DETERMINATION OF ALL THE PRIME POWER GROUPS
CONTAINING ONLY ONE INVARIANT SUBGROUP OF
EVERY INDEX WHICH EXCEEDS THIS PRIME NUMBER*

BY

H. A. BENDER

The groups of order p™, p being any prime number, which satisfy the
following conditions have been determined: (1) m << 71, (2) those which
contain operators of order p*(« > m—4)f, (3) those containing the abelian
group of order p™! and of type (1, 1, 1, --.)§, (4) those containing ex-
actly p+1 abelian subgroups of order p™—!||, (5) those containing ex-
actly p cyclic subgroups of order p*9q]. The present paper is devoted to
a complete determination of the groups of order p™ which satisfy the
condition that each group contains only one invariant subgroup of every
index which exceeds p. There exists at least one such group for every
value of m and p, viz., the cyclic group of order p™. This is, however,
the only abelian group which satisfies the above condition.

Let G be a non-cyclic group of order »™, p being any prime number,
which contains but one invariant subgroup of every index which exceeds
this prime number. Since @ is non-cyclic it involves more than one sub-
group of index p. The cross cut of any two such subgroups is invariant
under G and hence is the invariant subgroup of index p® Since G' contains
but one invariant subgroup of index p* this cross cut must include all the
commutators of G as well as the pth powers of all its operators. From
this it follows 'that the quotient group corresponding to this cross cut is
non-cyclic, and hence any quotient group of G whose order exceeds p must
be non-cyclic.

* Presented to the Society, April 18, 1924.

tm = 3, 4, 0.Holder, Mathematische Annalen, vol. 43 (1893), p. 371. m = 5,
G. Bagnera, Annali di. Matematica, ser.3, vol. 1 (1898), p. 137, and vol. 2 (1899),
p- 263. m = 6, M. Potron, Théses, Gauthier-Villars, Paris, 1904.

te = m—1, m—2, W. Burnside, Theory of Groups of Finite Order, 1897, p. 75.
¢ = m—2, G. A. Miller, these Transactions, vol. 2 (1901), p. 259, and vol. 3 (1902),
p-383. @« = m—3 (p>2), L. L Neikirk, these Transactions, vol. 6 (1905), p. 316.
¢ =m—3 (p = 2), Miss McKelden, American Mathematical Monthly, vol. 13
(1906), p. 121.

§ G.A. Miller, Bulletin of the American Mathematical Society, vol.8 (1901), p.391.

|| G.A.Miller,Bulletinofthe American MathematicalSociety, vol.13 (1906), p.171.

q] G. A. Miller, these Transactions, vol. 7 (1906), p. 228.

427



428 H. A. BENDER [October

If G contains but one invariant subgroup of index p® this subgroup
must be the commutator subgroup of G, otherwise it would include the
commutator subgroup and the commutator quotient group would be non-
cyclic abelian and of a larger order than p®. Since this quotient group
would then contain more than one invariant subgroup of index p?, it follows
that G would contain more than one invariant subgroup of index p?, contrary
to hypothesis. Moreover, if the commutator subgroup of a group of order
p™ is of index p*® the group contains only one invariant subgroup of this
index, since the commutator subgroup is found in every such subgroup.

We shall represent the invariant subgroups of orders 1, p, p? p% -..,
p™~ 2 by Gy, G, G, Gs, - - -, Gm—s respectively, and the operators of G« not
in Ge—1 by the major co-set Ga—15«*. Since an operator in the major
co-set Gis; has but p conjugates there are p™—! operators commutative
with G2, and we shall represent the subgroup composed of these operators
by Gm—1.

It has been shown that G, is the commutator subgroup of @. The second
commutator subgroup is a subgroup generated by all the commutators of
the group which have for one element a commutator while the other element
is an arbitrary element of the groupt. It is evident that this second
commutator subgroup is invariant under G' and hence is one of the invariant
subgroups. Suppose Gm—e to be one of the successive commutator subgroups
and suppose the commutators of G, which have for one element an operator
of Gy—e while the other element is an arbitrary element of G, to generate
the invariant subgroup G, _, g The quotient group of G with respect
to G,,o—p Will at least contain a central of order pf. Hence if 8 is
greater than one, G will contain more than one invariant subgroup of
order p™* A+l From this it follows that the «th commutator subgroup
is the invariant subgroup Gm—e—1 (¢ = 1, 2, 3, ..., m—2).

