A BOUNDARY VALUE PROBLEM FOR A SYSTEM
OF ORDINARY LINEAR DIFFERENTIAL
EQUATIONS OF THE FIRST ORDER*

BY
GILBERT AMES BLISS

The boundary value problem to be considered in this paper is that of
finding solutions of the system of differential equations and boundary con-
ditions

dy; kid
22 = 3 [Au®) + WP ](o),
(1) ’ a=1
> [Miya(a) + Niwya(d)] =0 (i=1,2, -, m).

a=1

Such systems have been studied by a number of writers whose papers are
cited in a list at the close of this memoir. The further details of references
incompletely given in the footnotes or text of the following pages will be
found there in full.

In 1909 Bounitzky defined for the first time a boundary value problem
adjoint to the one described above, and discussed its relationships with the
original problem. He constructed the Green’s matrices for the two problems,
and secured expansion theorems by considering the system of linear integral
equations, each in one unknown function, whose kernels are the elements
of the Green’s matrix. In 1918 Hildebrandt, following the methods of E. H.
Moore’s general analysis, formulated a very general boundary value problem
containing the one above as a special case, and established a number of
fundamental theorems. In 1921 W. A. Hurwitz studied the more special
system

d
B o) A, 2=~ () + Nu(a),
dx dx

(2) aou(O) + ﬁov(O) = 0, alu(l) + 317)(1) =0

and its expansion theorems, by the method of asymptotic expansions, and
in 1922 Camp extended his results to a case where the boundary conditions
have a less special form. Meanwhile Schur in 1921 published very general
expansion theorems for the original system (1) under the hypothesis that
the matrix of functions B (x) has all elements identically zero except those

* Presented to the Society, December 30, 1924; received by the editors in December, 1925.
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in the principal diagonal, which are real, distinct, and positive for every
value of x. The cases of Hurwitz and Camp are not included under
this one even after a linear transformation. Carmichael exhibited in 1921-
22 the analogies between certain algebraic problemsand boundary value
problems of many typcs, including those of the type (1), but without giving
the details of the theory of the boundary value problems themselves. In
1923 Birkhoff and Langer showed that the large class of systems (1) for
which the determinant of the functions B (x) is different from zero can
be reduced, by a linear transformation of the functions y:(x) whose coeffi-
cients may be imaginary, to the simpler form for which all the functions
B (x) with ¢k vanish identically. They obtained expansion theorems
under the further hypotheses that the functions B;(x) are all distinct from
each other and from zero, though not necessarily real and positive as in
Schur’s paper, and that they satisfy certain other more artificial restric-
tions.* The problems considered by Hurwitz, Camp, and Schur are among
those included in their theory. An abstract of the paper of Birkhoff and
Langer was printed in 1922.}

The methods of Hurwitz, Camp, Schur, and Birkhoff and Langer are
those of asymptotic expansions which for the more general cases become very
complicated. In the following pages it will be shown that a large class of
so called self-adjoint boundary value problems, analogous to equations
with symmetric kernels in linear integral equation theory, can be treated
by much more elementary methods.

A boundary value problem adjoint to the problem (1) has the form

dz.-

- = - Z (Aai + )\Bai)zu;
dx aml

3) i
2 [Paiza(6) + Qaiza(B)] = 0 (i=1,2,---,m),

where the coefficients P, Q satisfy the relations
Ms'aPak_NiaQak=o (i)k=132) tt ’")’

The original problem is defined in this paper to be self-adjoint if the systems
(1) and (3) are equivalent under a transformation of the form

n
2= 2 Tial)Ya)
aml
* See pp. 83, 89, 109. One should note also the hypotheses on the roots of D(A) on pp. 98
and 105.
1 See also an earlier abstract by Birkhoff, Bulletin of the American Mathematical So-
ciety, vol. 25 (1919), p. 442,
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and it is definitely self-acjoint when a further hypothesis, explained in
Section 2, is added. For a definitely self-adjoint boundary value problem the
characteristic constants and functions are not only denumerably infinite in
number, but the constants are real and each has its index equal to its multi-
plicity as a root of the characteristic determinant. The characteristic func-
tions may be chosen real. Furthermore expansion theorems of a very general
sort may be justified by relatively simple methods analogous to those of
integral equation theory.

The problems of Hurwitz and Camp described above are definitely self-
adjoint according to the definition of this paper. Those of Schur are never
self-adjoint, and a sub-class only of the problems considered by Birkhoff
and Langer have this property. The problems of Birkhoff and Langer are
furthermore never definitely self-adjoint when the coefficients in the differ-
ential equations are real. On the other hand, the theory of definitely self-
adjoint boundary value problems as presented here includes a large category
of problems for which the determinant |B(x)| vanishes and which do not
fall under any of the cases treated by the authors just referred to. In this
category are problems of the type (1) which arise in connection with the
calculus of variations, all of which have the property of self-adjointness
described above. The importance of this class is evident when one considers
the fact that the boundary problems of mathematical physics almost in-
variably belong to it. Another case is the system of the type (1) equivalent
to the well known boundary value problem for a single linear differential
equation of the nth order. This system does not fall under the theories pre-
sented in the papers mentioned above, and only self-adjoint equations of
this sort give rise to self-adjoint problems of the type considered in the follow-
ing pages. The interrelationships just mentioned between problems of
various types are not elucidated in detail in this paper. I expect to return to
them on another occasion.

The properties of the system (1) which justify expansion theorems
analogous to those well known for other problems have not so far been clearly
classified and analyzed. They seem to depend primarily upon the character
of the matrix of functions By (x). A further study of this question, and a
correlation of the methods and results hitherto attained, is desirable.

