
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CoROLLARY: Under the assumptions of the theorem, the u (m)th differences
are all zero (=0 (mod m)).

The theorem does not hold for arithmetical sequences whose elements are
integers, but which are generated by polynomials with fractional, not integral,
coefficients, as is shown by simple examples.

Example: f(z) =2 — #;2 4 §} 2? — 1§ 2® + 7, = generates the arithmetical sequerce of
order four,
2 3 4 6 17 52 133

1 1 2 11 35 81 156 ...
0 1 9 24 46 75 111 .-
1 8 156 22 29 36 43 .-
7 7 7 7 7 7 7

which reduces modulo 3 to a reduced sequence of order 4 > x(3) (but =n):

In order to avoid ambiguity, and to express our theorems in the simplest
form, we define residue systems in the following way:

DErINITION 8: Let f () be a polynomial with integral coefficients (admitting
as a polynomial also a constant either different from, or equal to, zero) and m a
given positive integer. Then the numbers a; = f(2) (mod m), 0 = a; < m,
1=0,1,2,---, starting always with 1 =0, form a complete
residue system modulo m of f ().

Important in this definition are the words:  starting always with ¢ = 0.”
Thus, 0,0,2,1,2,0,0,2,1, --. is’a residue system modulo 5 of 2? — z;
but0,2,1,2,0,0,2,1,2, --- is not a residue system of z* — z, but of,
for example, 2> + z.

We can already state, as a consequence of Theorem IX, the

CoROLLARY: The first u(m) elements of a residue system modulo m of a
polynomial with integral coefficients completely determine the whole residue system.
Only an obvious modification is required, in case any u(m) consecutive ele-
ments are given.

This does not hold for polynomials which assume integral values for all
integral z, but with rational (not integral) coefficients. We shall also see
later that, except for m a prime, the u(m) elements are not independent of
each other.
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§9. Simple applications of reduced arithmetical sequences

The preceding considerations permit a very simple treatment of the fol-
lowing problems.*

(a) Given a complete residue system modulo m; to determine the degree of
the corresponding completely reduced polynomial.

Solution: We know that the degree is < x(m). Determine u(m). Form the sequence
of first differences of the given residue system and reduce modulo m. If these differences are
all zero, our function is a constant. If the pth sequence of reduced differences (p necessarily
< u(m)) is the first in which all elements vanish, the polynomial is of degree p — 1 exactly.
In practice, one will make use of the fact that if in the (u — 1)st sequence of differences two
consecutive elements are equal, then, since the (constant) uth difference is zero, all elements of
the (u — 1)st sequence are equal; similarly, if there is a k < u for which k consecutive ele-
ments of the sequence of differences of order 4 — k + 1 are equal, then all elements of this
sequence vanish.

(b) Assume given consecutive residues modulo 7, not necessarily starting
from f(0), but in sufficient number to determine the whole residue system.
To complete the residue system and find the degree of the corresponding
completely reduced polynomial.

Solution: The solution is obvious, by completing the sequence. For example, given
modulo 10, f(3) =2,f(4) =7,f(5) =6,f(6) =5,f(7) =0.

1 0 5 7 2
9 5 5
6 2 8

6
0

We construct first the part of the table wedged in between the slanting lines. From this
we see that our polynomial is of degree three, exactly. By completing the arrangement as
indicated, we find the complete residue system to be

105276507 2.

(c) Given a complete residue system modulo m, or at least enough to deter-
mine it by (b). To determine the corresponding completely reduced poly-
nomial.

Solution: We assume in the residue system at least x (m) consecutive elements known. If
these are the first u (m) elements, then

ook = 2“;"",)"1 (l:) ay9 (modm)
determines a polynomial of the proper degree, and it remains to completely reduce this
polynomial in case the coefficients do ot satisfy the inequalities of § 5.

* In the treatment of these problems, the number x(m) plays so natural a réle that a
method making systematic use of it may be expected to be somewhat simpler and shorter than
methods where p (m) is not explicitly employed. This is the justification for inserting these
applications which are, on the whole, of the nature of simple interpolation problems.
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Ezample: f(4) =9,f(5) =16,f(6) =25,f(7) =6,f(8) =13,f(9) = 4 (mod 30).
Since 4 (30) = 5, f(z) is of degree u — 1 = 4 at most.

9 16 25 6 13 4
7 9 11 7 21
2 2 26 14
0 24 18

24 24
and

#(z) =9+7(f)+2(;)+24 (z) =9 + 122 — 62° + ¢

i8 a polynomial for which, not as required, f(4) =9, f(5) = 16, --- (mod 30), but instead
¢(0) =9, ¢(1) =16, --- etc. To deduce the polynomial f(z) from ¢(z) , we form
first g(z) = ¢ (2 — 4) and reduce the coefficients modulo 30, thus obtaining g(z) =1
+20-z+4+0-22+8:2"+1 . z¢(mod 30), where now, as required, g (4) =9,¢9(5) =16,

However, g (z) is not a completely reduced polynomial modulo 30, since each such
polynomial must be of the form: ao + a1z + a3 2 + as 2 + a( 24,0 = a, < 30,0 =a, < 30,
0=a:<15,0=a;<5,0=a, <5, whileing(z) we have a; = 8. In this case, where
we need the individual completely reduced polynomial, it is necessary to reduce g (z) by means
of the explicit congruences 1-z(r—1)(z—2)(z —3)(zx —4)=0,5-z(z—1)(z—2)=0,
15-2(z —1)=0 (mod 30). We find for our completely reduced polynomial f(z) =1
+ 25z + 022 + 3z® + lz4, which satisfies the assumed conditions.

§ 10. Residual congruences modulo m of the second kind

We have seen that modulo m a residue system of a polynomial with integral
coefficients is always completely determined by any u(m) consecutive ele-
ments. By Definition 8, § 8, a residue system ay, o, -+, am— is distinct
from a1, @z, + -+, am-1, @ or from any other one obtained from it by cyclic
interchange; (the passage from the generating polynomial of the one to the
generating polynomial of the other is given by replacing, in f(z), z by z — ¢,
where ¢ is a certain integer. See problem (c) of § 9). By definition, always
a; = f(1) (mod m).

