DIVERGENT DOUBLE SEQUENCES AND SERIES*

BY

G. M. ROBISON
I. INTRODUCTION

Several definitions for giving a value to a divergent simple series, as
for example the Cesaro’s and Holder’s means, can be expressed by means
of a linear transformation defined by an infinite matrix on numbers. Two
types of these transformations are given as follows, one by a triangular
matrix, the other by a square matrix.

T :
a1 Q12 G113 Q14 OG5 . . . .
dz21 Q22 QA23 Q24 QG255 + .+ « .
S: az,1 QG322 QA33 Q3¢ Q3.5

For any given sequence {x.} a new sequence {y.} is defined as follows :

n
Pn= E @n i Xx, for the matrix T ,
k=1

Yn= Z @n .k Xk, for the matrix S ,
k=1
provided in the latter case y, has a meaning. If to any matrix of type T
we adjoin the elements a,,: =0, 2>7 (all #), we obtain a matrix of type S.
Since this addition does not affect the transformation, any transformation
of the type T may be considered as a special case of a transformation of
type S. If for either transformation lim,.,y. exists, the limit is called
the generalized value of the sequence x, by the transformation. If when-
ever x, converges, y, converges to the same value, then the transformation

* Presented to the Society, December 29, 1920; received by the editors in March, 1922.
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is said to be regular. The criterion for regularity of these transformations
is stated as follows :

THEOREM.* A necessary and sufficient condition that the transformation T
be regular is that
(a) lim @,,.=0 for every k,

7n— o

(d) lim Y g.x=1,

RO L]

() Z 'an,kI<A for all n |

(a) fm an =0 for each k,
n—
THEOREM.T A necessary and sufficient condition that the transformation S
be regular is that

b) i: |@n| converge for each n,

k=1

©

() Y. |aar|<A4 foralin,

k=1

(d) lim Y g.x=1.
L andodi 7 3 §
Corresponding to these definitions of summability for a single series,
we have the following definitions for giving a value to a divergent double
series. Let the given series be represented as follows :

watur ot st Ut s+ - - -
g1t 0 us 3 st U s+ - - -
+us, 1t us,at+us s tus o+ - - -

then the double sequence xm,» for this series is given by the following
equality:

m,n
Xma= Z Uk, .
ke1,lm1

*L. L. Silvermann, Missouri dissertation, 1910; Toeplitz, Prace Matematyczno-
Fizyczne, vol. 22 (1911), p. 113.

t This theorem was given in the classroom by Professor Hurwitz at Cornell University 1917-18.
Published statements of proofs are due to T. H. Hildebrandt, Bulletin of the American Ma-
thematical Society, vol. 24 (1917-18), p. 429; R. D. Carmichael, Bulletin of the Ameri-
can Mathematical Society, vol. 25 (1918-19), p. 118; I. Schur, Journal fiir die reine
und angewandte Mathematik, vol. 151 (1920), p. 79.
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Thus we have also

u’m.n=xm.»+xm—l.n—1—xm,n—l—xm.l—n, m>1, n>1 )
Ul n=%X1,n—X1,n—1n, ”>1 ’
Um,1=%m1—Xm-1,1, M>1;

U1,1=%1,1.

We define a new sequence by the relation

m,n
Ymn= Z Qm,nk,1 Xk,11 ,
kw=1,l=1
We shall call this transformation and its matrix 4 : (@m.n.x,1) Of the
type T ; here k=m ;l<n. Again we may write

Ym,n= Z Am,n,k,1 Xk,10 -
km1,l=l
provided ym . has a meaning. We shall call this transformation and its
matrix A : (@m,n,x,1) of the type S ; here £ and / take on all positive integral
values. Any transformation of type T may be considered as a special case
of a transformation of type S ; for by adding the elements

Amon k1 =0,m<k,n<l, allmandmn,
Amonk1=0,1=Zk<m,n<l, all mandn,
Cmaika=0,m<k,1=l<mn,allmandn,

to any matrix of the type T we obtain a matrix of type S such that the
resulting transformation is identical with the original one. If for either
transformation y.. . possesses a limit, the limit is called the generalized value
of the sequence . by the transformation.

Itis a well known fact that if a simple series converges, the corresponding
sequence in bounded. This need not hold for a double series. Thus consider
the series

Ui n= 1,
U, n= — 1,
Umn=0, m=3.

This series converges, but the corresponding sequence is not bounded.
Thus convergent double series may be divided into two classes according
to whether the corresponding sequences are bounded or not. The following
definition for regularity of a transformation is constructed with regard to
a convergent bounded sequence ; thus even if a transformation is regular



1926} DIVERGENT DOUBLE SEQUENCES 53

it need not give to an unbounded convergent sequence the value to which
it converges.

