FUNDAMENTAL SYSTEMS OF FORMAL MODULAR
PROTOMORPHS OF BINARY FORMS*

BY

W. L. G. WILLIAMS

I
If the binary form

(1) f(x ’ y) =aox?+ (%) a,x9 ly+ (g) axt2 4 - - - Hagy9,

where (1), (3), - - - are the binomial coefficients and a,, a4, - - -, 6, are
independent variables, we make the substitution
(2) x=X+1tY ,
y=Y,
we obtain a binary form
A3) F(X, Y)=onv+(q1)A1X«-1Y+ B
in which
(4) Ai—_—aotf-l-({)alti—l_’_ o e . +ai (j:l, 2’ ey, q) .

A polynomial P(a, a4, - - -, @, ) is said to be an algebraic seminvariant
of f(x, ) if, for all real or complex values of ¢,

P(AO’AI’ o ,Aq)=P(do,01, e ;ac);

a formal modular seminvariant, mod p, of f(x, y) if, for all integral values
of ¢,

P(AO,AI)A2> T T AQ)EP(GO:al’ o »aq) (modp),

and a formal modular seminvariant in the Galois field GF[pn] if, in this field,
P(Ag, Ay, - - -, Ag)=P(a, ay, - - -, a,), ¢t being any mark of the GF[p"].

If S1, Sy, - - -, S, are a set of algebraic (formal modular) seminvariants
of a binary form such that every algebraic (formal modular) seminvariant,
which is by definition a polynomial, is equal (congruent, mod p, or equal
in the field) to S7Q(S1, Sy, - - -, S»), where Q is a polynomial in its argu-

* The investigation upon which this article is based was in part supported by a grant from the
Heckscher Foundation for the Advancement of Research, established by August Heckscher at
Cornell University. A preliminary report on this subject was presented to the Society, September 8,

1922, under the title Fundamental systems of protomorphic formal modular seminvarianis of binary
forms. This paper was received by the editors in October, 1925.
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ments and 7 is an integer (positive, negative, or zero), Sy, Sy, - - -, S, form
a fundamental system of algebraic (formal modular) protomorphs of f(x,y).
One set of algebraic protomorphs* of a form f(x, y) of order ¢ is
Sl, Sg, teey, Sq’ where
S1=ay,
Sz=doaz—af,
S3= a:as— 3apaia2+ Za:,

2
Si=aoa4—4a1a5+ 3a,,

) Sem=00G2m— (2;") a182m—1+ (Zén)azazm-z— S

2m 1 2m\ s
—_ m—1 —_—— m
+( 1) (m_l)am—lam+1+ 2 ( l) (m)am )
Soms1=(aot—2a1)S2m , where 61is the differential operator
i) a i)
a;—+ar—+ - - - +a

dag day qaaq—l )

In §IT of the present paper we find a fundamental system of formal
modular protomorphs, mod p, of f(x, ¥); in §III we find a fundamental
system of formal modular protomorphs, mod p, of s binary forms.

These fundamental systems are remarkable in that they contain no
member, not congruent, mod p, to an algebraic seminvariant except

r—1 -1
8 =11 (eet+a)=a1—a; a (mod p) .
t=0

The problem of finding a finite set of formal seminvariants, mod p, of
f(z, ) such that every formal seminvariant is a polynomial in the members
of this finite set is one of considerable difficulty especially as for a given
form the minimum number of members of such a set or fundamental system
may vary with $.f In the solution of this problem a fundamental réle is
played by three kinds of seminvariants; first, those which are congruent,
mod p, to algebraic seminvariants; second, those which are expressible as
sums of certain powers of linear expressions in the coefficients of f(x, ¥),
and third, those which are expressible as products of linear expressions
in the coefficients, such as .

