TENSORS DETERMINED BY A HYPERSURFACE
IN RIEMANN SPACE*

BY
HARRY LEVY

INTRODUCTION

Bianchit has generalized the study of a surface in euclidean 3-space by
considering a hypersurface, V., immersed in an arbitrary enveloping space
of one more dimension. Associated with such a hypersurface there are two
differential quadratic forms, which in this paper we denote by gu.sdudu?
and Q.pduduf, where the u’s (o, 8=1, 2, - - -, n) are coordinates in V,.
These forms, known as the first and second fundamental forms of the hyper-
surface respectively, are defined precisely as are the two fundamental forms
of a surface in ordinary 3-space; the first in the case of a positive definite
form gives the square of the element of the arc,

ds? = g.sduduf,

while the second may be obtained by considering the variation of the first
order of the fundamental tensor of the space as one passes from the given
hypersurface to a nearby hypersurface geodesically parallel to the given
one. The variations of higher order, not considered by Bianchi, yield ad-
ditional tensors which are intimately connected with the study of the given
hypersurface and of the hypersurfaces geodesically parallel to the given
one. These tensors can be found by writing the linear element of the en-
veloping space in the form

o =e(du®)24copdudub,
where the curves of parameter #° are geodesics orthogonal to V, and the
parameter %° is the arc of these geodesics measured from V,. The coefficients
in the expression of c.s as a power series in %° are the required sequence of
tensors,

Cap=gap—2Qapt®+ - - - .

The hypersurfaces »°=constant are geodesically parallel and the funda-
mental tensor of any one of them is given by this power series with u°

* Presented to the Society, February 28, 1925; received by the editors in February, 1925.

t Bianchi, Lezioni di Geometria Differenziale, 2d edition, vol. I, or 3d edition, vol. II. Reference
may also be made to other works that have recently appeared, Der Ricci-Kalkiil, by J. A. Schouten;
Lezioni di Calcolo Differenziale Assoluto, by T. Levi-Civita; Vorlesungen iiber Differentialgeometrie, I1,
by W. Blaschke; Riemannian Geometry, by L. P. Eisenhart, Princeton University Press.
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replaced by the particular value of the constant. Hence these remaining
terms are essential, in particular, in the study of geodesically parallel
hypersurfaces.

We devote the first part of the paper to a brief capitulation of known
results, and to the proof of two theorems in general tensor analysis which
we need in the later development. In the second part we obtain the general
form of this sequence of tensors, expressing it in intrinsic form in terms of
known functions of the space and hypersurface. In the last part of the
paper we discuss some subcases, proving several theorems of geometric
interest.

The author wishes to express his appreciation of the valuable suggestions
and helpful criticism given him by Professor Eisenhart.

Part I

1. We consider a Riemann space of #+41 dimensions, denoted for
brevity by Va4:1; the fundamental form of this space*

(1.1 © =@, dx"dx’,
is assumed to have a non-vanishing determinant,
(1.2) a=]a| =0.

We denote by @™ the cofactor of a,, in the determinant ¢ divided by a
itself. We may then write

(1.3) ena®t = 6: (r,t = 0,1,2, ---, m),
where 8 is a Kronecker delta, that is,
. 0,r = ¢
(1‘4) 5’ = (f,t = 0:1; tt ')")'
1,r = ¢

Let [rs, f] and {,%,} be the Christoffel symbols of the first and second
kinds respectively, so that

1.5 [ t] 1 (aart + 04, da,, )
. s, =~ -
(1.5) § dx® dax" dxt

and

(1.6) {fs} = art[rs,t], [rs,t] = a,,,{rps}.

* As usual, the repetition of an index, once as subscript and once as superscript, indicates a
summation on that index over all values from 0 to »n. However, compare the remarks following
equations (4.3).



1926] TENSORS IN RIEMANN SPACE 673

We need also the Riemann symbols of the fourth order; denote those of
the first kind by R, and those of the second kind by R?,, so that

A1) Ry = o [psir] =z ot + ) b sl = { F Fbe),

(1.8) Ry, = ;6;,—{ ;s }‘ ai. { ,,r; }J’{ pks }{ krt}_{ pkt }{ krs}

and
(1 . 9) Rell = a‘qufqlh Rzﬂ'lt = aquq

pst”

These relations may be written in a number of other ways because of (1.5),
(1.6) and (1.9).* The properties of the R’s, namely that

(1 N 10) R‘r,at == Ri:tc ’
(1.11) R:st + R?I' + R’t’n = 0’
(1.12) Rprat = — Rprts = Rrph = Rtarpy

follow quite readily from the definitions. The reader is referred to Bianchi
for further details.