If whenever xm,, is a bounded convergent sequence, ym,» converges to
the same value, then the transformation is said to be regular. A regular
transformation of real elements (@m,»k:) is said to be totally regular,
provided when applied to a sequence of real elements (xm,»), which has the
following properties,

() %m, is bounded for each m,
(3) %m.n is bounded for each n,
(¢) lim xp .=+,
maA—®

it transforms this sequence into a sequence which has for its limit 4 .

Concerning these transformations we shall prove necessary and sufficient
conditions for regularity, and then for total regularity. We shall give also
conditions which these definitions must satisfy in order that limm,aec)m.»
shall exist, whenever limm n.o%m,n exists, irrespective of their values;
furthermore for the case where the sequence xnm,, is merely bounded.

II. REGULARITY OF LINEAR TRANSFORMATIONS

The criterion for regularity of the transformations of type T is given
in the following theorem:

THEOREM 1. A necessary and sufficient condition that any transformation
of type T be regular is

() lim Gm,nr1=0, for each k and |,

mpa—s o

m,n

(b) hm E a,,.,,.,;,,;=1,

MAD kuml,leal

(¢) lLm 2 |ammsi| =0, for eachl,

MAD k]

(@ lim X |amaiil=0, for each k,

MAD D lm]

(c) E la"‘t”-k-'l éAi

kual,lm=1
where A is some constant.

Proof of necessity. (2) Define a sequence (Xm,) as follows: xm.a.=1,
m=p, n=g; Tma.=0, except when m=p, n=q. Then limm nec®m =0,

Ymin=0Cm,n,p.q
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Henceinorder thatlim,, ..oym,» =0,itisnecessary thatlimm, nec@m,n.p.e =0
for each p and ¢. Thus condition (a) is necessary.

(b) Consider the sequence (¥m,.) defined as follows: *m.=1. Then
Ymn= 2 hot,i=1 Cm,nk,1. SINCE liMp n.w Ymn=1, condition (b) is necessary.

(¢) To show the necessity of condition (¢) we assume that condition (a)
is satisfied and that (c¢) is not, and obtain a contradiction. Since we are
assuming that for I =/, (some fixed integer) the sequence D u;|@m.n.4.1| does
not approach zero, for some preassigned constant 4>0 there must exist a
sub-sequence of this sequence, such that each element of it is greater than 4.

Choose m; and %; such that

Z lamx,nl,k.lo] >h.

k=1

Choose my>m;; na>n; and such that

my h my
E [@mamatto | S —, E | @ms.ns, k10| > By
k1 2 =

and in general choose m,>m,, ; n,>n,-, and such that

mp—1 h mp
(1 g Ia,,.,,,.,,k,z.,l < E_—l , 1;21 Iam,,n,,k,lol >h.
From (1) we have
mp h 1
@ b-mzp:-1+ll Grpmp ki | > = ?”:=h(l— 2"“) .

Define a sequence (xm,.) as follows:
Xman = 0) ”#lo 3
Zmn = SEO Gy nyklpy M= ;
Zm,n = SEN Gmy g k,loy M1<MSmg

3)

Xm,n = SEN Amy, np, k,l6y mp—l<m§mg )

........

Here limpm gee £m,n=0. For this (x.,.) sequence we have

m,
Ymp,np = 2 Qmp,np, k10 Tk, 10
k=1

mp—-1

m
= Z Qmyp, np, k,lo xk.lo+ i Amgp, np,k.lo Xk 1o -
o1 k=mp—;+1
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From (1), (2), and (3) it follows that

mp—1 mp—1 h
Gmpnp k10Tk 0 | S E Ampnp kil | S —
k=1 k=1 29—
mp "o I
Amy,np.k,10%k1,00= E Gmp,np, kb0 I gh(l‘ _1)-
kmmgp_1+1 kmmgp_1+1 2 4

Hence

2h(1 L L h{1 !
Ympnp < ( - 2p—l) Y= T 2e2)

Thus ym.» does not have the limit zero, from which follows the necessity
of condition (c).

(d) The above proof can be used for showing the necessity of condi-
tion (d) by simply interchanging the rdles of rows and columns.

(e) Assume conditions (a¢) and (b) are satisfied and that (e) does not
hold. Choose m, and 7, such that

m,n

Z lamm.h.ll 1.

k], ==l

Choose my>m,, ny>n,, and such that

mn

2 lam,nz.k.ll =2,
k1, le1

me, N2

Z |a'nz.nz,k.l| =2,

ke=1,l=1

and, in general, choose m,>m,_1, n,>n,_, and such that

mp=1.np-1
[Bmp,np .t | 2771,
keml,lel
C)) e
Z Ia”lp,ﬂp,k.l l g22p .
kmsl,lm=1

From equations (4) we have

mp—1.np mp,np-1
E Iam.n.k.ll'l' E lam,,n,,,k.l |
kml,lemng, 1+1 kemmp_1+1, [=1
mp,np
+ 2 | Gmp.np,ot | 2209 — 2771 2 220 — P2o—t= 2201,

kmmyp_1+1, l=np_1+1
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We now have two sequences of integers
m<me<ms<mg -« -,

m< ny < ng < my - - *

such that
mp—1,0p_1
[Gmpnp k2 | < 2771, p>1,
km],l=]
mp-1.np mp,np-1
la"r."p-kvxl + t Ia"p."’.k-d
ke, lemng_3+1 kmmp_141,lm1
)
Mmp,Ryp
+ > |Gmpnp k1] < 22971,

kmmp_1+1,lmnp 141
Define a sequence (xm,,) as follows:

