THE FIGURATRIX IN THE CALCULUS OF
VARIATIONS*

BY
PAUL R. RIDER

Introduction. In the study of a definite integral of the form

¢
o [ rLw.,50,50,y0 )

1
Hadamard defines the figurative of the point (x, y) as the curve F(z’, y’) =1,
where 2’ and y’ are the current codrdinates, and x and y are considered
constant.t The polar reciprocal of the figurative with respect to the unit
circle x”?+y"* =1 is termed by Hadamard the figuratrix.} The importance
of the figuratrix and its space analogue seems to have been overlooked,
and it is the desire of the writer to call attention to a number of their in-
teresting properties which enable one to interpret geometrically some of
the well known functions and theorems of the calculus of variations.

1. Figurative, figuratrix, and indicatrix. We shall prefer to consider

an integral of the form

(2) ), 50, 71O + 320)) 2,

4

where 7 =arctan(y’/x’). On account of the homogeneity conditions which
must be satisfied by the function F in (1),§ we have

(3) F(xryyx,’y,) EF(x:y7COST, sin T)(x,z + y'2)1/2

and the integral (1) can always be reduced to the form (2). In (2), however,
the function f(x, y, 7) need not be periodic in 7; the right member of equa-
tion (3) must be. Moreover, the homogeneity conditions mentioned above
do not enter into the consideration of the function f(x, y, 7).||

* Presented to the Society, December 26, 1924; received by the editors in December, 1924.
1 Hadamard, Lecons sur le Calcul des Variations, vol. 1, p. 91,

$ Hadamard, loc. cit., p. 92.
§ F must be positive homogeneous of degree one in x’ and y’. See Bolza, Vorlesungen iber

Variationsrechnung, p. 194.
|| See Bliss, A new form of the simplest problem of the calculus of variations, these Transactions,

vol. 8 (1907), p. 406. This paper will be referred to as Bliss (I).
640
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Let P, of coordinates x and y, be a fixed point on an extremal* for the
integral (2). Take P as an origin, p and ¢ as rectangular codrdinates, and
consider the envelope of the variable line p cos 7+¢ sin 7 =f(r). Itis readily
found that the parametric equations of this envelope are

“@ p=fcost— f,sint, ¢q=fsint+ f,cosr,

functions which play an important réle in the study of an integral of the
form (2). (Subscripts denote partial differentiation.) It is thus easy to
identify this envelope with the figuratrix as defined by Hadamard.f For
the rectangular coordinates of a point on the figuratrix are F..(x’, y’),
Fy(x’,9'). But as a consequence of the homogeneity conditions satisfied
by F we havet

(5)  &Fule,y) + ¥Fu(x,5) = F(&,5) = F(cos 7, sinr)(& + y)ir,
or

(6) Fu(cost,sint)cost+ Fy(cosr,sint)sins = F(cosr, sint) = f(7).

Differentiating, we get

(7 fi(r) = —F(cost,sin7)sint + Fy(cosr, sin7) cos .
Solution of (6) and (7) for F,. and F,, gives
(8) Fo =fcost— frsint, Fyp = fsinr + f, cos 7.

The arguments of the functions F,- and F,» may be either (x’, ') or (cos 7,
sin 7), since these functions are homogeneous of degree zero with respect
tox’and y’. A comparison of (4) and (8) shows that the envelope of the line
p cos 7+q sin 7=f(r) is Hadamard’s figuratrix.

If we define the polar figurative as the locus

9 p=f),

it is seen that the polar figurative is the pedal of the figuratrix with respect
to the origin P.
The indicatriz§ is the curve

1
(10) p=—=

- f(7)

* See Bolza, loc. cit., pp. 32, 203.

t It may be remarked that the rectangular equation of the figuratrix is of the form H(x,y,
#,9) = 0, where H is a function satisfying the canonical form of Euler’s equations in the calculus of
variations. See Hadamard, loc. cit., pp. 151-153.

1 See Bolza, loc. cit., pp. 194-197.

§ See Bolza, loc. cit., p. 247.
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Since f(r)=F(cos 7, sin 7) =F(x’, y")/(x"2+y'%)V/2, equation (10) is equiva-
lent to the equation F(x’, ') =1. That is, the indicatrix is the same as the
(rectangular) figurative.

It also follows that

The polar figurative and the indicatrix are inverse curves* with respect to
the circle p*+q*=1;

The figuratrix and the indicatrixz are reciprocal polarst with respect to
the circle p*+-¢*=1.

