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Introduction

This paper gives a discussion of a system of infinitely many linear equa-

tions in infinitely many unknowns. The character of the system and of the

results differs widely from that of other papers on this subject. It appears

that most of the work on such systems is restricted to solutions in Hubert

space: i.e., where X^=ixi converges, (xi) being a solution. The paper of

Walshf may be cited as an exception. He obtains a unique solution, however.

The present work may be described as follows :

In §1 we start with a system of linear equations which reduces to a

system of difference equations yielding an infinity of solutions. These solu-

tions are shown to be solutions of the original system, after suitable restric-

tions are laid on the coefficients of the system. We thus get a one-parameter

family of solutions. Then we turn, in §11, to a more general system of equa-

tions, whose solution can be effected by a method of approximations based

on the results of §1. There is shown to exist at least a one-parameter family

of solutions (Xi) satisfying the inequality \xi\ =AP\ P<1.

In the third section we show that all solutions (Xi) which satisfy an in-

equality \xí\ =AP',P<1, can be obtained by the method of §11. In §IV

there is discussed the method of solution by assuming a solution in the form

of a power series, then formally equating coefficients, and finally justifying

the formal processes. This method appears to be less effective than the one

used in §11.

The writer takes occasion here to express his appreciation for the many

suggestions made to him by Professor G. C. Evans.

* Presented to the Society, May 3, 1924; received by the editors in October, 1925.

t J. L. Walsh, American Journal of Mathematics, vol. 42 (1920), pp. 91-96.

Some time after submitting this paper to these Transactions the writer's attention was

called to the following additional literature:

H. von Koch, 5th International Congress of Mathematicians (Cambridge, 1912), vol. 1, pp. 352-

365.
O. Perron, Mathematische Annalen, vol. 34 (1921), pp. 1-15.

A general reference is to F. Riesz Les Systèmes d'Equations Linéaires d une Infinité d'Inconnues.
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I. Linear systems reducible to systems of difference equations

Consider the infinite system of linear equations

(I) Xi+xj^Xj-a (¿ = 1,2,3, •••) ,
Í-.+1

where \c{\ =MP\ P<1.

Theorem 1.    The system (I) has an infinity of solutions for each X in

|X — 11 > 1, and a single solution for each \in |X — 11 = 1.

Proof.    On subtracting successive equations we have

xx+(\—l)x2=cx—c2 ,

(H) .

xn+(X— l)xn+i = cn — C„+l ,

Every solution of (I) satisfies (II).  It remains to be seen when a solution of

(II) is also a solution of (I).

Set X —l=i», and suppose v^O. Choose xx=xiox arbitrarily. Then

x2,x3, ■ ■ ■ of (II) are uniquely determined. So there are infinitely many

solutions of (II) when vj¿0.  They are given by

(0)
Xi = Xi      ,

(0)
— Xi CX — C2

x2=-1-,

(1)

(0)
Xi CX — Ci C2 — C3

x3 =-1-

(0)
„_i   xx cx — Ci c2 — C3 Cn—i — CB

*.= (-!)    —-+(-i)-2-r+(-i)n_s-TT+ •••+-1

\Ci\^MP* ,P<1
Therefore

|xi0) |       MP(1+P)     MP2(1+P) MP"-»(1+F)

l~W^+   in-1   +   l"ln-2   +'"'+     \v\

= -h-J+^(l+^V n—i—+-¡—i—+• • - + I—r   •
\v\"-1 L   iFel"-1 \Pv\»-2 \Pv\j
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Assume temporarily that P\v\ > 1.  (Observe that then \v\ > 1.)

Then

(2)

The series

i  (0> i
\Xi

\Xn    S

converges absolutely. For

M(l+P)
+ ~r1-l-P"

\Pv\-l

Si = Xi+\ 23 xi

r«-TT-i

1**1+M £ kl^|*i| + |x|
I    (0)

\Xi

1 —

M(l + P)

1 P\v'

pi+l

1 Í-P

MP(1+P)

(pM-i)I"I
1-

Let

Si,n = Xi + \(xi+l + Xi+2+   ■     ■     ■   +X„)   .