Zm,n= SEO Gmyny k0, RSmy, ISy,
m<k=ms 1=5ISn,
Tmn=% SEN Cmynak 1=sk=m, m<izn
m<k=my,m<l=n,

-

(6)
1 m,_1<k§m,, 1_§l=n,..;

271

Zmn= SEN Gmy,np k1 1=5ksmpy, npa<i=n,
m’—] <k§ m;, "’_l<l§”,

.

Here limy a0 £m,n=0. Consider

Mo, Ny mp—1,np=-1
Ympnp = Cmp,npk,d Xk,1 = Ampnp, k.1 Xk,1
k=1, l=1 b1, =1
Mmp—1.np Mmp,np—1
+ Cmon, ko3 k1 Cmpnp, k1 Xk, 1
ka1, mng_141 k=mp_1+1, =1
mp.fp

+ E Qmp,np, k1 Xk, 1 -
kmmp_1+1,lmng_ 141

From (5) and (6) we have

mp—1,0p—1
2 Ampnp, k1 Xk,1

k=1, =1

mp-1np—1
= 2 ,an,,u,,k.l |§2"‘,
Banl, [l
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Mmp—1.8p Mp,Np—1

Gm mp ki %kt Cumpng, b, k1
k=1, l=np_1+1 kmmp_1+1, =1
mp,np 1 mp—1,8p
+ Cmpnp, k.l Xk, 1 = 2"_1[ | Gmpmp, 0.8
kmmp_1+1, l=np_1+1 kw1, =ny_1+1

Mp B p=1 mp,np
+ E lau,,n,,k.ll + E ‘aa.n.k.l I ]

bmmy_1+1,l=1 kmmp_141,l=1
= 2r-1=27,
2o
Hence
|Jm gl Z 27— 2771= 271
Thus

1 [, =c0

Since this sub-sequence of the (ym..) sequence does not converge, the se-
quence (Ym,») has no limit and thus condition (¢) is necessary.

Proof of sufficiency. Let the limit of the convergent sequence (Zm,a)
be x; then

Yma—% = 2, GmakiZhi—%.
keml, el

From condition (b) we may write

(7) E am.n,k.l+'n,n=l,
k1, bl
where
lim rpa.=0.
MA@
Therefore
Yma—2%x= z am,n,k.l(xk.l—x)_’u.nx;
b1, et
P.q PN
[Ymn—=2| S| 2 Gmasi@Ea—2)|+| 2 tmnra(zai—2)
ko1, i1 k1, lem g1
(8
m,q m,n
+ Z Gomn b i( Xk, 1— %) +| Y G i(Zr1—1)
bempt1,lml bempt1, b g1

+ | 7mnx] .
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Since xm..—x, we can choose p and ¢ so large that for any preassigned
small constant e

[2e1—2]| < —e—, wheneverk 2 p, 12 ¢.
54
Let L be the greatest of the numbers |xi,;—«| for all £ and . Now choose

M and N such that whenever m= M, n> N, the following inequalities are
satisfied:

i amnkt]| < .

@ k-x,l-ll el Spql (from condition (a))

(i1) [ rmm | < : (from equation (7)),

5|x]

i €

(iii) > Nemnkt| <——,1=1,2,- - -, ¢ (from condition (c)),
k1 SqL

iv) 2 lemmeal < Jk=1,2, - - -, p (from condition (d)) .
I=1 SpL

Hence whenever m=M, n=N we have

€ € €
-pqL L gL
SpqL pek + SpL L+ SqL :

lym,ﬂ—xlé

+ At |z]
—A+—|x|=¢.
54 5] T
Thus
lim yma—2x=0,
ma— o
Or Ym,»—2, which proves the theorem.
The following examples show that neither condition (¢) nor condition
(d) follows from (¢). We define a transformation of type T as follows:

1
am'", ) = —,
m 2kn
Here
(0) lim Qm,n,k,1 =0 ,
mn— o
. m,n . n 1
(b) hm am,n,k.l = hm E -— =1 N
MA@ k], ] ma—e g1 2

m 1
(6) lim Ea..,,.,k,; § lim — =0 ,

MA— © km] man—o N
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W 1 1
(d) lim 2 Cm,n k1 = lim _—= — #0 ,

MAS®D (=] m.n—wnzk 2"

(6) Z Iam,n.k,ll = Z Am,n,k,1 §1 .
ka1, lm=1 kw1, a1
If we consider the transformation (@m,nx.:1=1/ 2'm), we shall find con-
ditions (a), (b), (c) and (e) satisfied, but not (d).
Let us further assume that the elements (am,..:.:) of the transformation
are real and positive. We now have

mn m,n
Z lam.n.k.l|= E Qm,n.k,1 -

ka1, lel k=1,l=1

It does not follow as in the case of the simple sequence that if limm,n.e
D icliet @moapa=1,then Y 721,01 @m,ni. is bounded for all values of m
and n. Hence condition (e) of the preceding theorem does not follow from
condition (b). Thus we see that the criterion for regularity of a transforma-
tion is not simplified by making the above assumption.