The methods used in the following pages are developed independently
of the theory of linear integral equations though there are many points of
contact. In Section 4 below it is shown that the equations (1) are equivalent
to a certain system of linear integral equations for the functions y;(x), a
result which is well known. The kernel matrix of these integral equations is
not in general symmetric. When (1) is self-adjoint, however, every solution
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yi(x) of the integral equations goes into a solution of the ‘“‘associated”
system of integral equations by means of a transformation of the form

#i= 2 Siaya = 2, 2 BaiTpaYe

a=1 aml =l
for which the matrix ||S || is symmetric. If the determinant |B.| is different
from zero the same is true of | S |,and the system of integral equations equiva-
lent to (1) can be reduced to one with a symmetric kernel matrix by means
of a suitable transformation. The theory of the boundary value problem
is then a corollary to the theory of a system of integral equations with
symmetric kernel matrix such as has been developed, for example, by E. H.
Moore in his ‘“general analysis.” The case when the determinant |Bu|
vanishes includes some of the most important boundary value problems, as
has been explained in the preceding paragraphs. For some of these it is
possible to reduce the number of functions y;(x) by transformation and
thereby to change the problem into an equivalent one whose corresponding
integral equations have a symmetric kernel matrix, but it does not seem

possible always to make such a transformation.
1. Adjoint systems. In the following pages the notations of tensor
analysis will be used. It is understood that the indices 7,7, k, - - -, a, B,

v, - - -have therange 1,2, - - -, # and that an expression such as 4 Bk«
stands for the sum

AiaBra = AuBii+ - - - + AinBin

taken with respect to the repeated index a. The index o may be called an
umbral index.* Such indices will usually be denoted by Greek letters.
As a matter of formal algebra, consider the four linear expressions

S;(y) = Miaya(a) + Niaya(b): ti(z) = Paiza(a) + Qaiza(b)x
S-'(y) = ﬂfaya(a) + Niaya(b)y t-i(z) = Faiza(a) + Qaiza(b),

formed for two sets of functions y:(x), z:(x). The coefficients in these ex-
pressions are real constants and the symbols on the left are merely notations
for the sums on the right. If the coefficients in the sums s;(y) are given, with
matrix of rank #, then a matrix of coefficients for #;(z) can always be selected
also of rank # and so that the relations

(5) MioPay — NiaQak =0

@

* Murnaghan, Vector Analysis and the Theory of Relativity, p. 7.
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are satisfied. The coefficients of the auxiliary sums 5(y) and #;(z) can then
be chosen so that the two matrices

"Mu N
M Na

”— P — Py
Qsx Qi
with ¢ constant in the rows and % in the columns, are reciprocals. From the

relationships between the coefficients of these matrices found by multiplying
them in reverse order it follows readily that the equation

(6)

’

0 5aNEa®) + 5a(Nta(@) = yu(@)2a(x) ||

is an identity for all systems y:(x), z;(x). This is an equation which will be
frequently useful. When the coefficients of the sums si(y) are given the
coefficients of the #;(z), chosen as above indicated, form 2# linearly indepen-
dent solutions #;, v; of the equations

M.-.,ua -_ N;,,va = 0.

All other solutions of these equations are expressible linearly in terms of
these #, and it follows readily that two different choices of the coefficients
in ¢;(z) give systems of equations #;(z) =0 which are equivalent.

The systems of differential equations and boundary conditions con-
sidered in this paper may be written in the form

(8) ¥ (%) = Asa(%)ya(%), $5:{(y) = Miaya(a) + Niaya(b) = 0.

The coefficients A ;+(x) are supposed to be real single-valued continuous
functions on the interval ¢ 2 <b; the matrix ||Ma, Na| of coefficients in
s:(9) is of rank »; and solutions y;(x) of the equations, continuous with their
derivatives on the interval ab, are sought. A system adjoint to (8) is by
definition one of the form

9) 2l (%) = — Aai(#)2a(%), 1:(2) = Paiza(@) + Qaiza(d) = 0

where ¢:(z) has been formed from s;(y) in the manner described in the pre-
ceding paragraph.*

Let ||V «(x)|| be a matrix of functions whose columns form # linearly
independent solutions of the differential equations in the system (8). The
most general solution of these equations has the form y;(x) = ¥ ..c. where the
coefficients ¢; are constants. The solution Vi, - - -, ¥,; will be denoted
simply by ¥ ; when no confusion results, and the determinant whose elements

* This definition is that of Bounitzky, p. 73, and is analogous to that of Birkhoff for linear
equations of the nth order, these Transactions, vol. 9 (1908), p. 375.
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are D =s,(Y;) will be denoted by D. For the adjoint system (9) the corre-
sponding notations will be Z, E. The first two theorems to be proved below
are analogous to similar theorems for linear integral equations and for other
types of boundary value problems, and are already in the literature.*

THEOREM 1. If the determinant D is different from zero the only solution of
the boundary value problem (8) is yi(x) =0. If D has rank n—r then the problem
has r and only r linearly independent non-vanishing solutions.

This is easy to see, since every solution of the boundary value problem
must have the form y.=VY.c. with coefficients ¢; satisfying the linear
equations D¢, =5i(¥Ya)ca=0.

THEOREM 2. The number of linearly independent non-vanishing solutions
of the original system (8) is always the same as the number for the adjoint system
).

