ON CERTAIN FAMILIES OF ORBITS WITH
ARBITRARY MASSES IN THE PROBLEM
OF THREE BODIES*

BY

F. H. MURRAY

This paper is devoted to the study of certain families of orbits in the
problem of three bodies, which lie in the neighborhood of known orbits
of simple types, but in which the masses are arbitrary and fixed. The clas-
sical method of variation of a parameter which enters into the equations
of motion cannot, therefore, be employed ; instead, extensive use is made
of methods in which the notion of invariant relationt plays a prominent
role.

In the first two paragraphs are developed certain implications regarding
the equations of variation, which result from the existence of a set of in-
variant relations satisfied by the generating solution of a differential system,
following which certain properties of isosceles triangle solutions with axis
of symmetry in the problem of three bodies are established. The latter
part of the paper is given up to the study of plane orbits which lie in the
neighborhood of the straight line solutions, or in the neighborhood of the
equilateral triangle solutions, respectively ; in this study a simple reduction
of the equations of motion in the plane is obtained, which is found especially
convenient.

Many of the results obtained concerning these last solutions have been
given by D. Buchanan,} but the method employed here has made it pos-
sible to go farther in certain respects. Certain related questions of stability
will be taken up in a later paper.

1. INVARIANT RELATIONS

Suppose given a system of differential equations

dx.- .
(1) 'E{=Xi(xly Xg, ¢ ¢ vxn) (1‘=17 e vn)

* Presented to the Society, September 7, 1923; received by editors in January, 1924.

t See Poincaré, Les Méthodes Nouvelles de la Mécanique Celeste, vol. 1, p. 45.

{ Rendicontidel Circolo Matematico di Palermo, vol. 25 (1921), pp. 1-25; these,
Transactions, vol. 23 (1922), pp. 409-431.
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in which X is analytic in its arguments, if (x,, - - - , ) lies within a region D.
Suppose the equations

¢l(x1’ Tt T x’l) =0 ’
2 e

o2y, - -, %) =0

to form a set of invariant relations for solutions of (1). If a particular solu-
tion of (1) is defined by the equations

xl=wl(t) y nxn=wn(t)

in an interval 8: (0<¢<T), let R be the region composed of all points
(%1, - - -, 2a) of D which satisfy the inequalities

(a) Ixi—wi(t)|<a (i=l) ot ’n))

for some ¢ on 8. It will be assumed that ¢, - - - , ¢, are analytic within R,
and that for every value of ¢ on § some r-rowed determinant of the matrix

dp1 0¢1 d¢1
dps Op2 92
. d¢r der der
reiriiiw

is different from zero in the region defined by inequalities (a).
Under these hypotheses every value ¢ of ¢ on & lies in an interval
8’ :|t—1°| <n such that the equations

y1=¢l(xl’ ot ’xﬂ)’

..........

yr=¢r(xl, s ’xn)

can be solved for r of the variables x4, - - - , x,; if these are x,, - - -, %/,
xXi= ‘ﬁi(yl: ot Yy X1y 0t xu) (i=l) Ct T ')
in a region

8) lysl<a’,  |#r—waa®) | <o’ ,
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and inequalities (8) have (a) as a consequence if a’ is suitably chosen,*
t on &. Also, ¥, is analytic in its arguments in the region defined by (8),
if tison &. If r1=%Yri1, -+ * ) Xa="%n,

dy' d 9¢;

7;:=2Xk'a———y.()’1, T Ym) (=1, - -« 1),
(1') k=1 Xk

dy;

7=Xl(xlr vt 1xn)=Yl(yl' s 9yn) (’='+19 : '9")-

The functions ¥; are analytic in their arguments, and may be expanded
as power series in yy, « « +, ¥, :

’
)
|yi|<a”; |xr—wk(‘)l<a” (‘i=l, N k=f+1, « e e '").

Since the equations (2) form a set of invariant relations, ¥y, - - -, ¥,

must vanish when y;=y,= - - =y,=0. Hence
4° o,
0...0
(2
dy: ® .
= =gay1taiyst - - - taiyt ¥ (=1, - - - ,r1)

where ¥ is of at least the second degree with respect to 1, - -+, ¥, In
terms of the original variables

d‘Pc
(2") Z Atk‘Pk"" ‘P! @1y, 3 Pry X1y xn) ’

* For, from the classical theorems on implicit functions it follows that corresponding to each
value #° of ¢ on 3, there exists a region

(@) |yl <d, |m—w@)|<bd G=1,--«,r;k=r41, -+ n)
for some r variables 1, - - + , %, such that the functions
=W, Yy Testy* 0 ) G=1,+++,7)
are defined within (5;) and inequalities (a) are a consequence of (;). Suppose
a'=b/2, |X;l<M (F=r+1,--- ).
Then if [¢—t0|<b/2M, from (1),
| wa(t) —wa ()| <a’ (k=r41,- -+, m).
Hence if
®) (9l <o, |m—m®|<da, |t-t]| <a'/M (=1, ,r; k=r41,--.,n),

it follows that |x3—ws (¢%)| < b, and inequalities (5,) are a consequence of (8).



1926] FAMILIES OF ORBITS 77

and the series on the right must converge if (x,, - - -, x,) lies within a region
(a") lwi—wit)| < a”,  |t=p|<n  G=1, - - - ,m),

which corresponds to that defined by inequalities (8').

Since every ¢ on 3 lies in an interval &' for which equations of the form
(2" hold, it follows from the Heine-Borel theorem that & can be covered by
a finite number of intervals of this form, and these can be chosen as over-
lapping intervals &'; if @ is the smallest of the quantities 4”, inequalities
(a’) are a consequence of inequalities

@ : |#—wi())| <@, 0St<T.

Since the coefficients of the series on the right of (2'), defined for a region &',
must coincide with the corresponding ones defined for 4’ in the region com-
mon to & and &", each must be the analytic prolongation of the other. It
follows that equations (2'") are valid under the hypotheses concerning X, ou,
within the region defined by imequalities (a).

Now if
n 9,
X(f)= Z XO_-L' ’
il (27
then if f(xy, - - -, ) is defined as a function of ¢ by means of equations (1),

f®=flx, - - - ,x:)+tX(_f)+{-'X[X(j)]+. .

If ¢i(xy, - - -, %) is expanded in this manner, and if (a3, - - -, 22) =0
(¢=1,---,r), from (2") X(¢s)=0, X[X((oc')]=0) -+ and hence ¢;=0,
for all values of ¢ on 8. This result, announced by Poincaré (loc. cit.),
seems of sufficient importance to warrant the detailed demonstration given
above.

If the change of variables

Y1=01, ¢ * * Ve =0r, Ver1=Yre1tEen, * 4 In=Yn+ 2

is made, where ¥4, - - - , s are a solution of the system

dyi .