Unless m is a prime, there exist relations between these u (m) residues, as
will soon be seen from the fact that the number of distinct residue systems
modulo m is, unless m is a prime, smaller than m*™ , the number which we
should obtain if the u (m) residues ay, a1, - -+, Aum)—1, which determine the
whole residue system, were at liberty to range independently from 0 tom — 1.
Our next problem is to establish these interrelations and generally to examine
the structure of residue systems for a given modulus m.

We note first the obvious

LemMa 9: If p 18 any prime factor of the modulus m, and ao, a1, -, Qm—1,
Om = Oy, Omy1 = a1, * - - the complete residue system modulo m of a polynomial
with integral coefficients, then axyp, = ax (mod p) for all integral k.

From this follows immediately

Lemma 10: If d i3 any dimisor of m containing no square factors (i.e.,
d=p1-po-- Py, PIFEP2a* -+ £p,), then arya = ar (mod d) for all
tntegral k.
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We continue with the following assertion:

Let ap, a1, *+, @m, (s =f(1) (mod m), 0 =1 < m, f(z) a poly-
nomial with integral coefficients) be a complete residue system modulo m of
f(z), and let d be any divisor of m. Then

p(d) u(d)
(10) Skre@ T 1 Cou@-1t N\ g " ) Ckbw@—2 = o
+ a; = 0- (mod d)

fork=0,1,2, ---,u(d) — 1 and therefore for all integral k.,

Proof: We reduce g, a1, + -+, am-1, modulo d. Since d is a divisor of m,
we shall obtain the same result as if we had reduced directly modulo d the
arithmetical sequence f(0), f(1), ---, f(m — 1), that is, we shall obtain
the complete residue system modulo d of f(z), but repeated m/d times over.
By Theorem IX, § 8, the differences of order u(d) are all zero (= 0 mod d).
Applying formula (9) of § 8, writing a; for o, and taking k = u (d), the state-
ment is proved. Therefore, for each divisor, d, of m (including d = m),
any element a;u) of a residue system modulo m is, at least modulo d, deter-
mined by the u (d) preceding elements ax, -, aru@—1, of the residue
system. In the same way, of course, each element is determined, modulo d,
by the u(d) succeeding elements of the residue system.

The following notation suggests itself immediately:

i@ = L(Qhpu@-1, Xpp@—2, *°+, ax) (modd) (k=0,1,2,-:),
or, in order to save space and in close analogy with Definition 3 of § 2,
(11) Qktu@ = ! (mod d) (k=0,1,2, ),

where | (@kyu(@)-15 -5 ax) and ! each stand for: any linear poly-
nomial in okp,@-1, **, o with integral coefficients
which satisfies for k=0,1,2, --- the congruence (11).
If we think of k as a variable and replace it by z, we have a congruence satis-
fied by all integral values of z, that is, exactly the kind of congruence con-
sidered in § 2 (the fact that  now does not assume negative integral values
being due to the notation only), and we therefore write, using again the
symbol =,
Qztp@ =10 (mod d),

or, more conveniently for our purposes

7d£ ¢ Ozgyu(d) =] (mod m),

and call such congruences again residual congruences, or, if
we wish to distinguish them from the residual congruences introduced in
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Partl, residual congruences of the second kind (modulo
m). Finally, in order to indicate still more clearly by the notation the
intimate relationship existing between these new residual congruences and
those of Part I, we denote

m —_
T Cetu@ = !l mod m

also by
PO B ORI MOR ST
We have thus proved

TaeorEM X: For any integer m and any factor d of m (including d = m,
and, as a trivial case, d = 1), there exists a residual congruence of the second kind

d d
Oztu(d) — (” (1_ )) Ozt (@-1+ (“(2 )) COrpu@—2—rExa; =0 (modd),

or, using the notations introduced above,

(12) Q@ =1 (mod d), or* ? * Qzpp@ =1 (mod m),
or
a2) a2l o e 3

These residual congruences of the second kind are complete analoga of the
residual congruences of § 2, and our considerations in Part III will go parallel
with corresponding considerations of Part I, thus establishing a complete
isomorphism between the structure of the totality of completely reduced poly-
nomials modulo m and the totality of complete residue systems for the same
modulus; such that every statement referring to the structure of the one
totality leads immediately to a corresponding statement concerning the
structure of the other.

The simple underlying reason for this parallelism may be indicated as
follows: In an arithmetical sequence of order n,

Qoo Qo1 Qo2 *+ * Qo Qg, at1
Qo a1 QG2 - G G1,x1
Ano Qp1 GGn2 * * * Qap Gp,ap1 °©  °  °,

with @, .41 — @5, = @p41,,, 80d 0 5 @no = @ny = -+, the formula (8):

* In the next congruence, all coefficients of ! have m/d as a factor. This ! is of course not
identical with the ! of the preceding congruence.
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aor = 2225 (%) - a,0 expresses the values ao; = f(¢) (and therefore also their
residues modulo m, where m is a given integer), in terms of the coefficients of
the expansion

f(x)=aoo+am':{'+a20.z_(_£.~___l) z(z—1)(z — 2)

1.2 T8~ q1.2.3 T

that is, the residues of f(z) modulo m are expressed in terms of the coef-
ﬁcients aso .
On the other hand, the formula (9): (—1)* - aro=2225(—1)" - (%) - a0y,

which gives the coefficients ax of f(z) =22} a,0- (;) in terms of f(2) = aos,
is nothing but (8) applied to the new arithmetical sequence

Qoo — Qyo Q0 — Q30
— Qo1 an — Q21 azn
Qo2 — Q12 Q22 — Q32

and we see that (8) and (9) are (essentially) the same formula, only with a;
(the coefficients of D a,0 - (3)) and ao; (the functional values f(%)) inter-
changed. (Compare § 8, second footnote, and § 2, end of long footnote.)

