SYSTEMS OF EQUATIONS IN AN INFINITY OF
UNKNOWNS, WHOSE SOLUTION INVOLVES
AN ARBITRARY PARAMETER*

BY
I. M. SHEFFER

INTRODUCTION

This paper gives a discussion of a system of infinitely many linear equa-
tions in infinitely many unknowns. The character of the system and of the
results differs widely from that of other papers on this subject. It appears
that most of the work on such systems is restricted to solutions in Hilbert
space: i.e., where Y. ..,2> converges, (x;) being a solution. The paper of
Walsht may be cited as an exception. He obtains a unique solution, however.

The present work may be described as follows :

In §I we start with a system of linear equations which reduces to a
system of difference equations yielding an infinity of solutions. These solu-
tions are shown to be solutions of the original system, after suitable restric-
tions are laid on the coefficients of the system. We thus get a one-parameter
family of solutions. Then we turn, in §II, to a more general system of equa-
tions, whose solution can be effected by a method of approximations based
on the results of §I. There is shown to exist at least a one-parameter family
of solutions (;) satisfying the inequality |x;| <AP®, P<1.

In the third section we show that all solutions (x;) which satisfy an in-
equality |x;| AP, P <1, can be obtained by the method of §II. In §IV
there is discussed the method of solution by assuming a solution in the form
of a power series, then formally equating coefficients, and finally justifying
the formal processes. This method appears to be less effective than the one
used in §II.

The writer takes occasion here to express his appreciation for the many
suggestions made to him by Professor G. C. Evans.

* Presented to the Society, May 3, 1924; received by the editors in October, 1925.

1 J. L. Walsh, American Journal of Mathematics, vol. 42 (1920), pp. 91-96.

Some time after submitting this paper to these Transactions the writer’s attention was
called to the following additional literature:

H. von Koch, 5tk International Congress of Mathematicians (Cambridge, 1912), vol. 1, pp. 352-
365.

O. Perron, Mathematische Annalen, vol. 34 (1921), pp. 1-15.

A general reference is to F. Riesz Les Systémes d’ Equations Linéaires & une Infinité d’Inconnues.
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I. LINEAR SYSTEMS REDUCIBLE TO SYSTEMS OF DIFFERENCE EQUATIONS

Consider the infinite system of linear equations

09) x,~+)\.f: x;=c; (1=1,2,3,---),
where |¢;| SMP®, P<1. "

THEOREM 1. The system (I) has an infinity of solutions for each \ in
IN=1]|>1, and a single solution for eack \ in |[N\—1| 1.

Proof. On subtracting successive equations we have

nt+A—1xs=c1—c2 ,
ao .

...........

Every solution of (I) satisfies (II). It remains to be seen when a solution of
(II) is also a solution of (I).

Set A—1=v», and suppose »»0. Choose ;=% arbitrarily. ~Then
%2,%3, - - - of (II) are uniquely determined. So there are infinitely many
solutions of (IT) when »>0. They are given by

0)

xn=x ,
(0)
— X1 C1—Cse
Xo= )
14 14
(0)
X1 c1—C2 C2—C3
xX3= b N
1) v? »? v
x(O) c C 4 C; C C
n—1 1 1—C2 2— @3 n—1" (n
= (— —_1)n—2 —_1 s “ e
z= (=) ()t (D
|C;|§MP‘ , P<1.
Therefore

0) I

o | < % n MP(1+P) MP¥1+P) MP~'(1+P)
Xnl= [N
=i

[y [ || lv]

_ x:O) l

o

L S N 1_]
||t Py e

|
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Assume temporarily that P|v| >1. (Observe that then |»| >1.)

Then
(0) |

2) |20 | € 1ot 4
A

The series

T o [1- o]

S = x.~+ A E xX;
F=i+1
converges absolutely. For

(0) ‘
© x1 1 M(1+P) Pt

s A é ) A ' ’
||+ | Iigllx,l || + | I{ 1 T PbIr 1ep

M
B MP(1+P). 1
Pll-nf[ 1

vl
Let
Sim=xitN w1t xipet - - - Fxa) .

