EXTENSIONS OF RELATIVE TENSORS*

BY

OSWALD VEBLEN axp TRACY YERKES THOMASt

1. Introduction. This paper is intended as an addendum to our
previous paper on the Geometry of paths.t It contains the deduction of the
formulas for the covariant derivatives and the higher extensions of relative
tensors. These formulas are calculated by a process entirely analogous
to that by which the corresponding formulas for ordinary tensors are
obtained. Although the formulas are rather obvious the only one which
we have observed in the literature is that for the covariant derivative of
a relative tensor of the second order whith was used by Einstein.§

2. Relative tensors. Let us denote by

(2.1) o = fi(z’,. -, 2"

an arbitrary analytic transformation of the coérdinates (z',...,2") which
can be written in the inverse form

(2.2) xt = g (-, a™).

Since the inverse transformation (2.2) exists, the jacobian of the trans-
formation (2.1)

ox
(2.3) A= lﬁ

does not vanish identically. As we shall later require the derivative 8 4/9 z*
of the jacobian A we here note that it is given by

oA . 92" axf
@4 07 Y oz0aP aa"

* Presented to the Society, April 19, 1924.
T National Research Fellow in Mathematical Physics, University of Chicago.
1 These TRANSACTIONS, vol. 25 (1923), p. 551.
§ A.Einstein, Zur allgemeinen Relativitiitstheorie, Sitzungsberichte der PreuBischen
Akademie der Wissenschaften, 1923, p. 32.
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A set of functions 7Tj~.x" will be said to form a relative tensor of
weight K if it transforms according to the equations

—im..on K uvee-d 8L 0Z™ az™ 8a® 0af  da
(25) Ty.no = A Tup... = T
gk BV gt 92’ va® 97 0w  0zF

when the variables are transformed by the equations (2.1). If K =0, Tj™%"
is an ordinary tensor. In case K =1, Tx" is said to be a tensor
density and is then usually written Zo.%". The justification of the name

tensor density lies in the fact that the law of transformation of the integral

J:f”lfzﬁﬁ”dV

extended over a definite »-dimensional region approaches more and more
closely the law of transformation of an ordinary tensor Ty ~.x" as the
region of integration closes down on a point. Thus the tensor density ‘I,f,"‘k”
represents a sort of tensor ZTj-.%" of weight zero per unit of codrdinate
volume 4 V.

We easily see that the algebraic processes of addition, multiplication,
and contraction of ordinary tensors will also hold for the case of relative
tensors.

3. Covariant differentiation or first extension. Let the relative
tensor Tf,"‘k” of weight K which is referred to the coordinates (&, .- -, ")
be denoted by &~ %" when referred to the system of normal codrdinates
(yY -+ -, y*) which are determined by the codrdinates (2, - - -, 2") and a point
(¢4 ---,¢"*). We shall show that

3.1) pimeon (O
. i kyp — ayp 07

where the derivative is evaluated at the origin of normal codrdinates,
defines a set of functions T,ﬁ"'k’} of (a2, ---,2") which are the components
of a relative tensor of weight K. The relative tensor Ty % will be called
the covariant derivative or first extension of the relative tensor T4 ™.

We denote by (y%,---,y™) the system of normal codrdinates determined

by the codrdinates (z*,--.,z™) and the point (¢*,---,¢"). Then

(3.2) yi= a, y*
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where the as are constants. Furthermore denoting by tl’" . the relative

tensor Ty % when referred to the normal cotrdinates (¥?, - - -, ¥"™) we have
1 .8 0 0 8 oy*® 9 6 v
83) tia = ANt g oy™ | 2y L v v
oyt oy¥ "9 ¥ oy’ oy oy*

In view of (3.2) the derivatives in (3.3) are constants and hence

—lm--. )
o Dok _ kOt 05t og™ 07" 3y 0y 0yl by
(3.4) —— =4 - ey der e E il

0y 0y’ oy* oy oy’ 8y’ oy dy” oy

Evaluating at the origin of normal co¢rdinates we obtain

. —— 8 0x' az™  9z™ 92® 9af  9a” 9a”
3.5) Tow . = g% T# - —... =2
(35) Ty.oxp % o aat 0a®  0a° 07 ax  0z* azP

which shows that the set of functions T,i’"k’;, constitute a relative tensor
of weight K contravariant in the indices (I,m,-..,n) and covariant in
the indices (z,j,---,%k,p).