7= Yi(oy ) 0: }’:-n, ) }':) (‘='+l’ ) ") ’
we obtain

das L) 4% LI ) 4" *)
_=E_yl+ Z_zc"'\l'l (yl) C ot Ve Zpgry 0 ,8.).

3
( ) at =1 0%, emrt1 9%



78 F. H. MURRAY [January

The equations of variation of the system (1’) are therefore in the form

dji _ .
(0) 7; = aah+aeniet+ - - - +aidr (’=1; cee 1),
4)
dzy
(b) 7;‘ = bklyl+ ¢ +bkr)-'r+bk,r+l§r+l+ ¢ +bknzn

(k=r+1, - - - ,n).

If the system (a) is integrated first, (b) can be integrated as a non-
homogeneous system in 2,41, « -+, Zn.

The system obtained from (1’) by giving y, - - - , ¥, the value zero will
be called the reduced system with respect to the relations (2). This reduced
system may admit another set of invariant relations, by means of which a
second reduced system is obtained, etc. In this manner any given set of
invariant relations can be grouped into sub-sets,

’
Sy (e, © - - ven),
7 1"
Sl : (Sl’ ¢l; ) ¢r2) ’
(m) (m)
Sm H (Sm—l, L1, Oty Prm ) ’

such that when the functions of the set Sx_, are set equal to zero, the rela-
tions

* *®

01 =0, « -+ ,on=0
form a set of invariant relations. This division into sub-sets can in general
be made in a variety of ways.

It is seen immediately that a corresponding grouping of the equations

of (a) can be made ; these are necessarily in the form Gf sy =71+r24 - - -+72)

dy' .
(Sl’) - = E a;k}’k ("’=1’ Tty 'l) ’
k=1
’ d}-". - =1 o =" .
(S2) Tt =k_1 G iy + fer G itk r (=1, - - -, n),
(m)
d)-?‘ 71
’ —_— = - ” .
(Sm ) di E=1 a‘n-ri-'.k El am—1+1, n,+k +
& _(m) .
+Ed . Yk (‘=l,21"':"vn)o

em—1+1,8m-1+k



1926} FAMILIES OF ORBITS 79

The integration of equations (a) is therefore reduced to the successive
integrations of the sets (Sy'), (S2), -, (Sa’), the set (S:') forming a
non-homogeneous system in i,“), ce 375:’, if the sets (S)'), -, (Siz)
have been previously integrated.

2. A SPECIAL FORM OF INVARIANT RELATIONS

Suppose equations (1, §1) in the canonical form

dx,' OF dy.‘ aF .
T T =t m),
(1') dt ay; dt ax;
du; OF dv; oF .
—_—=—, — = - — (1=1,"'1')'
dt 9v; dt ou;
and suppose the equations
1) Ur=Up= - - - =U=09=v= -+ - - =09, =0

a set of invariant relations. Then the functions dF/0u;, dF/dv, are of at
least the first degree in ;, v;, and the equations of variation for (1’) are

d&; m  9F m 9°F
- = r + E Nk »
(2) dt k..zl aygax;, kel ay;ay,,
dn; ™ 9°F m  9F
—_— = — — igl e, m);
d ot o™ G )i
du; r. 0)F _ r. 0%*F
—_—= u Uk ,
- dt ,,‘:' v du +,§ vdne
dv; r. 9F _ r. 0*F .
_— - Ur — Uk (z=l,---,r).
dt kw1 OU;0UL k=1 OU;0V)

3. PERIODIC ORBITS

In this paragraph will be outlined a variation of the method of Poincaré,
for determining the periodic solutions of a differential system, which does
not contain a parameter explicitly.

Suppose
Ti=eit), o0 =2/ (=1, - - - ,n)
a periodic solution of the system
(1 &=Xe(xx, Xy * oty %) (i=1, - - - ,m),

dt
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and consider a solution
xi=ei(), @i(0)=xi+ps (=1, - - - ,n);

the functions ¢; are analytic in By, - - -, B for |B:| <e, under the hypo-
theses of the first paragraph, if € is sufficiently small, and can be expanded
as power series in these variables.*

The expansion of #; is in the form

@) w=S0+ 3 BB (5B - - - ) G=1, - - - )
k=1

where & is of at least the second degree with respect to 81, - - - , Ba,
the coefficients being continuous functions of ¢, and the series converge if
0<I<T, |B:|<e 6=1,2,:--,m).

The functions £®(¢) are solutions of the equations of variation for (1),

(k)
d§; » 90X
@A) AR e (=1, - - - ,mk=1, - -« ,m),
dt =] ax.

and are such that for =0,

(4) £0=25" 6P=1, " =0, ki) .

If the generating periodic orbit has the period T, the problem of deter-
mining periodic orbits of period T+ 7 is reduced to that of solving the sys-
tem of equations

(5) Axs=xt(T+7)_xi(0)=0 (i=1 y T ”) ’
for By, -+ -, Bn, 7. From (2),

(k ()

Axi=x/(0)r + 3 Ak Bet¥s (7 Brs - -+ » Ba)
k=1

where
AE:»=££”(T)—£Y‘)(0) (i=l) R (1] k=1 1" n),
and ¥{? is of at least the second degree in 7, 8y, - - - , Ba.
Equations (5) can be solved for small values of 7, By, - - -, Ba if not all

n-rowed determinants of the matrix

(n)
X:, A%, A&, .-, Af

X, AE, Af, .-, AR , .
A= (Z(O)=X;=X(x;, - - -, %))

X, AE, Af, .-, AL

* Les Méthodes Nouvelles, vol. 1, Chap. 2.
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are zero. If a certain number of uniform integrals of (1) exist, the rank
of A will in general be less than #; but in this case* these integrals can be
used in place of some of the equations (5).

4. CERTAIN PROPERTIES OF ISOSCELES TRIANGLE SOLUTIONS WITH AXIS
OF SYMMETRY, IN THE PROBLEM OF THREE RODIES

The equations of motion of the isosceles triangle solutions with axis
of symmetry in the problem of three bodies can be given the form

dr OF d¢ OF
@ R’ @ ez’
dR oF az oF
m T "d—t""a—r_’
dm'my  4m'?

F-——( +— +——————- :

L R F T
4m' + me

In these equations 2m’ is the common mass of two of the bodies, m,
the mass of the third, » the distance between the two equal masses, r, the
distance from either to the third, and ¢ is the distance from the third to
the center of gravity of the first two.

These equations admit the integral F =C, and it was shown by J. Chazy}
that if C <0, 650, r must satisfy certain inequalities

(2) 0<es=r=8.