If the (m—2)th commutator subgroup is of order p, it implies that
the first commutator subgroup is of index p?, the second of index p3, ete.
If a group which has only one invariant subgroup of order p®, which is
also one of the successive commutator subgroups, had more than one
invariant subgroup of order p®~!, then the next successive commutator
subgroup would be contained in each of these invariant subgroups, and
hence would be of a lower order than p*~'. Hence the following theorem:

A necessary and sufficient condition that a group G of order p™, p being
any prime number, contain only ome invariant subgroup of every index
greater than p is that its (m—2)th commutator subgroup be of order p.

As an interesting system composed of groups of order p™ such that

* American Journal of Mathematics, vol. 46 (1923), p. 231.
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each group contains only one invariant subgroup of each of the orders
p, p?, p%, ---, p™ 2, we may note the Sylow subgroup of order pr+?!
contained in the symmetric group of degree p?. It is obvious that such
a Sylow subgroup contains a subgroup of order p? which is the direct
product of p regular cyclic groups of order p. If the generators of these
p regular groups are represented by s, sp, Ss,---, Sp, respectively, and
if ¢ represents the substitution of order p and of degree p*® which satisfies
the condition
tlsit = 83, tl'sgt =8, .-+, tlspt = s,

it is evident that ¢ and the said p generators give rise to the following
p—1 commutators:

STisy  Slsy o 3;1131“
These commutators generate a group of order p?—! which is therefore the
only invariant subgroup of index p? contained in the group. The second
commutator subgroup is of order pP—%, etc. It follows from the preceding
theorem that the Sylow subgroup of the symmetric group of degree p*
contains only one invariant subgroup of each of the orders p, p?, p®, - -, p?.
The operators of G which transform the operators of G«(a<<m) into
themselves multiplied by operators in G,_g constitute an invariant subgroup
of @. For suppose ¢ to be such an operator, and let s be an operator
of G, and ¢ any operator of @, and t~lst = s's; then

(tt, 7)) s (2t t7) = ti7ls sttt = ts, g8 s, pgstL.

It follows from this that all the conjugates under G of #; transform the
operators of G. into themselves multiplied by operators in G,_s and hence
they constitute an invariant subgroup of G.

Since Gn—1 is commutative with G, it transforms the operators of the
major co-set Gis; into themselves multiplied by operators in the second
major co-set which precedes. Let us suppose the major co-set Gg—; s« to
be the first in which the operators are not transformed into themselves
multiplied by operators in at least the second major co-set which precedes.
It is assumed that G,,—; transforms the operators of G.—; into themselves
multiplied by operators in G«—s, and that some of the operators of Gyu—1
transform the operators in the major co-set Ga—18. into themselves
multiplied by operators in the major co-set Ge—2sa—1.

All the operators of G which transform the operators of @, into
themselves multiplied by operators in Ge—s form an invariant subgroup
of G, say H. Suppose Gn—1 to contain an operator # which transforms
the operators of the major co-set Ga—1s« into themselves multiplied by
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operators in the major co-set Ge—sse—2. Evidently the pth power of ¢ will
transform the operators of G« into themselves multiplied by operators in
Ge—3, and hence the pth power of ¢ is in H. The group generated
by H and ¢, will contain all the operators of G which transform the
operators of G, into themselves multiplied by operators in Ge—;. For
suppose ?; transforms s into itself multiplied by some operator in the
major co-set Gu—sse—2; then there exists some power of # which will
transform s, into itself multiplied by an operator in the co-set containing
the inverse of the commutator of ¢; and s. The product of # to this
power and ¢; will transform s, into itself multiplied by an operator in
Ga—s and hence this product is in H. Thus H-# contains all the
operators of G which transform the operators of G« into themselves
multiplied by operators in Ge_s.

In the same manner it can be shown that all the operators which trans-
form the operators of G« into themselves multiplied by operators in Ge—; will
generate an invariant subgroup whose order is p times the order of H-¢,,
and as we have seen this must be G itself. Hence we have shown that Gp—1
can not contain an operator which will transform s, into itself multiplied
by an operator in the major co-set Ge—2 s¢«—1 and at the same time contain
another operator which will transform s into itself multiplied by an operator
of the major co-set Ga—s Se—s3.

It should be noted that the group generated by the commutators of G
which have for their elements operators of any two invariant subgroups
is invariant under the original group G¢. From this and what precedes it
follows that the operators of Gm—1 transform the operators of Qe into them-
selves multiplied by operators in Go—s (¢ = 2,3,4,..., m—2). Further-
more, each operator of the major co-set Gm—1 sm transforms the operators of
the major co-set Gu—1 o into themselves multiplied by operators in the major
co-set Go—g Se—y (¢ =1,2,8,--.,m—1). Thus it follows that whenever
a non-cyclic group of order p™, p being any prime number, contains only
one tnvariant subgroup of every index greater than p, it must also contain
a subgroup of index p which includes all of its operators whose orders
exceed p*, and the pth powers of every operator mot in this subgroup must
be in the invariant subgroup of order p. It should be noted that every
operator in the commutator subgroup is a commutator.