We note that formulas analogous to those for the sum and product of
two ordinary tensors likewise apply for the case of relative tensors.

To obtain the explicit formula involving the I'’s and their derivatives
for the relative tensor T,, p we make use of the equations

i * Y
68 = Ay O O bet baf b
dz* oz 82’ dy' ay oyt

Differentiating these equations and evaluating at the origin of normal
cotrdinates we obtain

aTlm " oam-«-n 1l l
cee ceel
a—xp-I—Tﬁ...k Fap+-o-—|-Ty7.'f.k 1‘;‘,,

—Tol:;nknrz‘;) "'—sz nTkp Ksz nrap

Ttgm no
(3.7

This is the general formula of covariant differentiation. By using the

tensors Da,p and Earﬂ . (cf. The geometry of paths, loc. cit.) the
form (3.7) may be abbreviated. Thus

mee- aT‘"‘ " 1
Ti;-”:.k,z = +T Tap yD:-:; ¥

3.8) — IS, T B — R

ap'
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4. Higher extensions. By a process similar to that employed for the
covariant derivative we may show that

@ i = (L)
) kp-eg = dyP.. -0y,

defines a set of functions 7™ x’p.... of (2---,a") Whlch constitutes
a relative tensor of weight K. The relative tensor Tl, k peq Will be
spoken of as the rth extension of the relative tensor Tv % provided that
there are » indices (p;---,¢). In case »r=1 the extension reverts to the
covariant derivative which we have already considered.

From its definition by means of the equations (4.1) we see that the
extension T y’b...q is symmetric in the indices (p,---,¢). Thus

(4.2) T g = T

where (u,---,v) denotes any permutation of the indices (p,---,q).

The formulas for the extension of the sum and product of two relative
tensors are similar to the corresponding formulas for the extension of the
sum and product of two ordinary tensors.

General formulas of extension (» > 1) may be calculated by the same
process as that employed in the calculation of the general formula of
covariant differentiation (3 7). The formula for the rth extension Tz, o pare v
of a relative tensor T,, K of welght K # 0 involves the formulas for
the first r extensions of 1 k" considered as a temsor of weight zero.
For we have

4.3) it = AT

where
dm--n .o 0yt o ay" 0x% 98 da?
fim = Thy: y oy" 0y

BV gt pa aa® oyt oy’ ayf
Differentiating (4.3) and evaluating at the origin of normal codrdinates

Tlm k’;)qr' Cuwy — 1‘l)mk/7;)qr ) "I‘ S(AZI){ k/qr uv)
(4.4) + S (qu T 'ij k/:f uv) + o
+ S (Azlf;r U Tzimk/?) + AzIr{qr “uv TzIJm kn,



1924] EXTENSIONS OF RELATIVE TENSORS 371

where

m.--n
l
ﬂjm klz g = ( f ayq)oi

Peeq T dyP...0y?/y’

and S( ) denotes the sum of the different terms obtainable from the
one in parenthesis by forming arbltrary combmatlons of the subscripts
(p,q,7,+--,u,v). The expressions T,, g q are given by the ordinary
formulas for the rth extension of a tensor T,, % of weight zero, where r
is the number of indices (p,---, ¢), but these expressions do not in general
constitute a tensor. The quantities A;f..q have the values

¢
4 = —KTy,
K
AW=—KF:pq—KI‘;prq—i—KzFZngq,
K
dpy = — KT, apqr KS(Tﬂp aqr) KS(I‘;pl“p FZr

+ K 8(rg, 15,) + K* 8(r5, 1%, 1) — K 15 16, T,

‘o

in which Ij; etc. are definite functions of the I and their derivatives
(cf. The geometry of paths, loc. cit., p. 561). Thus we may write

(4.5) T = T we— KT " ey

in place of the formula (3.7).

Any formula of extension of a relative tensor 747 k” of Welght K may
be obtained by substituting the proper values of Tv Jip-..q and Ap .
in (4.4). A few particular expressions T3 ..., are given in the Geometry
of paths as formulas of extension of tensors of weight zero and these when
substituted into the equations (4.4) together with the above values of Af...q
give complete formulas in terms of the I'j; and their derivatives for the
extensions of certain relative tensors of weight K.