It can also be shown that positive constants A, B can be found such
that if 0, C< —4, then |{| <B and consequently

3) 0<y<r<é

for certain constants v, é and for all values of 2.
For from the energy integral, if C=—C’,

1 (R’-}- o? + Z2 4m'my 4m' c
2m' r? 70 r = ’
R3 22 4m'm, 4m” o?
—_—t—= - -C'20
2m'  2M 70 r 2m'r?

* Les Méthodes Nouvelles, vol. 1, Chap. 3.
t Bulletin Astronomique, vol. 1, No. 3, 1921.
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Assume 670 ; then
1  8m'3 2m’C' 8m"mg

2‘92— '

( 4m"‘)2 2m'C’ (4m”) 8m’21ng

4m"mq > m’C’O’— 8m's

from which

7o 92
or if C'02—8m's>0,
4m’'m46?
e ey

If the variable ¢ is replaced by 6, from the relation

do (<]
mt—=0, do———dt
dt m'r?
equations (1) become

dr m'r2 dF d¢ m'r? OF
" @ e orR' 8 o oz’

dR m'r2 OF az m'r? oF

%o % W e

and these equations admit the multiplier M =6/m'r?, where M is positive
and finite so long as the initial conditions are such that
C'6t— 8m's > C, >0 ;
while from the assumption C’ <0 it follows that
02
2 ,
2m' (8m’'ma+4m'?)

an inequality easily obtained from the energy integral and the inequality
1/r=1/2r,.
It follows that for some region
0<a<|r|<by, |RI< B,

(D) _ .
l¢|<B, |z|<C

for which
C:>C0e—8m">C.>0,
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the variables 7, R, {, Z lie in (D) for all values of ¢, and the equations (1’)
remain valid ; since these equations admit a positive finite multiplier the
solutions possess compuete stability.*

From (1) we obtain

at _ Z az _ 4m'my

a M’ at :
or if a= Vam'my/ M,
@) L A

ar n o
From (3),
a? a? a?

(5) —<—=<—.

Consider an equation
ax
E;-Ho(t, H8=0,
in which
A<et,)<B,  [t]<e,
for all values of ¢, 4 and B being certain positive constants, and ¢ conti-
nuous in its arguments. Let 2,, 2, be solutions of the equations

T4 |, By=0
— %, = ,
de '

d222
Z2 4 a=0.
Then dty

213'"—3'3;'=§'51 [B2_.¢(t, g-)] ’
b2 — s =ao(t, 1) — 47] .

If 2y, 25, { satisfy the initial conditions
21(0) =25(0)=¢£(0)=0,
2/(0)>0, 2'(0)>0, ¢(0)>0,
then

©) [exg” 5100 = f [Br=ot, 1) atat

* Poincaré, Les Méthodes Nouvelles, vol. 3, p. 141. For the method of Poincaré can be applied
to prove that if P {ro, to, Ro, Z, o} is any point of (D), 5 any region surrounding P, Q an arbitrary point
of 3, 6 a given value of 6, the probability that (r, {, R, Z) will lie in 5 only a finite number of times
with 0=0o+ 2%~ is arbitrarily small (% an integer) if (, ¢, R, Z)=Q, 0=0,.
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or if z:1(£,) =0, ¢, being the first zero of 2,(¢) after £=0,
—$()a' () >0,

and since 2,/ (#) <0, {(41) >0. In the same manner we obtain

™ (DD —5D () = f  [olt, £)— A*]satt ,

and if {(?) =0, 7 being the first zero of {(f) greater than ¢=0,
-3"(‘-)52(‘-)>0 ’

from which 23(/) >0. Consequently if {(0)=0, the first following zero of
t(¢) must lie between the first zero of 2;(f) and that of z:(f). If this zero
is?,

i<

B A’
applying this result to equation (4), with conditions (5),

¥ xs

)

a a

From (6) it follows also that if 0 <¢<w/B,
nd' —¢n

>0,
5
consequently if 0 <¢, <t <w/B,
ts ts ) !
() [i] = f W .
g dy f zZ

1

Now suppose z,'(0) =¢'(0) ; for small values of ¢,

§.= ;‘0,"""’#'(‘) ’
5= 2 sin Bt .
B
From (9),

£ (ta) N to h-l-t:'ﬁ(‘l)

t U
51( ’) 9" sin B‘l
B

(10)
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Taking the limit of the expression on the right of (10) as #, approaches zero,
$(t2)
z1(ts)

since the right member of (10) decreases as #, approaches zero.
An exactly analogous argument shows that if {(¢)>0, 0<¢<?, and

2'(0)={'(0),

0]
O
or
v
zx(lz)<§' (ti) ’ 0<‘l<'§' ’
T <z, O<t<it.
Consequently* if T is the maximum value of { on the interval 0 <t <},

i’ (I 1

B = 2fs A4’
or

1gfgl,

B ¢

S. PERIODIC ISOSCELES TRIANGLE SOLUTIONS
Suppose the function F in equations (1,§4) expanded in powers of {; since
1 2 26\ 212
Sy
2 2 1 372 1:3:5728\¢
2 ]
r r 2 -4-6\r
we obtain o 4 nig
P _( + m'348m’ mg
16m’ms
...= ]

) + + n §

8mmg13 ¢ 1-3-5/25\°
r [ ( 2-4-6(_; +]
= Fo+Fs+F,,
* That ¢ (/) must have at least one zero can be shown easily from the equation

[en' =5t = ! lo—Alpmadt,
by the method above, if za(t1) =¢(6) >0, aa(t) =¢' ().
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where F, is independent of ¢, Z, F, is of the second degree, and F, of at
least the fourth degree with respect to these variables. The equations
{=2Z=0 form evidently a set of invariant relations for equations (1, §4).
If p=8my+4m’,

1 02 m'u
2 Fo=—(R+—)-—,
@ ° 2w ( + r? r
and equations (1, §4), reduced by the relations { =Z =0, can be integrated
by the method of Jacobi. A complete integral of the partial differential
equation

o LTy, )

2m' ;r— r?

62 2m'2 4,2
S=f1/——+ E2Y .,
Ay I

is the function

ar '’ oL’
equations (1, §4) become
dl aF da¢ oF
@ L’ @ ez’
aL oF az aF
4 —_—=——, —_—=——,
dt al dt a¢
'3#2
F = 2L2'-+F2+F4 .