On adding the ¿th to «th equations of (II) we have

Si,n+(X— l)xn+i = Ci—C„+l .

Now by hypothesis, limn_0Oc„ = 0. And from (2) limn_>K>o;„ = 0. Hence Si = d.

Therefore (x¿) is a solution of (I). We have thus shown that there are an

infinity of solutions of (I) for each X such that P\v\ >1. This conclusion

holds for every X in | v \ > 1. For let v0 be any value of v such that 11^01 > 1.

We can always chooseP'satisfying 1 >P' = Pand such that P'\vo\ >1. And

obviously |e¿| —MP'\ We can therefore replace P by P', and so obtain an

infinity of solutions for v = v0.    This proves the first part of the theorem.

Note: In the inequality for \xn |, we must replace P by P' whenever we

use P'.

Now assume a solution x((\) of (I) in the form of a power series :

(3) a;j = ^0<+^li(X-l)+ •   ■   • +Ani(*-l)n+ •   •   ■   •

Substituting into (I) formally and equating coefficients, we obtain the

following equations to determine A,, :

(4)

2^i Aoj —Ci,

22 Ani=—   Z) An-i,j=C<n)
i—i i=i+l
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Aoi = Ci — ci+x is a solution of the first system, as is evident. Therefore

(i)        °° °°
Ci= — 2-i Aoj— — 2-j \ci~ci+i) = ~c»+i •

j=«'+l ;'=«'+1

Hence a solution of

5_ AXj=- 2_ A0

is Au= — (ci+x — ci+2).   Therefore

,=t+i

00(2L V    A
Ci——   2-1 AXj — Ci+2 .

i=i+l

Therefore A 2i = ci+2 — ci+3 ; and so on. In general, a solution of

£ Anj=a^
i=i

is
Ani=(       1)   (Ci+n      Ci+n-l-lJ   .

Therefore

Xi=(d — ci+x) — (X— l)(ci+x-Ci+2)+ ■   ■   ■

+(-ir(x-ir(ci+n-c<+n+i)+ • • • ;
that is

Xi=[ci-Ci+X(\-1)+ ■   ■   ■ + (-l)n(X-l)nc,+»+ •   •   • ]

-[ci+x-a+2(\-l)+ ■   ■   •+(-l)n(X-l)nc<+n+i+ •   ■   •]

whenever the two series converge.   Since | c< | á MP', F < 1, each series does

converge for | X — 11 < 1/F ; and

MP< MP<+1        M(l+P)
\r.    <-1-— _---Pi

1 ,|=i-pW + 1-F|-|       1-P\,\      '

Therefore

. .   .   »    .     .     .    .     M(l+P)\\\        F

i-i+i 1 — F|i»| 1 — -P

Therefore Xi+X^^i+i** converges uniformly in every circle of radius

<1/F. It is therefore legitimate to sum by columns. Consequently

00

x<+X 2 x, = Ci .
i-i+1

That is, the formal solution is a true solution.  Denote it by z,-.   Set x¿ = y<

-ff,.   Then
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(5) y<+X £ y,=0 .
i->+i

If X = 1 we see that the unique solution is y, = 0. Suppose X ̂  1. Then

(6) yi+(\-l)yi+i = 0 ,     or     y,=—-——— yi .
(\—l)1

Add the iih to «th equations in (6) :

y.+X(yi+i+•  •  •+;■„) = -(X-l)y«+i.

Hence a solution yi^O of (6) will be a solution of (5) if and only if y„—>0 as

«—>co ( i.e., if and only if |X — 11 > 1. Hence for |X — 11 = 1 the only solution

of (5) is y¿ = 0, and therefore Xi is unique. This completes the proof.

Corollary. Every solution for | X — 11 > 1 is obtained by giving all values to

Consider now the system

(1) Xi+ 22 X,-a;y = c¡ (»»1,2, ■   •   •)
i-i+l

On subtracting successive equations we obtain

(II) Xi-i+(\i— i)xi = Ci-i — d .