Furthermore we have

Yman = Z Am,n k0 Xk,1 -
koml,lm=1
Taking absolute values we obtain the following inequality:

m,n m,n

[Ymal S 2 | @mmka %eal € 2, |@mnsa| KSAK,
ko1, lem1 1, leml

where |x:,,| <K. Hence the

COROLLARY. Any bounded sequence (Xm,n) is transformed by a regular
transformation of type T into a bounded sequence (Ym.»).

Before considering the regularity of a transformation of type S, we will
prove certain lemmas.

LEMMAL If@mn=0, D mifnai Gm.n diverges,itis possible to find a bounded
sequence €m.. Such that

(i) em.n = 0 ’
(i) lim ema=0,
m,n— o

e
(il)) D ar.ser, diverges.
kml,lm=1

Pl’OOf. Let Sm.n = Zz",’;’lal ak.lo Therefore Sm+[,n+] gS'n,u-f.] ;Sm,n,
Sm+l,n+1 ;S"..H,n gS.,._,.. ThllS lim,,._,,.q, S,,.,,. = + @,
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We define
— if Sm‘n;éo )
€m,n=— m,n
0, if Sma=0.
Here

(i) €m.n is bounded and=0,
(ii) lim ewn=0.

m,n— o
From some value of m, #n onward,
em.ng €m+1,n = €mt1,n41 em.ng em.n+lg €Em+1,n+1 o

For a fixed m, n, where €n,,>0, we have

p.qQ m,q

p.m
E Giaga+ D Graena+ Z @k, 1€k,

kemm+1, lmn+1 kw1, lmen4-1 kemm4-1,l=1

9 P.q m,q p.n
gfnﬂ.nﬂ[ > aat X aat+ X ak.l]
kmam+1, lmnt1 kem1,lemn+1 kmm+1,l=1
= fﬂ+p.n+c(s’n+p.n+¢—sﬂ.n) .

In the above summation €mip,n+ is in the smallest term except those which
are zero, but these terms drop out of the summation. Now choose p and ¢
so large that

Sm.n é - Sm o .
2 +p.nt g

Then equation (9) becomes

P,Q m,q p.n
> e+ > Giaa+ Y, arian
kmm4-1,lsend1 ko=, lemnt1 kemm+1,l=1
1
= "2‘ Emtpnto Smipate = ‘E‘ .

Setting m;=p, n,=gq, this process can be repeated. Since this can be
carried out an infinite number of times, we have

XX
Ama€mn=® .
mem]l, neml

LEMMA II. If D oiiaai Gm.a is nmot absolutely convergent, it is possible

lo choose a bounded sequence xm . such that Xm,—0 and > mwy pmi Cm.a%m.n
diverges to + 0.
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Proof. Under the hypothesis Y mein=1 |@m.n| diverges. Now choose
€m.» as in the preceding lemma with regard to the series D puy g1 |Gmonl.
We define Xm,n=€m,n SEN Gm,n; theN Gm Xm0 =Cm,n€m,n SEN Cm,n =€m,n|Gm.a].

By the preceding lemma Y pifna1 Gm.n%m.a diverges, as we wished to
prove.

We now proceed to consider transformations of type S.

THEOREM II. In order that whenever a bounded sequence (Xm,») possesses
a limit %, Y yorie1 Gmonki®is Shall converge and liMm new 2 porimt Gmn.ki
« Xy, =%, it is necessary and sufficient that
(6) lLim Gm,n,k1=0 for each k and I,

”m,n— o

XX
() X |@mmi.i| converge for each m and n,
=1,l-1

(¢) lim Z Gmnii=1,

N8 ® kel fel

@

(@ lim D |ammnri|=0for eachl,

MRS D kel

(0 lim 2 |Gmmsi|=0for eackk,

MAS®  jm]

o > |Gminki| SA for all m and n .
ka1, el

Proof of necessity. (a) Define a sequence (Xm,n) as follows: Zma=1,
m=p, n=gq; Tmn=0 except when m=p, n=g. Here ym,n=amnnxr, Hence
condition (a) is necessary.

(b) Choose any fixed m and # and assume D _y.j ju; |Gm.».x.1] diverges;
then there exists by the preceding Lemma II a bounded sequence Xm,a
having the limit zero, and such that D ;i je; @m.n.z.%x diverges. This
contradicts our hypothesis; hence condition (b) is necessary.