On adding the ith to nth equations of (II) we have
SintAN=1)&nt1=¢i—Cnt1 -

Now by hypothesis, lim,_,,¢.=0. And from (2) lim,_,x,=0. Hence S;=c;.
Therefore (x;) is a solution of (I). We have thus shown that there are an
infinity of solutions of (I) for each N such that P|»|>1. This conclusion
holds for every Ain |»| >1. For let vy be any value of » such that |v,| >1.
We can always choose P’ satisfying 1> P’ = P and such that P’|v,| >1. And
obviously |¢;| SMP’i. We can therefore replace P by P’, and so obtain an
infinity of solutions for »=v»,. This proves the first part of the theorem.

Note: In the inequality for |x.|, we must replace P by P’ whenever we
use P’

Now assume a solution x;(\) of (I) in the form of a power series :

(3) vi=AutAu(A =D+ - - - +A4.0-1)"+ - - - .

Substituting into (I) formally and equating coefficients, we obtain the
following equations to determine 4;:

00

> Aoi=ci,
=i

(4)

00 00

2 Ani=— 2 Anri=ci™

J=1 j=i+1
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Aoi=ci—cis1 s a solution of the first system, as is evident. Therefore

(n s d
a== 2 doj=— 2 (ci—cir)=—ci1 .
jemit1 jmit1
Hence a solution of
00 o0
2 A== 2 Ay
=1 j=i+1
is Ayi= —(ciz1—¢€iy2). Therefore
(2 el
ci=— 25 A1j=cita .
j=141
Therefore As;=ciy2—ciys; and so on. In general, a solution of

[

2 Anj=ci®

i=i

is
Api=(—1)" (C.‘+n—€i+n+1) .

Therefore

2= (ci—cis1) — A\ —=1) (cipr—cira) + - - -

) F(=1)"A=1)"(isn—Cint)+ - - - ;
that is
zi=[c—cn=D+ - - - +(=1)"A=1"ipnt - - -]
—[eipr—cinaB =D+ - - - FH(=D)"A—D)Cipnnt - - -]

whenever the two series converge. Since |¢;| SMPi,P <1, each series does
converge for [A\—1| <1/P; and
MP: MpH - M(1+P)

ST SIS I

Therefore

) MQA+P)N| P
NG SR |

. . Pi,
j=it1 1—P|V| l—P

Therefore x;+\Y ;- ..%; converges uniformly in every circle of radius
<1/P. Itis therefore legitimate to sum by columns. Consequently

00
2+ Z X;=¢C5i .
J=1i41

That is, the formal solution is a true solution. Denote it by ;. Set xi=1y;
+.’I-J,‘. Then
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(5) yitA 2 y;=0.

=i+l
If A =1 we see that the unique solution is y;=0. Suppose A#1. Then

(-1

6 FA=1)y:1=0, or y=———y.
(6) Yt A =1)yits =y

Add the ith to nth equations in (6) :
YitAyiat - - Fow)=—A=Dynpr.

Hence a solution y;0 of (6) will be a solution of (5) if and only if y,—0 as
n—oo i.e., if and only if [N\—1| >1. Hence for |[A—1| =1 the only solution
of (5) is y:=0, and therefore &; is unique. This completes the proof.

COROLLARY. Every solution for |[N—1| > 1 is obtained by giving all values to
x9.
Consider now the system

() xi+ i Njxi=c; (i=1,2,- - ).

j=i+1
On subtracting successive equations we obtain
(II) xi—1+(>\;—l)x.~=c.-_1—c; .
Choose x; =xQ arbitrarily. Then every solution of (II) is given by

(0)

X1=% ,
(0)
1 — 1)1 —1)2 - n—1"Cn
(1 x..=( ) L +( ) C2)+”.+61c,
VeV3 = * * Vp Vav3 * * * Vp Vn
where v;=\;—1. Assume that
len|sMP*, P<1;
1
(2 [v,.|ga>-1; (and therefore a>1) ;
o0
> |ni| PP converges.
j=1
Then ! 1 \»t
B B (ZF)
|2a | = + M(1+P)P"
a1 aP—1 -

0)
= L Ma+n)

T oan! aP—-1
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Therefore
lim 2,=0 .

7n—00
Also

w3 hmils lal+ E ]

j=i+1 j=i+1
which converges, by (2). Add the ¢th to nth equations of (II):
i Fhixit - 0 FAata=ci—Catxn.