§ 11. Chain of residual congruences of the second kind; signature
of the second kind

For any given modulus m we may derive a set of residual congruences of
the second kind by choosing all factors of m, including m itself, and deriving
for each factor the corresponding congruence (12) of § 10. However, in gen-
eral these congruences will form subsets such that all congruences of any
particular subset are implied by one congruence of this subset. These de-
pendent congruences we shall reject, and the set of congruences retained we
call a “a chain of residual congruences of the second kind, modulo m,” or, a
“ chain of residual congruences,” as in § 3, when the difference between the
former type of chain and the present type does not have to be emphasized.

We shall have in detail:

(@) m = p,paprime. Our chain consists of none but a trivial congruence.
The p elements of a residue system modulo p may be chosen at random, so
that no relation exists between them.* To the sole congruence 1 - z? = ¢ (z)
(mod p) or {p, 1} of §3 corresponds now the sole congruence oy, = a.
(mod p) or }p, 1{. The “signature of the second kind,” which we define
under (b) below, is denoted for the case m = p by S(p) = (§), or (),
using the same notation which was introduced for the signature in § 4.

* See reference to Zsigmondy in Introduction.
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®) m=py-p2-ps---p,, P1 <p2<--+ <p, prime numbers. Re-
membering that u(py - p2---p:) =ps (1 =1,2, .-+, 7) we obtain (from
Theorem X, § 10) the set of residual congruences of the second kind

aﬂpigl(mOd(plp2°'°pi)) (i=1;2""’7)’
or

}pi, l{m'P:"'Pc .

This chain may be written also in either one of the two forms

Dr* Prei " Pig1 " Gzpp, =1 (mod m) (i=1,2,:-+,7),°
or
}pi) (pw'pr—l"'pﬂ-l){m (i=l»2’ °")f)'

These chains correspond exactly to the chains of §§ 3, 4. The (for our pur-
poses unimportant) functions ! may in case (b) be simplified by using Lemma
9 and 10. See Example, below.

We introduce a symbol, the signature of the second kind
of m. Since we shall show that its properties are abstractly identical with
the characteristic properties of the signature of m introduced in §4,
we shall denote it by the same symbol S (m), or, if we wish to distinguish it
from the other signature, by 8’ (m). Likewise, we shall ordinarily omit the
words “ of the second kind,” and call both simply “signature of m,” when
there is no risk of confusion. Then S'(p; - p2 - - p,) is read off from the
chain of residual congruences above in the same way in which S (p1p. - - p,)
was read off in § 4:

S'(prpe+--p.) =8(p1p2--- p,)

— (Pf Pr—1  DPr2 L) D1 0 )
1 Pr PrPr1 - (pf D1 " pz) (p‘r Pttt pl)
1 pr PP o+ (PrPe1 e P2)

Here the arbitrary entry 0, (p, p,—1 -+ p1) corresponds to the trivial con-
gruence mentioned in the last footnote. As is clearly seen, our chain of
residual congruences is completely determined by the signature of py p; - - - p,.
Each entry (p, - p—1 - piy1) in the second line of S(p1p: --- p,) gives
the coefficient on the left side of one of the congruences, while the upper
entry p; gives us the number p; of terms sufficient to insure that the product
of any residue a by p, p—1 -+ - pit1 is completely determined by the following
(or preceding) p; residues.

*{ = 0 would correspond to the trivial congruenec (m/1) * az41 = O mod m.
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Example:* m =2:3:5; u(2:3:5) =5.
Qzps — 5a,..4 + 104:.,.. bt 10d3+: + 5a,+1 - az §-0 (mod 30)

5(az4s — 3azys + 3azy — as) =0 (mod 30)
5 - 3(azs4t — 2az41 + as) =0 (mod 30)
5:3:2(azp1 — az) =0 (mod 30),
of which the last congruence is trivial. These congruences are written
1- a5 =1 (mod 30) 15, 1{
5. azys =1 (mod 30) or 13, 5§
5 - 3az42=1 (mod 30) 2,5 - 3{,
omitting the trivial congruence. The signature is
s@39=(7 5 5%3)=(1 5 573 5.3.2)"

Besides, the congruences a;u= a. (mod 5), az431= @, (mod 3), a;+1= a,; (mod 2) of
Lemma 9, § 10, tell us—as an obvious result—that in any residue system modulo 30 any ele-
ment is congruent modulo 5 to its fifth succeeding or preceding element; is congruent modulo 3
to its third succeeding or preceding element, etc. Similarly modulo 6, 10, 15, from Lemma 10.

(¢) m = p*. We assume first

(1) ¥ < p. In this case we may again conveniently replace inn the con-
gruences of Theorem 10 the functions ! by a simpler set. We show this by
proving

LeEmMMA 11: For m = p", ¥ < p, the residual congruences

k k
Qztkep — (1 ) Azt (k-1)p T+ (2) Ozt (b—2)0p —

(13) k
+ .- :I:(l)a,“, F o, =0 (mod p*)
hold fork =1,2, .-+, «.

Proof: For k = 1, obviously az1p=a, (mod p); for k =2, we shall
have az42p — 2a4p + o, =0 (mod p?), since, if f(z) is a polynomial with
integral coefficients (of degree n), then F(z) = (1/p){f(z + p) — f(x)},
F(z+p)=(1/p){f(x+2p) —f(x+ p)} are again polynomials (of
degree n — 1) with integral coefficients, and therefore

F(z+p) —F(z)=(1/p){f(¢+2p) — 2f (¢ + p) +f(2)} =0 (mod p).