In Fig. 1, P is the origin (a point on an extremal), Q is a point on the
figuratrix, N is a point on the polar figurative, NQ is tangent to the figuratrix.
Since the figuratrix and the indicatrix are reciprocal polars, the polar
of Q (call it MR) is tangent to the indicatrix at M. This tangent line MR,
however, gives the direction which is transverse to the direction PN.}

Transverse
direction

Fi1c. 1 F1G. 2

Thus, the direction ¥ which is transverse to v, or PN, is the direction PT which
is perpendicular to PQ.

This also follows from the formula§ which gives the direction 7 trans-
verse to 7, viz.:

(11) fecosGF—1)+ frsin(F —7) = 0.

For a reference to Fig. 1 or Fig. 2 shows that the left member of (11) is
simply the projection of PQ upon the line whose direction is 7. When

* See Williamson, Differential Calculus, 1899, p. 225.
1 See Williamson, loc. cit., p. 228.

 See Bolza, loc. cit., p. 304.

§ See Bliss (I), p. 413.
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this projection is zero the line having the direction 7 is perpendicular to PQ.
The normal to the polar figurative is the line joining the point N with the
middle point of the line PQ.*

2. Geometric interpretations. It can be shown without difficulty
that PQ=(f2+f2)v2. Consequently NQ=f,, since PN=f. The radius
of curvature of the figurairiz at Q is easily computed to be f+f.,, which is the
important fi-function for an integral of type (2).

The Weierstrass e-function for the integral (2) is

(12) e(x,y,7,7) = f(7) — [f(+) cos (F — ) + fi(r) sin (7 — 7)].

If, in Fig. 2, Q is a point on the figuratrix, it is seen immediately that the
term in square brackets in (12) is PS, the projection of PQ upon the line
making an angle 7 with the polar axis. If PN =f(7), the e-function is the
line-segment SN. If the integral (2) is to be minimized, we must have
e(x,y, 7, 7) =0 for the set of values (x, y, 7) giving the point P and the
direction of the extremal at that point, and for all values of 7.f Conse-
sequently, the projection of PQ upon the line v =7 cannot be greater than f(7).

If d is the distance from the tangent line to the figuratrix at Q(r), i. e.
p cos 7+¢ sin 7—f(r) =0, to the point Q(7) on the curve, then

d = [f(7) cos T — f,(7) sin7] cos 7 + [f(7)sin 7 + f,(7) cos 7] sin 7 — f(7)

=fT) cos (7 — 1) — fi(7) sin (7 — 1) — f(7).
Expanding in powers of (7 —7) we find that
(13) d=—3G =0 + ] + b
=—-3GF -1+ k.

A similar expansion gives

e(r,7) = f(7) = [f(r) cos (F — 1) + fi(7) sin (7 — 7)]
=3 — ) + fe@D] + 5
=3 - +7.
Thus
(14) e(r,7) = —d + k.

* See Goursat-Hedrick, Mathematical Analysis, vol. 1, p. 69.
t See Bliss (I), p. 412.
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The quantities 4, j, k£ are homogeneous of degree three in (7 —7) and contain
partial derivatives of f with respect to 7 to an order not exceeding the fourth.
If these derivatives are finite, d and e are infinitesimals of the second order
with respect to (7—7). The geometric significance of e is apparent from (14).
The function e(r, T) is the distance from the point @_(1‘-) on the figuratrixz to
the tangent line at the point Q(7), except for an infinitesimal of at least the third
order with respect to (7—7). Under the assumption f;=0,* this distance is
positivet for points @ near Q, and consequently the figuratrix is concave
toward the origin P at the point Q(7).

A well known theorem due to Hedrick states that all integrand functions
for which the transversality condition is equivalent to orthogonality are
of the form F(x, y, z’, ¥')=G(x, y) (”*+y”)¥2. In §1 we found that
the direction transverse to PN(r) in Fig. 1 is PT(7), which is perpen-
dicular to PQ. But if transversality is to be orthogonality, that is, if PT
is to be perpendicular to PN, then PN and PQ must coincide. This of
course means that the figuratrix, which it will be remembered is the en-
velope of the variable line NQ, must coincide with the polar figurative
(locus of N) and that both curves must be circles. Therefore the equation
of the polar figurative must be independent of 7, which means that the
function f(x, y, 7) must be of the form g(x,y). Thus we have a simple
proof of Hedrick’s theorem.

