EXPANSIONS IN TERMS
OF SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS
FIRST PAPER: MULTIPLE FOURIER SERIES EXPANSIONS*

BY

CHESTER C. CAMP

1. PRELIMINARY DISCUSSIONS
Consider the equation

) L= 32" {in=0

i=10x;

and its adjoint

@) M(v)z—f%Hv:o,

i=1

which satisfy the identity

3) vL(u) —uM(v) Eﬁ:_?_ (ur,v) = 0.

i=1 0
A particular solution of (1) may be written
@4) W= AT g (a0, — X3, 0, — g, X, — Tp).
To find the general solution we try

U=,

Equation (1) then becomes

e
s L)+ 32 o,

f=1 0w;

* Presented to the Society, September 7, 1922, and to the Graduate Section of the Mathe-
matics Club at the University of Illinois on April 21, 1922. Acknowledgment is hereby made
of the author's indebtedness to Professor R. D. Carmichael for his cooperation in suggesting
the field and method of this research.

123 9



124 C. C. CAMP [January

Thus v is determined by ﬁ' —:—% = 0, whose solution is

t=1
v= '1”(-’131—1/‘2,361—1'3, "'}x—wp)‘

From this it is seen that the general solution is of the same form as u.
Likewise the general solution of (2) is found to be

(5) v=e“"‘qa(xl——-xg,xl—x,,---,xl—xp).

Choosing the intervals from — & to = for 2,2 =1,2, ..., p, and taking
the p-fold integral of equation (3) between these limits, we obtain after
reduction

ﬂnr—u”’ﬁx{[u(”, by lay ey tpa)v (7, ty by, o ooy tpa)
—ul—m, by, tp)v(— 7, oo, tp)]
Flult, m, tey by -y tpa) v(ty, 70, ey oo oy tpy)
—ul(ly, —m, by, by, oo, tp—)v (b, — 7, by, oo tpy)] - -
+lulty by, oy o, W0ty by, o ooy tpgy ) —ulty, - - -
to, — W)v(tyy -, tpy— )]} dby-dtg - - - dtp—y = 0.

(6)

If now we take as the boundary conditions for (1) the set

Ly(u) =u(— oty ty, ey tpy) —u(m, by by, 00y tpy) = 0,
Ly (u) Eu(tl)—”) ta, ey tp) —u(h, m, ooy tp1) =0,
(7) LS('“) = “(tl; tﬁr-_ T, ts:"‘)tp—l)—“(tl) t!’ T, tB"": tp—l) = 09

LP(“) —=—u(tl""’ to—1, — ) —u(ty- -, tpy, w) =0,

then a similar set in v may be taken for the adjoint system, since for such
a choice equation (6) is satisfied for all valuesof &;, i =1, 2,-.-, (p—1).

A value of 4 for which L («) =0 and L; (v) =0, i =1,2,---, p, will
also be a principal parameter value for the adjoint system. If a particular
solution (4) ¥ 0 is found for which there is a discrete set of principal para-
meter values, that set so obtained will contain all the principal values for the
general solution. To prove this, substitute u = ¢4 (z,— Tyy Xy— g, -+
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2y — xp) in the boundary conditions L; (v) = 0,i=1,2,--,p. The result
is, upon dividing all but the first by 44,
eb‘?(_”_tl; —'n—'t,,"',—n_'tp—l)

——e_l"cp(n——tl, W—1lgyerey®—tp_y) =0,

9(tl+”r tl_tm tl_,th‘”) tl—tl’—l)
_T(tl'_”; h—tyy, h—ty, ooy h—tp1) =0,

(8) Q(tl_t!y tl+”y h—1ts, 000y h— tP—l)
_Q(tl_tiy h—m, h— gy, tl—tP—1)=0)

9(tl—tl’ th—tyy oy h— bp1, ti+ @)
—9’(tl_ o, ti—tyy oy ti— tp, tl_”)=0'

This set may be transformed into a system of p equations in p unknowns by
making the following substitutions:

(i) in the first of equations 8) tt = Si— =, 1 =1,2,.-.,(p—1);

(ii) in the kth, t, = — 81, —ti = 27— 81, 1 =2,8,--+,(k—1);
h—ti=—8, i=k (k+1),---,(p—1), fork=2,3,...,(p—1);

(ill) in the laSt'y h= ”_SP—I’ h—ti= 271—8.‘—,1, 1=2, 3””:(1’—'1)'

A necessary and sufficient condition that these equations possess a solution
not identically zero is that the determinant of their coefficients

e 0 0 0.0 —e*
—1 1 0 0--0 0
py=| © —1 1 0.0 0
0 0 —11.--0 0
0 0 0 0 .-—11

vanish. Since this involves only the coefficients of the functions ¢, obviously
no new principal values for 4 will be introduced by a change in the form of ¢.
It is easy to see, moreover, that the determinant has the value

D(A)= r—¢**
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and that the principal parameter values are
L= ni (h=0,+1,+2,...,i =) —1).