One might be tempted to employ the method of §3 to determine periodic
solutions of (4). Suppose
Ay =¢(T+7)—¢(0),
AZ=Z(T+7)—Z(0),
y=UT+7)—nT, no=
AL=L(T+7)—L(0),

miaﬂa

L3

,

if the reduced system has a periodic solution of period T'=2w/n,. Since
F=C is an integral for (4), the equation AL=0 can be omitted, and equa-
tions

Ar=AZ=y=0
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can be solved for 8¢ 6Z° 8L° in terms of 7 if the determinant

on
T— 0 0
oL

J=| 0 AL AnL
0 AZ, AZ,

is different from zero; {;, Z; are solutions of the equations of variation for
the system (4),

i Z aZ 32m'ms _
s -, = :
) t M dt rt J
from which
& 32m'm -
6 —t—¢=0.
(6) ” + o ¢

The determinant J can vanish only if at least one of the characteristic
exponents of (5) is of the form*

2kt

a= = xni ,

where « is an integer. A simple calculation shows that

2 et 1/ 2(my+-4m’)
2m3+m
if the eccentricity is zero for the reduced orbit. If a/n=x«i,
m 2(x2—

me 8—x’

Now since m’, m are positive, the only possible value for x is 2 and

’
™ w3
ms 2

The characteristic exponents for the system (§) are continuous functions
of the eccentricity e in a region |e| <k, for some %2>0, hence if J#0 for
e=0, J0 for an interval |e| <k <k. Consequently if the equation (7)
is not satisfied, periodic solutions of period 7' =T 47 must exist for a certain
region |7| <e, |e| <k

* Les Méthodes Nouvelles, vol. 1, p. 181.
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But these are necessarily isosceles triangle solutions, for which ¢ =Z=0.
In fact periodic isosceles triangle solutions in the plane exist, with { =Z =0,
and for these solutions the eccentricity of the relative elliptic movement
can have any value between zero and one. From the equations satisfied
by a periodic solution it is seen that there can be only one family of periodic
isosceles triangle solutions, hence no periodic solutions except the plane
isosceles triangle solutions, in general. For any other family of periodic
solutions of the type considered, the ratio a/in is necessarily commensur-
able, where +a are the characteristic exponents, 27/n the period of the
generating plane isosceles triangle solution.

The plane isosceles triangle solutions (for which {=Z=0) can be still
further particularized by substituting 6 =m’+/ur;, for which value the equa-
tions r=r,, R=0 form a set of invariant relations. If we make the change
of variables 7 =r,+7, the equations of motion, for small values of 5 and ¢,
can be written

dfoT aU d GT) aU

at '

a\an') " an ' a\ay

if
T=3[m' v+ mg?] ,

U=—m—,#n2— 16m'mq

2 7

1

2+ ¢a(n,$) .

It follows immediately from the classical theorem of Lagrange that the
generating periodic solution is stable (within the family of isosceles triangle

solutions).
6. CERTAIN PROPERTIES OF THE CHARACTERISTIC EXPONENTS

Suppose the movement of a material system defined by the equations

dx; OF dy; aF .

w "y @ m (=12 - m,
) du, OF dv, oF

raairw o om (k=1,2,. - -,71),

where F is periodic, of period T in ¢, and analytic in its remaining (2m+-2r)
variables within a certain domain D. If a periodic solution of period T,
lying within D, is defined by the equations

xi=x:(t), ys’-)’?(‘) (i=l) < ,m),
(0

wm=u01), %= k=1, - - - ,1n),
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many of the properties of orbits within a certain neighborhood of (¢) can
be obtained from a study of the equations of variation corresponding to this
orbit.

Suppose #3(t) =v}(t)=0, k=1, .- ., r, 0F/dt=0, for (¢c), and in addi-
tion suppose #:=v,=0 a set of invariant relations. It has already been
seen that under these conditions the equations of variation break up into
two or more distinct systems (§§1,2). The characteristic exponents of
each system are also characteristic exponents of (c).

If the variables u; are integrals of equations (1), then on account of the

relations dF/dv, =0, k=1, - - -, r, the equations of variation have the form
dt » 9*F m 9F r. OF
_‘ = E + E B ,
@ dat k=1 6y.w3xk k=l ay.ayk k=1 0Y0Uy
a
dn = O0F » O°F . 0F
— = > mw— 2, a4
at k=1 0%:0%2 a1 0x0Ys k1 OxO%s
(2) (i=l’ Cee,m)
® o
dt ’
dv; » 9%F n  9F r. 0%
(v) —=- - - 2
dat =1 3“5’#» =1 0% ayk N1 OU Ot
(i:l, o o » ") .

These equations can be integrated in the order (8), (a), (v), the systems
(a), (v) being considered as non-homogeneous systems.

Suppose given a non-homogeneous linear system with periodic coeffi-
cients, which are also assumed analytic:

dx¢

3 Zaem. +f G=1, - - - ,m,
dt et
for which
Z ai4=0.
fml

Suppose an independent set of solutions of the homogeneous system
corresponding to (3) represented by the set of columns of the matri-
x" xl" o s x(:)
- x" x’" o e e x(:)

........
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Then A=|x2®| is constant and different from zero, as a consequence of
the classical theorems on linear differential systems. If A® is the co-
factor of 2 in A, an arbitrary solution of equations (3) can be represented

in the form

n

(@) m=wal+w"z+ - - - W™ + 3 (=1, - - - , %)
k=1

in which

5)  we=— ) EADE) HaEAP @)+ - - - HABADE) Jds
(k=1,2, - - - ,m).
Now the functions x®(¢) are of the form
x®(2) = e+to,M(8) (G, k=1, - - - ,m),

where ¢® is a polynomial in ¢, of degree at most n, whose coefficients are
periodic, of period T in ¢. It follows that A® (1) has a similar form. For
instance,

estp,’! . . . e'n‘tp(;) e’ - - ¢(:)
A1’= . P . =e(¢2+-~+an)t
e"'tp.." C'n'(p(;') ¢n" ¢(:)

If equations (3) are those of a dynamical system,

a;tast - - - Fa,=0 ’

whence
A =€ty (),

¥1'(¢) being a polynominal in ¢ with periodic coefficients, of degree at most
(m—1)*
In general,

(©) BB =gy () G k=1, - - - ")

Equations (2), (a) are of the type of (3), with »=2m, and

r. 0%F
f1= A (=1, - - ,m),
k1 ayia Uk
* This degree is less than #, since each set of functions Af @) G=1,- - -, n)is a solution of the

differential system adjoint to the homogeneous system of (3).
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o ,
f1=—2 Ay (i=m+1, - - - ,n).
k=1 0x;0%;

If these functions are substituted in (5), we obtain

wo@=— [[ERAEIIO+ « s

1 t
=—f ek ® (3)dz (k=1, - - - ,n).
AJy

The function ¢® (2) is a polynominal in z with periodic coefficients, of degree
at most (n—1), consequently™*

) W (1) =y

¢¥®(t) being a polynomial with periodic coefficients, of degree at most .
Substituting these functions in (4), we obtain

v=elY'+olV - - ™y 4 > chx® (i=1,---,n)
k=1
and all the exponents different from zero, in the expression for x;, occur
in the sum >_;_; C . and are, therefore, characteristic exponents of the
homogeneous system of (a).
The integration of equations (y) gives

m t aZF
bi=— 3, £dt — f
k=1

k=1 0 au.«axk

nxdt — Z

ndt ,
au.ay,, k=1J0 Ou;0u;

and from a discussion analogous to that already given it follows that the
only exponents in this expression not of the form a =2wmi/T (m an integer)
are exponents of the functions &;, 7..