We shall now investigate the case of discontinuous solutions.i Let
P,PP, be an extremal having a corner at the point P. Let 7 be the direc-
tion of P,P at P, and 7 the direction of PP; at P. Then at P the following
relations, called corner conditions, must be satisfied :§

f(z) cos T — fo(r) sint = f(7) cos T — f(7)sin 7,
f(7) sinz + fi(r) cos 7 = f(7) sinT + f,(T)cos 7.

If we refer to (4), the parametric equations for the figuratrix, we see that
the above corner conditions simply state that for the corner P the directions
T and T give the same point Q on the figuratrix. This is to be expected, since
corresponding to a corner point on the extremal we have a double tangent
to the indicatrix, || and the figuratrix is the reciprocal polar of the indicatrix.

* The function f; must be = 0 if the integral in (2) is to be minimized. See Bliss (I), p. 409.

t Since it is the negative of d.

1 See Bolza, loc. cit., chapter 8.

§ See Rider, A note on discontinuous solutions in the calculus of variations, Bulletin of the
American Mathematical Society, vol. 23 (1917), p. 239.

Il See Bolza, loc. cit., p. 369.
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It follows that the directions which are transverse to v and 7 at the corner P
coincide,* since the transverse direction is obtained by drawing a perpendi-
cular to PQ.

Bliss has defined generalized anglet and generalized areal as
(15) ;i()) ORI [ VOORS O
respectively, in which 7 is the direction transverse to . It may be worth
mentioning that if in Fig. 1 we mark off on PT a length PN equal to f(7),
then the integrand of the second integral in (15) is the area of the rectangle whose
sides are PQ and PN, and the integrand of the first integral is the ratio of
the area of this rectangle to the area of the square whose side is PN.

3. The figuratrix in space. For an integral of the form

ty
(16) f F(z,y,5,2,y',2)dt,
131

in which x, y, z are functions of ¢, the figurative of the point (z, y, 2) is
defined§ as the surface F(x’, y’, 2’)=1. The figuratrix is defined as the
polar reciprocal of this surface with respect to the unit sphere >4y 422 =1.
We shall, however, deal with the integral |

ts
(7 f flx,y,2,7,0) (22 + "2 + 2’212t
t
where 7 and o are defined by the equations

«'/(2"2 + 92 + 2'%)12 = cos T cos 7,
(18) y'/(«'t + 9" + 3’212 = sin 7 cos 7,
/(2 + 92 + 2'HV2 = sino.

The geometric significance of = and ¢ is at once evident. If at any point
of a space curve the positive tangent is constructed, then = is the angle
which this tangent line makes with its own projection in the xy-plane,
and ¢ is the angle which this projection makes with the x-axis. The figuratrix
will be defined as the envelope of the two-parameter family of planes

(19) pcostcosa+ gsintcoso+7sine = f(r,0),

* Cf. Bolza, loc. cit., p. 369.

t Bliss, A generalization of the notion of angle, these Transactions, vol. 7 (1906), pp. 184-196.

1 Bliss, Generalizations of geodesic curvature and a theorem of Gauss concerning geodesic triangles,
American Journal of Mathematics, vol. 37 (1915), pp. 1-18.

§ See Hadamard, loc. cit., p. 96.

|| Cf. Rider, The space problem of the calculus of variations in terms of angle, American Journal
of Mathematics, vol. 39 (1917), pp. 241-256. This paper will be referred to as Rider (II).
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$, g, r being rectangular coérdinates with respect to an origin P on an ex-

tremal.
As before, this envelope can be proved identical with Hadamard’s

figuratrix. In this section we shall develop some of its properties, which
are perhaps even more interesting than those of the figuratrix in two di-
mensions. Where the generalization from two to three dimensions is quite
obvious, proofs will be omitted.
By differentiating equation (19) partially with respect to 7 and ¢ we
obtain the equations
— psintcose + gcostcoso = f,(r,0),

20
(20) — pcostsine — ¢gsinrsino 4 rcos o = fo(r,0).

Solving equations (19) and (20) for p, ¢, r (this can be done if cos ¢0),
we get*

p=fcosrcoso — f,sint/cose — focosTsina,
(21) qg=fsinrcoseo + f,cosr/ cose — f,sinrsina,

r = fsineo + f, cos o,
the rectangular codrdinates of a point Q on the figuratrix. It is readily
verified that PQ = (p*+¢"+7")"*=(f*+f?/cos’a+f2) V2.