This will be confirmed later by another method.

2. THE FORMAL EXPANSION

If we consider two distinct principal values of A, say 4; and 4;, and the
corresponding principal solutions ; and w; for a particular ¢, also the adjoint
solutions, v; and v;, for the same ¢, evidently

Y4
0
(9 v; L () — wi M () = é}la—xk— (i vj) + (hi—4)) wi vj.

Let us form the p-fold integral of this as we did for equation (3). Reducing
as before and using the boundary conditions L, () =0, x =1,2,...,p,
and the adjoint boundary conditions L, (vj) =0, * =1, 2, ..., p, we obtain

(Ai—4;) .r:—n - Iixui vj dayday - - - dap = 0.

A division by 2;—4; gives the so called biorthogonality condition

(10) o ef e n | wwivjdz, day - - dary = 0.

Since fiﬂ. . .fi”“,ividzl cee dxp =f_”. .. ‘r:r(p’dxl -+ dxp>0, we can
formally determine the coefficients c, for the expansion

o
(ll) f(xlyxh"‘)xl’) ;—‘-_Zognun(wl,a:h“':xp),

i.e.,

(12) 00— ﬁ-,-..f_'xf(azl,...,x,,)_ i@y, -+, xp) dary - davp
S .

.E—x' . ‘ﬂn[q’(xly“‘ yxp)]’dxl‘ < dxp

The important question is whether the series in equation (11) actually con-
verges to the value f(ay, a,---, 2p). This is answered by a powerful method
due to Birkhoff,* in which he uses contour integrals. Before employing this

* These Transactions, vol. 9 (1908), No. 4, pp. 3717—395.
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it is convenient to make the problem in the partial differential system depend
upon p ordinary differential systems.

3. DEPENDENCE OF THE PARTIAL DIFFERENTIAL SYSTEM
ON ORDINARY DIFFERENTIAL EQUATIONS
WITH BOUNDARY CONDITIONS

By putting

14
w=[Tei(),
(13) =1

4
v =1Hn(x1-),
=1

in equations (1) and (2) and dividing by « and v respectively, we get

o of
.Z,'__H, =0,
(14) =10

vi
3T CIT -
éri-l_ 0,

in which a prime indicates the derivative with respect to the one variable
involved.

’ D s ’
Clearly —gi +i=— 2% = const. = p,, say, and if we put —-J—’:l +
1 1=20i 1
) 2]
= '2% == pu;, we shall have a second equation adjoint to the first.
=27i
Similarly we write in general
¢ 2 o
_z+”’x—1 == —2 "g— == My,
(15) Qx i=x+1 @i
7x 2
_r_x+ﬂl—l=‘2_’l‘%=”'x (1=2)3’”°’(]’_1))
4 i=x+
and finally
(16) Lt =0, —tu =0

By this substitution the boundary conditions become, after reduction,

ei(—m) = ¢i(m)
7:(—7‘)'":)’1(”) (i=1)2)'”vp)'

(17)
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Solutions of these systems are readily found to be

o = dmAn oy A

oy = el teNT oy — T forx=2,3,-.., (p—1),

and
op=¢ M\ g, = glr1 T,

There is no loss of generality in putting the multiplicative constants equal
to unity since the equations are homogeneous and in the expansion (11) they
would otherwise cancel out.
The principal parameter values for the ¢-system are given by
m—A=12nid, p—p=1tngi, o, pp1—pp2=tmp1i
Bp—1 = *t npt,

where the n; have the values 0,1,2,.--, and ;s =V —1,
From this it is evident that

ej(xj) = einjm’ (.7 =1, 2,"',P§ i =V:’ " = Oyil)i2’ “')-
Similarly # (z;) = e~*%% for the same values of j and n;.
Hence the values for 4 found above are confirmed and the form of one
solution of (1) and (7) is given explicitly by

(18) Unia. .., = € X! (rx =0,%1,%2,--+).