To prove this one may note first that for every pair y:(x), z:(x) of solu-
tions of the differential equationsin (8) and (9) the equations

2pY6 + 36 Y8 = ApaYazp — Aapypia = 0,
(10) Ya(%)2a(2) |;= 0

hold true. Suppose then that Uj,, - - -, Unp (p=1,2, - - -, r) are r linearly
independent solutions of the boundary value problem (8). The r sets 5:(U,)
(p=1,2,---,r) are also linearly independent, since otherwise there would
be a set of functions y;=U ,c,, with constants ¢, not all zero, making the
expressions §;(y), as well as the sums s;(y), all zero. Since the determinant
of the first matrix (6) is not zero the equations (4) would then imply y.(a) =
¥:(b) =0, and the solution y,(x) would have to vanish identically, which is
impossible when the solutions U, are linearly independent. From the rela-
tions (7) and (10) it follows now that

;a(Uxt)tﬂ(Zﬁ)=0 (k= 1’2; AP (3 i’=1,2» ""')'
Hence the determinant E whose elements are E;=¢;(Z:) has at most rank
n—r. By similar reasoning it follows that when E has rank #—r the rank

of D is at most #—r,so that D and E have the same rank, and the number
of linearly independent solutions of the systems (8) and (9) is the same.

THEOREM 3. If the determinant D is different from zero the non-homogeneous
system

(11) ¥ (2) = Aia(0)yal(x) + gi(%),  sd(y) = ks,
* Bounitzky, p. 77; Birkhoff-Langer, p. 64-5; Hurwitz, p. 526; Camp, p. 30.
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where the functions gi(x) are continuous on the interval ab, has one and only
one solution.

The differential equations of the system (11) have as their general solution
(12) ¥i(%) = Yio(x) + Yia(#)ca

where Y, is a particular solution and the sets ¥, are as before linearly inde-
pendent solutions of the equations with gi(x)=0. Since D= ls;(Y .)I is
different from zero the constants ¢; can be chosen in one and but one way so
that

si(y) = si(¥o) + si(¥a)ca = hs.

THEOREM 4. If the determinant D has rank n—r then the system (11) has
solutions if and only if the equation

(13) f bz..(x)g.(x)dx =0

is satisfied for every solution z:(x) of the adjoint system (9). The most general
solution of (11) is then
y.(x) = ys*(x) F+eclUi(x) + - -« +crUir(x)

where y*(x) is a particular solution and the sets Uy (p=1,-+-,71) are r
linearly independent solutions of the original system (8).

If y:(x) and z:(x) are solutions of the differential equations in the systems
(11) and (9), then one readily verifies that

(14) ya’za + ycza’ = fala,
and hence, with the help of equations (7), that

b b - -
(15) f gatad® = Yatall = 5a(M)Ea(2) + Sa(3)tals).

If y and z satisfy the boundary conditions in (11) and (9) the value of this
expression is zero.

Suppose, conversely, that equation (13) holds true for every solution
z5(x) of the adjoint system (9). Every solution of the original system (11)
must have the form (12) with constants ¢; satisfying the equations

S;(y) = S.'(Yo) + C.,S.'(yg) = 0.

By the argument of the proof of Theorem 2 it follows that the sets #;(z),
formed for r linearly independent solutions z:(x) of the adjoint system (9),
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are themselves 7 linearly independent solutions of the linear equations whose
coefficients are the columns of the determinant D= |[s;(¥:)|. Hence the
last equations have solutions ¢; if and only if the conditions Z(z) s.(¥,) =0
are satisfied for every solution z;(x) of the adjoint system (9). But from
equation (15) with y replaced by ¥,, and from the boundary conditions
ti(z) =0, it follows then that solutions ¢; will certainly exist since the con-
ditions

b
0= f Gaad = 5a(V)ba(2)

are satisfied.

The last statement of the theorem is true since if y;(x) and y;*(x) are
both solutions of the non-homogeneous system (11), their difference y;(x)
—y:*(x) satisfies the original homogeneous system (8).

2. Self-adjoint systems. Consider now a system of the form

(16) y{ = (Aia + ABia)Ya,  $i(3) = Miaya(a@) + Niaya(b) = 0

containing a parameter A linearly and having its coefficients 4 4 (x), B (x)
all continuous on the interval e = <b. The functions B (x) are by hypothe-
sis not all identically zero. An adjoint system has the form

(17) Zi’ = - (Aai + )\Bai)za: l,’(Z) = Paiza(a) + Qdiztl(b) = 0’

where s;(y) and #,(z) are related as in the preceding section.

The existence theorems for differential equations tell us that there exists
a matrix ||¥ a(x, N)|| whose columns are # linearly independent solutions
of the differential equations in the system (16) and whose elements with their
derivatives with respect to x are expressible as permanently convergent
power series in N\. The determinant D(\) formed for this system is therefore
also representable by a permanently convergent power series. The roots of
D(\) are called the characteristic values of the parameter A, and the non-
vanishing solutions y;(x) of the system (16) corresponding to such values
are called characteristic solutions. The corresponding notations for the ad-
joint system (17) are Zu(x, \) and E(\). Itis well known that the roots of a
permanently convergent power series D(\) are finite or at most denumerably
infinite in number. The following theorem is an immediate consequence of
Theorems 1 and 2 of the preceding section.

THEOREM 5. The characteristic parameter values for the boundary value
problem (16) are identical with those for the adjoint problem (17). The number
of linearly independent characteristic solutions corresponding to a particular
characteristic value \ is the same for both problems.
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THEOREM 6. If Ni#\; are characteristic values and y;i(x), z:(x) corre-
sponding characteristic solutions of (16) and (17), then

b
(18) f Bus(2)ya(2)25(x)dz = 0.

For from the differential equations in (16) and (17) with A\, and A, sub-
stituted it follows that

ya’za + yaza’ = xl-Bmﬂyﬁzm - )\2Bﬂayazﬁ,

and hence, from the boundary conditions s:(y) =¢:(2) =0 and equation (7),
that

b
b
0= y.,,z,g|a = (A1 — Ny f BgaYazsdx.