For example, every seminvariant, mod p (p>2) of the binary quadratic,
ax?+2bxy+cy?, is congruent, mod p, to a polynomial in seminvariants

* Elliott, Algebra of Quantics, pp. 212-215.
t Williams, these Transactions, vol. 22 (1921), p. 56.
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congruent, mod p, to the algebraic seminvariants @, A=ac—b? and the

formal modular seminvariants
p—1

8= ]I (at+0)
1=0

and
p—1

vo= ] (af?+42bt+c) .*

t=0

The case of the binary cubic is more complicated, but for p=5 the
binary cubic ax?+3ba?y+ 3cxy?+dy? has as a fundamental systemt of formal
modular seminvariants
(1) the four algebraic seminvariants

a,A, Sy=a’d—3abc+2b® , and D= a?d®*— 6abcd+4b3d+4ac® — 3b%?,

(2) two seminvariants of the product type

4
vo and 8o0 = [ ] (a4 3682+ 3ct+d),

t=0

(3) six seminvariants of the sum type
4

> R'S*, where R=as2+2bt+c,
= S=att+3b2+3ct+d
r,s=0,3; 0,4; 2,3; 2,4; 3,3; 34

Although no proof has been given that every formal modular semin-
variant is a polynomial in seminvariants of these three types, no exception
to such a theorem is known. In §IV we prove that certain seminvariants
can be expressed as polynomials in seminvariants of these three types.

Section V is devoted to a brief discussion of the extension of the theorems
of the previous articles to the Galois field GF [p"].

11
If Sy, Ss - -+, S, are the set of protomorphs in §I, and a0, then
a+Ss
as= -y
Qo
3
3a:5:+S
(l) aa=il——__+ al 2+ i ,
as
Pi ’S’S)"')Si
a;= (al : :"l ) (i=4t51 o ;Q):
a~

0

* Dickson, Madsson Colloquium Lectuses, pp. 42 et seq.
t Williams, loc. cit., pp. 69-73.
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where P is a polynomial with integral coefficients in its arguments and
p is a prime such that the binomial coefficients ({)%0, mod p* (j=
1, 2,..-, ¢g—1); then any formal modular seminvariant (which is by

definition a polynomial in ao, ai, as, - - -, ay)
2
a+52 P(Gl,Sz,"'yS)
S(ag, a1, - - - ;aq)=S[aO) a, l y T - :
ag ao*'
S, S S
=F(ao = ’_23_ L ’__":
ao S ag
+a:G(ao y @1, 52 y T T Sq):

where % is an integer, positive, negative, or zero, G is a polynomial in its
arguments, and F includes all the terms of S not involving a, explicitly.
If we write

S S 1
F(do ) _2 y T T : )=—<I)(ao, 52’ o ySG)
ag ag‘l a;

where @ is a polynomial in its arguments, we derive the equality atG=
aoS —ay®, where N\, u, v are integers=0. Since S and & are seminvariants,
G is also a seminvariant. Furthermore, G is from the manner of its forma-
tion divisible by @, and hence by

p—1
= ]I (at+a1)=a’—ar"'ay (mod p) .
t=0
Treating the seminvariant G/ in like manner, we see that S=a{P, where ¢
is an integer, positive, negative, or zero, and P is a polynomial in
a0, S2, S3, - - -, S, Hence we have proved the

THEOREM. The seminvariants S;(i=1,2,---,q) and B form a funda-
mental system of protomorphs of the binary g-ic ferm, mod p, p being a prime
such that (}))%£0, mod p (j=1,2, --,¢—1).

If the coefficients of f(x, y) are integers, reduced mod p (or elements
of any Galois field) a polynomial in the coefficients, invariant under the
group of transformations considered in this paper, is called a modular
seminvariant. Since the seminvariant 8 vanishes for every set of integral
values of ao, @, we have the following corollary.

CoroLLARY. Corresponding to every modular seminvariant S of a binary
form nome of whose prefixed binomial coefficients is divisible by p there is an

* D=g(g—1) - - - (¢—F+1)/jY if any (',') =0, mod p, our form is a special form.
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integer N20 (and hence an infinite number) such that abS is comgruent,
mod p, to a polynomial in the algebraic protomorphs.

This corollary is closely related to Miss Hazlett’s Corollary I, p. 195,
American Journal of Mathematics, vol. 43 (1921).