(c) Consider the sequence (¥m.) defined as follows: xm.=1, all m
and 7; then Ym .= D oy im1 @m.n.k.1; and thus condition (c) is necessary.

(d) To show the necessity of condition (d) we assume that conditions
(@) and (b) are satisfied but that (d) does not hold; and obtain a contra-

diction. Since the double sequence D ;u;|@m.n.k.5| (o being a fixed integer)
does not approach zero, then for some preassigned small constant 4>0
there must exist a sub-sequence of this sequence such that every element
of it is greater than A.
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Choose m,, n,, and r, at random.
Choose ms>m,, na>n; such that

1

k
2 |Gmunskao] S—, from (a),
bl 8

Z |amz.nx.k.lol =h H
k=1
and r;>r; such that

& h
Y |@munska] S—, from (b) .
kmrat-1 8

In general choose m,>m,_,, n,>n,_. such that

rp—-1 h
E lam,,n,,k.lol £ —, from (a) ,
kw1 8
(10)
E lam,,n,.k.lol =h ’
kel
and r,>7,_, such that
& h
(11) E lamp.u,.k.lol _2. i) from (b)
kemrp_1+1 8
From (10) and (11) we have
Tp 3
(12) E ’am,.n,,k.lol g —'h .
kmrp_141 4
Define a sequence (¥m,.) as follows:
x.,;=0 N l#lo;
(13) Sgn aml.nx.k.lo’ ké'l )
SgN Gms,ng,k,l0y rn<k=zr; ’
xk.'= .....
SgN Gmy,nyp,k, 10y rp—l<k§'p ’
Here limm,n.e 2£,;=0. From (10) and (11),
a1 -1 h
| t Qmp,np. k.10 Xk, 1o = Z Iam,.n,.k,lol s—.
| 3 k=1 8

From (12) and (13),

rp
2 Amp,np.k,lo Xk,lo
kmrp_1+1

kmrp_1+1

2 3
= Z [ - -z-h .

[January
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Consider

O
ly"',-"ol = I Z Gmp,np.k,l0 xk,lol
k=1

rp

-1
Z laM,,ﬂ,,k.'o xk"“l - | a-’v",-tolo x*v'.
kemrp_1+1 [ )

v

@
- E Qmp,np. k.10 Xk, 10
km=rptl

3 2k h
Z—h——=—.
4 8 2
Thus limm,n.o Ym.» is DOt zero, hence (d) is necessary.
(¢) In a similar manner we can show the necessity of (e).
(f) Assume conditions (a¢) and (b) are satisfied and that (f) does not
hold. Choose any m,, n,; r1, s, at random.
Choose my>m,; ne>n, such that

my %,

Z Iam.na.k.ll <2, from (a) ;
k=1, le=1

Z Iamg.aa.k,ll 22‘ .
ka1, lu=1

Choose r2>r;; s2>s; such that
D,ﬂ ". @

E |@mama ]+ Z lam.u,k.l

kmratl,lmsot1 km1,lmgat1

+ 3 lommral =20, from () .

keergt-l,lm1

Choose mz>mg; n3>n, such that

Mgty

2 [@msma ] <22,
ka=1,le=1
€0+
E Iama.na,k,ll gze .
kml,l=1
Choose r3>rs, s3> 52 such that
@ »® 00,53
E Iama.m.k.ll + Z I Qmg,ns, k,1
kearytl,lmegt-1 kmmrytl,leml

LAY
+ t Iamz.m.k.ll §2‘ .

b1, l=sgt1
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In general, choose m,>m,_,, n, >n,_,, such that

Mmp—1,Mp—1
I am"""'.‘l é 2,-‘ ’
kenl, leal
(14)
@0
E Iam,.n,,k.ll 2 2tr H
k1, lml

and r,>r,_1, 5,>5,-1 such that

@+ ® ®,0p

Z la"'r"‘v-"-d + E l a"',"'r-'oll

hemrg 141, lmsp_1+1 kamrp_ 141, le=1

(15)

fp, o

+ z lam,.n,.b.ll S22
a1, lmap 141

From these inequalities we have

9.0y Tp—1'Sp Sp°Sp—1

2 [Gmpmpit]l + 2 |Gmpmputa] + i [ —l|
bemryoy +1,lmeg_14+1 rel,lmsp_1+1 kearg_1+1,l=ml
(16) =217 — 2002 2r—1= 271291 2911 ]

=291 [2p+l_ 291 2;-1] =211
Define a sequence (%m,») as follows:
Xk, 1=SEN Cmymrkt, ESMy , IS, ;