In the following pages a set of relations of the form z;=T i (x)y, will be
called a transformation if the functions T (x) are real, single-valued, and
have continuous derivatives on the interval ab, and if the determinant
|Tw(x)]| is different from zero on that interval. The coefficients of the in-
verse transformation will be denoted by T} (x).

Definition of a self-adjoint system. The boundary value problem (16)
is said to be self-adjoint if the differential equations and also the boundary
conditions of its adjoint (17) are equivalent to its own for all values of A
by means of a transformation z; =T (%) Ya.

THEOREM 7. In order that the problem (16) shall be self-adjoint it is neces-
sary and sufficient that there shall exist a transformation T 4 (x) such that

(19) TiaAar + AaiTar + Tix= 0, TieBak + BaiTar= 0,
(20) M:T 3 (@) Mip = NiaT g (b)Nas.

To prove the first two of these relations one can verify readily that the
transformation z;=T .y, takes the differential equations of the system (16)
into the set

2! = [TiaAasToy + NTiaBasToy + TisToy 2.

If these are equivalent to the differential equations in the adjoint system
(17) for all values of \, the equations (19) follow at once.

By the transformation z;=T Y. the boundary conditions of the adjoint
problem take the form

PoiTap(a)ys(a) + QaiTap(b)ys(d) = 0.
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For these to be equivalent to the original boundary conditions s;(y)=0
it is necessary and sufficient that a matrix of constants C with determinant
different from zero exists such that

(21) Pcs'Tak(a) = Co‘aMak; Qm‘Tuk(b) = CiaNak.

With the help of the relations (5) it follows that the preceding equations
imply
-1 -1
Cia[MapTor()) M1y —NapToy(B)Niy] = 0.

Since |C |0 the equations (20) of the theorem follow at once. Conversely,
since the matrix | M &, Nul| is of rank #, the equations (5) and (20) imply
relations of the form (21), so that the boundary conditions of the two systems
are surely equivalent.

THEOREM 8. For a self-adjoint system (16) two characteristic solutions
vi(x), §i(x) corresponding to distinct characteristic valus N\, \ satisfy the equation

(22) f Ses(2)ya(x)ya(2)dx = 0

where S.‘k = T.-..‘ Bak-

This is an immediate consequence of the equation (18) and the trans-
formation z; =T iYa.

For the following definition it is important to note that when the matrix
||Sal| is symmetric the bilinear form Sasf.fs, formed for a set of numbers f;
and their conjugate imaginaries f, is always real, since such a form is identi-
cal with its conjugate. The functions g.(x) in the definition are supposed to
be continuous on the interval ab.

Definition of a definitely self-adjoint boundary value problem. A problem
(16) is said to be definitely self-adjoint if the matrix ||Su(x)|| is symmetric
and the bilinear form S,s(x) f.fs is positive or zero at every point of the inter-
val ab, and if furthermore this form vanishes identically for a set of solutions
fi(x) of a system of equations of the type

(23) f: (x) = Aia(x)fa(x) + Bia(x)ga(x)

only when the functions f;(x) are all identically zero.

The conditions of the definition will surely be satisfied if the quadratic
form S.s(x) f.fs is positive definite at every point of the interval ab, since the
bilinear form S, f.fs is then always positive for non-vanishing arguments
f, as one readily verifies. In that case the determinant |Sa|=|Ta| |Bal is
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everywhere different from zero. The same is therefore true of |By|, and the
second equation (19) shows that

0 =3Six — Sti = TaiBak — TarBai = (Tai + Tia)Bax.

It follows readily that the matrix ||T || is skew-symmetric. Since a skew-
symmetric determinant of odd order always vanishes, and since the deter-
minant |T | must be different from zero, it is clear that this case can arise
only when # is even. It should be noted, however, that the definition is
applicable to cases when the determinant |B| vanishes and the quadratic
form Susfafs is not definite. Important special cases of this sort are the
boundary value problems arising from the calculus of variations and the
problem which arises when a boundary value problem for a self-adjoint
linear differential equation of the nth order, of a type hitherto often studied,*
is transformed into one of the type (16).

If the bilinear form S.4f.fs is non-positive it can always be replaced by
one which is non-negative by using the transformation with coefficients
— Ty instead of Ty. The requirement of symmetry for the matrix |||
is also not as stringent as it perhaps appears to be at first sight. If the equa-
tions (19) have a system of solutions Ty then the systems T =T and
To—T are also solutions. The matrix of elements T y—Tu=Tri—Ta
is skew-symmetric, and one readily verifies by means of the relations (19)
that for a skew-symmetric system T the elements S have the symmetry
required. If the matrix of elements Tx;— T « is to be useful for a transforma-
tion, however, the determinant |Tw:—7T | must be different from zero.

When the problem (16) is definitely self-adjoint the elements S are
expressible in the various forms

(24) Sit = TaiBak = TarBai = — TiaBak

as one readily verifies from the symmetry of S and the relations (19).

3. Properties of self-adjoint systems. Boundary value problems of the
type (16) which are definitely self-adjoint have many properties analogous to
those of linear integral equations with symmetric kernel functions, as indi-
cated in the following theorems.

THEOREM 9. For a definitely self-adjoint boundary value problem (16)
all roots of the characteristic determinant D(N) are real and the linearly inde-
pendent characteristic solutions corresponding to each root may be chosen real.