~LB -
V< 7

Fic. 3

Let PN =f(r,0), PM=1/f(r,0). (See Fig. 3.) Draw NU =f, making
an angle of 7/2 with PN and lying in the plane of PN and the r-axis. Then

* Cf. Rider (II), p. 243, equations (5).
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the line-segment UQ will be parallel to the pg-plane, perpendicular to NU,
and equal in length to f;/cos ¢. Moreover

The polar figurative is the pedal surface of the figuratrix with respect to
the origin P;

The indicatrix is identical with the (rectangular) figurative;

The polar figurative and the indicalrix are inverse surfaces with respect
lo the sphere p’+q*+r’=1;

The figuratrix and the indicatrix are reciprocal polars with respect to the
sphere p*+q@*+rt=1;

The plane NUQ is of course tangent at Q to the figuratrix ; the plane through
M perpendicular to PQ is tangent to the indicatrix at M ;

The normal to the polar figurative is the line joining the point N with the
middle point of the line PQ.

The direction PT'(7, ) which is transverse to PN(r, o) is given by the
equation*

f( cos 7 cos ¢ cos ¥ cos & -+ sin 7 cos o sin 7 cos & + sin ¢ sin )

cost _ _ sinrt
+ fi{ ——sin7 cos & —
cos & cos o

Cos 7 cos ‘&')

— fo(cosTsine cos7 cos -+ sin7sinosin7 cosd — cososing) = 0.

Since the direction cosines of PT'(7, &) are cos 7 cos &, sin 7 cos @, sin G,
and those of PQ are proportional to p, g,  of (21), it is seen that the direc-
tion PT (7, &) which is transverse to the direction PN (r,0) is perpendicular
to PQ.

It follows at once that if iransversality means orthogonality, the function
f(=x, v, 2, 7, @) must be of the form g(x, vy, 2).

The parameters of the surface (21) are 7 and ¢ and the fundamental
quantities of the first order are

E=2p2+4q?+r?, F = ppe + ¢:¢0 + .75, G=p2+q2 +r2.

The functions ps, ¢r, 7:, pe; ¢o, 7 are the quantities —a;, —as, —a; —b,,
—bs, —bs, respectively, found in an earlier paper by the writer,} and it is
not difficult to show that

* Cf. Rider (II), p. 250.
t Rider (II), pp. 243-244.
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E = (f,tano + f,)?/ cos? o + (f + f.0)2,

F = (frtano + f) [(f + for) + (f — fo tan o + f../ cos? )],
G = (f. tan ¢ + f,,)? + cos?o(f — f, tan ¢ + f,./ cos? )2,

H = (EG — F)'* = % f,/ cos o,

where
fi= (fcos’es — fosinocos o + for)(f + foo) — (fr tan o + f,)2.
If
_ 1 q- A _ 1 |7 Pr _ 1 Pr qdr
_H qs f,’ —H Ts Pa, ~H P Q¢,

then X=cos 7 coso, ¥ =sin7 cose, Z=sino. This result is to be ex-
pected; for X, ¥, Z are the direction cosines of the normal to the figuratrix,
and the plane (19) is tangent to the figuratrix. The fundamental coefficients
of the second order for the figuratrix are

D= Xprr + Yq" + Z’fr = - (Xf?r + YrQr + Zfrf)

— (fcosto — f,sinocoso + frr),

D = Xprv + qu' +Zr, = — (era + Yan + Zr'c)
= - (var + quf + erf) = - (ff tan o + f'rv),
D” = chv + Ych + Zrcv = - (chc + YUQG + Z,f.)

= - (f + jﬂr) .
Tke total curvature of the figuratrixz is (DD''—D'*)/H?=cos? o/f;. Since
for a regular problem f; must be positive,* the figuratrix is a surface of positive

curvature at Q.
It can be shown that if the integral (17) is to be minimized or maximized

the function f; cannot be negative. If we assume f; >0, then D and D’/
must be negative for a minimum and positive for a maximum.}
The Weierstrass e-function for the integral (17) ist

e(T)G’;’ai) =f(?73)
— [f(r,,)( cos 7 cos o cos T cos 7 + sin  cos ¢ sin 7 cos ¢ + sin o sin 7)
fi(7,0)

cos o

cosg( — sintcos7 + cosrsinT)

