EXPANSION PROBLEMS IN CONNECTION WITH
HOMOGENEOUS LINEAR q-DIFFERENCE
EQUATIONS*

BY
M. G. CARMAN

I. INTRODUCTION

1. Statement of the problem. This paper has for its purpose the de-
velopment of expansion theories for the general homogeneous linear g¢-
difference equation with analytic coefficients analogous to those of Neumann
and Gegenbauer for Bessel’s equation.t

In Part II is treated the expansion of an arbitrary analytic function of
a single variable in series analogous to those of Maclaurin and Laurent.
In Part III expansions of functions of several variables are considered.

II. EXPANSION OF ANALYTIC FUNCTIONS OF A SINGLE VARIABLE
2. Solutions of the g-difference equation. In the equation

1) Ao(2)un(g*x) + Ar(x)un(¢*'2) + - - - + Asr1(x)ua(g2)

+ M+ Ar(x))ua(x) = 0
we shall suppose that ¢ is a constant greater than unity in absolute value,
that % is a fixed positive integer, that # is a non-negative integral parameter,
and that the coefficients Ao(x), 4:1(x), - - -, Ax(x) are analytic functions
of x at x=0, 4,(0) being different from zero. Let R be the absolute value
of the singularity nearest x=0 of any function of the set 1/4q(x), 4o(x),
Ay(x), - - -, Ax(x) and for |x| <R let A:(x) have the expansion

(2) At(x) = Zd.’,‘xi (i=0)1,2y Ty k)-
=0

The parameter A\, shall be so determined that equation (1) has a solu-
tion of the form

@ un(2) = b (1+ gx)

* Presented to the Society, May 1, 1926; received by the editors in December, 1925.
1 See Watson, Theory of Bessel Functions, London, 1922, where these results are summarized.
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where » is any constant. To see that this is possible, substitute this series
for #,(x) in (1), and equate to zero the coefficients of the various powers of x.
This formal procedure gives the results

4 Boogt @+ 4 a1g* VB £ g+ N =0
and

s—1
(5) Cns(xn - )n+a) = Z C"‘“gr(»‘.)c—i (S = 1,2,3, .. ‘),

=0
where .

SE:,) = — 3 gDt +D)
i=0

and ¢, is to be taken equal to unity.
Equation (4) will be taken as the definition of N\..* By (5) the co-
efficients c,, are uniquely determined, provided that the relation

(6) A= Ngs %0

obtains for all non-negative integers » and all positive integers s. By form-
ing the difference N.—X\.44, it is easy to see that as either # or s becomes
infinite or as both become infinite simultaneously the absolute value of
this difference becomes infinite. Consequently relation (6) holds for all
except at most a finite number of pairs of values of #» and s. It will be sup-
posed that the quantities g, &, ¥, @o0,@10, - - -, axo are such that (6) holds for
this finite number also.

It will now be shown that, with the ¢,, determined by (5), the series
for u,(x) in (3) is convergent? for le <|q|"R and represents a solution of
(1) for |x| <R. Since the expansions (2) are valid for |x| <R, a constant a
exists such that

I diil < al

*If instead of equation (1) we write
Ao(x)un(ghe)+ A (@)un(@2)+ - - - +Ax(x)un(x) +Mnun(ghx) =0,
where % is a non-negative integer not greater than %, equation (4) becomes
aooqk("+")+amq(""1)("+")+ P +ako+)\nqh(n+v)=0’
while equation (5) becomes

8—1
cnegh P (N —Anya) = ZCniSr(:,z_i.
=0
Using instead of (8) the relation
| g k=R tn) (\a—2nse) | > 1/ M,

the convergence of the series corresponding to (3) follows just as it does when £=0.

t If the real part of n+-» is negative the terms of the series are not defined for x=0. The series
multiplied by x7%, however, is convergent in this case.
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for every ¢ and j. Consequently there is a constant A4 such that
) |S(B-')q—k(s+n)] < AT

for every s, #, and r. Also ¢g-*¢+m(\,—X\,;,) is bounded away from zero
as either # or s becomes infinite or as both become infinite simultaneously,
so that by virtue of (6) we may infer the existence of an M >1 such that