* See, for example, Darboux, Théorie des Surfaces, vol. 2, p. 109; Birkhoff, loc. cit., p. 373;
Bounitzky, p. 88.
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For suppose X\ a root of D(A) and y:(x) a non-vanishing solution of the
system (16) corresponding toit, and let X and §;(x) be their conjugate imagin-
aries. If N were not real, equation (22) of Theorem 8 would require the bi-
linear form S.sY.¥; to vanish identically in x, which is impossible when the
solution y;(x) is not identically zero. Hence the root X\ is real. But if A is
real then the real and imaginary parts of y.(x) are separately solutions of the
system (16), and it is evident that a linearly independent set of real char-
acteristic solutions corresponding to A can be selected.

TrEOREM 10. The index of each characteristic number N, i.e., the number
of linearly irdependent characteristic solutions yi(x) corresponding to it, is
equal to the multiplicity of No as a root of D(N).

Suppose that DQ\) = |5V (x, )\)][ has rank #—r at a particular value Ao.
By replacing the solutions Yi(x, N) by suitably selected linear combinations
of them with constant coefficients it may be brought about that for A=N\,
the expressions s;(¥,) (p=1, - - -, ) all vanish, while the matrix of elements

si¥,y) (g=r+1, - - -, n) hasrank n—r. All derivatives of D(\) of order less
than 7 will then clearly vanish at A =X\, and the rth will have the value
(25) D) =|si¥n), - - -, sil(¥n),8:(¥Yrsr), - - -, s:d(¥) |

where the subscript X indicates derivatives. If this expression vanished there
would be a linear combination

yi=(@@Yin+ -+ aVin) + Vi + - - + eV in)

for which all the numbers s;(y) would vanish at A=X\,. The constants
c1, -+ + , ¢ could not all be zero because the rank of the last # —7 columns of
D®(\,) is n—r. The functions y;; whose derivatives for N are in the first
parenthesis would therefore not vanish identically. For A=\, they would
satisfy the system (16) and also the equations

yi’l)‘ = (Aia + x-Bﬁ'a)yal)\ + Biayal~

The set y:, defined by the second parenthesis would satisfy the differential
equations of the system (16), and it follows readily that the functions y;
themselves would for A=X, be solutions of the non-homogeneous system

3! = (Aia + MoBi)ya + Bicyar,  s:i(3) = 0.

The functions 2;1=7TwY.1 would satisfy the adjoint equations (17), and
from equations (13) of Theorem 4 it would follow that

b b
fz,;B,,pypldx =f YarSapypdx = 0.
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This could not be true, however, since the functions y;; would not all vanish,
as was seen above. It follows therefore that the derivative (25) is different
from zero and that A, has its multiplicity equal to its index.

TrEOREM 11. For a system of functions fi(x) continuous on the interval ab
and satisfying the condition

b
(26) [ se@Su@ssariz = 0
with every characteristic solution yi(x) of the boundary value problem (16),
the functions B i,(x)fa(x) all vanish identically*

To prove this let fi(x) be a set with the properties described in the
theorem. According to Theorems 3 and 4 the non-homogeneous system

(27) ¥¢ = (4ia + MBia)ya + Biafa,  si(3) =0

then has solutions for every value of A, since the equations (26) imply the
conditions analogous for this case to equations (13) of Theorem 4. When
D(\)#0 there is a unique solution and one verifies readily that it consists of
the functions

Yo Ya R Yin

_ U sfo s(Yy) - ()

(28) yi(®N) = DO | - - o oo
sa(Yo)  sa(¥) o sa(¥5)

where Yi(x, N) is a particular solution of the differential equations in
the system (27).

Near a root Ao of multiplicity » of D(\) the functions y(x, \) are still well-
defined and analytic in X\. For, in the first place, one can add constant
multiples of the last # columns of the determinant to the first column in such
a way that the resulting functions ¥ satisfy the conditions s;(¥,) =0 at
A=Xo. In the second place the r linearly independent solutions z;(x) of the
adjoint system (17) for A=), provide r linearly independent sets #,(z), as in
the proof of Theorem 2, such that

sa(yl)t-a(z) == sa(yn)ia(z) = 0.
One can therefore replace 7 of the rows of the determinant in the expres-

sions (28) by r linear combinations of its # rows which vanish at A=2\,.

* The idea underlying the proof of this theorem is very well known. It has been used, for ex-
ample, by E. Schmidt, p. 18; Hurwitz, p. 539; and Camp, p. 37.
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It is clear that the determinant in (28) has the same factor (A—X\,)" as
D(\), and hence that the functions y:(x, A) are analytic near Ao as well as
near the values of XA at which D(\) 0.

The functions y:(x, \) are representable by permanently convergent
power series in \ of the form

(29) yi(2,N) = wio(x) + wa(R)N + up()N2 4 - - -,

By substituting these series in the equations (27) and comparing coefficients
of A it is found that the coefficients #; (u=0, 1, 2, - - -) satisfy the equations

(30) ui’y = At'a'“au + Bia“a,p—l, si(uu) =0

in which it is agreed that u;, _;=f.;. With the help of equations (30) and (19)
one verifies also that the functions v;, =T ¥4, are solutions of the system

’
Vo = — Aat‘va! — Baiva =1 ti(vy) = 0,
where v;, -1=7T ifs, and it follows that
’ ’
Uaular + Uaplar = uﬂ,p——lBaﬁ'Uar - ‘uauBﬂaUp,y_l.