Choose Xi = x(01) arbitrarily. Then every solution of (II) is given by

(o)
Xx=Xi  ,

(i) (-i)'-C    , (-iy-2(a-c2)t cn-i-Cn
x„ = —-1-1- ■   •   ■ -\-,

v2v3 ■ ■ ■ vn v2v3 ■ ■ ■ vn v„

where Vi=X, — l.   Assume that

\cn\ZMP" ,     P<1 ;

(2) |i/n|^a>—   (and therefore a >1) ;

22 |x,-|P' converges.

Then
i-i

I  (0) I
kl^-^-v- + jf(i+p)P"

a n-l

-(¿-r
aP-1

^\xT\   (   M(l+P)im
an-l aP-1
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Therefore
lim xn = 0 .
n->»

Also

i           ^   i        ill       Äiii I*" I        M(\ + P)      \
\xí\+2Z   \\iXi\û\xi\+   E   IXiK-1-—1 +-^T--P'\,

which converges, by (2).  Add the ¿th to wth equations of (II) :

Xi+\i+lXi+l+  ■    ■    • +\nXn = Ci — Cn + Xn.

Therefore
00

Xi + 2~1  *i*i = Ci + lim (xn — cn)=Ci .
j=i+i »->°°

Therefore (xt) is a solution of (I).

Since x(f is arbitrary, there are an infinity of solutions.    We have thus

Theorem 2. //, in the system (I) x<+ ET-i+i*/**""^ (¿ = 1> 2, 3, • • • ),

we have the inequalities |c„| ^MPn, F<1, then for each set (X¿) swc/z /Aa<

I Xi — 11 ̂  a > 1/P and E7=i I **' I ̂  converges, there are an infinity of solutions

(Xi).

Corollary. Every such solution of (I) is obtained by giving to x*' a//

na/wei.

Remarks: (1) Observe that for any such solution (x¡) we have |x„| ^

[|x(?)|/F+M(l+F)/(Fa-l)]F"; (2) £7=i\\,\P converges if lim,.«

|X,-+i/X,-| <1/F, and therefore X,- need not be bounded as /—>=».

II.  Method of approximations applied to a more general system

We now consider the more general system

(I) Xi+ £ (X/+*«)*/-«< (¿ = 1,2, •   •   •)•
j-í+i

Assume that

Icil^MF* ,     F<1 ,

lx«-l|fc«>— ,      \bti\íN ,
00

E  |Xj|Py converges.
í=i

Letxf'0' be any solution of Xi+ £7«*n.X/äC/«c<, an(* set *i -'*.•—X«.

By Theorem 2, a solution x(4°'0) exists. Then, formally,
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*í" = Ui- £   (*i+bij)x,} - {a-   Ex,-*/0'0'}
J-i+1 i=i+l

i-i+l J-í+1

i.e.,

(1)_i_ Va   f\ xi  Ï   (1)       (1)
*i  + iL   vXj+Oi,-)*,-    »c<    ,

where

(i) -r-^    ,      c°
Ci    = —   ¿^    OijXj

¿=t'+l

Let x\°'l) be a solution of

(i)
Xi+ 22 ^jXj=Ci

It will be shown that c',0 satisfies the inequality required for Theorem 2,

and consequently a solution exists.   This remark applies also to the later

cths :   cf\ cf\ • • • .    Set

(2) (1) (0,1) A   f        .   .     \,    (D (0.1) \ V"   , (0.1)
x,   =Xi   —Xi     =— ¿^ \Ki+Oij)(Xj  —Xj     )—   ¿_, bijXj

J— »+1 i-i+l

Then
(2) A    , ,     (2) (2)

*.-   + 2^ (.Xy+o.;)^,-   =c<    ,
;=i+l

where

(2) _ y, (0,1)
Ci / . OijXj      ;

;'=i+l

and so on. In general, let £«0'n_I) be a solution of

Xi~\- ¿_i Xj*j=Ct       ,
i-i+l

and set

(n)_     (n-l) (0,n-l)

Then

Xi  + 22 (X,+¿ií)«í   =c»    ,
i-i+l

where

(n)_ y, (0,n-l)

C, / . OijXj

i=i+l
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We need to consider convergence. In solving the system Xi + 227= t+i^fii =

d, we obtained the inequality

Wsri^i+w±zn^.
L      P Pcx-l     J

In the present case this is

i <°.°),   r l*i°'0)l      m(i+p) -i
k»     =-1—^—:—\F ■

1      L       P Pa-l     J
Therefore

i (i),   ^ i  m (o.o),    r l*i(0,1      m(i+p) i ~

L     P Pa-l    J   1-P
Let

N PN(l + P)

Then

1-P (l-P)(Pa-l)

M(1)=e|,ri+ÄM.

k0)|sjf(V.