(8) [ g™\, = M) | > 1/ M

for every s and #. Using the bounds (7) and (8) we have by induction
from (5) that

| cne| < 20-1M240,
or, putting K=2MA4,
® | cns| < K*

for every s and #. Hence the series (3) is absolutely convergent for || >K-1.
It represents a solution of (1) for |x| <|g|~*K~! since then the operations
performed in the calculation of the coefficients c¢,, are justifiable. From
equation (1) one sees that the singularity nearest the point =0 of any
solution of (1) which is analytic at x=0 is at least a distance R from x=0.
We may then conclude that the series

x"+"<1 + > cmx’>

s=1

is absolutely convergent* for |x|<|g|* R and represents a solution of (1)
for |x|<R.}

3. Expansion of x™. Let us consider the possibility of expanding a™
in the form

n=m

where we have written U,(x) for x "u.(x). If we substitute for U,(x) its

* See the second footnote on p. 524.

t The existence of this solution might have been inferred from the general existence theorem given
by R. D. Carmichael in the American Journalof Mathematics, vol. 34, p. 159, where, how-
ever, a different method is used. The fact that the present method may be employed is stated in this
paper. The details are set down here in order to obtain the inequality (9) which will be used later.
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power series expansion, formally interchange the orders of summation,
and equate coefficients of like powers of x, we have

bmm = 1,

bm.m+a + bm,m+t—lcm+a—1.l + bm,m+a—sz+a—z,z + tt +bmm6m. = 0, s> 0.

(11)

Using the inequality (9) we have by induction from (11) that
(12) |6 mis | < (2K)*.
The repeated series . -

> b,..,.( ot 3 mem)

n=m =1

is therefore absolutely convergent for |¢|<1/2K. Hence, if |¢|<1/2X,
the rearrangement of this series which was made in obtaining formulas (11)
is justified and the expansion (10), (11) is valid.

4. Expansion of 1/(!—x). The expansion

(13) 1/t —2x) = ) am/gm+t

m=0
is valid if only |x|<[f|. For |¢|<1/2K we may infer from (9) and (12)
the existence of M, and M, independent of # such that

[14+ X cnt| < My

8==1

and

IE b,.,,.+,x‘| < M2 H

8=0
evidently M, is independent of x and M, is likewise if |«|<K,<1/2K.
Consequently the repeated series obtained from (13) by putting for a™
the expansion (10) is absolutely convergent if |%| <|¢| and || <1/2K, for
then we have
|3 bmalUn(x) | < My 2 | B

n=m

= M, | xlm Z|b,,.,,,.+.x‘|
3=0

< MiM,|z|".

We may then interchange the orders of summation in this repeated series
and obtain the expansion

L

1/(t —x) = Z vn(t) Ua(2),

n=0
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where n
() = Z ban/ 21,

=0
this expansion being valid for || <|¢| and || <1/2K.

If x is confined to the interior and boundary of a circle ¢ with center at
2=0 whose radius is less than 1/2K and ¢ is confined to the boundary and
exterior of a circle of radius greater than that of ¢, then the convergence of
the expansion is obviously uniform with respect to both ¢ and .

We may now state the following theorem :

THEOREM 1. There exists a constant o, 0<o <|q|*R, such that, if = and ¢
are two complex variables satisfying the conditions

IxI_S_R;<c,
and
Itl;R2>Rl,

respectively, the expansion

o«

1/(t —x) = Z v (t) Un(%)

n=0
is valid and converges uniformly with regard to both ¢t and x.
5. Expansion of f(x). Let f(x) be single-valued and analytic on and
within the circle C, of radius R; <o with center at x=0. Then by Cauchy’s
formula, for any x such that |x| <R; we have

L

1
f(x) = i A { > 0a(8) Un(x) }f(t)dt

n=0

= i anUn(2)
n=0

where

ap = '—1— ua(D)f(D)dt.
2 Ca

m
This expansion converges uniformly when |x| <R, <R;. We may now state
THEOREM II. Let f(x) be single-valued and analytic on and within the
circle Cs of radius Ry <o with center at x=0. Then the expansion
(14) f(®) = 2 auUn(x),
where =
a, = 2—1— v,(8) f(B)dt,

w1 JCs
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is valid if |x| <R and converges umiformly with respect to x when |x| <Ry <Rs.