II1

Definition of a fundamental system of protomorphs of s binary forms:
Given s binary forms of order ¢;(i=1,2,-- - ,5)

a0 x"i+(ql‘)a§‘) x4+ - - tagy%

and p a modulus not a factor of any (') (j=1,2,---,qi—1), we define

K\, K, - - -, K\, a finite number of seminvariants of the s forms, to be a

fundamental system of protomorphs of the s forms if they have the property

that any seminvariant of the s forms is a rational function of K1, K,, - - - , Ky,
It is a known fact that the D :_,q; seminvariants*

©) (%) (%) .
Sl )SZ)"')SG.' (1=1)2)"'73)

and the (s—1) joint seminvariants

J.~=aoa(:)—a1a(;) (t=2,3, - - - ,5)
have the property that any algebraic seminvariant of our s forms is a
rational function of these. In the following theorem we prove the fact,
which seems very remarkable, that these algebraic seminvariants together
with the single formal modular seminvariant

p—1
(n (1) (e 1)1e-1 (1)
Bi=I1 (ao t+a1)=lar V= las I a1 (mod p),
t=0
form a fundamental system of formal modular seminvariants of the s
y
forms, viz.

THEOREM. The Y 1., q: semimvariants ST, S9,..., S @=1,
2,---,5) where SV =a'?, 5V =09 a'? —a"?", etc. as in §1, the (s—1) semin-
variants J;=a0a® —aWa® i=2,3, .., 5), and the single seminvariant

V] 1 1 0 y Vv ] )

-1
g=1I (a:)l)t-f*a(ll)) = [a(ll)]’— [af:l)]’-la(xn (mod p),

t=0

©)
1

()

*ByS,,S,,-,S ?,) we mean the set of protomorphs in §I for the ith of our s forms.
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are a fundamental system of formal modular protomorphs, mod p, of the s
binary forms

"5‘)"“+(91)"(*‘)x“"'y+- ey =12, ,9)

p being a prime such that no (/)=0, mod p.
Proof. As in §II,

@12 . ()
@ a1 +S2
ag = —m——
ao(t)

[OIT () () (%)
® la I'+3a:°S2 +353
a = - )
ao(t)2

(%) (%) (4) (%) (4) . .
a; =P(01 y St , 8, - - - ,51)(1=1,2,"‘,S‘;J=4,5,6,"';q&)

where P is a polynomial with integral coefficients in its arguments; further-

more,
&
(%)

ay Qg
ax =J,'+'-—-';— N
0
Making the above substitutions in any seminvariant

1) (1) (1) i . (2) (s) (s)
S(ao y @1, 0 5, 8q 5t " 3G ,41 5, ’aqn)’

and separating into parts as in §II, we have

" (@ ()"

S=F(S", - - - SesTu Ty - - - ,J)4a & - - - a
®
XG(al ’Sl y - ')]1’ T '))
W1, Mg, - - -, pe being integers and G a polynomial in a!” and the semin-

variants S;'), Jr. Asin §II, G is a seminvariant of the system, divisible
by a and hence by B.; the theorem follows by induction.
An example of the protomorphic representation of joint seminvariants

is here given. In the seminvariant, mod 5, of
a1%%+2b1xy+c1y? and a:x®+ 2bxy+-c2y?

4
S=— Y (a1t2+2bit+c1)*(asf?+ 26t +co)?

tm0

=a,a5c,+3a:10.b,c1+ 0.+ arc, +a,’a2b1bzc;+3alazb:bz
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+ 2sz1b26; +3a,’b,’agcz+3a:azclcz+ a’,b’,c1+ a:b:b:+301036:6g

+ 302b:6':€2+ a;b:c:-i-b,b,c, + 2a:blbzcz+a;b;bgc,’cﬁ-a:c:

+3bibscicatarcici+3abicic+bics (mod 5),
substitute
J a2, b: —A
b= ) a= )
ay ax

_ J242ab, T +asbi— aihs

2
alaz

C2 )

where A;=b}—aici, As=b5—asc; and J=a,b,—ash,. After making the
above substitutions and collecting terms, we find that

l 4 4 4 4 2 2
S=—-(a0:04 04 +6,0.0' 4 30,6080+ 68T

12

+3a10,0100+ 01T '+ ayA;+3a,0.T + AT

+0,0,A,4 30,0007 "+ 4B10,01T +4B102T '+ Bra10280T ),

where
ﬁ] = bi— ;bl .