1
Ta = _2"3311 Gmy,ng k1 m<kSms, 1SISH,
m<kSmy, m<ISny
(17 e

1 {l§k§m,_1,n,.l<l§n, }

{ 1Sksm, mi<ISn, }
’

my 1 <kSm,y, 1<ISn,
Mmy 1 <kSm, n,1<ISn,

= 7'_—153“ an',u,,k,l

Here limp n.q Zm.a=0.
From the preceding inequalities (14), (15), (16) and (13) we have

my—1,8p—-1 Mp=1,8p—1
(18) E au,,u,,b,l x*-'l l § E Iaﬂ’t"-."l sz"‘l ;
Bbeml, b1 b1, il
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my,Np Mmp—1mp
' Gmynp. bt a1+ Cmp.ng. k.8 Th,l
hmmy_141,lmng_ 141 ka=l,lmny_1+1
mp,%p—1 1 mp.ny
19 + Bmping kit Xh,t = ,_l[ [Bmp.np.b.il
Bemp_1+1, 1 2 bmmp_1+1, lmnp 141
Mp—1,Mp Mmp,Np I
+ Z [Gmping.k2] + Z [ — ] g—x 27127 ;
ke, lmnp 141 bmmp_ 141, 1=l 29
XX Mmp,®
| E Gmpnp, k.0 X0+ i Gmp.np, b1 Tk,1
hmmpt1, leangt1 ka1, lemnpt-1
o8y l @i
(20) + 2 Gmp,np, b, Tkt | S [ Ia-».n,.l.l'
ham ¥, imt 2P L hm=mytl,imn, 1

Ny, ®,np 1
$ B it B fommaal | S22,
b1, lmnyt1 Rempt 1, bl 2»

Consider

@0
ly""tl = I E Gmp,np. k.l Xk,

=1
ﬂ,.ﬂ’ Mmop—~1,8p
2 Z Gmpinp. bt Xkt 2 Gumy,np, b8 Xl
kmmy_141, l=np_1+1 ke=l,lmng_141
Mp,Np-] @ 10
+ 3 Gmp.np, k.1 Tk, —| Cmpnpk,t Xa,8
k=mp_1+1,l=1 kmmpt1,l=nyt1
Mmp,o ©,np
+ Z Gumg.np. &, 1Tk, 1 E Cmy.np k.1 Fk, 1
k=1, l=ngt1 kmpt1,l=1
Mmp Np
- Cmpnp. k.t Th,1| 2 27— 271 —27-2=27-2[4—2—1]

k=1, =1
=272 from (18) , (19), (20) .

Hence lim,.,,,ly...,,,.,l =+, Thus the sequence (ym,») has no finite limit,

hence (e) is necessary.

Proof of sufficiency. From definition we can write

Yma—2% = E Cm,n k0 Xk 1%,
k=1, =1

From condition (¢) we have

@ 1 ®

am,n,l.l+'n,u =1,
k=], lel
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where lim,, n.., #2.»=0. Hence

€0 » 0O

Yma— Gm,n, k.1 (xk.l_x)""m.nx;
k=1,i=1
».Q b 25
[V, n“xl I Y Gmaka xk.zl + | D Gmpinpiit xk.ll
k=1,1=1 k=11 g+1

@, » O
+ | E Gm,n, k.1 xk.ll + I QZ: Cmp np, k0 Xkl l+ "n.qx |-

k=p+1,l=1 k=p41,l=g+1

Given ¢>0 we can choose p and ¢ so large that

|ra—2x| < SLA , whenk>p, I>q.

Let L be the greatest of the numbers |x:,,—x| for all 2 and /. Using con-
ditions (@), (d), and (e) we can choose two integers M and N such that
whenever m= M, n=N,

) 3| |<—
i np.k, <—
( k=1,1=1 Gmp nakid SpeL
2 €
ii i | < k=1,2,3, - - - ;
(“) 1-2.:, Iamy,np.k.ll SpL ( y 9y ’P)
(iii) 3 | tmpmpral< =1,2,3 - - - ,9;
F— SqL
@iv) |r,..,.|<
5| |
We thus have, whenever m>M, n>N,
manT = o ieu— L
|yma—z|= SLP Lpg + SLp Ly + SLq q

€
—_— — 4
+S |« ] =1+ 54
Hence
lim yu .=z

” N o

Thus the theorem is proved.
From the equation

0 » 00

Gm,n k.0 Xk,1
k=1,i=1
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we have, taking absolute values,

@+

|ym,nl S Y Gmara®a S 2 Iam,».k.IIK S4AK,
k=1, =1 k=1,l=1
where |x:,:| <K. Hence the

CorOLLARY. A bounded sequence (xXm,) is transformed by a regular
transformation of type S into a bounded sequence (Ym,n).

If in the proof of the preceding theorem we replace the set of integers
1, 2, 3, - - - as range of variation of m by a point set T having a limiting
point £, as range of variation of a variable # and the set of integers 1, 2, 3, - - -
as range of variations of # by a point set V having a limiting point v, as range
of variation of a variable V, we shall have the proof of the following general-
ization of the theorem.