Similarly, the lemma is proved for the kth differencesof f (), k = 1,2, - -+, v.
DEFINITION 9: We denote the congruence (13) by azii-p =V (mod p*), in
case we wish to emphasize the special character of (13).
Here the I’ are certain ! (see Theorem X), but the accent is introduced
to remind us that of the % - p elements of the residue system preceding (or

* Compare the examples of § 11 with those of § 4.
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succeedinig) any element azix.p, only the k equidistant elements azy(x—1)-p,
Qlzy(k—2)ps ** ', Qzip, Oz are involved in the congruence.
We thus obtain for m = p¥, v < p, the chain of residual congruences

P O p =V (mod p*) (1=0,1,---,y—1).*
This is again completely analogous to § 4. The signature, introduced as in
case (b), coincides again with S (m) of § 4:
vyp (y=1)-p -+ (y=4):p -+ p )
Y) = .
S(p ) ( 1 P “on p‘ cee p"“l
=(7-p (y=-Dp - (y=t):p ==+ p 0
1 P cee p‘ e p?"l py *
Example: m = 5¢; u(5¢) = 20. The chain of congruences is, written out in full:
azy20 — 4 c azps + 6 ¢ azq10 — 4 ¢ @z + a: =0 (mod 5¢)
5(‘0:,.,.15—3 . ag+|o+3° ag.‘.g"‘ag) §0(m0d 5‘)

5 (azq10 = 2 * @zys + az) =0 (mod 5¢%)
5 (az4s — az) =0 (mod 5¢),
on 5 ¢ azysu-s =1, resp. 5% ¢ azq504-1) = I (mod 5¢), (4=0,1,2,3)
o }5(4—1), 5 { (mod 5%) (4=0,1,2,3.
T&a signature is again

4.5 3.5 2.5 1.5 0-5
5(5')“(1 5 5 5 50)'

Each of the congruences yields a number of distinct relations between the elements of any
residue system modulo 5¢ (of a polynomial with integral coefficients). For example, the first
congruence written out yields

ago—-4'au+6'am—4'a5+aoEO(mOd5‘),
a,1—4-au+6~au-—4'de+a150(m0d5‘), etc.,

where the elements of the residue system may be thought of as repeated periodically indefinitely
in either direction.

In this example, and similarly in other cases, the full congruences may be chosen instead
of the set (13), that is

arp20 — (%0 ) @zyro + (20) azp1s — + ¢+ — (%) @z41 + @z =0 (mod 5¢)
5(azis — () @yt + () @zrs — + -+ + () @21 — @) =0 (mod 5¢)
5’(as+lo - (’,°)a,+, + (lzo)azﬂ -4 = (lxo)azi-l + O‘Z) §0 (mOd 5‘)
5% (azys — (3)azs + (§) azps — (3) ays + () @zy1 — az) =0 (mod 5¢).

This set has the same signature as (13), and will therefore lead to the same reductions for all
purposes for which we shall use the system.

(c2) m = p', ¥ = p. By making use of the properties of u(m) derived
in § 1, the considerations applied in (¢;) will now lead to the chain

*{ = y corresponding to the trivial congruence.
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Qpip = Qy (mOdp)’ or
ozp =l (mod p),*  and similarly
a,,,.g,, =4 (mod p’),

a,,..,,,:l (modp), 'i<p,

Oy =1 (mod p"“) not only modulo p?, since u (p?) =p (p?*!) =p?;
at-l-?’-H) = (mOd pp+2) )

az-l-p’-i-t P-—l (mOd PP-HH) t <p:
a,.,.z,,: —l (mod p"’*”) , not only modulo p?*#*1;
a,+,,,—l (mod P""“’) p < P,

a,+,. —'l (mod P”"“’+ l) not only mod pP Py,

Making all moduli equal to p”, we shall have }u (p?), 1{; }u(pm), p*™{;
s (), pls oo {u€p), p, all modulo p?, where v4, 72, -
are determined as the largest integers for which, resp., u (p") = u(p") — p,
ceo, u(p%) =u(p') —1tp, ---. (Compare the parallel work in § 4, case 4.)

Introducing the symbol for the signature as in (b) of this section, we obtain
the expression which we had found in § 4:

o (#r@) p@)=1-p - p(@)=—tp - 0
sy = (M0 wE) S Lee w2 ).

From this formula, S (p”), ¥ < p, is obtained as a special case.

Example: m = 31; S(31) asin § 4, leading to the chain: 1 : a\ 0 =1U; 3 - e =13
3 az4n=1U; :--; all modulo 3. Each congruence establishes, as in the last example, a
large number of interrelations between the elements of the residue system modulo 3! of any
polynomial with integral coefficients.

(d m=pr- - py. We define for general m the chain of congru-
ences of the second kmd in such manner as to make it also for this case clear
that the signature of the second kind is represented by the same symbol as
the signature introduced in § 4. We know from Theorem X, § 10, that for
every divisor d of m exists a congruence

?-amw%l(modm), or ]u(d),g{,

corresponding to a congruence

* Here, as in the following congruences, it is only for special purposes sometimes of advantage
to use the I’ instead of the I. The accent may be omitted throughout. (See (c1)).
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;l,”-b' D=y (z) (mod m), or {;L(d), g_z.}”

We define, always in analogy with §§ 3, 4, a “ chain of residual congruences
of the second kind,” or, simply, a ‘ chain ” for m by the following

CoNSTRUCTION: For all divisors of m, namely dy = m, dy, dz, ---,d, =1,
find the corresponding pu(d) and consider the couples of numbers p(d), m/d.
Each of these couples leads to a residual congruence, }u(d), m/d{m. If for
two divisors, d,, d, of m, we have u(d,) = u(d,), we retain only the larger of
the divisors d,, d, , ignoring the other. We finally obtain in this manner a set of
congruences, one for each of the distinct values u(di), u(dz), ---, and these,
arranged in decreasing order of magnitude of the u, are defined to form the “chain
of residual congruences of the second kind modulo m.”

The operations which we have thus performed on the number m are identi-
cal with those of ““ Construction” §3. We next define (as already indicated
in (), (¢), (d), above) the signature of m of the second kind by the same

symbol
[u(m) pw(dy) -+ w(d) - M(df)J
Sm)y=1 , m m m
i 4 T

used for the signature in § 4, and call the signature of the second kind' again
simply the “ signature of m.”