A much simpler case is that of
Ba=bi—a] by,

which is easily reduced to

P—-1 P—1 14
JP—a, a, J+a.b
ar ’

1
whence we derive the syzygy
a2By—a2Br+a> a1+ =0 (mod 2).

v

A necessary and sufficient condition that a polynomial in the coefficients
of a binary g-ic form be a formal seminvariant, mod p, of that form is,



190 W. L. G. WILLIAMS [January

obviously, that it be unaltered, mod p, by the substitution T on ay, 41,

o o . , aq:
o (. )
@ ootar - - - ao+(g)a1+(g)az+- - ta )’
p not being a factor of any () in f.
Let
@ RO=owt(J)owrt -+ G=0,1,2, - - - g
Then

R;(0)=a;, and TR;(0)=R(1),
and in general
TMR,'(O)=R,'(M) (m=1,2, ---, P)
In particular
T*R;(0)=Ri(p) =R;(0) .

Hence if for R;(t) we write R;,

L 29 Uy vq
Z R'RY - - ‘RS,
t=0
where 2y, 9y, - - -, 9, are positive integers or zero, is a seminvariant.
Such a seminvariant we shall call a s-seminvariant; a ¢-seminvariant
may, of course, be congruent to zero, mod p.

p—1
I, =8= IIO Ri()=a}—al " (mod ),
[
the very important seminvariant which we have already met, is a particular

case of
p—1

II;= H Ri(‘)Ea?'i' T (mOd P) (j=l, 2, - - -, Q)
t=0
These j seminvariants of a binary form we call w-seminvariants.
Now let

(3) S=2Kk0,kl, cee, kq a:oa:l o e e a:q

be any formal seminvariant, mod p, of a binary form f of order ¢ with pre-
fixed binomial coefficients no one of which is divisible by p, and let o be
a seminvariant of the kind which we call s-seminvariants, viz.

p—1

) o= 2, [R®]™- - - [R(®O]™,

t==0
where
Ry(t) =ao, Ri(t)=aot+a1, - - - , R()=at?+ - - - +a,
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Multiplying S by
ao ay - ag'

and expanding, we have
(5 afet - -a;S=> Ly -, o a;°a:‘ .. ~a.;' .
By use of the syzygies

a?=p+a"'ay (mod p),

G:EH,'-I- oo (mod ) (j=2’ 3 -, Q),
we may express

ZLzo,z,....,tqa('l"alll' ot agl

in the form
ZMmo."u. s mg@0™a1™ - - - aqm'Qmo.m. cee .mq(ﬂl y My = - -, nc)'
We shall then have the equality

(6) a'(’]o a‘l’l c. a:’SEZMM,m‘ e mg@0™8™ ¢ ¢+ G ™ Oy, - - img (mod »)
where each of m,, m,, - - - | m, is less than p and the Q’s are polynomials
(with integral coefficients) in B;, I, - - -, II,. The relation (6) and the

»—2 congruences obtained by applying to (6) the substitution (1) p—2
times may be combined in the one relation

(N [ROT [ROT* - - - [Ri)]*S=X Mo, - - -m R®)]™ - - -

X[Re®] " Oumo. - - - .my (modp) (¢=0,1,2,---, p—1).

Adding the p congruences represented by (7) we have, since S and the Q’s
are seminvariants, and since ¢ has the value given in (4),

(8) 0S=D Mugm, - -« ,mPrmoms, -+ .mQmosms, - - - mq (mod p),
where
! mi mg
9 Prgmi, - mg=a E [Ro(t)] o [Rq(t)] (mod p);
te=0
since each of m,, m,, - - -, m, is less than p,
[Ro(®)]™ - - - [R(®)]™
represents a finite number u of seminvariants, S; ¢=1,2,---,u). We

have thus proved the

THEOREM. The product of any formal seminvariant S of a binary form
f of order q, with prefixed binomial coefficients with respect to any prime p
which is not a factor of any of the binomial coefficients (f), (3), - -, (L1),
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by any o-seminvariant is a polynomial in a, and a finite number of o-
seminvariants and w-seminvariants.