^sswwe a chosen so that R < 1.    This is equivalent to assuming that

ATP2+(iV-l)p+l
cc>-,

P(l-P)

(Observe that this inequality implies Pa>l.) In the solution a;,0'11 of

Xi+ 227=<+iX)^í = cf), x[°'l) can be taken arbitrarily (see Theorem 2).

Therefore

i»r i  jf'"(i+p)K,..U|srj«L_L + M (i+f)_i
l-L     P Pa-l      J

,. m (o.i), „r l*i0,1)l , m(1)(i+p)i p

Therefore

(0,1)  , ,,(1)

a ,  m (o,i),    r *i       M (i+p)i p

= [Q|a;i<0'1)|+/?M(l»]Pi

= Mí2)Pi , say;
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and so on. It is clear that in general

[April

*ri=[-
(0,r),

Xi
+

Mlr\l+P)

and
P Pa-l    J

(0,r)

If«,

i¿+1)i= emi-ti
J=>+1

(0,r)

á [Q |xi " l+JiJfWlP*« Jfi'+UF« ,

where Xi<0,r) is chosen arbitrarily, and MM is defined by the relation

MW = M.

From this recurrent relation for M(r) we have

Af    =Ö|xi \+QR\xx \+QR2\xx

+ ■ ■ ■ + QRr* |xi0,0) | + R*M.

The choice of xi0'0', x*'1', • • • , xf'T, • • •   is arbitrary.    Now assume

them so chosen that

(0,r)

Then
xi      \=ßTr , R<T<1 .

'-[ R       R2
M<~r) = ßQT'1 | H-1-h

Fr_1 "j
+ MRr

= ßQT'-

R
1-

L      T

-(f)'
R

1-
T

+ MR"

+MR
TT~1=ETr~i

say

Therefore \c\irt+1) = ETrP\ and

i <°'r) i ̂  r 0'
|xn |*|_-

/3Fr   ,    (1+P)-P) 1

—— ET"1  \P"
P Pa-l J

= |
T        (1+P)E I

P Pa-l    J
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Observe that lim^^c^ =0.    Let Xt= 22r=o*<°'r)-     The  series  converges

absolutely, since

Define Y™ by

22 I*;   I =£ ffp< £ r-\   r<i.
r=0 r=0

Xi=xr+Xr+ - ■ ■ +xr-í+Yír.

Then

|F,(n)|g   i \x?,r)\èHP<±T'-i.
r—n r—n

Therefore

limF,<n) = 0.
«-.00

We have

£ \\rrbtl\\*?"\**B7~-1 ZP'+lir-1 £ |X,|jP'.
j'-i+l ;=i+l i-i+l

Both series on the right converge, and therefore 2^,7~t+i0^i"^o'i)x°'r  con_

verges absolutely for every r. Also

22 \krrbii\\T?\*Nn(±IF-l)±P'

+n(±Tr-1)£ |x,|P',
\   r-n / j'-»+l

and both series on the right converge.     Therefore   2~27-i+i0^i+bn)Y ^

converges absolutely. Moreover,

Um   £ (Xí+»«)rí">-0 .

Therefore

*i+ S (X/+i«)Xi
»'-•+1

(o.o)      v> / \   (o

i-i+l

i   <0,1) i  v /i i n <(U)+*i     + 2-j (^i+bii)Xi
i-i+i

(O.n-1)        A   , x     (0,n-l)

+ •••+*<       + 2- (X,+6.-í)*í
í-i+1
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+ r^)+£(x^H,•J•)^,
,=«+1

/ UK    ,    /   (1) UK    , ,    ,   (n-1)        (n)   N
= (Ci — Ci   ) + (Ci    —Ci   )+   ■    ■    ■ +(d        —Ci    )

+ YV+ t (li+biÙY™
i=i+l

-*+ [-c¡n)+Y?+ ± (Xi+bjY?} .
,=»+i

As »—>«>, the bracket approaches 0.