We are now in a position to state the result derived in the present section
as follows:

THEOREM XI: For any given modulus m we determine

p(m) w(d) -+ w(dy) --- p(d,)
S(m) = ] m m m
i 4

as explained in §4. The signature determines a chain of congruences, modulo m ,

u(m w(m —
1. (az-}-u(m)_ (”(1 )) : az+n(m)—l+ ( 2 )) * Oztu(m)—2— +-- ’:tax)EO:

. . . .

m d; d; _
:i—' . (az+l-‘(d.')_ (M (1 )) . ax+#(d.')—l+ (” (2 )) * Olzipu(dy)—2— +-- ':’:az)EO’

1

m
"‘1 . (a,+1 o a,) —E_O,

or, using the notation® of Theorem X, § 10,

* For many purposes, only the quantities u (ds) and m/d; taken from our congruences are
required, that is, exactly the information furnished by the signature. We also remember that
in some cases the full congruences of Theorem XI may be simplified, as in (b), (¢) of this
section.
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;i:. Aoinapy =l (modm)  or ],;(d,-), ;—':{m (G=0,1,:,7).

We have now proved that, while the signature of the second kind has an
entirely different meaning from the signature as defined in Part I, yet they
may be represented by the same symbol S(m). Moreover, this symbol
governs certain operations, notably the formation of the “ chains of residual
congruences ”’ of Part I and of the “ chains of residual congruences of the
second kind,” and, while these two kinds of chains have different meanings
and deal with entirely different objects, yet the operations in the two cases
are formally identical.

Example: m =584 - 73, u(5¢-73) =21,

21 20 15 14 10 7 5 0 )
?

s =(T 7 571 se1 sem pem sem s

1. a,+n§l; 7- ag.;.sogl; 5-7- a¢+u§l; 5.7. ¢;+u§l; 5 .7 . a,.,mél; 5.7
casyr=1;5% - T3 - a4 =1, all modulo 54 - 73; or }21, 1{; }20, 7{; }15, 5 - 7{; }14, 5 - 7{;
}10, 52 - 7*{; }7, 5% - 7*{; }5, 6% - 73{ mod 54 - 73.

Similarly, the chain of congruences of the second kind for m = 27 - 3¢ - 72 may be read off
immediately from S (27 - 3¢ - 7?), as given in § 4.

§ 12. Complete residue systems modulo m; the characteristic C (m)

We make use of the “ chain of congruences ” of the preceding paragraph
in the following manner. For a given m let ap, a1, @2, - - -, am—1 be a residue
system (that is 0 = a; < m, f(2) = a; (mod m), f(z) a polynomial with
integral coefficients). We divide by vertical bars our system into subsets

containing reSPeCtively "‘(df)’ /‘(df—l) - "‘(dr)} ”(d1—-2) - #(df_l)l )
p(m) — u(dy), m — p(m) terms, starting from, and including, ay:

o, 01 *** Qu(d,_p—1|Apd,_p *°° Fudd,_g—-1| Xl *°° Fpdi_y—1
u(d—1) u(d—2) — p(d—1) p(dic) — u(ds)
.| GeEn c Cumy—1 | Cpgm) *C Omet
p(m) —p(d) | m—pu(m) |’

where the second line indicates the number of elements contained inh each
subset.

By the first congruence of our chain, 1 - az4um =1 (mod m), every element
after the u (m)th, that is, all elements aum), au@my+1, * * * , am—1 are completely
determined by the first 4 (m) elements «g, - -, auwm-1, since, by assigning
to z the value 0, we obtain from ag, - -+, aum)—1 the value of aum; then,
from the same congruence, for = 1, we obtain from a;,- - -, aum) the value
of aumy+1, ete., such that any u(m) consecutive elements determine all of
the rest. By the second congruence (m/d:) * aziu@,) =! (mod m), each
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of the u(m) — u(d,) elements ou,) * * * Aumy—1 is partly determined by the
u(dy) first elements, namely modulo d;, so that, if the u(d,) first elements
are fixed, each of the u(m) — u(d;) next elements have only m/d, among
the values 0 --- m — 1 to range over. Similarly, by the third congruence,
each of the u (d;) — u(d;) elements auw,), * - -, au@y—1 is determined modulo
d,, so that each has but m/d; of the values0 - -- m — 1torange over. Finally,

using each congruence in this way, the last one,* (m/d—.) - azyuu,_p =1
mod m, tells us that, if the u (d,—1) first elements ay, - - -, au,_,) are known,
then the next u (d,—2) — u(d—1) elements, au_,), Yty Ou(d,_g)—1, are deter-

mined modulo d.,, leaving each one of these elements m/d_, of the values
0, -+, m — 1 to range over.
We have so far subjected each element of the residue system following the
first u (d,—1) elements, that is, we have subjected each of the elements aua_ ),
Qud,_p+15 " *» @m—1, to one of the congruences of the chain. Thus, auw, ),
*, au(a,_y-1 have been subjected only to }u(d1), m/d,—1{m; while simi-
larly au,_y, ) au,_yp-1 have been subjected only to u(d,—., m/d,»{;
Qud,_g» "> aud,_o-1 only to Ju(d—3), m/d,—s{; and so forth. In reality,
however, au_,), ‘", auw,_g—1 are affected not only by }u (d—.), m/d .,
but also by }u(d—1), m/d—1{; auw@_g, -* -, auw,_p-1 are affected not only
by }”' (dr—3) ’ M/d,_3{, but also by }l‘ (d:—2) ’ m/d1—2{ and }”’ (dv—l) ’ m/df—l{)
etc. We shall showt in § 13 that the a; are not any farther restricted by these
additional considerations, so that:
the number of values among the numbers 0, 1, ---, m — 1 left available for
each of auw,_p, *+*, au@,_p-1, after ao, -+, au@,_p-1 have been
arbitrarily chosen (from 0, 1, ---, m — 1), is exactly m/d,—;;

the number of values available for each of auw_,, -, au@ _y-1, after the
@, ***, auy 11 have been arbitrarily chosen and the auw,_y, ---,
Qu(d,_y—1 have been chosen subject to (1), is exactly m/d__,; etc.; gen-
erally:

the number of values available for au, , * -+, auw; p-1, after ao, - - -, u@,_p—1
have been arbitrarily chosen, after auw, ), "+, @u,_p—1 have been
chosen subject to (1), auw,_p, ***, a@u@,_gp-1 subject to (2), etc., is
exactly m/d;.