4 M(1+P) Pi} 7

X1
ai-t aP-1

Therefore
x + Z Nixi=c¢i+ lim (x,.—c,.)=c.~ .

j=it1 n—o

Therefore (x;) is a solution of (I).

Since z? is arbitrary, there are an infinity of solutions. We have thus

THEOREM 2. If, in the system (I) xi+ 2 - ph®i=c: G=1,2,3,-- ),
we have the inequalities |c.| <=M B", P <1, then for each set (\;) such that
INi—1|Za>1/P and 3 5-,|\;| P’ converges, there are an infinity of solutions
(2:).

CoroLLARY. Every such solution of (I) is obtained by giving to x all
values.

Remarks: (1) Observe that for any such solution (x;) we have [x,| =
(|9 /P+M(1A+P)/(Pa—1)] P"; (2) 2 7iINj| P converges if lim,.,
INis1/N;| <1/P, and therefore \; need not be bounded as j—.

JI. METHOD OF APPROXIMATIONS APPLIED TO A MORE GENERAL SYSTEM

We now consider the more general system

(I) x,~+ Z ()\j+b;i)x5=c¢ (1:=1, 2, L ) .
=it 1
Assume that ’

le;|=sMPi, P<1,

1
I)\.'—1|.2_0l>; , |biil=N,
> |)\,~|Pf converges.
j=1

Let % be any solution of #;4+ X o N\&i=c;, and set 2" =x,—2".
By Theorem 2, a solution #* exists. Then, formally,
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w = {a— 2 (tbi)r} — fa— 2 A0}

j=it1 j=it1

hed 0
=— 20 (\tbi) (2j—2,00) = 3 bijx ;00

=i+l jeitl
ie.,
(1) (1) 1)
+ 3 b =,
j=1+1
where

(1) (0,0)
= Z bijx; .

J=1+1
Let " be a solution of
0
)
x.--l- E )\;x,-=c.- .
j=1+1

It will be shown that ¢!" satisfies the inequality required for Theorem 2,
and consequently a solution exists. This remark applies also to the later

cMs: ¢® c® .. Set
®_ <o 1) M o, e 0.1
Xo=xo—x == 2(7\ o) (s —x; )= 20 buxi
J=1+1 j=1+1
Then
(2) (2) (2)
+ Z (X +bu)x =c¢; ,
i=i+1
where

(2) (0,1)
= Z bijx; H

J=i41

and so on. In general, let 2{>"™" be a solution of

- (n—1)
it 2 Nwi=ai
j=it1
and set
(n) (n—1) (0,n—1)
X =X — X .
Then
(n) (n) (n)
+ 3 Ot =",
i=i+1
where

(n) (o, n-—l)
=- Z bn X

F=i+1
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We need to consider convergence. In solving the system x;+ 7= 1N i%i =
¢, we obtained the inequality

0)
I

X1 M(1+P)]
w | S pr
Ix ’ [ P + Pa—1

In the present case this is
0.0) |

lx'(.o,0)|§ [ 1 " M(14P) ] o
P Pa—1

Therefore
€0,0)
K ©.0) x| M(1+P)] &
=< b; N [ + pi
|< ,.%' ilei ] > - 51
(0,0)
| MQ1+P P
=N[|x1 + (+)] . Pi.
P Pa—1 1—-P
Let
0 N R PN(1+P)
1-p’ T (1=P)(Pa—1) '
—le(OO)!+RM.
Then
o |sMPpr

Assume o chosen so that R<1. This is equivalent to assuming that
NP+ (N—-1)P+1
P(1-P)

(Observe that this inequality implies Pa>1.) In the solution x;' of
x4 2 dwi=c, 2™ can be taken arbitrarily (see Theorem 2).