* For each coefficient of the polynomial ¢* (z) is analytic, hence can be expanded in a Fourier
series which converges absolutely and uniformly for all real values of z; and the integral can be
evaluated by the term-by-term integration of these series:

P
0 s=1 i r=0

= ﬁ { [A f e oKz cosz’_"_"dz+8 f e ks sm?-'—"dz] }
s=1 {r=0

Each integral can be expressed as a sum of terms of the same form as the integrand, of degree
at most one greater in #; the numerical coefficients introduced are bounded, for all values of r, hence
the series of integrated terms converges absolutely and uniformly and when expressed as a poyl-
nomial in ¢, multiplied by e=**, is of the form (7).
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It is an immediate consequence that the characteristic exponents dif-
ferent from zero can be calculated either from the original system (2; a, 8, )
or from the reduced system (2, a), which are the equations of variation for
the system obtained from (1) by substituting #;=¢;, #;=0, and ignoring
the coérdinates vy, - - -, .

Another property, of importance in the calculation of the characteristic
exponents, is their invariance under an analytic change of variables which
does not involve the time.*

7. REDUCTION OF THE EQUATIONS OF MOTION IN THE NEIGHBORHOOD
OF THE STRAIGHT LINE SOLUTIONS

In the following paragraphs we shall apply some of the preceding results
to the study of orbits in the neighborhood of the straight line solutions, and
the equilateral triangle solutions, respectively, in the problem of three bodies.
The notion of invariant relation appears especially convenient.

If three masses m,, m;, m; have the codrdinates and components of
momentum

me : (xb X2, X3, Y1, Ve, ya) ’

my : (%4, %5, Xs, Y4, Y6, V6) »

ms (x7» X8, X9, Y1, )8, yﬁ) ’

dx; .

Y= mo_dl— (’=l, 2, 3,
dx; .

Yi= ml';t_ ('=4t 5,6),
dx; .

Yi= m”:l"‘_ (’=7’ 8, 9) ’

and if these masses move subject to their mutual attraction according to
Newton’s law, the equations of motion are

dx; OF dy; oF
_‘=_____ ___y_=___ (i=l’2,o..’9).

2mo =1 my =4 2ms a7

U= mims + mamy + mimsz )

To 141 1 4]

* For transformations involving the time, see Poincaré, Les Méthodes Nouvelles, vol. 1, p. 199,
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Here ro, 11, 72 are the distances separating the masses (m,, ms), (ms, my),
(mo, m,), respectively. If the center of gravity is taken as the origin, in-
troducing the notation

2 A=—t ™ M=metmt
= , =—— =m m ms ,
mo+m; # mo+-m;y T
M _Motm
§ ms(mo+m,) mom,
TI=%4—2%1, X=N%—2x2, B=%—2,
3) Ta=gmMmaX; ,  XTs=Fmaxs , Xs=gMa%s ,
1 dxs .
5"’=7 -;l-l_ (‘-’ls 2) 3) ’
1 dx; .
76='; ’ (i=4,5,6),

we obtain the equations of motion

di; OF dy; oF
4 — T e—— N — D e e— .-l 2 . . . ’ 6 .
) dt ¥ dt 0% (i=1,2, )3

F=%(y;+5r;+ )+ 0+ SN,

7= (2= p21)*+ (2 — pds)*+ (B — pda)?

) Pim (BN (B M) (B AB)

1
A=BAEHE
An examination of equations (1) shows that the relations
(6) B=%=%=YR=Y=y=0
imply the relations

and consequently, from the principle stated by Poincaré (§1), equations
(6) form a set of invariant relations. Similarly, the equations

(6" Ty=m=ry=y=y=y=0
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are a set of invariant relations; the relations (6) and (6’) together form
a set which characterizes a movement on a fixed straight line.

Suppose p a mobile straight line through the center of gravity, taken
as the origin, and let x,/, x.’, x5’ be the codrdinates of mo, m,, m, respectively
on p, m, lying between m, and m,. Suppose
(7 a'=—ax, ®m'=—Bx.

Then if
. po= x|, pi'= x|, p'= |21,
it follows that

(8 ro=(B—a)ps’ , ri=(14B)ps’, ra=(14a)po .

If equations (6) are satisfied, and the masses m; lie on the line p for all
values of the time, while a, 8 are certain constants, then it can be shown* that

) a(14+8)*—p(1+a)*+(8—a)*=0,

my—mya—myB=0.

Or if
(10) B—a=(1+a)v,
my(14-9)2(1 =) —m*[(1+4)* = 1] +-my[ (1 —»)* =»*] =0,

which is the equation of Laplace.
If the polar codrdinates are employed

%= po’ €0SOy,  x4=py'cosy’,  x;=ps’ cost,
Xy = po' Ccos 00, y X5 = pll Ccos 01’ N X3 = pg’ sin 01'

31 0,
F=Z (R'f'l-—p;z—')—U,

1

and

equations (1) become

dpi’ OF de oF
W W el
1"
dR/ oF ae,’ oF .
u T wr awy TObLD
Consider the relations s N y
0 1 1
(u)ﬂr+oo'—01'=0, —d;—:i;-=0. pi'—|alp’=0, -Jl-—lalz- =0,
x40, —0,'=0, ﬂ—ﬁéﬂ), py' —Bpd’ =0, dor_ Bi’l’ =0,
dt dt at at

* Charlier, Die Mechanik des Himmels, vol. 2, 1907, p. 95.
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where e=1 if a >0, otherwise ¢e=0. If the left hand members of (11) are
zero at ¢=1,, it can easily be shown that as a result of (11) and (1’) their
derivatives are zero. Consequently equations (11) are a set of invariant
relations, which characterize the straight line solutions.

Suppose

U£= i’ ~ mom, " moms - Mo"mo ’
po’' L(1+a)?  (14+8)%] Po
v G [—mme mem | M) m
(12) TalerLe=a " (el T o
U'_ -6_2 B MoMa mimsg T _ MII ma
Uoalater T el
1 en
Fi= —(r* +2)—U$ (4=0,1,2) .
2m; P

By means of equations (9) it can easily be shown that
My=|a|?M{, M) =M.

If equations (11) are satisfied, equations (1’) become

dp.', aF." do." aF."
an & oR!' a4t 98/’
dR{ dF/ de; aF/ .
d o a o8/ (i=0,1,2),

as is easily verified ; from these equations it follows that each mass moves
in an ellipse having the center of gravity at one of the foci.