We continue our discussion under the assumption of this at present not
completely proved statement.

We are thus led, for any modulus m, to an arrangement of the following
type, where in the first line the range of the index » of the elements «, is given

* Omitting the trivial one }1, m/d,{,d. = 1.

t By proving that the present restrictions on the a; are already sufficient to reduce the
possible number of residue systems modulo m to its true number (see § 13, Theorem XIII,
proof).
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for each subset of the alpha’s, while in the second line is entered for each
subset the number of values over which each alpha of the subset is allowed
to range:

0 u(da) —1|u(d—) -+~ p(d—) — 1'““#(@) v p(diag) — ll
m m/d,— | m/d;

L |m(d) g (m) - l'n(m) wem =1
! m/dy 1

We replace in the first line 0 --: u(d,—1) — 1 by the number of elements
contained in this subset, that is, by u (d,—1), and similarly for the other sub-
sets, and are led to the

DEeFINITION 10: To every positive integer m corresponds a symbol C(m),
which we call the charactertistic of m of the second kind,
or, since it s represented by the same symbol which was introduced for the char-
acteristic of § 5, simply the characteristic of m. C(m) s defined as

C(m) = (#(df—l) u(d—) — p(d—) ‘#(di-l) - #(di)

m m/d, 1 m/d;
‘I‘(dl) — u(dy) | (m) — M(dl))
m/dy mjdy :

In this symbol the first line gives the number of those elements of the
residue system modulo m of any polynomial with integral coefficients which
are contained in the successive subsets described above, while the lower line
gives the number of numbers of the set 0, 1,2, ---, m — 1 over which each
clement of the respective subset may range.

We know that C (m) of Part I, and therefore also C (m) of the present part,
can be written down in all cases directly from S (m ), which, in turn, is derived
from m by a simple and direct process.

§13. The number N (m) of complete residue systems modulo m. Dis-
cussion of the totality of residue systems modulo m

TaeoREM XII: For a given modulus m the number of residue systems oy, a1,

vr, Om1,0=0a;<m,is N(m). (For definition of N (m), see §6.)

Proof: To every polynomial (with integral coefficients) corresponds one
residue system ao, ai, - - -, am—1, and to no two completely reduced polynomials
corresponds the same residue system unless corresponding coefficients be equal
(or their difference would be a polynomial congruent to zero modulo m for
all integral values of the argument, thus leading to a contradiction of Theorem
IV of §5 and the lines preceding the theorem. Therefore the number of
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residue systems modulo m is N(m), the number of completely reduced
polynomials.

TraEOREM XIII: A set of m integers oo, -+, am—1, 0 = a; < m, forms a
residue system modulo m of a polynomial with integral coefficients when and only
when the chain of congruences of § 11 is satisfied.

Proof: We know from § 12 that the condition is necessary. To show that
it is also sufficient, we argue as follows:

(a) The true number of residue systems modulo m is N (m) (Theorem XII).

(In particular, therefore, the formule of § 6 for N (m) (for the general case
as well as for the special cases) hold for the number of residue systems. We
have thus a simple direct method of determining this number for any given
modulus m.)

(b) We know that in the discussion of § 12 we have possibly left too large a
range of values for the «;, since we are not certain that we have exhausted
the force of the chain of congruences }u (d;), m/d;{; therefore the number,—
say N’(m),—which we obtain by considering only the restrictions indicated
in § 12, satisfies N’ (m) = N (m) (the true number).

(c) It is easily shown that we obtain the right number N (m) of residue
systems by admitting just the congruential restrictions considered in § 12.
We conclude this from the parallelism between the characteristic C (m) of
the first kind and the characteristic C’ (m) of the second kind. Both are
denoted by

(#(dy—x) p(de—2) —p(d—)| ’#(dc—i) —u(d)| l#(m) - I-‘(dl))
m m/d 1 m/d; m/dy '

For the completely reduced polynomials we recall that C (m) informs us that
there are (certain) u(diy) —u(d;) coefficients which
range independently over m/d; values 0, ---, (m/d;) — 1,
thus leading to the expressions for N (m) given in Theorem V. For the
residue systems, C(m) informs us that there are (certain) u(d;)
—pu(d;) elements o which may each assume m/d; values
from among the numbers 0, ---, m — 1. These values are determined by
the congruences of the chain. By referring to § 12, beginning, it is clear that
we thus obtain exactly the expression obtained in § 6 for N (m). Therefore
N (m)=N(m).

(d) Therefore every one of the N (m) sets ay, - - -, am—1 Which are selected
by our chain of congruences from among the m™ possible ways of selecting m
elements each ranging over 0, 1, ---, m — 1, must be a residue system;
that is, the congruences of the chain constitute also a sufficient condition for
g, ***, am-1 to be a residue system, q.e.d.

This proof settles the desideratum of § 12, since, if the chain of congruences
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should imply any more restrictions on the o than we have admitted, the
number of possible residue systems would be smaller than N (m).

The preceding work also proves

TureoreM XIV: A residue system modulo m is completely determined by its
first u(m) elements (or by any p(m) consecutive elements (see § 8, end)); but
these p(m) elements are not independent of each other; they are related in the
manner explained in § 12. A complete description of these interrelations i3 given
by the characteristic C (m) .

This method of constructing the totality of residue systems for a given
modulus m is unsymmetrical in that it does not deal with all elements in the
same fashion. But it should be kept in mind that no one element is quali-
tatively distinguished above the others, since, by replacing in the corresponding
polynomial x by # — a, any ‘element may be brought to any other position,
through a cyclic interchange. In particular, if all residue systems modulo m
were written one under another,

Qo ay crc Om—1
’ ’ ’
[e11} 23 crr Qg
(N(m)—1 N(m)—1 Nm)—1,
ao()) a(l( ) a&_l )’

there would be in each vertical column N (m)/m zero’s, N (m)/m one’s,
N (m)/m two’s, etc., as is easily seen.