This theorem may also be stated thus:

THEOREM. The seminvariants ao, II; (i=1,2,---,q) and S; (=1, 2,

-, ) form a finite set of protomorphs of the binary form f.

We have thus shown how to express any formal seminvariant S fraction-
ally in terms of a finite number of seminvariants in a variety of ways. Some
examples of the application of the above method follow.

Since \

— > (btat)t=at (mod 5),
=0
and
D = a%d%— 6abcd+4b%d+4ac®— 3b2c?

is an (algebraic) invariant of the binary cubic, let =a* and S=D. Ap-
plying the method which has just been described, we write down

(10) ~b*D= —a?®*d*+6abicd — 4b67d — 4abicd+3b6¢?;
since ¥*=g8+a%, mod 5,
(11) — D = — a?b*d?— 4acdB— 4a>bcd — 4b%dB — 4a%b3d — 4abic? (mod35) .

Making the four seminvariant substitutions and adding, we have

4
—a*'D=a?), (at+b)*(at*+3b2+3ct+d)

t=(

4
+4a8 Y (at?+2bt+c) (at’+3b2+3ct+d)

t=0

4
+405 Y (at+b) (a2 +2bt+c) (at+3b2+3ct+d)
t=a()

4
+48 X (at+b)2(at3+3b82+3ct+d)
t==(

(12)

4

+4a* Y (at+5)%(at*+ 3682+ 3ct+d)

()

4
+4a ) (at+b)*(art+2bt+c)?
ta=()

4

+28 Y (at+b) (af242bt+-c)?

t=0

4
+2a* Y (at+b)*(al+2bt+c)? (mod p).

t=(
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Thus not only are all seminvariants, whether congruent to algebraic
seminvariants or not, expressible fractionally in terms of algebraic semin-
variants and B, but in turn all seminvariants, whether congruent to al-
gebraic seminvariants or not, are expressible in terms of a and a finite
number of seminvariants of the o and = forms. By choosing c=¢*"'=
— Y7 (at+b)*~! we may express a’~'S, where S is any seminvariant,
in like manner. Since

p—1

(13) - Z (a2 +2bt+ )Pt = gp- 1A/ (mod p),

t==(

where A =02—ac(p>2), multiplication of any seminvariant § by ¢*~! and
application of this method gives an expression of (¢?~'+A®~1/2)§ in terms
of ¢ and o- and w-seminvariants; subtracting the expression for a?~S we
have an expression for A?~V/2S in terms of ¢ and o- and 7-seminvariants.
Setting S=A" (y=1,2, . . -) and applying the present method we have
the

THEOREM. A’ where 6= (p—1)/2, is congruent to a polynomial in a
the seminvariants 8 and I, and the seminvariants

p—1

> [Ri®)]" [Ro(t) ] where vy, 02<p.

te=(

By using the congruence proved in the following lemma we may readily
prove the

THEOREM. If D is the discriminant of the form ax®+3bx?y+3cxy*+4-dy?
and p is a prime of the form 3m+1, D°, where 8= (p—1)/6, is congruent,
mod p, to a polynomial in a, the seminvariants 1Ly, Iy, Iy and Y 1=} [Ri(t)]
X [Ra(8)]** [Ra(®)]** (v1, vs, vs ranging over values <p).

LeMMA. If pis a prime of the form 3k+1,

r—1
a?@e=D/3— 3 (g3 4-bf2+ 3ct+d)2 -1 /3
=0
2(p—1)/3 )
= D@-Yl/s mod ,
(o (mod #)
where D =a*d*—6abcd+4b’d+4ac®—3b%?, the discriminant of ax®+3bxy
+3cxy?+dyd.
Proof.