Now the left hand member is independent of n. Therefore

Xi+ Z (Xrr-»«)*,-* ;
,=¡+i

i.e., (Xi) is a solution of (I).

Except for the condition |xi<0,r)| ̂ ßT, R<T<1, the x*,r)'s are arbi-

trary. Therefore Xx is arbitrary. Consequently there are an infinity of

solutions.   We thus have

Theorem 3.  // in the system

00

(I) Xi+ ¿2 (X/+6ü)x,=Ci (¿=1,2,3, ••  •),
J-i+1

the conditions \cn\ ^MP", P<1, and |oi;-| =N hold, then to every set (X¡) for

which \\i-l\=a>(NP2 + (N-l)P+l)/P(l-P) and Z7=i|X,|P' con-
verges, there exist an infinity of solutions of (I).

Corollary. From the inequality
00

\Xi\=HPi X) Fr-1
r=0

we have the following result : An infinity of the solutions (for a given set Xi)

satisfy the inequality \xí\ ¿AP', where A is a constant (depending on a).

Corollary. // X,=X, then the system Xi+ ^i+iíX+íi/K^Ci has an

infinity of solutions for each X in | X -11 > (NP2+(N -1 )P+1 )/P ( 1 - F), if

|Ci| =MP{, F<1, |i>i,| =iV, and an infinity of these solutions satisfy \xi\t%

AP', A depending on X.

Corollary. Consider the system yi+ 2 7=i+i(^j'+^»íb'r=c<> where | £>,-, | =

N; P exists, 0<F<1, such that Z"=iI*jI-P' converges; |Xf — l|^a>

(NP2 + (N— 1)F-|-1 )/P(l — F). If this system has one solution, then it has an

infinite number.
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For let y¿ be a solution, and sety< = a;i+yi. TheniCi+ 227=H-i(X)+&i,) = 0,

which is a system satisfying the conditions of Theorem 3. Therefore an

infinity of solutions xit and consequently y<, exist.

III.  Solutions satisfying the inequality \Xi\=AP'*

In obtaining Theorem 3, we assumed that

\xx'T)\^ßTr ,        R<T<1.

Let us now make a more particular choice ; take

Then

*i°'r) = 0 (r = 0,l,2, •  •   •).

Mlr) = MRT

\£\*M¿P*,

(„,r)            M(l + P)       r    n
\Xn è-R P

Pa-l

Therefore

i*M£.ris^!±£(£*y-M«\
r-0 Pa—1      \r=0        /

where

B = - 1 + P
(Pa-l)(l-R)

We shall use these inequalities.

Consider again System (I) of Theorem 3.   We found that for a given

permissible set (X¿) an infinity of solutions exist satisfying

\Xi\úAPi .

We shall now show that every solution satisfying

\Xi\=AP' ,

A a constant, is obtained by the method given in Theorem 3.   We shall

however require a modification in the inequality for a.

Let Xffi) be a solution for which \Xf'0)\ =AP\ Then

„(0.0) .    A   , w<o.°>
X{     + 2^ (*i+ba)Xj     =Ci .

_ )'=i+l

* The method used in this section is due to G. C. Evans, these Transactions, vol. 12

(1911), pp. 452-457.
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Consider the system
00

Xi+~  7 . AjXj = Ci .

j-t+l

Define

U)  _       _ y(0,0)

Thenxí°+ E^+iXyX^c'0, where c(I) = E7-m*«*f'0>-    The series for
c<" obviously converges absolutely, and

\tF\SA—.p\     =M(V, say.i       i j_p

Now let X(t0,1) be a solution of
CO

Xi+ E (x,-)-Oi,)x, = Ci

corresponding to the choice x^'^O, r = 0,l,2, ■ ■ in Theorem 3. Then

IXf^l =BM^P\ Define x?, = *<1)-X?'1). Then x|2)+ ¿Zl-i+^f-cT,
where cf'= E?-«-!*«*?'1'-   Then

. (2) .     NBM^P
\Ci      =

/     NP     \2     i (2,     i
P = P,4Í-j P =M   P

1-P

In general,
(») Y> (n) (n)

!=»+l

where

(n) A   ,      ^(0,r.-l) (n) (n-1) <0,n-l)
Ci   = 2-1 bijXi , Xi   =Xi      —Xi

J-t+1

and Xf,n_1) is a solution of

Xi+ E (^i+bij)x, = Ci
i-H-l

corresponding to the choice xío,,) = 0, r = 0, 1, 2, • • • ; and

kriáAf(v,
where

WPP AMP
Jf (r) =-Af (r-1) Jfcf«> = -_ .