We insert a few simple remarks:

1. Assume m = p; - p2 --- p,. We consider the congruences (Lemma 9,

§ 10)

azip; =, (mod p;) (i=1,2,---,7).

By counting the number of systems ao, a1, *-:, am-1 which satisfy these
congruences, we are led again to the number N (m), so that we may add to
Theorem XIII:

COROLLARY: Form = p; « py + -+ p,, the set ap, a1, + + + , Am—1 form a residue
system modulo m when and only when

k=0 1 e p_l
Ok = Okyp; = Qpop; = Qgsp; = ©°° (mod p;) i=1:2: “.:f' )

Similarly, we may make use of Definition 9, § 11, for m = p”.

2. Assume m = p. In this case we have no problem. N (p) = p?, and
therefore every set ap, a1, ***, ap-1, 0 = a; < p, is the residue system of
exactly one completely reduced polynomial modulo p. (See § 11 (a)).

In all other cases (m npt a prime), we may not select the elements of our
set at random from the numbers 0, 1, ---, m — 1, and expect to have a
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residue system modulo m of a polynomial with integral coefficients, since
N (m) < m™ for m not prime* (§ 6).

3. For polynomials with fractional (including integral) coefficients, but which
give integral values for all integral z—we denote for the moment such poly-
nomials by u (z )—the following is obvious when one makes use of arithmetical
progressions:

Given any set of m integers Bo, B1, ***, Bm—1, there always exists a poly-
nomial u (x) of degree = m for which u (2) = ;.

It is therefore, a fortiori, always possible to determine a polynomial u (z)
which has an assigned residue system for a modulus m.

Examples.t m =2:3:-5-11: u(m) =11;

2 1 2 |6
C("‘)‘(11-5-3-2‘11-5-3‘11-5'11)’

N(m) =2*-3%.5%.111, For the totality of residue systems modulo 2 - 3 - 5 - 11 we read
off from C (m):
Each of the first two elements ao, a1 (or any two consecutive elements) may have any one of
the m values 0,1, ---,m — 1,
the one element a3 may have any one of 11 - 5 - 3 values which are determined from aq, a;
by a congruence of the chain;
each of the two elements a3, ay may have any one of the 11 . 5 values which are determined
from ao, a1, a3 by a congruence of the chain;

each of the six elements a5, as, a7, as, as, aio may have any one of the 11 values determined
from ao, a1, @2, a3, a4 by a congruence of the chain; »

each of the remaining 330 — 11 = 319 elements a1, -+, as is completely determined by
the first eleven, aq, *- -, ao.

Chain of congruences: }11, 1{; }5, 11{; }3, 11 -5{; }2, 11 -5.3{, all modulo
2-.8-5-11; or (see Corollary above) azin= a;mod 11; a.;= a. mod 5; a;43= a;
mod 3; ;41 = a; mod 2.

For the practical determination of the complete residue system modulo m, when a suf-
ficient number of consecutive elements are given to uniquely characterize it, compare § 9.

Example. m = 31:

3|3|3[3(3]3

3 3
€3 = (gu | gu| 1| 3|3+ 3|31 | 3 3);

N (31) = 3' (as compared with (31)¥" = 3194817 poggible sets of 3! elements chosen inde-
pendently from 0, ---, 31 —~1).

The chain of congruences is (from S (31), see § 4) }27, 1{; }24, 3{; }21, 3*{; ---; }6, 3°(;
}3, 31{, all modulo 3.

Each of the first three clements of a residue system moduio 3! may be arbitrarily chosen
from the 3! numbers 0, :--, 3" — 1; and, similarly, each element of the jth group of
three elements may have any of the ¢; values determined by the (11 — j)th congruence of the
chain (not counting the trivial congruence), where j =1,2,:--,9; ¢ =31, ¢, = 3w,
Lb=3,4=3,t =3t =23, =3t =3, t, =3'. The remaining 3! — 27 elements
are then uniquely determined.

3
310

* For example, for m = 5, theset 0, 3, 1, 4, 2, chosen at random, are the residue system
of 0-2¢*+4+0-224+0-2*4 3z 4+ 0, etc. But, modulo 4, there is no polynomial with
integral coefficients of which, for example, 1, 0, 0, 2 is the residue system.

t Compare examples in §§ 4, 6, 11.
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Example. m = 5¢.73:
5 2 3 4 1 5 |1
CICIRE DI (RORN U R 1 7'|5: ..7|5-7|7)'
N (5¢-7%) = 5% . 749 (as compared with 587 . 7643138 poggible combinations).

The first five elements may be assumed chosen at random; for the next two we may still
choose from 5® - 73 numbers lying between 0, 5¢ - 73 — 1, etc.; in the set comprising the
sixteenth to twentieth elements each element may be chosen from among 5 - 7 numbers; the
twenty-first element may be chosen from 7 numbers; all the others (5¢ - 73 — 21 in number)
are then determined.

The chain of congruences may be written, from .S (5¢ - 73) (compare §4): 1 - a;yn=1;
T a0n0=l 57 anu=l 87T auElL B -TP-ag=l 8-Tan=l;
5% - 73 . az43 =1, all modulo 5¢ - 73; or, in full:

1 (azgn — (%) - azpr0+ (%) * azqr9 — ++- — a:) =0,

7- (Gs-no - (’f.) c azyn + (220) c Qzy1s — °°° +a,)'_—=-0,

5% 7% . (azys — (§) - @zgu+(3) * @z4s — *++ — a:) =0, all modulo 5¢ - 73,
As a last example, we select a number containing more than two distinct prime factors:
Example. m = 27 - 3¢ . 72; referring to §6 for C (27 - 3¢ - 7*) and S (27 - 3¢ - 7*), we find
N(m) =29 .39 . 7 and see that:
aop,1 may be assigned any values 0, ---, m — 1;
s may be assigned any one of 2¢ - 3¢ - 72 values;
as “ [ " ¢ “« “« 2. . 3' . 7’ 13 ;
ay, s may each be assigned any of 2¢ - 3% - 73 values;
as may be assigned any one of 23 - 3* - 7 values;
ap ¢ « “ « woy 3.7 “«

as [ « [ “” [ [ 3’ . 7 {3 ;

ay, 10, 11, 12, 13 IAY each be sssigned any of 7 value's.
The remaining 508018 elements of the residue system are then uniquely determined.