1
o+ 3bt+3ct+d= — [(at+5)2+3A(at+b)+Ss],
a
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where A=ac—?b?, Sy=a%d—3abc+2b* and a0. Since Y 12, t*=0, mod p,
when % is 0 and when £ is not a multiple of p—1 and Y ?Zj t*=—1, when &

is a non-zero multiple of p—1,

-1
a?@=D/3— 37 (at3+3b2+3ct+d)?@-V /3= 4 [coefficient of #~! in the expansion

tm(

1
of (at*+3bf+3ct+d)**>D/3] =+ [coefficient of #-! in the expansion of-—‘ P
gho—

X { (at-+5)3+3A(at+b)+ S5} 2@0/3] = +{coefficient of ##~! in the expansion of
P(a,b,¢,d)}, mod p,where P(a,b,c,d)

1
— 343)2 1)/8
— lm(S,+3Aat-l—a 3)2(-1)/3 | fryearyr

is a polynomial.
Now the coefficient of ¢#-! in the expansion of (S;+3Aat4a¥3)2e-ns

2
=116 ['— (6 1)] :
= g7l (p—1)/3—2mA3IMm3m
a P 7—1 - Ss A3m3 (mod ?),
2] o] o
3 3
where 0! =1.

For any m from 0 to (p—1)/6*

[6-0]rs

[”—-1 —m] [p—;— —2m]'[3m] !

3

o] (5]
= (mod p),

o] o] (=]

a relation which may be proved by noticing that it is equivalent to the

relation
6 3 3

[%—1 - m] ! [—P—;—l— 2m] 1[3m] 12t

=1 (mod p) .

* For the following elegant proof of this relation I am indebted to Professor W. A. Hurwitz
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This last relation is evidently true when m=0; and for 0=<m=<(p—1)/6
when m is replaced by m+-1, its left hand side is multiplied by
3%(m—+1)((p—1)/3—m)((p—1)/3—2m)((p—1)/3—2m—1)
2((p—1)/6—m)(3m+1)(3m+2)(3m+3)
which is readily proved congruent to unity, mod . Hence
ot 36— 1)]!

p—1 Sa(”-l) /3—mASm33m

mo [(p=1)/3=m] ! [(p—1)/3—2m][3m]!

- 2(p—-1)/3 -1 e (p-1)/6 NP1 /6-m,
‘(@—Dﬂ ¢ Zi( ” )“J (48%)

’

h (2 Eg : i;ﬁ) ap~1(Si+4A3) (p—1)/6

= a4<ﬂ-x)/s(28’; : 3; g) Dw-1is (mod p),

the last congruence following from the algebraic identity

a*D=S,+4A° .
We have then proved that

-1
a?®=DI3— 3 (34 3bi2+3ct4-d)2 D /3 = (Z(P ~1/ 3) Dr-b14pP(a, b, ¢, d)
t0 (p _1)/ 3
(mod p).
It is well known that the left hand side of this last congruence is a formal
modular invariant; we now proceed to prove that it is absolutely isobaric.

Obviously

2(p—1)
(at3+3b22+3ct+d)2@ /3= 3 Pi(a, b, ¢, d)t'.
==
If we assign to a, b, ¢, d the weights 0, 1, 2, 3 respectively and to ¢
the weight 1 and expand the left hand side, each term of this expansion
will have the weight 2(p—1) and hence each P; (g, b, ¢, d) ti is absolutely
isobaric and of weight 2(p—1),1i. e. each P;(a, b, ¢, d) is absolutely isobaric
and has the weight 2 (p—1) —¢; this last is, of course, quite independent
of ¢ and from this point on we do not use the fact that we have assigned

a weight to /. Now consider the following relation:
r—1 p—1

a2e—1/3_ E (at3+3bﬂ+3ct+d)2(1’—l)/3=aﬂ(r—1)/3+az()?"l)/8 E f2e-
tu () tu=(
p—1 p—1
+Pipa(a, b,6,d) TP + - - -+ Ppa(e, b,c,d) 30
t=( ta=0

+ L +?Po(a, b, C, d)E—Pp—l(a, b’ C, d) (mOd P) 7
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since
p—1

> t*=0,mod p, k=0and %0, mod p—1,

te0

= —1, mod p, k a non-zero multiple of p—1.