1-P 1-P
Hence
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where
BNP

W=-
1-P

Also,

¡X^I^BM^P^AW'P'.

Assume W < 1. This is equivalent to assuming that R < 5 ; i.e., that

2AT2+(2JV-1)P+1
a>-— .

P(l-P)

Observe that this inequality implies the previous one,

NP2+(N-1)P+1
a>-.

P(l-P)

Since W <l,limn^oocf) = 0.

Define xf'0) by the series

.(0,0) A 10.r)
Xi     =   2_ Xi

r=0

The series converges absolutely, and

.(0,0) i i   ^ r A(0,0) 1 >  x—.        r

ti   \úap 22 w =

Let

(n) (0,n+l) (0,n+2)

Ji     =X-i +JÍÍ +   •    ■     •    .

Then

ly^léAP* £wr;
r=n+l

therefore lim„_My \n) = 0. Again, from the inequality on | Xf'r) | we have

£ \\i\\xr\=AWT £ |x,|p',
y-i+i j'-i+l

which converges ; hence

£ M\yn=A(£wT)£ Mp1'.
j'=t+l \r=n+l / j'-i+l

Therefore limn_«, 227= t+i^Ui ~ ®- Then
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~r + e ^■o)=xr+ e x^r-f • • • +*r
,'=<+i ,'=i+i

_l_   V1 ^   v(0'n)_i_    (n>_i_   V« <*      (n)
+  2-1 *iXi       +Ji   +   2-, ^iJi

i-i+1 ,'=>+l

/ UK   .    /   U) <2K ,   (n) (n+lK
= (<:<—c<   J + U»    —Ci   J+  •    ■    • -|-(Ci    —Ci       )

,=•+1

r (n+D (n) ^ (n) ,

= Ci+l-c<       +y<   + 2^ X,y,-    J .
I'-i+l

The bracket approaches zero as «—><». Therefore x\°'0)-\- E7=«+i^»'*f'0) =

d, i.e., (x,    ) is a solution of Xi+ E7=i+Aia;3=c»-

Now we shall start with the solution xf'0> and show that one of the

solutions Xi of

Xi+ E 0^i+bij)xj = Ci
i=i+l

resulting from the method of Theorem 3 is precisely Xf'0).

Define xf,!), xf'2), ■ ■ ■ as solutions of the systems

.(0,1)   ,      ^,  „    .(0,1) Ä .(0,0) (1)
Xi     + 2_ X,-x,- =—   2-,Dnxi     =e¡    >

,'=i+i ,'=¿+i

.(0,2) ^ .(0,2) ,2, .(0,1) (2)
Xi     + 2l_ X,x, =-   2-ibijXj     =ei    ,

respectively. There are of course an infinite number of solutions of each of

these systems, by Theorem 2. The precise solutions which we choose will

be made evident later.

r(0,0).
Xi '  is a solution of Xi-r-E)=i+i(^j+^«j)x, = c» , and

I       (0,0) , i

\Xi      \=AP   .

Let X4(1'0) =- Er"-i*i0'r); then |X?,0)| S A (W/(l -W))P\

Then   X{1'0)   satisfies   x,-+ E7=í+i^í+í,.'í)^ = ^1>.     For   X^0) = Xf-0)

-xf'0), and

„(0,0) A    , \v(0.0) .(0,0) ^ _(0,0)
Xi     +  2-1 (*i+bij)Xj     =d ,       Xi     + 2-, X,-x,-     =c-.