Let Gy be the largest invariant abelian subgroup of @. It is evident
that the operators of the major co-set G sg;, must be commutative with
the operators of some subgroup of Gy, say G,(« < g), but not commutative
with the operators of the major co-set G set1. The commutators formed
by the operators of G4, and Gy, are in G, and hence are invariant
under G4,,. Suppose
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—1
Sp+1 Set1 Sp+1 = 51 Sat1y
where s, is some operator of G.; then

—p P P
Spt1 Set1 Spt1 = S1 Saia-

Since the pth power of sgy, is in G4 it must be commutative with s, ,

and hence s; must be an operator of order p. Furthermore each operator

of the co-set containing sz, transforms every operator of the co-set

containing s,,, in this manner. Hence the commutators formed by the

operators of G, , and Gg,, generate the invariant subgroup of order p.
Again let us consider the commutator

-1 -1 _
Spt1 Set1 Sp+1 Sat1 = Spy

and suppose ¢ to be an operator of the major co-set Gm—; s» such that
trgt=s-8(/=1,2,3,...,m—1); then

1 B B | $— gl g7l g7l 1 .
S U=1" Sp11Sat188+1%+1t = 581158 Sut1Se S8 SB+1 Sa Sat1 = Si

Let us now consider the commutator

S8+1 Set2 g4 Set2 T Sp

where s; is some operator of Geti. Transforming by ¢,
lep— gt g7l o1 -1 -1 _
Sl = 584188 Suts Set1 g 5p+1 St Sate = Spt1 Set+1 Sp+1 Sp Seta = 515

Thus it follows that the operators of the major co-set Gg sz, transform
the operators of the major co-set G4y, S,, into themselves multiplied by
operators in the major co-set G, s.

Since this property must hold for the quotient group, and if we form the
successive quotient groups with respect to the invariant subgroup of order p,
it follows that the operators of the major co-set Ggspy, transform the
operators of the major co-set Gy, Suypy1 into themselves multiplied by
operators in the major co-set G, 5,1, (e=0,1,2,.-.,8—a—1). That
is, the operators of the major co-set G spi, transform each operator of Gy
into itself multiplied by an operator in the eth major co-set which precedes
the major co-set containing this operator.

The transformation of any operator Sp of Gg by the pth power of ¢ is

t_” tp —

P P (p—1)- - - (p—1)(r-+1)1
89-p So—pt+1° " Sp—r—1 coe sﬁ——l S»
80

o
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where the elements with zero or negative subscripts are unity. Since the
pth power of ¢ is commutative with every operator of G, and if we let Sy
represent successively an operator in the major co-sets Gys;, Gsss, «--
-or, Gp18p (B = p) it follows that all the operators of Gp—1, except identity,
are of order p. If sp is an operator in the major co-set Gpspt1 (B =p+1)
it follows that s, s5 — 1, and hence all the operators of the major co-
set Gp—1 sp are of order p® and have their pth powers in Gy. Since this
property must hold for the successive quotient groups with respect to the
invariant subgroup of order p, it follows that all the operators of Gsp—1)
not in Gp—; are of order p? and so on, and the pth power of each operator
is in the (p —1)th major co-set which precedes the major co-set containing
this operator. Hence it follows that « > 8 —(p —1).

Let us now assume that G does not contain an invariant abelian subgroup
of index p2.

Since all the operators of G commutative with the operators of Ge41 form
an invariant subgroup of @, it follows that the operators of the major co-
set Ggi; spp can not be commutative with G,.,. Let us suppose the
operators of Gy, to be commutative with the operators of Gg. As before
the commutators formed by the operators of Gy,, and Gg,, generate the
invariant subgroup of order p.

If 0 = «, then some operator of the major co-set Gy, sgi, Would trans-
form s,,, into itself multiplied by s;* and the product of this operator
and sz, would be commutative with G, ;. The pth power of this operator
is in G5 and hence would with G4 generate an invariant subgroup of order pf+1
which differs from G, contrary to hypothesis, and hence d <e.