If polar coordinates corresponding to the variables (3) are employed,
with the relations
(6") X=%=y=75=0
which correspond to (6), these may be chosen such that p; =r,, and

(13) :’_—61=P1 C?S @1, 9—f4=Pz C?S o2,
X2=p1810 ¢; , X5 =p2 SI1N @3 .
Suppose
_ 1 _ 1
m1=7 ) m2=-—£- ’
(14) Mi=(1+a)'My' ,  My=[B—atu(i+a)]' My,
U1=Ml , 2='f’_’.]|£ ,
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and

(January

- 1 G 1 G!
(15) Fl=—(R:+—: -U,, Fg=‘——_—'(R:+—-’)—U' .
2m, P, 2iiy p:

In terms of the variables (13) equations (4) become

Z3=Ze=J1=F¢=0,

dpi oF dow oF
& oR:’ dt 3Gy
dR; oF dGy oF
(16) == ’ ==
dt ok dt i 18

2 G
F=}Y —(R+—-)-v.

k=1 My A

Consider the relations

(a) pr—¢1 =0, ps—(p+v)p1=0,
des  dey dps dpx
11’ b —_-—=0, —_—— —=0,
ary @ 2 -7 a et

My ms
(C) Gg - T(}l+)’)261=0 N Rg - ——([.4+P)R1=0 B
m; ﬁil

(k-l' 2) ’

As a consequence of equations (16) equations (b) are equivalent to (c)

and it can easily be shown that equations (11’) follow from (11).

It will be established, independently of (11), that equations (11’; a, ¢)
form a set of invariant relations; as a consequence of the principle stated
by Poincaré (§1) it is only necessary to show that equations (@), (¢) with
(16) imply that the derivatives of the left members of these equations are
zero. Since equations (¢) and (16) imply (3), it only remains to show that
the derivatives of the left members of (c) are zero, as a consequence of

(a), (¢), and (16). From (5),

1= py+Np}+2\p1ps cos (p3— ) .

Consequently if ¢, = ¢,
U aU dG:, dG,

—_— T —— = — TR ——

d¢1  Ode¢s ’ dt dt
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It remains to show that

dR, _ s n )de
i m o a
or from (16), that
G, oU s Gi U
T,—+_=T(“+”)[_ - +——] .
isp, dps 1 dp1

But from (14), (15), (16) it is easily seen that when equations (11’; g, ¢)

are satisfied,

aU U, aU aU,
@17 —=—, —=—,
Ops  pe dp1  9py

and from (14), (11, a),
M, M,
— = (e+»)—;
P

from (11'; a, ¢) ? '

The equality to be established follows immediately, and the relations
(11’) are therefore a set of invariant relations, which define the straight
line solutions in terms of the variables (13) and the corresponding quantities
R;, G;. When these relations are satisfied it follows from (15), (16), (17)
that the equations of motion are

T3s=Xxs=F3=9=0,

dpk GF,, d(pk aik
dt ARy’ i Gy’
(16") ' _
de 6Fk de aFk
=— , =— (t=1,2) .
dt dps dt P

The equations of motion can be simplified by the repeated application
of a transformation

%' = x1tcxs x =2,
n =5, y)' = ya—cy1 .
This transformation is such that
z1'dyy +x4'dys’ = 2:1dy1+xadys
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if the constant c is supposed given, and hence if 21, y1, %2, y: satisfy equations

dx1 GH dxg aH
o ey o oy
dy, oH dys oH
@ wm’ A& om’

the equations will be canonical in terms of the new variables.
Consequently the canonical form of equations (16) is retained by the
transformation

el =¢1, ¢ =pr1—¢1,
G]’ = Gl+Gz , G = Gz .

Since G,1+G:=C, it follows that dF/d¢," =0, as is easily verified.*
Instead of the variables

P1, P2, L2
Rl) R2, G;

* The canonical reduction of equations (4, §7) to four degrees of freedom given by Poincaré
(Les Méthodes Nouvelles, vol. 1, Chap. 1) can also be obtained by a repetition of this transformation,
from the equations in terms of the elliptic coérdinates

by la, 1, g2, 01, 02,
Ll) Lﬁ, Gl) Gﬁ) 91, 92 (9k=Gk Ccos ih).
If the motion is referred to the invariable plane, from the area integrals one obtains
61+02=C, Gl sin i1+Gz sin iz=0, 02=0,.
Applying the transformation above, we obtain the canonical variables
0/ =6,, 02’ =0,—6,=0,
C=6,+6,, 6,'=6,,
and since 9F/36,’=9F/d0.’, the variables 8,/,0,’ can be ignored, and the reduced system of Poincaré
results. If the further transformation
k=g, =818y
H=Gl+Gz'—C, G=G:
is made, then, from the equations above,
H= 4Gy(C—G2+H) sin*((h —12) /2)
2C+H *
These last canonical variables are such that a motion in the invariable plane is characterized by the
single invariant relation H =0, if C#0, G°(C —G,°) #0, and when this relation is satisfied the remain-
ing variables define the motion with three degrees of freedom in the plane, while 4 is ignorable. For
if H'=0, C#0, G(C—G,°) 0, then 73—, =2«r, consequently from the area integrals we obtain
(G1*+Gy%cos 3, =C0, (G,°+G,°) sin4;=0.
Hence sin 4,=0, and the inclinations of the two osculating elliptic orbits are zero at the time ¢=¢°;
whence they must be zero for all values of ¢, and hence H=0 for every value of . Consequently
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suppose
p'=p1, p'=pa—(u+v)pr, th=o,
ﬁg(]t"‘ l')’

!= Ry ,RY=R;, 93=G— ————r
Ry R1+(ﬂ+l') g , IKg :, 03=G ﬁ1+ﬁg(u+v)’

’

and finally
p1"'=pi'+opy , th=ps, 4,

18
(18) R/'=R/, n=Ry—0oR/ , 0,

where
- is(u+v)
iy+a(utv)?

In terms of the last variables the equations (11’) become

u1=v1=uz=vg=0 N

The original variables are

p=p1"' —ou, , pz=(#+l')m"+0“1 ’
(19) Ri=aR," —(u+»)v1, Ry=v1+oR), a=1—a(u+v),
o=us, G= oot ﬁa(ﬁi‘l'l'yc .
iy +is(u+v)?
From (16),
1 2 - 2 0
F=— [R.+(C,G)] b [£+=]-v.
2m, o, 21y b,

2 2 2
(20) ro=pytulp,—2upiprcos ¢ ,
ri=pj+Np+2pipscos o, ri=p1.