0,1

Therefore
<o 1) m
(Ol)l—[ | +M (1+P)]P"
Pa—1
Therefore
(0,1)
(o 1) X1 I

m
M (1+P
&5 3 foalls 15w | i
F=i+1 P Pa—1 1—-P
= [0z |+ RMW] P

=M®Pi, say;
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and so on. Itis clear that in general

(0,7) (r)
,r x M 1+P
Ixi“lg[ | ( )]P",
P Pa—1

and

(r+1) (0 r)

Ci | = E Ibull

=i+l
©,r) . .
< [lef |+ RM® ] Pi= M+ Pi |
where 2" is chosen arbitrarily, and M is defined by the relation
e 0l (0.1) |+RM(')
MO=m.
From this recurrent relation for M (" we have
(r) 0,r—1) (0,r—2) (0,r=3)
M7 =Qlx " [+QR e T |+ OR 2
+ oo+ QRn| + R°M.
The choice of z?, x,‘° Voo, 2@ ... is arbitrary. Now assume
them so chosen that
o7 |<pTT,  R<T<1.

Then

R2

- r—1
M® < BT} 1+£+.__+ B T — R + MR’
- I A y

= BOT™! + MR’
j [p——
L T
< -@-+MR T'=ET™™, say.
1_.__
T

Therefore |¢c| 7" < ET'P*, and
(0 r)l_[ﬁT' (1+P1) ETr—-l]P
N PO

“L"P " Pa-1

] TrPr=HT™1P"  say.
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Observe that lim,_oc® =0. Let Xi= Y. ox®”. The series converges
absolutely, since

= | (0.1 -
Xlw | <HPI Y T, T<1.
ra=(

r=0

Define ¥™ by

X.-- (.0 0)+ fo 1)+ . +x'(0 n-l)_'_y(n)
Then
]
¥P)s 3 | sEP X T
Therefore
lim 7{” =0 .
7—00
We have

0 o0
3 ] 67| S NET S P HT™Y S NP

Jem=i1 j=1+1 j=i+1

Both series on the right converge, and therefore ¢ (\j+bij)x " con-

verges absolutely for every r. Also

o0 o0
> bl Y7 | svE (2 170) 3 P

J=it+1 re=n =i+l
0 —t ©
+H( X T ) X Inlp,
Te=n =i+l

and both series on the right converge. Therefore 27_.+1()\;+b.-,-) Y;")
converges absolutely. Moreover,

. < ()
lim Y, (A\j+b:;)¥; =0.

#0 jmitl
Therefore
Xt 20 (\tbi) X

jmit1

=x§0 0)+ z ()‘ +b")x(0 ,0)
J=i+1

(0,1) el 0,1)
+a o+ 2 (b

jmitl

(0,m—1) (0,n=1)

+ - - - HFay + E (x1+bn)x

Jm=i4+1
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+77 4 3 o) VY

=i+l
- (C"—Csl))+(c(~1) (2))+ +( (n-l)_é:) )
+70+ 3 (b v

F=i+1

—cot [=e"+¥ O+ 3 ) V)

J=it1
As n— | the bracket approaches 0.
Now the left hand member is independent of #». Therefore

Xt 22 (NFb) X i=ci;
j=t+1
i.e., (X;) is a solution of (I).
Except for the condition |2”| =BT, R<T <1, the x*"’s are arbi-

trary. Therefore X, is arbitrary. Consequently there are an infinity of
solutions. We thus have

TuEOREM 3. If in the system

(D vt 2 (\tbixi=a (1=1,2,3,- - ),
j=i+1

the conditions | cn| SMP", P<1, and |b;;| SN hold, then to every set (\;) for

which |N\i—1]| 2a>(NP2+(N 1)P+1)/P(1—P) and D 5 |N|P’ con-

verges, there exist an infinity of solutions of (I).

COROLLARY. From the inequality

|X:|<HP: Y Tt
r=0
we have the following result: An infinity of the solutions (for a given set \;)
satisfy the inequality |x;| < AP? where A is a constant (depending on o).

COROLLARY. If N;=N\, then the system i+ Y -y +bij)xi=c; has an
infinity of solutions for each \ in |[\—1|>(NP*+(N—-1)P+1)/P(1-P), if
lci] SMPi, P<1, |b;;| SN, and an infinity of these solutions satisfy |x;| <
APi, A depending on \.

CoROLLARY. Consider the system yi+ 3 ms1Ni+bi)ys=c, where |by;| <
N; P exists, 0<P<1, such that D 5.,|N;|P" comverges; |N\;—1|=a>
(NP2+(N—1)P+1)/P(1—=P). If this system has one solution, then it has an
infinite number.
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For let 7, be a solution, and set y;=x;+%;. Then 2;+ Y jnaMi+di;) =0,
which is a system satisfying the conditions of Theorem 3. Therefore an
infinity of solutions x;, and consequently y;, exist.