In view of the results derived in §§ 8-13, we may say:

THEOREM XV: The chain of residual congruences of the second kind, and
likewise the symbols S (m) and C (m), are obtainable by means of simple rational
operations and determine
1. the structure of the totality of complete residue systems modulo m of poly-

nomaials with integral coefficients;
2. the structure of the individual residue system modulo m of a polynomial with
integral coefficients.

IV. OUTLINE OF THE ISOMORPHISM BETWEEN POLYNOMIALS AND
RESIDUE SYSTEMS
§ 14. Correspondence between completely reduced polynomials and complete
residue systems.—Résumé
Our work up to the present point has established a close analogy between
completely reduced polynomials on the one hand and complete residue systems
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on the other hand. The following definitions serve to emphasize this cor-
respondence.

DEFINITION 11: A completely reduced polynomial modulom,co + ¢, -2 + ---
+ Cumy—1 + ™1 18 denoted by s coefficients (co, c1, - - - 5 Cuimy—1)m, where the
coefficients of missing terms (also of the highest powers of x, if missing) are
denoted by 0.

A complete residue system modulom , ag, a1, * -+ , Otm—1, 13 denoted by the u (m)
first elements [, a1, -+, Aum)—1]m-

We know that to each (co, ¢1, - -+, Cumy—1)m corresponds one and only one
[ao, a1, -+, Auim)—1]m, in such manner that oy, a1, a2, -+, am—y form the
residue system modulo m of ¢y + c1x + c22® + -+ - + Cuemy—1 - *™1; and
this polynomial is the only completely reduced polynomial modulo m to which
belongs the residue system ao, o1, az, - -+, am—1. This leads to

DEFINITION 12: If [0, 01, @2, -+ * 5 Quimy—1]m 18 the residue system modulo m
of the polynomial (co, 1, C2, =+, Cumy—1)m , We write

(00: C1, C2, "',cu(m)—l)m ~ [ao, a1, Oz, **°, a#(m)—llm:
or .
[ao, a1, a2,y *++, Apm)—1)m ~ (Co, €1, €2, **, Cumy—1)m,

and call the residue system and the polynomial equivalent (each to the other).
If we consider for a given m the totality of the (co, c1, ¢, -+, Cuem—1)m
and the totality of the [ao, a1, a2, - -+, Aum—1]m, We see from our preceding
work that the relations between the various (¢, ¢1, €2, * - -, Cum—1)m and the
various [ag, a1, az, -+, Auem—1]m are abstractly identical. To recapitulate
(with the notation used throughout):
The first u(d—1) coefficients ¢o, ¢1, --+, cu,_p-1 may be selected at
random from the numbers 0,1, - - -, m — 1, permitting repetition; similarly
the first u (d,—1) residues e, a1, - -+, @ua,_ -1 may be selected at random
from the numbers 0, 1, ---, m — 1, permitting repetition;
and in the same manner:
any subset of u(di1) — u(d:) coefficients cuc,, - -+, Cu;_p-1 may be
selected at random from m/d; numbers, namely from

0’1)"°)(m/di)—1 (i=1)2)”°)f);

any subset of u (di—1) — u (d;) residues au(ay, - -+ , & (4;_p—1 may be selected

at random from m/d; numbers, namely from the numbers of the set 0, 1,

-++, m determined by the congruence a:iu, =! mod d;.

This isomorphism holds true to the last set of u(m) — u(d:) coefficients
Cu@dys ‘s Cuem—1 and the set of u(m) — u(d,) elements of the residue
system apcay, * -, auem—1. All coefficients of the completely reduced poly-
nomial are thereby determined, while the residue system is also determined
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because the m — u(m) elements aum), - - -
-, Qu(m)—1 )Jm are uniquely determined by oo, - - -

in the symbol [y, - -
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, am—1 which are not represented
s Op(m)—1 .

RESUME

MODULUS m

PoLyNnomiALS
Residual congruence: §2

RESIDUE SYSTEMS
Restdual congruence (second kind): § 10

For every divisor d of m exists a congruence:

2 IS (2 — ) =0 (mod m),
or
? c gpD =y (z) (mod m)

{w@n 7}

Signature of m: §4

_ (m) -+~ u(di) -+ u(dr)
S(m)-(“l <or m/d; --- mfd )"

or

Chain of residual congruences: §3

g. Zv@) =y (z) (mod m);
+
or
{,‘(d;), ;L‘} G=0,1,2, -, 7).
43 m

Characteristic of m: §5

d —_
i 2‘.":"3(”(,- )) * az+u(@-i =0 (mod m),
or
g—'  az+ud) =1 (mod m)

m
}n(d). 3—{.'
Signature of m (second kind): § 11

w(m) - pu(di) -+ p(dr)
8(m) =( 1 e m/di - m/d,)‘

or

Chain of restdual congruences (second kind):
§11
m —
& azt+u@) =1 (mod m);

or
} w(di), 3 { =0, 1,2, s, 7).
t Am

Characteristic of m (second kind): § 12

p(dra) | n(dros) = (dro) p(dic1)—p(ds) w(m)—p(d)
C(m)= m g:ﬁ‘ ;L; m =C(m).
-] 14 1

Completely reduced polynomial: §§ 5, 14
cotcr-z+ o0+ Cum—1 - THW-L
= (Coy €1, """, Cu(m)—1)m

(o) €1y =+ + 5 Cumi—1)m

Number of completely reduced polynomyials: § 6
N(m).

UNIvVERSITY OF ILLINOIS,
URBANA, ILLINOIS

Complete residue system: §§ 12, 14
cer, Gmet
o, apm)—1)m

[ao, a1, =+, aum)-1]m

@o, @1yt Auim)—1, Xu(m),

= [ao, a1,

Number of complete residue systems: § 13

N(m).