The corresponding solution of the adjoint system is

»
—i3n x

(19) Unin,...n, = € X=X 4 (ny=0,+1,+2,--+),

In both solutions the corresponding value of 4 is given by

P
(20) )m.n,...n, = -—iZn,.
x=1
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It is important to notice that the forms of the solutions given in (18) and
(19) are not unique but correspond to only one choice of the ¢ function.
Although any function ¢ in p variables, which has a period of 27 in each,
may be utilized, it is desirable in this paper to restrict ourselves to a con-
sideration of the form given above, since it is this choice of ¢ which leads
always to expansions in multiple Fourier series.

4. CONVERGENCE OF THE EXPANSION IN MULTIPLE FOURIER SERIES

To introduce the proof by the contour method it is thought best to give
the results from Birkhoff’s article* for the simple case

du dv
@1) %+lu=0, ——d—;-|-3.v=0,
w(mw) — u(—m) =0, v(m) —v(—m)=0,

since the present case is made to depend on it.
The Green’s function for this system is

e/l(s-ﬂ—a:) 'f
- ifs>a
2sinh Az’ !
(22) ¢ (:I,', 5) = el(s +r—x) .
osmhin’  OSE
Its residue fo the principal value 4 = 4; is
(23) R(z, 3 k) — —@uld)
fi,, i (x)vi(x) dx

The general term of the formal expansion for f(z) is

wi(x) fi,,f(s) vi(s)ds
(24) I eui(s)vi(s)ds
This is equal to
1 3
2 ! ! 1,
(25) T J’ N U UOLT

* Loc. cit.
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in which I3 is a contour in the A-plane enclosing just the one simple pole 2;
of G. The sum of n terms of the expansion is given by

0 E;i/_— ‘ 7 G, s Df(s)dsar,

where I is a contour containing 4, 4s, - - -, 2, and no other 4;.

By assuming a sequence of circles I, w1th centers at the origin, such that
their distance from the nearest poles, n: and — ni, where ¢ = V=1 and
n is an integer, is at least d >0, the value of the series is found as the limit
of the contour integrals, as n— oo,

By breaking the inner integral into two, i. ., from — 7 to 2 and from x to 7,
and integrating as to s by parts, the integral is evaluated. If one uses the
more convenient form

A(s—x)

@7 G(z,s;h) =2 5

[sgn(z — s) + cothd ],

the two parts are quite similar. The steps may be sketched as follows:

”

/l(s—.z')
2M f (1 + coth Am)f(s) dsdh

. 1{[ i )(1+cothln)f(s')] +0(—117)}d1.
(28) ’
— 1 1+coth).n
2me I

f(a,-—O)J‘ cl). ( ) Sf(x— O)+0( )

4rs

fla—0yarto(4)

since

J‘ cothim d).=0(—¥-).
L. A A

Similarly the other part yields £ =% 1 o (%) and the limit of their
S(x—0)+f(z+0)

sum gives 3 uniformly for x, provided f’(z) is continuous.
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Let us see how this may be applied to the proof of convergence of the
series (11). If we denote

A—pyy, 01— pa, By Myy Hp— Where"=3;4,"',(1)—1),

by »y, vs, ¥4, ¥p, respectively, then the Green’s functions for the ordinary
differential systems may be written

Vx (83—Tx)
(29) Gy(xy, 8, 7,) = — [sgn(zy—s,) + cothw, 7], x=1,2,..., p.

One may designate the residue of G, for the principal value », = »,; by

ij (.’17,) rzj (sx)

(30) ij(zvsv”xj) = F (x=1,2,...,p).