,'=i+l ,'=»+1
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We have

, (i), NAP
I*   l=-

(1-W)(1-P)

Now define X<M), X'1'2', ■ ■ ■ , X?'n\ ■ ■ ■  with respect to X*1'0' in the same

way as Xf,x\ ■ •• , Xi°'n), • • • were defined with respect to Xf'0).    Then

I_   \i-wj

Choose xf'1} as that solution of

00
(1)

corresponding to the set X

Xi+ 22 Xj*/=e<
j=t+i

(i.f).

rT-E*?"'

Now define Xl2'0)= - 227=iXÍ''r), =X<1'0)-xf'1). ThenXf'0) is a solution of

Xi+ 22 0^i+bii)xj=ei    ,
i-i+l

and

,(2), AMP
«<     =-

/ w \ . (2,0).     /rw y i
-(-)Pi ; x      g¿(-)p
Vi-Hv Vi-W(l-wO(i-P)

Define the corresponding set X2, X2'2, • • • ; then

¡X,      \£A[-I W P  .
\1-W/

Then choose xf'2) as that solution of

CO

Xi+ 22 X,x, = e¡
i-i+l

(2)

which is determined by Xf    :

.(0,2)        ^       ft.r)

Ci      =  2_( -^-«'       !

and so on.  In general, we define

(*,0) ^   ,,<*-i.'-) „(t-1.0)      _<0.*-l)

xr=~ T.Xi        ,     =X -Xi
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Then   Xft,0)   satisfies   Xi+ E7=<+i(^j + ''»j)x,=e^),   where    ej*'=— E7=«+i
h .. = »■*-»>f„Xy

By induction we have   |*?,0)| £4(1*7(1-W))*/".     We then define

--*,«    j-fc»   . . . j  and  obtain   | ̂ ».Di ^(^/(l-^))'^'.     AISO

ki    á-
(í-p)d-ir)

/ _w_ y-y
Vl-WV

Choose x<0,i) as that solution of Xi+ E7=<+i X,x, = e, which is given by

xf'l)= Er=o^i(t,r)-  Observe that

¡tí     Vl-WV l-^Vl-WV

This is in the form   |xf,w| =j8F'*, F'<1, provided IT/(1 —PT)<1 ; i.e.,

W/'<^, or F<^, which is equivalent to the inequality

3#P2+(3Ar-l)P+l
a> —

P(l-P)

We assume this condition on a.  (It implies the previous condition R <^.)

Consequently, by the method of Theorem 3,

Xi= E *i
„(0,r)

r—0

is a solution of x,-r- Z^i+itAi+ii^P^

It remains to identify Xi with Xf'°\ We see that

.(0,0)       .(0,1) _(0,n)
Xi        +Xi +   •     •     ■   + X,'

=*r+ur+*r+
+i:u,+{i!i'i,+i!i'!)+- ••}+•••

+xr)+{xr+ ■ ■ -\,
where the right member, from the definition of Xjt,0), k = l, 2, ■ • ■ , n+1,

reduces to
(0,0) (n+1,0)

X i     — Xi

Nowlim^Xr1    -0. Therefore

hm [Xi     + •   •   • +Xi      \ = Xi
»-.00
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that is,

Xi=xr
We have thus proved

Theorem 4. // in the system

00

(I) Xi+ 22 (^i+bi,)xi = a (i=l,2, •   •   • ) ,
i-i+l

the following inequalities hold :

\ci\^MPi ,        P<1 ,        \bij\=N ;

3NP2+(3N-1)P+1
Xi-1   ^a>-

P(l-P)

and 227=<+ilXi|P' converges, then every solution Xi for which \xí\ =AP< (of

which there are an infinite number) is contained in the set obtained by the method

of Theorem 3, assigning to Xj0,0', Xx'l), ■ • ■ suitable values in the range \ xf'T) \ =

ßTr, T<\.

IV.  The power series method

In Theorem 1 we made use of a Taylor series in X, and found a solution

by substituting the assumed series for Xi into the system and equating

coefficients. This method can be applied to other systems.