This result and the equations (7) and (24) now justify the relation

b
0= %V

b b
= f ua.ll-—lsdﬁuﬁ'dx - f uauSaBuB,r—ldx-
a a

a

The analogue of a well known inequality of Schwarz

b 2 b b
(f “a.u-lsaﬁua.uﬂdx) = f “a.u—lSaﬂ“a.u—ldxf U wr1Saplha pr1d®,
a a a

which will be proved in the next section, together with the last equation,
show that the constants

b
W,= f %a0S apthaud®
have the properties

b
(31) W= f UapSaphard%, WopoWayis 2 W:,,.
The series
(32) Wot+ WiN+---, Wot WaA2+ - - .,

the first of which is found by integrating the expression #40S.sys found from
(29), converge for every value of \. Some coefficient in the second series
must vanish. Otherwise it would follow from the inequality (31) that
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W, 2Wo(Wo/Wo)k, and the second series (32) would not converge for A =
(Ws/Wo)}. But if a particular coefficient W, vanishes the inequalities (31)
imply that all the preceding ones of even index are also zero. From the equa-
tion W, =0 it follows, however, that the functions % all vanish identically,
and the first of the equations (30) shows that the functions #; _,=Bifa
do the same.

CoROLLARY 1. If the determinant |Bu(x)| is different from zero on the
interval ab, as in the case when the matrix ||Su|| =||Tas Bat|| is positive definite
at each point of ab, then the set of functions f(x) =0 is the only one satisfying the
relation (26) with all characteristic solutions yi(x) of the boundary value problem
(16).

COROLLARY 2. The only set of solutions f:(x) of a system of equations of the
form

(33) fol = Al'afa + Biaga

satisfying the relations (26) with all characteristic solutions yi(x) is the set
fi(x)=0.
With the help of the last corollary it is possible to prove

THEOREM 12. The totality of characteristic solutions and characteristic
constants of the boundary value problem (16) are denumerably infinite in number
and may be represented by the symbols y (x), Ns(v=1,2, - - ). These functions
may furthermore be chosen normed and orthogonal in the sense thal

b
(34 f YauSapyprdx = Op Buw =1, 85 = 0if u > »).

Let the functions g, in equations (33) have the form g;=d, g, (p=1, - - -,
2). The functions g, can be chosen so that the p systems B, gop (0=1, - - -,
) are linearly independent, since the functions B do not all vanish identi-
cally. The system (33) has a solution of the form f;=d, fi, where the system
£ for p fixed is a particular solution of the equations (33) with g; replaced
by g, The solutions f;, are readily seen to be linearly independent since the
sets B gap(p=1, - - -, p) have this property. If there were a finite number
only of characteristic solutions of the boundary value problem (16) then for
a sufficiently large value of p, constants d, not all zero could always be
selected so that the functions f;=d, fi, would satisfy the relations (26) with
every such solution, and this would contradict Corollary 2 above. Hence
there must be an infinity of characteristic solutions, and the infinity is
denumerable since the roots of the permanently convergent series D(\) are
denumerable.
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Since no one of the sets v, (%) for fixed u is identically zero the integrals
(26) for »=p are all different from zero. The characteristic functions y.(x)
may therefore be normed and orthogonalized as described in the theorem by
a well known process.*

4. Expansion theorems. With the help of the theorems of the last
section it is possible to deduce some very general expansion theorems for
sets of functions f;(x). The characteristic solutions y..(x) of the definitely
self-adjoint boundary value problem (16), appearing in these theorems, are
supposed to be normed and orthogonal.

THEOREM 13. For every solution fi(x) of a system of equations of the form
(35) f.’ = Aiafa + -Bt'aga; si(f) = O)

in which the functions gi(x) are arbitrarily selected continuous functions on the
interval ab, the series

(36) oi(®) = 22 30() | yar(§)Sap(E)fa(8)dE

=1

converge uniformly and the functions Bo(fa—¢a) are all identically zero on ab.

The uniform convergence of the series will be proved in a later section.
The rest of the theorem follows at once from Theorem 11 since the equations

b
fyanSaﬂ(fﬂ_‘Pﬁ)dx=0 w=1,2,--)

are immediate consequences of the definition of the functions ¢..

COROLLARY 1. If the determinant |Bu(x)| is different from zero on the
interval ab, as in the case when the matrix ||Su|| = ||Tas Bail|| is positive definite
at each point of ab, then for every set of functions fi(x) having continuous deriva-
tives on this interval and satisfying the boundary conditions si(f) =0 the series
(36) conmverge uniformly and represent the functions fi(x).

In this case the equations (35) determine uniquely a set of functions
gi(x) corresponding to the given functions f:(x), since the determinant IB .-,,I
is different from zero.

COROLLARY 2. If the functions fi(x) are solutions of a system (35) and
the functions g:(x) solutions of a similar system

(37) go',=A|‘aga+Biahcy Si(g) = 0)

* See, for example, E. Schmidt, p. 4.
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in which the functions hi(x) are continuous on ab, then the series (36) converge
uniformly and represent the functions f:(x) on this interval.

To prove this the equations (35), (17), and (7) can first be used to show
that for every characteristic solution y.(x) of the system (15) the corre-
sponding functions z;, =T iy o satisfy the relations

zarfal+ za’vfa = zarBaﬁgﬁ - )‘vzﬂrBﬂafa,

b b b
(38) 0 = zafa] = f yapSaﬂgﬂdx - Avf yarSaﬁfﬂde

a

Since the functions g;(x) satisfy equations (37) it will be seen that the series

b b
3 M) f YarSasfodt = Xr90r() f YarSasgsd

converges uniformly by the same proof as that which shows the convergence
of the series (36). It follows readily with the help of the differential equations
(16) for the functions y.,(x) that the series of derivatives of the terms of (36)
converges uniformly and represents ¢/ (x). Further

b
(39) ¢€’(x) = Aia‘Pa + Bs’a Er yav(x)f yansaﬂgﬂdfo

Since the functions Bi.(f.—¢.) vanish identically, (fa—¢a)Sas(fs—es)
vanishes identically. Since from equations (35) and (39) the differences
fa—oa satisfy an equation of the type (23) it follows that they are identically
zero, which was to be proved.