III. SOLUTIONS SATISFYING THE INEQUALITY |%;| S AP

In obtaining Theorem 3, we assumed that

n|<BT,  R<T<1.

Let us now make a more particular choice ; take

20 (r=0,1,2,+ - -).
Then
M =MR",
(r) I<MR P
Pa—l
Therefore
. M 1+P : i
P -1 r=0
where
1+P
"~ (Pa—1)(1—R)

We shall use these inequalities.
Consider again System (I) of Theorem 3. We found that for a given
permissible set (\;) an infinity of solutions exist satisfying

|X:|<4P:.
We shall now show that every solution satisfying
|X:|<4Pi,

A a constant, is obtained by the method given in Theorem 3. We shall
however require a modification in the inequality for a.

Let X% be a solution for which | X 09 <A P:. Then
0.0 _

x4 Z (N+bi) X

j=i+1

* The method used in this section is due to G. C. Evans, these Transactions, vol. 12
(1911), pp. 452-457.
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Consider the system
00
xi+ Z Nixi=ci .
j=1+1
Define

(1) (0,0)
Xi =Xi— X.‘

|April

Then 2"+ 27 Aw=c!, where ¢“'= Y7 0, X", The series for

¢!" obviously converges absolutely, and

NP i i
(1)|_A1_P_ P o=uPp say.

Now let X" be a solution of

xit L ()‘ +b,,)x, (l)

i=it1
corresponding to the choice #”=0, r=0,1,2, - - - in Theorem 3.
| XY | <BM®P:. Define xm—x?) x® ”. Then LR S Wl
where ¢B =37 1105 X"". Then
NBM®P i NP \? ; i
622)|§—ﬁ—'})= A( )P=M(2)P .

In general,
(n) (n) (n)
+ Z )‘1 =i )

j=1+1
where

(n) (0, nol) (n) (n—1) (0,n—1)
E qu X =% - Xt' )
j=1i+1

and X" is a solution of

(n—1)

zit 2 (\tbiwi=c

j=i+1

corresponding to the choice x(° =0, r=0, 1, 2,--- ;and
| (r)|<M(r)Pt

where

NBP NAP

MO =—_M6-D MO="""_

1—-P 1—-P

Hence

A f BNP Y\’ 4 .,
M('):—-—( ) = ——W ,
B\ 1-P

Then

@)
=Cy,
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where
BNP

1-P

Also,

X" |<BM P =aW'P" .

Assume W <1. Thisis equivalent to assuming that R <% ;i.e., that

2NP*4(2N—-1)P+1
P(1-P)

Observe that this inequality implies the previous one,

NP’+(N—-1)P+1
P(1—-P)

Since W <1, lim, ¢ =0.
Define z*® by the series

_(0,0) 0,7)
Z; = Z X .

(0,0) P & * A
T; <AP W =—-P
|z | Z.‘; —
Let
y(~")= (.0.n+l)+Xf0.n+2)+ L.
Then
(n) T r
ly: |=4P" X W7
r=n+41

therefore lim, .,y =0. Again, from the inequality on | X *"| we have
kJ 0,1 ' i
> lx T sawT X NP,
je=t4+1 J=1+1
which converges ; hence

> |M||y,~(")l§A( Sw )3 P

=41 r=n+1 =i+l

Therefore lim, . 3 e ety =0. Then
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(00)+Ek, (00)—X500)+ZRX(00)+' . '+X§0")
je=i4-1 J=i+1
(0,n)
+Exx +y,+2x,y,
J=1+41 j=1+1

=(C¢—Cfl))+( (1) (2))+ L +(C§ﬂ)—c(¢”+1))

(n) (n)
+y: + E Niyi

j=i+1

(D) | ()| o ()
=cit[—c 4y + 2Ny |-
j=t+1
-(0,0) =(0,0)
The bracket approaches zero as n—o. Therefore 33"+ Dy N\i) " =
ci,ie., @) is a solution of x;+ D epNiEi =i

-(0 0)

Now we shall start with the solution z and show that one of the

solutions X; of

vt 2o (Nbi)xi=c;

=1

resulting from the method of Theorem 3 is precisely X >,

-(0,1 - (0,2 .
Define 2V, 0% . . . as solutions of the systems
F00 (o v _ (0,0) (1)
+ Z Az Z biZ; =e
j=i+1 j=1+1
(o 2) (o » _ 0.1 _ (2)
T RY. - > b :
J=i+1 J=i+1

.......

respectively. There are of course an infinite number of solutions of each of
these systems, by Theorem 2. The precise solutions which we choose will
be made evident later.