THEOREM III. Let ai,.(¢, v) be defined for k=1,2,3,-.-,1=1,2,3,---,
tinT,vin V, where T and V are two point sets in the real or complex plane,
having t, and vy (finite or infinite) respectively as limit points. Then in order
that whenever the bounded sequence (xm..) possesses a finite limit x, it should
be true that for each pair of values t and v,

® 100

Z a1t v) X1 exists
k=1,l=1

and that

® o

lim Y a0 2a=x,

$=00900 k=1,l=1
it is necessary and sufficient that

(a) lim  ax,: (¢, v)=0, for each k and l;

t—te, 900

@ 1o

)] > lar.a (¢, v) | converge for each t and v;
k=1,l=1
(c) lim Z ar1 (¢4 v)=1;

840,990 k=1, =1

00

@) lim Y |awi (4 9)| =0, for cachl;

840,990 k=]

(e) lim f: |ax.i (¢, v)| =0, for each k;

[ad T8 2ad 1 I=1

|ar.i (2, v) | < A for every pair of values of ¢ and v.

k=1,l=1
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THEOREM IV. Let ai,.(t, v) be defined for k=1,2,3,--.,1=1,2,3,-- .,
tinT,vin V, where T and V are two point sets in the real or complex plane,
having ty and vy (finite or infinite) respectively as limit points. Then in order
that whenever the bounded sequence (xm.) possesses a finite limit x, it shall
be true that for each pair of values t and v

E ar,(2, v)x,1 exists
=1, l=1

and that

lim E ara(t, v) xp,1=\x

$=080,9000 jmm],lm]

(\ being a fixed constant), it is necessary and sufficient that
lim as,i(¢, v)=0 for eachk andl;

(a) §—49,9-49g
%) ﬂf |ax.i(¢, v) | converge for eacht and v;
k=1, =1
© lim 3 axa(t, v)=\;
$=040,909) km=1,l=1
(d) lim Z-: |ax.i(¢, v)| =0 for eachl;
“"'g,""o k=1
() lim i: |ax.(t, 9) | =0, foreachk;
‘-"o,l"" =1
() af |as.i¢, ©) | < A for all values of t and ».
b=1,lm=]

Proof. By forming a new transformation

bl.l(t) ")a ak";‘, v) ’

when A0, this problem reduces to that of the preceding theorem.

For A =0 the proof is reduced to that of the preceding theorem by the
transformation defined as follows:

Let ¢, €, €, - - - be a monotonically decreasing sequence of real num-
bers and such that e,—0.

(a) If 4 and v, are finite limit points, then for

&S I"“ol“" |U—Wl<¢..|, €= 4 0,
Dan(, 9) =aa.n(t, v)+1,

define
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k#En, l#n
bra(t, v) =ai(4, ) { k=n,l#%n } .

k¥n, I=n
(b) If t,is finite and 7, infinite, then for

1
e S |t—to| + m<en-x , =+,

define
bn.n(‘; ”) = au.n(‘,'v) +19

k#n, l#%n
bra(t, v)=ar,(4 v) { k=n, I=n }

k#Zn, l=n

(¢) I tyis infinite and v, finite, then for

1
€n .§ T;]"l' |U-90|<€.'- 19 60='|"w’

define
ba.a(t, 1) =0a.n(t, v)+1,
k#m, l#%n
bx.a(t, v)=asx(t, v) { k=n,l*n } .
k#n, l=n

(@) If t, and », are both infinite, then for

1
St <oy, 0=
& S l‘l + l”l <é€p1, =+,

define
bn.a(', V) = an.a(‘: ”) +1,

k#En, l#%n
bra(t, 9) =ar (4, v) {k-n, Ixn } .

k#kn, l=n

As defined, the transformation b:.:(¢, v) is regular whenever the trans-
formation ai,(f, v) satisfies the conditions of the theorem. If we write

¥, 0)= E ba(t, v)xa,= mzw ari(t, 02,1 + Zan,
k1, i1 Rl el

then by the preceding theorem

lim y(,9) = lim b

baa(t, v)xr =x.
189,999 §=080,99 jk=1,l=1
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Thus
lim [ Z Akl (tr v)xk,l + Zn,n ] =x.

t—=1y, 9209 L k=1,1=1
Hence

@ 1

lim > ara(t, v) xata=1x,

845,999 k=1,l=1

which reduces to the expression

@ 1

lim Z ak,z(t, v) Zea=0.
I=40,009  k=1,l=1
Thus we have proved the theorem.

In the preceding work we assumed that the given sequence x.,. was
bounded and convergent and then found the necessary and sufficient con-
dition that the transformation must satisfy in order that the new sequence
Ym.» Must converge to the same value. Different conditions may be placed
upon the given sequence #.,, and then we ask what conditions must the
transformation satisfy in order that the new sequence y.,, shall be bounded
and convergent. The results of these investigations are stated without
proof in the following theorems.