5. Green’s matrix. Consider again the system

(40) yi’ = At’ayay Si(y) = Miaya(a) + Nt'aya(b) = 0

described in § 1, and suppose that its determinant D is different from zero.

Definition of the Green’s matrix.* A matrix of functions Gau(x, {),
single-valued for a <x <b, ¢ < ¢ <b, and further such that they are continuous
and have continuous first derivatives in x except at x=§, is called the
Green’s matrix of the system (16) if it has the properties

(41) Gin(+0,8) —Gu(E — 0,8) = 6ix (8s = 1,00 = 0if ¢ = k),
a

(42) —Gik(x;z) = Aia(x)Gak(xye);
dx

(43) M"ank(a,E) + Nt'aGak(byz) = 0.

* The existence and uniqueness of the Green’s matrix has been proved by several writers.
See Bounitzky, p. 77; Birkhoff-Langer, pp.66-70.
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The properties (42) and (43) show that the columns of the matrix would
be solutions of the system (16) of the kind demanded by the boundary value
problem if it were not for their discontinuities at x=£. Let Dy and Ay
be defined by the equations

(44) Dy = MuYai(a) + NiaVar(b), Aix = MiYai(a) — Nea¥ar(b).
The determinant D= |Dy| is different from zero by hypothesis. The func-
tions

4 G I it 15, | ¥

(45) a(x,8) =3 ()| ————— day + D ghgy | Y, (8)

are then well-defined and evidently have the properties (41) and (42).
Equation (43) follows readily with the help of the notations (44).

THEOREM 14. The functions H i(x, £) = —Gri(€, x) defined by the equations
(45) are the elements of the Green’s matrix of the adjoint system (17), so that

(46) le’(x7x - 0) - Gh’(x:x + 0) = 6")
d

47) % Gii(x,8) = — Aai(£)Gra(%,8),

(48) Pcicka(x,a) + QmGka(x,b) = 0.

By differentiating the equations Y, Y. =d&u it can be shown that the
rows of the matrix ¥3' are solutions of the differential equations of the
adjoint system (17), and the properties (46) and (47) are then evident from
the form of the equations (45). The relations M iqPor— N ixQat =0 between
the elements of the reciprocal matrices (6) justify the equations

Bia[ ParY 4(0) + Qui¥ 5(8)] = Dia[ — Pai¥ 5(0) + Qar¥ 5(0)]

and equation (48) can be proved with the help of them.

THEOREM 15. If the functions gi(x) are continuous on the interval ab then
every solution y(x) of the non-homogeneous system

(49 9§ = Adiyat+ g, si(y) =0
is expressible in the form

b
(50) yi(x) = f Gra(z, DEa(O)dE,

and conversely every system y;(x) defined by equations (50) is a solution of (49).
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From the equations (49) for x =§£, and equations (47), it follows that

;af' [Gka(xyf)ya(z)] = ch(xif)ga(£)°

Hence .
Gra(%,2 — 0)ya(%) — Gra(x,0)ya(a) = f Gra(x,8)ga(8)dE,

b
Gra(%,8)ya(b) — Gral, % + 0)3u(2) = f Gral®,DEa(D)dE.

With the help of the relations (46), (48), s:(y) =0, and (7), the sum of these
two equations gives equation (50).

The converse is easily proved by writing the expression (50) for y:(x)
as the sum of integrals on the intervals ax and xb, differentiating with respect
to x, and using the relations (46) and (42).

CorOLLARY 1. The Green’s matrix is unique.

For if there were two, say G and L, the equation
b
[ uatz,) — LuatwDlgute)dt = 0
would be an identity in x for every set of functions g.(£), and this can be
true only if G.)‘ =L.~k.

COROLLARY 2. When \=0 is not a characteristic number then every solution
vi(x) of the boundary value problem

(51) ¥ = (Aia + NBia)¥s, si(y) =0

is a solution of the system of linear integral equations

b
(52) yi(2) =\ f Gial,8) Ban(9)y(D)dE,

and conversely.

By replacing A by A\;+X\ in the equations (16) it can readily be brought
about that the value A =0is not a characteristic number, if this is not already
the case.

THEOREM 16. If the boundary value problem (16) is self-adjoint then the
system (52) is equivalent to the corresponding system

b
(53) 5(2) = \ f 5a(8) Ban(£)Gi(%, 2)dE
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for the adjoint problem by means of the transformation 2;="T iya. The functions
G in this case satisfy the relations

(54) Gai(s ’ x) Tak(g) = - Tia(x)Ga k(x3 E) .

Since the original boundary value problem and its adjoint are equivalent
under the transformation z;=7T Y. it is evident that the systems (52) and
(53) must have the same property.