0,0), . w
Xf s a solution of xit 2 mir1(Nj+bi)x=c: , and

I (0 0)I<AP
Let X"=— 3% X®7; then | X | <AW/(1-W))P:.
Then X satisfies x4 3o ipuiFbij)x; =€,  For X=X
_(o 0)
, and

(0 0)+ Z ()\ -I-b.,)X(o 0)__6" (o 0>+ Ex: (o 0)_ ¢ .

i=i+1 =i+l
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We have
Q) NAP i
lec” |s————P
(1-w)(1-P)
Now define X0, x®® ... X®™ ... with respect to X"* in the same
way as XV, ... X ©m ... were defined with respect to X®®. Then

T W r_ 1
x| < A(-———)W P
1—-w

Choose " as that solution of

= )
xit 2 Nai=e

=i+l

corresponding to the set X7

(0 l) (1,7)
> x!

r=0

Now define X9 =— 32 x&7 =x89_z0Y Then X% is a solution of

xit+ Z (i +bw)x1—eu )

d j=1i+1
an
NAP w . TW O\
e | < ( Pi; |x{ °)|§A(———— P.

(1—w)1—P) \1—-W 1-w

Define the corresponding set X &V, X®% ... ; then
X (2')|<A( —)WP
_(o 2)

Then choose z as that solution of

el @
it D Nxi=e

i=i+1

which is determined by X &7:
0 (20)
&= 2 X ;
r=0

and so on. In general, we define

)
(k,0) (k—-1,7) (k-1,0) _(0,k-1)
X.' == 2 : X.' , =X; — X .

r=1
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Then X ?'o) satisfies x;+ E;o=l+l()‘i+bii)xi=e$t), where 3§I)=—27.¢+1
b;f:i:(o"_”
p .

By induction we have [X{”|<A(W/(1—W))*Pi. We then define
xX®Y x®» ... and obtain |[X&7 | =AW/(1-W))'W'P'. Also

l(-k)l< NAP / w "-IP.'
= a-pP-w) \1-w

Choose z®P as that solution of %+ > 71 Ax;=ewhich is given by

0P =52 x®” Observe that
© W \* . AP [ W \*
0| < ZA(—— wp=2 (2 _
r=0 1-w 1—-w\1—-W

This is in the form |z®%|<BT’*, T'<1, provided W/(1-W)<1; i.e.,
W <%, or R<3%, which is equivalent to the inequality
3NP+(3N—1)P+1
P(1-P)

We assume this condition on . (It implies the previous condition R <1.)
Consequently, by the method of Theorem 3,

S, _(0.n)
X;= Z x;
r=0

is a solution of x;+ D7 ¢ N +bi)x;=c:.
It remains to identify X; with X®®. We see that

PRI ST
=+ )

+xT xR
Fx8 4 (x™ )

where the right member, from the definition of X", k=1, 2, - - -, n+1,

reduces to
(0.0) (n+1,0)

X: —X;
Now lim, X "*"? =0. Therefore

. _(0,0) _(0,n) 0,0)
lim [Z 4 - - - 4+& " ]=X:" ;

n—0
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that is,
X.‘= Xﬁo"»
We have thus proved
THEOREM 4. If in the system
(1) zt 20 (Ntbig)xi=c (i=1,2,- - ),
J=it1
the following inequalities hold :
|C;I§MP‘, P<1, Ib"léN;
3NP24(3N—-1)P+1
N—1|za> ( Pt ;

P(1—-P)

and E‘T,H_ll)\ilPi converges, then every solution x; for which |x;| <AP* (of
which there are an infinite number) is contained in the set oblained by the method
of Theorem 3, assigning to x°°, x®V, . . . suitable values in the range |27 | <

BT, T<1.