6. Relation to Maclaurin’s expansion. Let f(x) have the Maclaurin
expansion

f(x) = 2 bnzm.

ma=0
Then
1 L
On = — v,.(t){ > bmt™ }dt
271 Je, m=0
1 i n
=— > bnm f t"‘{ > ben/ t'“}dt
271 =0 C2 =0
whence
Ap = Z bmbfrm-

ma=0

7. Analogue of descending power series expansion. The expansion

1/(x - t) = Z Un(t)vn(x)
n=0
is valid for |f| <|#| and |¢|<o. Let T'; be the circle |x|=r,<o and let T,
be the circle |¢f|=r2<7,. Then if g(x) is single-valued and analytic on
and without I'; and if g(«)=0, we have

_ 1 g(1)dt
=) =23 ﬁ (x—9)

= i a‘",v'l(x) ’

n==(

where
1
a,’ = —- f U.(t)g(t)de,
27|'1 T

this expansion being valid for |x| >7; and converging uniformly for |x|=7,.
Hence we have proved

THEOREM III. Let f(x) be single-valued and analytic on and without the
circle T's with center at x=0 and radius ro<o. Then the expansion
(15) f(x) = () + 2 an'va(3),
ne=0
where )
o = — [0.0{ 10 - sc=) }ar,

2riJn

is valid for |x|>r; and converges uniformly for |x| Zr,>r..
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8. Analogue of Laurent’s series. Let I'; and C; be the circles with centers
at =0 and radii », and R; respectively, with r.<R;<o, and let f(x) be
single-valued and analytic on the boundary and interior of the ring-
shaped region S defined by the inequalities

0<r.= le SRS
Then if x is any interior point of S, Laurent’s theorem states that

1 f fdt 1 f($)as

(x—12t) 27t Jeo (t-x)'

flz) = —

27

Now in the first of these integrals
|t] <| 2| <o,

s0 that here we may put

1/(x - t) = Z Un(t)vn(x)’

n=0

and in the second
|x| < Itl =o,

so that in this integral we have

©

/(- 2) = D oa(t) Un(2).

n=0

Therefore f(x) has the expansion

f(x) = 1 . { i U»(‘)”»(x)}f(t)dt-l- 2—:r—i fc ’{Evn(t) Un(%) }f(t)dt.

21l"i n=0 n=0

From this last relation we may at once deduce the following theorem :

THEOREM IV. Let f(x) be single-valued and analytic on the boundary and
interior of the ring-shaped region S defined by the inequalities

0<r=<|z|SR=o.
Then the expansion

(16) f(®) = 20 0aUn(2) + 2 anva(2),

n=0 n=0

where

T

1
o= f ROz
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and

1
Qp = — Unl\t)f(t)dt ’
271 Jr

is valid for every interior point of S and converges uniformly when x is in
the region defined by the inequalities

i‘z<’1§|xi§R1<R2.
If the Laurent expansion of f(x) in the region S is

f(x) = D bax™+ 2 Bz,
Nne=]l

n=0

one readily finds that
Qn = Z bmbmn,
M0

and

L
qp = ﬁn-f-l + Z cntn+m+l-
Mae]l

9. Orthogonality properties. We shall now obtain the following for-
mulas :

fU,,.(x)U,.(x)dx =0 (m = nand m #n),
f tn(x)a(2)dx =0 (m = nand m #%n),

(an) ?
f Un(2)va(x)dx = 0 (m #= n),

D

fU,,.(x)v,,.(x)dx = 2w,
D

where the integration is taken in a positive direction along D, a closed curve
which encircles the point =0 once and lies within the circle |x|=0. The
first of these formulas follows immediately from the fact that Un(x) and
U, (x) are analytic on and within D. The second one holds since the product
9m(x)v,(x) consists of terms in x~2 and lower powers of x. The third rela-
tion is evident if m >#, since then there is no term in z~! in the product
Un(x)v,(x). If m<n the coefficient of 27! in U, (x)v.(x) 1s

bm.n-l-a + bm+l,m+a cm1+ bm-|-2,m+c Cme+ -+ bm}-q,m+c Cms,

where s has been put for n—m. To see that this coefficient vanishes, write
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the second of equations (11) for s=1,2,3, - - ., s and solve this system
for bm,m+s. This gives the result
1 0 0 coe 0 Cmi1
Comt1,1 1 0 - 0 Cm2
Cm+1,2 Cmt2,1 1 ot 0 Cm3
bmomie = —
Cmil,e—1 Cmi2,0-2 Cm+3,6—3 ot Cm+ts—1,1 Cme