To prove equation (54) one may first deduce the second of the systems

ys’ = Aiaya + 8a) S.'(y) = 0’
8l = — Aaia + Tiaga,  8(2) =0

from the first by means of the transformation z;=7.y,. From Theorem 15
it follows then that the systems

b
yi(2) = f Gial,E)ga(8)dE,

2i(x) = f Hio(,8) Tap(£) galt)d

are equivalent by this transformation. But from these one verifies that the
equation

b
f [Hia(%,8) Tap(e) — Tia(2)Gas(z,8) Jgs(®)dt = 0

must hold for all sets of functions g.. Since H i (%, £) = —Gy:(£, x) this proves
equations (54).
If the elements of the kernel matrix of the system (52) are denoted by

Ki(%,8) = Gia(%,£)Bai(f)

then this system and the one “associated” with it, according to the theory
of integral equations, are

b
yi®) = A f Kia(®,0)ya®)dE,
(55) X

b
ui@) = » [ Kalt, uala.
When the boundary value problem (51) is self-adjoint the relations (54),
with (24), show that
Kai(€,%)Sar(f) = Sip(x)Kpr(x,8).
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It is provable readily then that every solution y;(x) of the first of equations
(55) goes into a solution #;(x) of the second by means of the transformation
ui(x) =S (%) ys(x). If the determinant | S| is different from zero the equa-
tions (55) are completely equivalent by means of this transformation. In
that case a symmetric matrix Uu(x) can be determined such that

Uia@)Uai(x) =S i (x)*

and the transformation v;=U.y. takes the first system (55) into the
system

b
(3) = A [ Vi) K, U 0 0

whose kernel matrix is readily seen to be symmetric. Such a reduction is
not possible when the determinant |S| vanishes.

It is evident that every solution of the system (53) defines a solution of
(55) by means of the transformation u;=B.z,. Conversely, if a solution
u;(x) of the equations (55) is known, for a particular value of A, then the
functions

5i(2) = \ f GoilE, Dua(t)de

satisfy the relations #;=B.:2, and the equations (53). If the boundary
value problem (16) equivalent to the system (52) is definitely self-adjoint,
every solution of the system (52) defines a solution of the conjugate system
(55) by means of the symmetric transformation %;=Sys=Ba: Tap 35, as
one may infer from the transformation z;= T ; y relating the solutions of the
system (52) and its adjoint (53), or directly by means of the relations (54)
and (24).

It is clear then that the theory of a definitely self-adjoint boundary
value problem (16) may be regarded as a special case of the theory of a
system of linear integral equations (52) whose solutions go over into solutions
of the conjugate system (55) by means of a symmetric transformation
u;=Su ys. From the preceding paragraphs it is evident that such systems
have many properties analogous to those of systems whose kernel matrix
is symmetric. The symmetric case is the one which arises when the matrix
of functions S is the identity matrix. It would be interesting to investigate
in detail the theory of such systems of linear integral equations.

6. The convergence proof. For the purpose of proving the uniform con-
vergence of the series (36) of Section 3 a number of lemmas are required

* See, for example, Bocher, Higher Algebra, p. 299.
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which are analogous to those used for similar purposes in the theory of a
single linear integral equation,* and which have for the most part been
frequently applied in more generalized form than here given by E. H.
Moore in his ‘‘general analysis.”

Itis understood that the functions S (x) are continuous and the quadra-
tic form Sus fa fs=0 at every x on the interval ab and for every set of argu-
ments f;. The functions f;(%), ga(%), yu(x) in the following theorems are at
least bounded and integrable on the interval ab, and the sets yu(x) (u=
1,2, - - ) are normed and orthogonal in the sense described in Theorem 10.
The constants 4y, are the numbers

b
o= f Ful®)San(®)y8u()d.

The first lemma below follows at once from the readily proved equation

b b
(56) f [ = SvvenSeslis — Zvoyeldz = f fuSasfodz — v,

where the sums without range indicated are taken with respect to u, » over
the same arbitrarily selected set of a finite number of positive integers. The
second and third lemmas are immediate consequences of the first one. The
integral in the second member of equation (56) is called the norm of the

set fi(x).
b
Lemua 1. Xy <ffaS,,,gfgdx.

LEMMA 2. D 2,3 converges.

LemMA 3. If the norm of the set gi(x) 1s zero then

b b b
f feSasgsiz < f fuSasfpdn f gaSasgads.

Suppose now that the functions 4:(x, £) are bounded for all values of
x and £ on the interval ab, and integrable in x on that interval for every
fixed £&. Let 6, and e.(¢) denote the integrals

1 b
b = f geSasyauds, ) = f hal,8)San(%) ysu(2)dz.

* See E. Schmidt, pp. 14.
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LemMA 4. The series D ,u; S,6,(E) converges umiformly onm the interval
asESD.

The proof is analogous to one given by Schmidt.* In the sum
rte
2| 8ueu® ] = 2 8p6()) — 2 0eea(®)
p=p

let the index p range over those numbers for which §,¢,(£) is positive for a
fixed £, and o over those for which these terms are negative. Then by
Lemma 3

b
) = f ha(,0Sas(2) 3 8,y80(x)dx

b 1/2
=< [f haSaphpdzx - ZB: ]
©  \1/2
san(Zs)
Y=
where A is the maximum of the norm of the functions /.(x, £) on the interval

a<§(=<b. A similar inequality holds for the negative terms, and it follows
that

/2

p+n had 2 1
ZI 5#‘#(9 | = 2A1/2( Zsu) .
p=p p=p

Since the series of Lemma 2 converges it is evident that the similar series
of terms &} has the same property, and from the last inequality it follows that
the series of Lemma 4 converges uniformly on the interval ab.

THEOREM 17. If the functions fi(x) are solutions of a system of the form
fC’ = Aiafa + Bo'aga, si(f) =0
then the series D pmyVY (%) converges uniformly on the interval ab.

From equations (38) and (52) it follows that the series of the theorem are
also expressible in the form

L

2 Yuyiu(a) = Z;" Yiu(®) | gaSapypudx
fm]1 a

p=1 Np

0 b
= T o [ Gl DT O @m0
=1 [

* Pp. 2-4.
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For each fixed value of ¢ this is a series of the form whose uniform convergence
is stated in Lemma 4.
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