In general we may suppose G4 to be the largest invariant abelian sub-
group of G composed of operators which are commutative with every operator
of G,(o>>B); then the operators of the major co-set G,_; s, transform the
operators of the major co-set Gy sy, into themselves multiplied by operators
in @,. Let us assume the central of G, tobe G4_, (7> 0), and suppose

-1 —1
Sg4+1 80—p+2 Sat1 Sg—y42 = S.

Transforming by ¢, and since s, is not commutative with sa__l,,+2 for y =1
but is commutative for y >1, then for y >1

t—lst = 85

and hence s is in the major co-set Gss.
It follows in either case from the successive quotient groups that the
central of G,,, is contained in the central of G, and the two are distinct,
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and that all the operators in the major co-set G, s,., will transform every
operator of G, into itself multiplied by an operator in the Jth major
co-set which precedes the major co-set containing this operator (¢ = 8+1,
B+2,...,m—2). Furthermore, the commutator subgroup of G,—1 must
be composed of operators of order p, and it can at most be of order p?—=.

Let us now suppose 8- p, and suppose the operators of the major co-set
(45511 to be of order p* (¢-Ip,6<Im—1). It would then be possible
to construct a group having an invariant abelian subgroup of order 7,
and having G, for an invariant subgroup of its quotient group with respect

to the invariant subgroup of order p”~#, and hence the pth powers of the
operators of the major co-set G, sS4y Would be at most in the
oth major co-set which precedes, and, as we have seen, this must be the
(p —1)th major co-set which precedes. Hence the properties established
above hold for any value of 8.

The index of the largest invariant abelian subgroup of G can not exceed
pPTO20 and the order of this subgroup can not be less than p™+hH2 for
m odd, or p™'d2 for m even.

If m > p, then Gm—1 can be generated by p —1 independent generators
which are such that the cyclic groups they generate have only the identity
in common, and the ratio of the orders of any two of these independent
generators is either 1 or p. If G is of a lower order, then all the
independent generators are of order p.

Since

t—pSa tp - t_p(tsa—-l)p S — Sa,

it follows that all the operators of the major co-set Gy— ¢ have the same
pth power, and hence (¢se—1)? = # whenever sq—; is preceded by p — 3,
or less, independent generators

—(p—1 -1 -1 )
(tsm—l)p = fp t (=) Sm—1 tp sl TS tSme1 = fp $Sm—p ng—p+1 s 5'2131,—1 .

Since this is a product of operators in Gm-p, and sm—p+1 is an independent
generator, it follows that ¢ can be so chosen that this product is either
the identity or an operator of order p in G, except in the case where
Sm—p is the only operator in this major co-set, i.e., for m =3 and p =2.
Hence for a given m and p the order of every operator of Gy—; is deter-
mined. For m > p there are three groups containing the same subgroup
of order p™—1!, either all the operators of the major co-set Gy—1sm are
of order p, or all are of order p% or one pth of them are of order p and
the remaining operators are of order p®. For m < p there are only two

30*
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such groups, either all the operators of this major co-set are of order p,
or all the operators are of order p®.

We shall now consider all the possible subgroups of order ™~ (m>>p-1).
If Gpm-1 is abelian there is only one possible subgroup of order p™—1.
If Gm—2 is abelian, then the central of G,—1 can be either Gm—p,
Gm—pt1, -+, Or Gm—s. Hence there are p — 2 subgroups of order p™—!
containing an invariant abelian subgroup of order p™—2, without containing
an abelian subgroup of a larger order. If (s is abelian, then the central
of Gm—2 can be either Gin—pr1, Gm—pie, ---, OF Gpm—y, and the number
of groups of order p™—'is 1,2,3,..., p—4, respectively (p >>3). This
process may be continued, and hence it follows that the number of subgroups
of order p™~! containing an invariant abelian subgroup whose order is
exactly p™" is the sum of p —2(» —1) terms of the figurate numbers
of the (» ——1)th order. Hence the number of subgroups of order p™1! is

r+1
e R
p—1
(25!

The sum of this series is the (p--1)th term of the Pisano recurrent
sequence*. This follows immediately, for if to the first term of the series
for p equals p — 2 we add the second term of the series for p equals p—1,
etc., there results the series for p equals p. Hence the number of non-
abelian groups of order p™ containing only one invariant subgrowp of every
index which exceeds this prime number is

R
2 (Y L —-2'/5_)""2: (m=p+1),
]35 — ( 1 -|-21/5 )m—Q__ (_];:i;lib—)m—l_ (m-Zp+1),

with the single exception m = 3 and p = 2.

* L. E. Dickson, History of the Theory of Nuwmbers, vol. 1, chapter xvii.
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