After this change of variables equations (16) become

dpy dF ) dus oF
an &  OR'T At an At A
dRy oF do, oF dos dF

dt "’ dt ' dt duy
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8. REDUCTION OF THE EQUATIONS OF MOTION IN THE NEIGHBORHOOD
OF THE EQUILATERAL TRIANGLE SOLUTION

The equilateral triangle solutions and the solutions in a certain neigh-
borhood of them can be discussed by methods analogous to those employed
in §7. Only plane movements will be treated here.

Suppose the equations of motion in the form (16, §7),

dpp _ OF dov _ OF
dt B OR; ’ dt G !
dR oF dG oF
1) fe - (k=1,2) ,
dt dpx dt dox
121 G
F=- Z—:-(R:'i- -—:—)-—U )
2y My [

and consider the relations

(a) p2—vp1=0, 02 —p1—w=0,
®) o Gy de der
) @ Ta o a a
m N
(c) Rz-'Y':’R1=0, Gy — —G1=0,
m m
where
Vm?+ mom, + m’ mo — my
3 = 2 L, cosw =
@) Y mo + m @ 2\/m’°+mom1+m:

Now suppose

4 p=rs, My=M=mq+m +my, M =M,
M s M
U1= ! 1, Ug"-"-'n’ ’.
P1 P2

If equations (2, a) are satisfied, one obtains easily

rh=rn=rs;, O+ U,=U,
) U ol oU  al, U  alu
o1 o1 dps  Ops dp1  dey

To show that equations (2; @, ¢) form a set of invariant relations, we
shall show that (1) and (2; ¢, ¢) imply that the derivatives of the left hand
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members of (2; @, ¢) are zero. Since (1) and (2, ¢) imply (2, b), and the

1926]
equations (5) imply the relation
dG, dG, 0
a  a
it only remains to show that
oF my OF
- ——+v—— =0,
dp2 M1 dp1
or
1 G, U, s [ G, 6171]
T T = Y_"| =3
My p, dp2 my mlP: dp1
From (2; g, ¢),
1 G, s G
_771_ S =Y —_—
2 P, my  Mmip
and from (4)
oU, s U,
—_— = y— .
My 9p;
When these relations are

3pa
Hence, as a consequence of the principal stated by Poincaré, the rela-

tions (2; a, ¢) form a set of invariant relations.
satisfied, it follows from the discussion just given that if
G\ -
—_— Ul s

(

)

1 2 1
F, = — Rl + Y
2m, )
1 (., G _
Fy=—(R + —)—- U,
21y Pf
the equations (1) become
dp1 6F.- d(P.‘ aFi
aR; ' & 3G’
dF;
T (i=1,2).

dt
oF; dG;
- 9¢;

6
(6) dR,
@& o d
From these equations the elliptic form of the relative orbits is evident.

As in the preceding paragraph, if the change of variables
$=¢2—¢1,
G = Gz

-
(7) e 1=¢1,
C=G\+6,
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is made, C =const., and the motion is defined by the canonical variables

p1, P2, [
Rl; Rz, G.

Suppose the canonical change of variables made,

p'=p1, p2' =ps—p1 , Ur=¢p—w,
R1'=R1+‘YR2 , Rz'=R2 , vz‘—'G—O"C
o =—1),
My +miey?
and finally
px"=p1'+mu1 ’ Ur=p2—7vYp1, Ur=p—w,
(8) R1”=R1’ , 01=R2,—mR1’ ’ v,=G—a’C,
L2%%
m=——-
1+ yiims

The relations (2; a, ¢) become
(2" u=01=uy=0,=0,

and the equations of motion

oy’ OF duy _ OF duy  OF
@ @ RS ar e dt om
dR," oF dv, oF dv, oF
@ om’ a ow’ & ow
The original variables are defined by the equations
Ri=(1—=my)Ry'—vyv1, pr1=p1"' —mu,, e=w+us ,
Ry=mR\"+v,, pe=7p"+(1—my)uy , G=0'C+o,.

9. ORBITS IN THE NEIGHBORHOOD OF THE
STRAIGHT LINE SOLUTIONS
The behavior of the solutions of equations (21, §7), in the neighborhood
of a straight line solution depends upon the properties of the equations of
variation, corresponding to a solution for which u;=v,=%:=v:=0.
Since
r2= p3+ u2p; — 2up1pa+2up1pa(1—cos o)
4ppip2 ¢]

= (pe — el 14— gin?—
(p2 — wp1) [ + Po— sin®
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we obtain

1 1 2 1.3 4 2
R [1_ powr o, @ L3 Kp1P2 sin2i)+ o ]
1o up1 (p2— up1)? 2 2.4\ (pa—pp1)? 2

and, similarly,

1 1 2M\p1p2 ¢  1.37 4o
—_— 1+ s° 2 + ' _) + « e . ] .
[ (p2+Np1)? " (prl-km)2

11 patMor
Consequently
U= mimsz Mmamy Mmomy
p2—pp1  patApy 3

Amatro _ K ]sin22 +Us;,
(p2+Np1)? (p2—np1)?

where Us is a power series in sin?(u./2) of at least the second degree in
sin?(ug/2). It follows immediately that

+2p:pz[

0*F Amamyg umims
. T P1p2 3 P
ou, (p2+Xp1)®  (p2—mp1)

]+mb

and when %, =9, =%, =1v,=0,

0*F d’F 9*F
U0, - 207, - U200, -
. An= ﬁ ) 22 = il ’ 11=62—F )
2 89’1 au:
0°F 9’°F
Byy=Bg1= P 2= o’

2
all the remaining second order partial derivatives of F are zero under the

conditions above; if e is the excentricity of the straight line solutions,
a, the semi-major axis of the ellipse whose radius vector is p;, we obtain

3771101(1 —82)6M1 2 [mlmg(l —0’1‘)2 mzmo(a—)\o)z_{_ 2]
= — —— m ’
T e AL w e
st (utv)momim [ 1 1 ]
Azz— - 1= - ,
10 (mo+mi)py Lv®  (14)3
-2V M (1—¢) 1
By= v lal(. ) y Bu=—————
(#'l‘”)ﬂ, mw(u-l-v)pl
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Since #;=19;=0 form a set of invariant relations, the equations of varia-
tion are necessarily in the form of §2; consequently, if p," =p}+£, R, =

R)+n,
it  OF dn  OF

dt oR/

diy _
—_-= Aoy,

dt
dity _
—-= B + Baabs ,
at
diy
—-=—Auih — By ,
at
dv, B
7 = n#ez .
If e=0 for the straight line solutions, the characteristic exponents dif-
ferent from zero are obtained from the equation
—S 0 Azg 0
By —s 0 B
A ( S) - 12 22 - 0 ,
—4Au 0 —s =By

0 —Bu 0 —S

dt dp 1"22 ’

’

or
s*+ [A1142+ BuBas|s*+ Budas[41Bs— B} | =0 .