(22) +

+ fo(r,0)( — cosTsino cos T cosg — sinrsinesin7 cos o
+ cososing)].
* See Rider (IT), p. 249.

t See Rider (II), p. 249.
 See Rider (II), p. 247.
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But PS, the projection of the line PQ upon the line whose direction is
(7, 7), is equal to

(23) pcosTcose + gsinTcose + rsing,

in which p, ¢, r are given by (21). Itis not difficult to show that the ex-
pression (23) is the same as that in the square brackets in (22). Therefore,
if PN =f(7, ) is marked off on the line whose direction is given by (7, ),
the e-function is the line segment SN. If the integral (17) is to be made a
minimum, we must have e(x, y, 2, 7, 0, 7, 0)20 for the set of values
(%, ¥, 3, 7, 0) giving the point P and the direction of the extremal at that
point, and for all values of 7 and .* Consequently, the projection of PQ
upon the line r=7, 0 =7 cannot be greater than f(7, 7).
The e-function may be written in the formf

e(r,0,7,0) = — 3 [F—7)D + 2(F — 7)(@ — o)D' + (7 — 0)2D"] + h.

Thus,} the e-function is the distance from the point (—Q(F, o) on the figuratrix
to the tangent plane at the point Q(t, o), except for an infinitesimal of at least
the third order with respect to (7—7) and (¢—0).

Since the e-function must be positive for a minimum of the integral (17),
the figuratrixz is concave at Q toward the origin P.

The statements regarding discontinuous solutions admit of obvious
generalization from two to three dimensions.

4. Generalization to # dimensions. For the sake of completeness we
shall generalize for the case of #» dimensions. Let us consider the integral§

ty
(24) f f(xl) Tty Xny T1y 7'1t—1)(xll2 + T + xﬂ’!)l/Zdt,
&

in which the «’s and 7’s are functions of ¢£. The quantity 7,_, is the angle
made by the positive tangent to a curve with its own projection in the

(n—1)-space (x1, - - -, Zn1), Taz is the angle made by this projection
with its own projection in the (z—2)-space (%, - - -, %a—2), and so on.
Analytically the 7’s are defined by the equations

(25) 7= arctan (x/.1/(xf2 + - - - + x/2)1?) i=1,---,n—1),

* See Rider (II), p. 248.

t See Rider (II), p. 248.

1 See Eisenhart, Differential Geometry, p. 114.

§ Cf. Rider, On the problem of the calculus of variations in n dimensions, Td hoku Mathemati-
cal Journal, vol. 13 (1918), pp. 165-171. This paper will be referred to as Rider (III).
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from which it is seen that
(26) «!/(xf*+ - - -+ x/*)V2 =sinri1cos7i---cosTpa(i=1,---,n—1)

(if we make the convention sin 7o=1).

Let us now take as origin a point P(x;, - - -, #,) on an extremal for the
integral (24), and as coordinates the variables i, - - -, po. We shall de-
fine the figuratrix of the point P as the envelope of the variable hyperplane

(27) Z Ps Sin 7431 COS T * + * COS Tyl = f(‘l'l, ey, 1',._1).
fa=1
Differentiating partially with respect to 7y, - - + , Ta—1, We obtain the fol-

lowing equations:

— p15iDT1COS Ty * + - COS Tp1 + P2COS Ty« * * COS Tpy = f,‘,

— $1COST1SINT2COS T3+ * * COS Tp—y — P2 SiN 71 8iN 75 COS 75 * + * COS Tp—1

+ pscos T3 - - COS Tao1 = fr
(28) ¥
— P1COSTy "+ +COSTp2gSINTp_y — **+ — Pp18iDTp_gsinr,y
+ pacos a1 = fr ;.
If cos 72 cos® 75 - - - cos™? 7,;, the determinant of the coefficients of the

system of equations composed of (27) and (28), is different from zero we
can solve for the p’s obtaining

. COS 74-1
pi=fsinti1c087;- - -COSTp1+ fr;
COS T * * * COS Ta—1
n—1 1 1
SIN 7; SIN T3 COS 75 * * * COS Tj—1 .
(29) - Ef"i (i=1,.---,m)),
Py COS Tj41 * * * COS Tp—1

the rectangular codrdinates of a point Q on the figuratrix.

As in the preceding cases, the direction which is transverse to the direction
(T1y * + +, Tau1) 1S orthogonal to PQ.*

Since the normal to the figuratrix is parallel to the line PN, the direction
cosines of this normal are

(30) X; = 2! /(2f*+ - - -+ 2/2)2 = sinri1CO57; + * *COSTpa (i =1, +« -,1m).