We see therefore that each member of our congruence except bP(a, b, ¢, d)
is an absolutely isobaric formal modular invariant of weight p—1; ac-
cordingly, the same must be true of this remaining term unless it is con-
gruent to zero, mod p. But if bP(a, b, ¢, d) is an invariant divisible by b,
it is also divisible, mod p, by a+b, whence

bP(a, b, ¢, d)=(a+b)Q(a, b, ¢, d) (mod ),

where Q is a polynomial. But bP(a, b, ¢, d), if itis %0, mod p, is absolutely
isobaric and of weight p—1. Hence (¢4b)Q(a, b, ¢, d) is absolutely
isobaric, and hence Q(a, b, ¢, d) is not absolutely isobaric. Then let

Q(a, b, ¢, @) =Q(a, b, ¢, d)+Qi(a, b, ¢, d)+ - - - +Qk(a, b, ¢, d),

where each Q; (g, b, ¢, d)£0, mod p, and is absolutely isobaric, Q, con-
taining the terms of least weight, Q: those of next highest weight, etc. Then

bP(d, b} 2 d)E (a+b)Q(a, b) ¢ d)E aQ0+ T +bQL (mod P)

Since the weight of Qo is < the weight of Q., the weight of aQ, is < the
weight of 5Q; which contradicts the hypothesis that bP(a, b, ¢, d) is ab-
solutely isobaric of weight p—1. Hence P=0, mod p.

Thus the lemma has been proved for all a, b, ¢, d for which a>0. For
a=0, its truth may be verified directly.

Not every algebraic seminvariant of a binary form is congruent, with
respect to some prime, to a polynomial in @ and the ¢- and 7-seminvariants
of that form. For example, if p =7, II, and II; are each of degree 7 and any
o-seminvariant

p—1
o= Y, a*(at+b)(af+2bt+c)>
t=0
is of degree 3, since 1
o
2 P=0 (mod p),

t=0

for all A\<p—1. Hence any seminvariant of degree 2 with respect to any
prime 27, which is a polynomial in ¢ and the ¢- and w-seminvariants of
the binary quadratic is congruent to a numerical multiple of a?; the al-
gebraic seminvariant ac—b? is therefore not congruent, mod p (p=7) to a
polynomial in ¢, and the o- and the m-seminvariants of the binary quadratic.
However, the interesting and difficult problem presents itself, as remarked



1926} FORMAL MODULAR PROTOMORPHS 197

in I: Is every formal modular seminvariant, mod p, of a binary form con-
gruent, mod p, to a polynomial in the algebraic seminvariants and the o-
and w-seminvariants of that form?

For the sake of simplicity of statement, attention has in this article
been directed to seminvariants of one form only; the method of the present
article is, however, applicable to the seminvariants of any number of forms,
though we shall, of course, be confronted with what may be termed “mixed

seminvariants” such as
p—1

2 (a0 +2axt+a2)P1 (bot?+ 2b,t+ba)P ™,

tem(
where a,, a1, a; are coefficients of the form (ao, a1, - - -, a,)(x,5)" and
bo, b1, b2 of the form (o, by, - - -, b,,) (x, y)2.
The theorem for s forms is obviously as follows:

THEOREM. The seminvariants of s binary forms (@, @1, - - -, @) (x,y)%
(=1,2,---,5)(every binomial coefficient %0, mod p) can be expressed
fractionally in terms of a% (i=1, 2,---,s), o-seminvariants, pure and

mixed, and w-seminvariants of the s forms, the exponents of the o-seminvariants
all being < p and the set consequently being finite.

In the preceding sections we have, for simplicity, considered only formal
invariants under linear non-singular transformations whose coefficients are
integers reduced mod p. Our results are easily generalized; to obtain a
generalization we consider as before a binary form of order ¢ with prefixed
binomial coefficients, but take the coefficients of our non-singular linear
transformations to be elements of a GF[p*], where p is any prime not a
factor of any of the prefixed binomial coefficients of the form.

Following the same method of proof as in §II we prove the

THEOREM. The seminvariants S; (i=1,2,---, q) and B=b?"—a?" ' b
form a set of formal protomorphs of the binary q-ic form over the GF [p~].

As in §III, we prove the theorem of that article; the fundamental sys-
tem is changed in only one particular; we now have

pi= I or+ap] = [e0)" =00}

the product being taken for all values of ¢ in the GF[p"], and the equality
being true in that field. As an example, the syzygy given in the last line
of §III holds in the GF[p~], if

8= I [a®t+at?] (i=1,2),

¢ ranging over all the elements of the GF[p*].
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