Now By A3:>0, By >0, and if A, is the first term of the expression
for Ay, it is found immediately that

-M,

A)\By—Bly = ————— ;
11022 12 (“ +y)2a:

consequently the product of the two roots s, s3 of the equation above is
negative. Hence two of the characteristic exponents are real, and two are
pure imaginaries. It is easy to find particular cases in which none of these
exponents are multiples of ni if T=2n/n is the period of the generating
solution.

10. ORBITS IN THE NEIGHBORHOOD OF THE EQUILATERAL
TRIANGLE SOLUTIONS

As in the preceding paragraph, we shall set up the equations of varia-
tion for the equilateral triangle solution considered.
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From the relations
72 = py+ o — 2up1ps cos (w+us) ,

73 =p,+Np;+2\p1ps cos (w+us) |

k(1 E5P) 4 L (2 ).

2m1

U= mims + Mt + Mmomy

To 4% P

we obtain easily the expansion of F in powers of u;, v;. From the fact
that the relations #;=9;=0 form a set of invariant relations it follows

immediately that
[OF ] [6F ] 0 G=1,2)
ou; 99, . P
if these derivatives are computed for an equilateral triangle solution. If
4 d*F d*F 0*F
ne ou} ! " du0us ' " du,dvy '
A o*F a*F d*F
2= T, n=—, 2= »
" o] 9

the values of R,”, p,”” for an equilateral triangle solution being substituted
in these derivatives, we obtain

3Gim 3G:(1 —my)? mmtg

Au= 2,2 1— )2

11 mw; + ﬁgp‘ pf [m + (1—my) ]
+ 22 [t (1= my)] — o [muR— (1= my) D2

g ;
3mam. 2m?
_ T °[mw A—my) V]t — 2mimomy ,
: P
3momimaysin o cos w _=2mG, 2(1—mv)G,
e (mo+ma)p} ' " LT Map} ’

— 3momimyy? sin’w

Aoa=
® (mo+mi)ps
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By = _Zf_ + ‘:1- , By = Bu ,
my Y
where
U=ps—pprcos w , V=ps+Np1cos w,
=pup1—p3 COS w , S=Np1+p2cos w .

It is seen that all the remaining partial derivatives of the second order
vanish for an equilateral triangle solution. The equations of variation

for these solutions become, if

o' =p+E, R/'=Ri+n,
df &@F _ dy 9*F _
7; =6R7 " dt 9py""?
digy

—_= By, ,

at

.di,= By, + Basty ,
dt

ﬁ = — Anth— A28z —Bubs ,
dt

dvs
e — Aty — Aasths .
If the eccentricity of the generating orbit is zero, the coefficients 4;;,

B;; are constant, and the characteristic exponents of the given orbit satisfy

the equation
-3 0 B 11 0

A(s) = By, —s 0 Bs, -0,
—An —41s —s —Bp
—Alz —Azz 0 bt }
or
s+ [A11311+A23322132+A22311 [AnBzz—B:z]-BuBnA:,=0 .

This equation becomes, after some reductions,*

mo-tmi—me 27
st ——————— 52 + ——(motm - myma+mame) =0 .
ad 448

* For a different deduction of a similar equation, see D. Buchanan, these Transactions,
loc. cit., p. 415, equation (11).
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11. ORBITS ASYMPTOTIC TO THE STRAIGHT LINE AND EQUILATERAL
TRIANGLE SOLUTIONS, RESPECTIVELY

If in equations (1", §8) we put p)’ =p}+£, R,/ =R}+%, and expand F
in powers of £ and 7, where pj, R} satisfy the equations of the straight line
solution, F is of the second degree with respect to 5, but a power series in £.
If the equations of variation for t, 7 are integrated, the solutions are periodic
of period 27/n, and accordingly the characteristic exponents are =+ .

From the theory of linear equations with periodic coefficients it follows
that by means of one linear transformation with periodic coefficients the equa-
tions in £, 7 can be reduced to a system with constant coefficients, and the
equations in %, 9; can be similarly reduced by means of a linear trans-
formation with coefficients of period 27/% in £. These equations can in fact
be given the form

dt¢ dy’
2w, Le—miv,
s dt ?
diy’
¢)) —‘171' =58, dis' =500, ,
dv,’ dvy’

P 5!
- =5 , - =S4 .
d dt

If the variables £, 7, %, v; are subjected to the same linear transformation
with periodic coefficients, the equations of motion (21, §7) become, after
this transformation,

’
-Ef- =ni£+¢2’(£’ M ul,, “2” 91,, v2’1 t) ’

"

i —nin'+e)" ,
du’
dr
duy’
Tdt
dvy/
Tdr

dvz’
- - s+,

=s111"+ 3"’ ’

2

=squs'+o§ ,

=sm'+oQ ,
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where ¢y, - - -+, o are of at least the second degree with respect to the

variables &, 7', «/, v/ and periodic of period T =2w/n with respect to ¢.
We can at once apply the method of Picard to determine solutions of (2)
developed in powers of e if s, has its real part negative, and it has been
seen that there is just one characteristic exponent having this property,
the others being pure imaginaries or positive. Hence no sum of the form

plsl-l—'y’i—s;. (h=1, 2, 3)

can vanish, if p; 22. The variable 6 of Picard* is here ¢*; the application
of Picard’s method gives one solution developed in powers of e which is
such that £, 7', 4/, v/ approach zero as {— ; by choosing the other real
exponent one obtains in precisely the same manner a solution approaching
the straight line solution as {—— .

The equations of motion for the equilateral triangle solution can be
transformed into the form (2)in precisely the same manner, and the method
of Picard can again be applied.

In this case two exponents s;, s, have their real parts negative, hence,
for certain ranges of the masses and e, solutions can be obtained developed
in powers of e, ¢ which approach the equilateral triangle solutions as
t—oo. In the same manner another family of solutions can be obtained,
which approach the equilateral triangle solutions as t— — o ; the variables
are here developed in powers of e, e, the coefficients being again periodic
in ¢ of period T =2x/n.

Solutions asymptotic to the straight line solutions for which the ex-
centricity is zero have been discussed by D. Buchanant for arbitrary
masses ; it follows from the results of §9 that of the four cases mentioned by
him only Case I is possible.

While the series obtained in this manner are not real, the arbitrary
constants can be chosen as conjugate imaginaries, and the periodic functions
which enter into the transformations can be chosen in conjugate pairs in
such a manner that the original variables are real functions of . The cal-
culation of these series is outlined very completely in the two papers of
D. Buchanan, following another method, if ¢=0 for the generating solu-
tion ; with the variables above and the method of Picard the corresponding
asymptotic solutions can be obtained for e arbitrary within certain limits.

* Traité &' Analyse, vol. 3, Chap. 8 (2d edition).
t Rendiconti del Circolo Matematico Palermo, vol. 45 (1921), pp. 1-25.
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