For example, consider the system

CO

(I) Xi+\ 22 aaXj = Ci .
i-i+i

Assume a solution Xi = Aoi+ ■ ■ ■ +.4„¿Xn+ • • • . We find for the Ai/s the

relations

Aoi = Ci  ,

00

^4ni=—   22 °lijAn-l,i , M>0 .
i=i+l

It is readily shown that if lei ^C, 227=«+ila»il =P, i=i<>, then (I) has a

bounded solution (Xi) for every X in |X| <1/P. But this method does not

appear to yield uniqueness properties.
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This method also gives the following theorem :

U
oc

kl^«;   22 |«<il='S' (»»i, 2, • • •);
i-i+l

<pij(x) is analytic ,      \x\ — M , M>a

(»=1,2, •   •   •   ;    y»t+l,t+2, •   •   •) ;

|«K*)|á^, \x\=M ;

then the system
CO

Xi+\ 22 an<Pii(x,)=Ci
i-i+l

has a bounded solution for every X in |X | — (M — a)/5NS.

It is an interesting fact that if we assume a power series solution in 1/X,

we obtain in many cases an infinite number of solutions. Let us consider

again the system of Theorem 3, where however we take Xj=^X :

lal^MP* ,     P<1 ,

Assume a solution

* (\ci\ = MI
U+ 2^ (^+bii)xi = Ci-i       ,

i-i+l I jo,-/1 ^iV

A ni

On substituting in and equating coefficients we get

CO 00 CO

22 ̂ oi=o,     A0i+ 22 (*<i+i)^o/+ 22 Aij-a ,
i-i+i ¡—i+l i=i+i

00 00

Ani +   E   (¿ii+l)^ni+   22 An+ij=0  , «>0   .
i-i+l i-i+l

A solution of the first system is A0i = 0, i>l. Observe that A„i does not

enter, and therefore can be taken arbitrarily. And in the general system,

Anï does not enter and is therefore arbitrary. This makes Xi arbitrary, and

we therefore obtain an infinity of solutions. Let us determine the -4,/s.

We have the relation

V   A A (1)2_, Aij = Ci—Aoi = Ci    .
i=i+l

Therefore a solution is Aut+1 = cf1 — c(f+V Also
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(2)
E A2i= — Aii- E (bii+l)Ax, = Ci   ,

i-i+l i=i+l

and a solution is

(2) (2)
■42,1+1 —Ci     —Ci+1   .

In general An,i+x = ctn)-c<!+x, where c,n)= -An-X¡i- Ej=<+i(ô»ï+1)-4»-i.j-

By definition, c\x) = Ci—A0i- Choose Aox so that \cx—A0i| =MP; other-

wise arbitrary. Then \c\l)\=MPi = M^Pi. Therefore |Ax,i+x\ =M™ (1

+P)P\ Choose A n arbitrary except for the condition \AXX\ £ M (1

+P).   Then

M(l+P)
Mi.-|áAf(l+P)Pi-1 =-P* .

Therefore

fH^flrggl^/,
11 p      L       l-p   J

Therefore 14M+i| g Jf«(l +P)Pi. Choose |42,i| gl»(l+i') ; then

14«I £(M<2'(l+F)/F)Pi; and so on. We obtain, finally, \ef, gifwP',

where
Af (») = RM^~l) = •   •   • = MF""1 ,

Therefore

-O+^-X^)

on choosing

Therefore

l   («) l „n—1    *

\d   \=MR    P ,

. t    ,     M(l + P)    „-i   i
\Ani\=-R    P

P

\AnX\^MRn \l + P)

xt- == P-2-, i-r = Ti '
'       ' RP n=0      X-l h

which converges if |X —1| >F; i.e., if

(l+P)(NP+l)
X-l   >-

P(l-P)

Also, Ti+ E/=í+iI^+^»/I^í converges.    Hence we can sum by columns.

We thus have the following theorem :
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// \d\^MPi, P<1, \biA=N, and |X-11 >(1+P)(2VP + 1)/P(1-P),
then the system xt+ 227=<+i(X+&«i)a;i = i:i has an infinity of solutions.

So we obtain some of the results of Theorem 3. But the power series

method does not extend to the case where the X,'s are not all equal ; and even

in the case just treated, the X- region for which the proof is valid is not as

extended as the region found by the method of Theorem 3.

Rice Institute,

Houston, Texas.