By expanding this determinant according to the elements of the last column,
we readily obtain the relation

bm.m+a = - (bm+l.m+tcml + bm+2,m+ccm2 'l' st + bm+l.ﬂl+‘cm)'

To verify the last of formulas (17) is it only necessary to note that the co-
efficient of 1 in Un(x)v.(x) is unity.

By means of these formulas it is possible to obtain directly the coeffi-
cients in the expansions (14), (15), and (16). If, for example, we have an
expansion of the type

(16) f(2) = 25 aaUn(x) + 2 ava(x)

and let C be any curve in the ring-shaped region in which this expansion
is valid and including the point =0 once, then by multiplying both mem-
bers of (16) by U.(x) and integrating term by term along C with respect to z,
we have

1
= L Un(®)f(2)dx.

Similarly, multiplying both members by v.(x) and integrating, we get
1
ay = -——.fv,.(x)f(x)dx.
2riJde

10. The case of linear coefficients. In the special case in which the
coefficients Ao(x), 41(x), - - -, Ax(x) are linear, equation (2) becomes

Ay(x) = aio + aax (i=0,1,2,---, k),
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while equation (4) is unchanged. The coefficients ¢, and ba,n4., Which
may be readily calculated, are given by the equations

—1

Cne = I pnti/ ntirr — M), s> 0,
=0
bon = 1,
s—1
bnnte = I onti/ Nati — Maa), s> 0,
1=0

where
k
Pn = D anqt—D )
i=0

The radius R of the circle within which the series

x"+’(1 + X c,..x‘)

=1

represents a solution of the g-difference equation is |ae/a0| and it is not
hard to show that the expansion (10), (11) is valid for || <|g|*|aeo/aail,
so that here the ¢ of Theorems I, II, III, IV is equal to |g|*|aee/an|; that
is, it is equal to the radius of the circle of convergence of the power series
expansion of U,(x).

In the case in which the functions A¢(x), 4:(x), - - -, Ax(x) are linear
functions of #, the functions v.(f) satisfy a simple homogeneous kth order
g-difference equation with linear coefficients if the relation

T = a°lqk("_l) + allq(k_l)(l'—l) + azlq(k—z)(y—l) + « .. + a1 = 0

is satisfied. For from the equation

o

w/(—2) = 2 vn(t)ua(%)

n=0

and equation (1) it follows that
(a0 + 0u2)/(t = ¢*2) + ¢*~Dra(as + anx)/(t — ¢+1a)

+ -+ x(ar + aklx)/(t —-x) = = E )\uvn(t)un(x)}

n=0

or

— T2 + 2(a00g* Y + anlg*®=2)/(tg™* — )
+ xv(aloq(k_l) (»-1) + alltq(k"l)("-z))/(tq-k"'l -— x)

+ -+ 2(are + and)/(E — ) = — 2 Ava(B)ua(z),
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whence .
2 #a(%) { (Go0g* =D + a0itg*=P)v,(1/q*)

ne=0

+ (@10g*DE=D o gyy4g*=D =Dy, (1/gk-1)

+ -+ (aro + aklt)v,,,(t)} = — Z Atn(8)ta() .

ne=0

Consequently the functions v(¢) satisfy the equation

A (D1(t/q") + A/ Bt/ + - - - + Aia()a(t/9) + (n + 44/ ()2a(®) =0,
where
A () = aipg* 07D 4 aug*-0e=Dp (i =0,1,2, - - k).

If the relation T'=0 is not satisfied, v,(f) evidently satisfies a non-homo-
geneous equation.

More generally, if the functions Ao(x), 4.(x), - - -, Ax(x) are poly-
nomials, each of degree d or less, v,(¢) satisfies a homogeneous linear g¢-
difference equation of order k£ with coefficients A/ (¢), where 4! (¢) is a
polynomial of the same degree as A4;(x), provided that the d(d+1)/2
equations

k
2 aig* 00 = 0 G=1,2,3, -+ ,d; p=1,2,3, - ,j)
t=0
are satisfied. If some one of these equations fails to hold, v.(f) satisfies a
non-homogeneous equation.