—nexj(a’x)rxj (a:,,)da‘,,

The general term of our formal expansion (11) will then be

ﬁxf—ﬂ' ¢ 'J’:n fUJ dmt d{b’ .o .dxp
F-n.riu‘ . -ﬁ,,u,-vjdxl dxg---dxp

Uj,

and the series may be represented by

?
Fne e [t I rgday- - - doy

[ - - 14
. 3 [Tex(@=Fa, -, 2p).
= L1
e el e rwdan - - day”
x=1 x=1
Then, since
eli(xx)}'y'(sx)

Gy(xy,y 55 "xy') = F 0 (y 853 V)
("x—vy‘)ﬁn ey(xx)ry’(wx)da’z

("=112,“',P)»

where o, is analytic in », at », = »,;, if we define the residue of p coniplex
?
variables z,, x = 1,2, ... p,-as the coefficient of [I T——L—

—)’ then the

x=1 X
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14
value of HG (2,) for z, = 2,; is

(2nz)"f f,;_ f,iI:I (f x (2 - devdz: - dzp,

and that of the term of F for which »,=»,;, x=1,2,...,p, will be the

same as that of
4

1 T 3
31 @an' ) 'fl‘lf_”. “\"—"f(sl’ ) S?)E[GI(xZ’ Sx5 V) ds,dv,]

where I, refers to a contour in the z,-plane, (or»,-plane), containing the simple

pole z,;, (or »,;), because terms of the form o,(x,, s,; » ,)/ H(v,——v,,)wﬂl
=1

i¥x
contribute nothing.

Hence if F converges, it will be represented by the limit as »,-—>00, x =1,
2,-.-,p, oft he same integral (31) taken around sequences of circular contours
in the »,-planes, which are drawn in these several planes as that for the
simple problem was drawn in the 1-plane.

Let us now break up the integral (31) into 27 pieces by taking every com-
bination formed by dividing each real interval from —= to 7 into two inter-
vals of the form — = to x, and «, to 7, for x =1,2,...,p.

Consider the piece

(32)
1 . -
(2771:)""'1’9“.Inf—frr“'f_,,f(sly ,Sp)H

[ 2 (Sx—xx)
x==1

(1+4-cothv, ) ds,dv,]

Integrating by parts as before p times, we obtain

Sl —
(2ﬂl)pf I}

o) ooy

Similarly the piece whose upper limits are 7 and whose lower limits are
Zp, Tp-a, -+ -, &1, respectively, has the value

Ty Tyeoy W J— f(xl_l_o 12+0 : »xp+0) _*_0(_;1;)

Izp;zp—h T T/
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and it is clear that the limit of ¥ is given by

Zf(wl’fO 281 0,-+, 2+ 0)
oF ’

in which the summation includes every possible combination formed by
choosing just one sign for each argument of /. We may therefore state the

THEOREM. Let f (x;, @3, - -+, 2p) be made up of a finite number of pieces
in the region —nw <z, <m, x=1,2,...,p, each real, continuous, and
possessing continuous partial derivatives. The multiple Fowrier expansion con-

-I-).u =0, and the boundary

conditions L, () =0(x=1,2,..., p), namely, the series

n=—o0 n,=— 00

F=20 2 Gmpd w o L0 sy,

converges to %2]"(961 10, 2,20, ---, 2pt 0) for each point of the region

—a < ,<n(x=1,2,..-,p), provided we interpret the argument (X 7 + 0)
at points of the boundary to mean (—m) and the argument (+ w— 0) to mean
(m). In any subregion in which fis continuous and possesses continuous partial
derivatives the series converges uniformly to f.

From the fact that the function to be expanded is real and that the solution

1 4
I nyiz,

= ¢ may be written

4

u= H(cosn,w,,—{-z‘sinn,x,)
x=1

it is evident that F' will contain, besides a possible constant, only terms of
a multiple Fourier series. This may be illustrated by the following.
Example. Expand f(z, y, z) = zyz in a multiple Fourier series.
Here

f(a'" Y,z ) '—2 2 chmn glirtmiy+niz

m==—00 N=-00
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where
1 Kl " . -
Gmn = o5 f’:,,f_,,f:ﬂ xyz e~ tie—miy—nic Q. dydy
2‘3
b
== cosc7(cosmm) cosnw.
lmn
Hence
00 z‘ 00
zyz= 2 —coslméi 2 — cosmm emW 2 — cosmre"“
1= 1 m=—c0 M n=-—00

3 2 X %
=£(~7 coslm sinlx) Z_; (——cosmn smmJ) Z (-—-— cosnmw smnz)

since the terms may be rearranged and the value of any of the ¢’s with a zero
subscript is zero. This series converges uniformly to zyz for any interior
point and converges to zero on the boundary.

It is clear that the restrictions on / might be lightened and that its region
might easily be extended.

UNIVERSITY OF ILLINOIS,
URBANA, ILL.