THEOREM V. In order that a regular transformation of type T be totally
regular it is necessary and sufficient that there exist intergers ko and ly such
that amn,k,1>0 when k>ko, 1>, for all values of m and n.

THEOREM V1. A necessary and sufficient condition that a regular transforma-
tion of type T of real elements transform a bounded sequence (%Xm,,), whose
superior [inferior] limit is L [l], into a bounded sequence (Ym,n) whose superior
[inferior] limit L' {l'] satisfies the relation L' <L [V’ 21] is that the transforma-
tion be totally regular.

THEOREM VII. A necessary and sufficient condition that a transformation
of type T transform a bounded convergent sequence (Xm,n) into a bounded con-
vergent sequence (Ym,n) S that the following conditions hold:

(a) lim  @m,nk,1 exists foreach kandl;

mn— o

denote the value of the limit by c.,1;

m,n
%) lim > Gmomk.i exists;
MA®  fml, =1

denote the value of this limit by a;

m.n

() > |am,n,k,l|<A forallmand n;

k=1,l=1
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(d) lim E Ia,,.,,.,k,z—c;,,;|=0, foreachl;

MAD O kem]

(e) lim Y |amara—cri|=0, foreachk.

MBI O =]

When these conditions are satisfied, we have

lim yma=ar+ 2 cr(tia—2),
mp— o k=1,1=1
where liMp nom,a =%, the series D yoyi=1 Cra(Xka—x) being always con-
vergent.
THEOREM VIII. A necessary and sufficient condition that the sequence
(¥Ym,n) defined by the relation

m,n
Ym,a = E Am,n, k1 Xk,1
ke=1, =1

shall converge whenever the bounded sequence (Xm,n) converges and that the limit
of (Ym.n) shall depend merely upon the limit of (Xm,n) and not upon the elements
of (Xm,n), is that the following conditions hold:

(a) lim am,n,x,1=0, foreachkandl;
m ., n— o
()] lim ' G ,n k.1 EXISLS;
MA—® k=1, im1
(c) ' |a,...u,k,z|<A for all m and n (A being a fixed con-
s stant);
(d) lim |a,,.,,.,,,,1 | =0, foreachl;

ma—w k=]

(e) lim Y |ammra|=0, foreach k.

MR O ]
W hen these conditions are satisfied, we have

lim yma.=ax.
” N o
THEOREM IX. A necessary and sufficient condition that a transformation
of the type S transform a bounded convergent sequence (Xm,.) into a bounded
convergent sequence (Ym,n) is that the following conditions hold:

(a) im @m,n,k,1 €xists for each k andl;

”,n- o
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denote the value of the limit by ci.,i;

%) lim Y amni exists;

ma— o k=1, =1

denote the value of this limit by a;

@ » 0O

fc) E |a,,.,,.,k,;|<Aforallmandn;
k=1,0=1
(d) lim f: Ia,..,,.,;,,;—c;,,; | =0 foreachl;
ma—o k=1
(e) lim i |@m.n,k.0=cr,1| =0 foreach k.

ma—so =1

When these conditions are satisfied, we have

lim yma=0x+ 2, cri(®ei—2),
ma—so k=1,1=1

where X =liMu new Xmn, the Series D yoyiwy Cri(%e,1—%) being always ab-
solutely convergent.

THEOREM X. A necessary and sufficient condition that the sequence (Ym,n)
defined by the relation

0 »

Yma= Z Gm,n. k.l Xk,1
k=1,1=1
shall converge whenever the bounded sequence (xm,.) converges, and that the
limit of (Ym.») shall depend merely upon the limit of (Xm,n) and not upon the
elements of (Xm.n), is that

() lim Gm,n.%.1=0 for eachk and ],
ma—s®
® 3" |Gmmst| comverge for each m and m,
k=1,1=1
() im D Gk exist,
A e p=1,i=1

(@) lim ) |a..,..,g,;| =0, } any fixed integer,
1

MB—o D =

(o) lim |¢..,..,:..x| =0, k any fixed integer.

|p—e® =1
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When these conditions are satisfied, we have
lim yma=ax.
¥ X
THEOREM XI. A necessary and sufficient condition that the transformation
(@m.n.x.1) of type T transform a bounded sequence (Xm.») into a bounded con-
vergent sequence (Ym,») 1S that there exist numbers a1 such that

@) lim Y |emari—ai:|=0,

ma— o k=1, 1=1

@ 1+ 0O

(ii) 2 lara| converges.
=1,1=1
THEOREM XII. A necessary and sufficient condition that the transforma-
tion (@m,n.k1) of type S transform a bounded sequence (Xm,) tnto a bounded
convergent sequence (Ym,n) tS that

 » O

(i) Z ‘atn.n.k.l I
k=1,1=1
converge for each m and n and that there exist numbers ax,; such that
(ii) lim Z Ia..,..,g,x—ag,x I =0,
ma— e j=) =1
(iif) Y. ara converges.
=1,1=1
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