11. The problem when |¢| <1. If, instead of supposing that |¢|>1, we
assume that |g| <1, the problem is essentially the same as before with the
roles of the points infinity and zero interchanged. If in equation (1) we
replace x by 1/y and ¢ by 1/p and put 4:(1/y) =Bi(y) and %,(1/y) =w.(y),
we have

Bo(y)wa(p*y) + Bi(y)wa(p*y)
+ - -+ Bra(n)wa(py) + (M + Bi(y))wa(y) = 0,

where |p| <1, the coefficients Bi(y) are analytic at y=c0, and By()=0.
Consequently, if we suppose that in equation (1) the coefficients A;(x)
are analytic at x=o0, Ao(®) being different from zero, and that |¢| <1,
we may obtain expansions of arbitrary functions analytic at infinity in
terms of solutions

u_,.(x) = x-"-'<1 + E C—n.ax—‘>)

=1
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corresponding to the expansions of Theorems II, III, IV, and V. These ex-
pansions may be obtained directly by expanding x~™~” in terms of the %_,(x),
substituting these expansions in the identity

a/(x—1) = i g/ amrit,
m=0

and applying Cauchy’s theorem as before.

If the coefficients A;(x) are analytic at both zero and infinity, as, for
example, when each function 4;(x) is the quotient of one polynomial,
E;(x), divided by another, F;(x), of the same degree, F;(0) being different
from zero, there are expansions in both cases, |¢| <1 and |g| >1.

III. EXPANSIONS OF ANALYTIC FUNCTIONS OF SEVERAL VARIABLES

12. The expansion theorems obtained in Section II may easily be
extended to apply to functions of several variables. If x,, f;, and x,, ¢
are two pairs of complex variables in the x,- and x.-planes respectively,
such that

|x,|§R1, Ih'éRl', R <R/ =o,

(18)
|x2|§R2: |tzlng', Ry < R S 0,

then by Theorem I the expansions

Yt —x) = Eo 9 (21) Uni (1),

n,=

and

1/(t2 — x) = "20 Vny(22) Uny(2)

are valid and each converges uniformly with respect to both variables.
Multiplying the two series together, we obtain their product

1 1 B
= E E Uy (81) Vng(£2) Uny(2,) Ung(23)

(¢ — %) (s — %) =0 ny=0

which is absolutely and uniformly convergent.

Let C, and C, be the contours formed by the circles |x,|=R,’ and
|xe| =Ry’ and let f(x1, x2) be a single-valued analytic function of the two
variables x; and x; when x; is on and within C, and x, is on and within C,.
Then we have that
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fan,z) = (Zﬁ) J; j;, : _f,ff;(z)- oy i

- ( 27ri) j::, j;{ DY Z O (1) vma(8) Uni(2) U m(xa)}f(tx,tz)dt dt,,

n1=0 nz=0

E E GninsUny(%1) Uns(22),

n1=0 ng=0

- (2—11;)2 j; 1 j; (1090006 )

This expansion is valid and converges uniformly with respect to x, and
when |x1| §R1 and Ile éRz.
In precisely the same manner we may prove the following theorem :

where

THEOREM V. Let f(x1, %3, - - -, %r) be a function of x,, xa, - - - , 2\ which
is single-valued and analytic when xi, %2, - - -, 2n are on and within the
respective contours Ci, Ca, - - -, C\ formed by the circles |x|=R/<g,
|#s| =Ry’ <o, - - -, |0| =R\’ <o. Then the expansion

f(®1,22, - -+, 10) = Z Z Z Gnyng...ny Uni(21) Ung(23) - U")\(xk)’

n1=0 ng=0
where
l A
Gninz...n\ = (—) f f . f Uny (81)Vns(2s) - - 'vn;(t)‘)f(tl:th ceh)de - -db,
27i) Jc,Je, c,
is valid for |x.| <R/, |%:| <Ry, - - -, || <R\ and converges umiformly for

| 2] S R <R, [ m| SR <R, -, | aa| SRV RY.
Evidently Theorems III and IV may be generalized in like manner.
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