* For the transversality condition see Rider (III), pp. 168-169.
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The fundamental coefficients of the second order for the figuratrix are then
defined as

(31) Djp=— 3 — —-

The partial derivatives occurring in Dj; are found to be

aX;
P = — sin 741 COS 7§ * * * COS Tj—1 SIN 7; COS Tj41 * * * COS Ta—1 Gzi),
T
oX;
—— = COSTi—1COST5* - COS Tp-1,
071
X,
— =0 G<i-1),
a‘r,'
ap; sin 7;sin 7¢_3 COS 74 * * + COS Tj1
—_— - (f cos® 7441 - - - cOSE Ty
drj COS Tjp1 * * * COS Ty
n—1
- Jrysin i cos Tx COs? 741 - - - cOS? a1 + frpr)
kmjt1
COS Ti_1
(frintanti+ fr_r)
COS 74 * * * COS Tp—1
=1 sin7isin 741 COS 75 ¢ + + COS Th—1
-3 (fr, tan; + for )
ket COS Tg41 * * * COS Tp—1
n—1 gj 3
sin 74 Sin 74.1 COS 74 * * * COS Tr—1 .
—_ (ffi tan 73 + ff’«'k) (] g- 1’) ’
Ko j4-1 COS Tk41 * * * COS Tp—1
dp COS Ti-1

= (fcosr;---cos?rpy
dT;_; COSTg* * *COS Tp-1

n—1
- E frpsin 7y cos 7, OS2 74 - + - €OS? 71 F fro_iep )
]

71 gin 75 sin 751 COS 74+ + * COS Tr—1

- (f"-l tan Tx + ff‘_lf Y
P COS Tg41 * * * COS Ta—1

d?{ COS Ti—1
—_—

(ffj tan 741 + ffif‘.l)

dr; COSTi: ‘- COS Tp-1

71 sin 74 Sin 743 COS 75 - * * COS Tk—1

- (fytanme+ fr) G<i—1).

k=g COS Tg41 * * * COS Tp—1
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It is found that

n—1

Dy = — (fcos?ripr -+ - €Os? Ty — Zf,,. sin 7 cos 7; €082 7441 + * - cOS?7;y
jmitl
+ ffi"’,‘) )
D= — (f,.. tan 7; +f,-.-,,.) (2 # ])
(It is assumed that f cos® 7441 - - - cos? 7oy =f when ¢=n—1.) The writer

has already shown that for @ minimum of the integral (24) the quantities Ds;
cannot be positive.*
Let us define the quantity H by means of the formula

9p1 a1 |®
et I

B = = 2. Dz,
3pn 3pn i=1
o 9T

where D; is the determinant obtained by omitting the 7th row from the
matrix. Thent

D; = ( —_ 1)‘—1f1X,-/ cos g cos?rs - - - COS”_z"'n—l,

where f; is the symmetric determinant

Du - - - D

Thus

H? = f2/(cos 2 cos 73 - - - COS ""2r,_1)2.
The total curvature of the figuratriz is

1 Dll T Dln (_ 1)"_1

_ﬁ. e e e e
Dln”'Drm fl

(cos Tacos? 73+ + « cos™ 2 1,_1)2.

* See Rider (III), p. 171. In that paper ay; is the negative of Dy;.
1 See Rider, On the fi-function in the calcubus of variations, Washington University Studies,
vol. 5, scientific series no. 2 (Jan., 1918), p. 100.
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The Weierstrass e-function is the function*

6(1’1, Tty Tﬁ—l)?ly Tty ;ﬂ—l) =f(?17 M} ;Fl-l)
- Z PiSinTi_1€OST;" - COSTpoy
=1
l n—1 n—1
= - = [ 2 Fi—m)Dut+ X F-r)Fi- Ti)Dii] + h,
2 =1 =1, jmitl

the ’s being defined by (29). It thus appears, that with proper restrictions
on the partial derivatives of f which occur in &, the e-function is the distance
from the point Q on the figuratrix to the tangent hyperplane at Q excepl for an
infinitesimal of at least the third order with respect to the quantities (7:—7s).
The concavity of the figuratrix toward the origin P follows, since ¢ must be
positive for a minimum value of the integral (24).

* See Rider (III), pp. 169-170.
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