IV. THE POWER SERIES METHOD

In Theorem 1 we made use of a Taylor series in A\, and found a solution
by substituting the assumed series for x; into the system and equating
coefficients. This method can be applied to other systems.

For example, consider the system

0
(I wit+N E A X;=Cj .
J=1i+1

Assume a solution x;=Ap;+ - - - +4.A"+ - - - . We find for the 4,;’s the
relations

Aoi=c¢i,

00
Api=— Z a;ilday,i, n>0.
j=i+1

It is readily shown that if |c;| SC, 2 jmi41]ui| P, 240, then (I) has a
bounded solution (x;) for every A in |\| <1/P. But this method does not
appear to yield uniqueness properties.
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This method also gives the following theorem :

If
lei|Se ; i EHEN (i=1,2,- - -);
=it
¢ii(x) s analytic ,  |x|<M , M>a
(i=1,2,- - - Jj=i+li4+2,- - ),
|‘Pu(x)|§N, lx|<M ;

then the system
2N D aiipi(x) =c;
j=i+1
has a bounded solution for every N in |N| < (M —a)/5NS.

It is an interesting fact that if we assume a power series solution in 1/},
we obtain in many cases an infinite number of solutions. Let us consider
again the system of Theorem 3, where however we take \;=\:
{]ciléMP‘ , P<1,

xit D (Vb =cq lbu | < .

=i+l

Assume a solution

Ani
i=Ai . J— - e e,
x oit + ()\—l)"+

On substituting in and equating coefficients we get

> 40;=0, Ao+ D (bij+1)Aoi+ D Ari=ci,

j=1+1 j=1i+1 j=i+1

Anit 2 (bi+ D) 4ni+ D 4npri=0, n>0.
=i+l i=it+1
A solution of the first system is A¢;=0, >1. Observe that 4 does not
enter, and therefore can be taken arbitrarily. And in the general system,
A1 does not enter and is therefore arbitrary. This makes x, arbitrary, and
we therefore obtain an infinity of solutions. Let us determine the A4;/’s.

We have the relation

o0
m
D Arj=ci—Api=c;

i=1+1

Therefore a solution is 4, ., =c{ —¢{},. Also
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o0 o0 (2)
2 Asi=—Ay— 3 (bt 1) Ay=c ,
J=i41 Jeeit1
and a solution is

(¢3] (2)
A2 H+1=Ci —Cit1 .

In general A,.,,“—cﬁ) ¢, where ¢M=—A,_,;— D (b 1) Ay .

By definition, ¢ =c;—Ao. Choose Ao so that |ci—A 0| SMP; other-
wise arbitrary. Then |[¢{”| SMPi=M®Pi, Therefore [Ay,i1| SM® (1
+P)P:. Choose A, arbitrary except for the condition |4, | <M (1
+P). Then

M(1+P
|[Au|=M{A+P)Pit= _(—P;_)_P

Therefore
l o)

Cs

|<

MO(1+P ;
1+ )[1+ (N+1)P]P u®p
P 1-P

Therefore |Aspa| SM@(1+4P)P:.  Choose |Az1| SM®(1+P); then
|A2| < (M®(1+P)/P)Pi; and so on. We obtain, finally, [¢®| =M™ P3,
where

M®»=RM®D= . . . = R,

e P (121

e |<sMR™P',
MA+P) .y
1+ )R W

I ni|= - )

Therefore

on choosing

|[4m | MR (1+P) .
Therefore
M(1+P) R*

>

|w:| < P*
RP .5 A—1]"

=T,

which converges if [\—1| >R;i.e,, if

(1+P)(NP+1)
P(1-P)

A—1]>

Also, Ti+ D 7.i11|N+Db:;| T; converges. Hence we can sum by columns.
We thus have the following theorem :
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If |ci| SMPi, P<1, |bij| =N, and ]N\—1|>(1+P)(NP+1)/P(1-P),
then the system x;+ D5 .1 (N+0:)%; =c; has an infinity of solutions.

So we obtain some of the results of Theorem 3. But the power series
method does not extend to the case where the A,’s are not all equal ; and even
in the case just treated, the A- region for which the proof is valid is not as
extended as the region found by the method of Theorem 3.
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