Let us denote the covariant derivative of R, with respect to #* and
the form (1.1) by Rp.... and similarly let R7,; . be the covariant derivative
of R?, Since the covariant derivatives of a;; and a¥ vanish,} it follows
from (1.9) that
(l . 13) R = amqust.e ) RP"‘" = a'“R:nt,o'

rste
Let us recall also the identity of Bianchif

(1.14) R:st,u + Rfm.n + R::u,t = 0.

Successive covariant differentiation of R}, and Rp.:. gives us a
sequence of tensors which we denote by R%,, ..., and R, y..... We
find that these R’s satisfy the analogues of (1.13) and the equations ob-
tained through the differentiation of (1.10), (1.11), (1.12) and (1.14).

* Bianchi, 2d edition, loc. cit., pp. 72, 73.

t Ricci and Levi-Civita, Méthodes de calcul différential absolu, Mathematische Annalen,
vol. 54 (1901), p. 138.

1 Bianchi, loc. cit., p. 351. Also Veblen, Normal coirdinates for the geometry of paths, Proceed-
ings of the National Academy of Sciences, vol. 8 (1922), p. 197.
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2. Consider a point function f(x?, 2!, - - - , #*) evaluated along a curve C.
If we write
dx"
(2.1) AT = (r=0,1,2,---, n),

ds

the N’s are the components of the vector tangent to the curve, s being its
arc;* the derivative of f along C is given by

a
(2.2) —f = frx',

as
where f, is the derivative df/dx". The second derivative, d%/ds? can be
obtained by differentiating the right hand side of (2.2) covariantly with
respect to x' and the form (1.1), multiplying by A\, and summing on ¢.
We obtain
%
9s?

(2.3) = fr\'A 4 AT, N

where f,; and \" are the covariant derivatives of f, and A" respectively.
If C is a geodesic, and if we denote its arc by #° we must havet

(2.4) dxxr n { r } dx’ dx’ 0 ¢ 0.1.2 )
. = r = , N N .« o e ” .
(du®)? ij ) du® du® ’

This may be written in the equivalent form}

(2.5) AN =0,

where N ; is the covariant derivative of A" with respect to #* and the form
(1.1). In equations (2.3) the second term drops out by virtue of equations
(2.5), so that we have

oY
(9u°)?

(2.6) = fraA"A%.

By induction it follows that
amf
(0u%)™

(2.7) = frlrz...rmxnkr’—xrm (m = 112’ cee )'

* If C is not a null curve, that is, if, for C, a;jdx‘dxi #0, the arc is defined, ds?= Iaﬁdx"dx' . If
C is null, s must be interpreted as a parameter along the curve. Cf. Eisenhart, loc. cit.

t Bianchi, 2d edition, loc. cit., p. 334, or any of the other works on this subject.

1 Cf. Levi-Civita, loc. cit., p. 291, or any of the similar works.
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Hence we have the following theorem :

The mth directional derivative of any function f along a geodesic is obtained
by taking the inner product of the mth covariant derivative of f with N\ - - - \re,
where ' is the vector tangent to the geodesic.

In particular, it follows that, if —x*is taken for the function f we must
have

anx’ i dxn dx'm

@~ "™ duo du’

where the functions T';....,, are formed from —x¢ by the formal process of
covariant differentiation,

(2.8) (1=0,1,2,---,m),

. aTr (7 i
(2.9) r - } = { },
e dx* " A\rs rs
4 . .
. oI'rs 0 J i J
1] — —_ 13 — .
T = Sxt I""{r t} r"{s t}’

Hence that solution of equations (2.4) which has initial values y*and ¢,

) . dx*
x* =y = §,
o du® [yom
must be* ' e
. . . 1 i 1
2.10)  af = yit b0 — ;{”} FEG! = — ThEPEw)!

)

where {,%,} and the I"s are evaluated for the point *.
3. We consider an arbitrary tensor T,; ..., expanded in a power series,
for simplicity, in one variable,

3.1) Tij.n = T:?k + Tﬁ;-)uk(x“) + Tt'(iz-)-‘k(xo)z + .-

(i:j’ k=0: 1’ 2) "',")-
If we make the transformation of coordinates defined by the equations
20 = i9,

(3’2) ¥ = xi(ily jz’ ] j") (i= l) 2) ] ”)r

* Cf. Veblen, loc. cit., p. 192.
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the components T; ..., in the new coordinate system undergo the usual
tensor transformations, which in this case, and for a covariant tensor,
reduce to

3.3) 7 _ i T dx> Jx+ dxv
' RN P RP Y OF

(a)6)7=1)2"":n)°

Since x° appears only in T and not in the derivatives, it follows by differen-
tiation of (3.3) with respect to x° that

1.::n A
— (m) dx dx# ax”
3.4 Tagoerw= E Tru...» e
(39 A B P Y Iy S P

that is, that T (m) are the components of a covariant tensor in x°=0.
The similar result for a mixed or contravariant tensor or invariant ob-
viously is valid. If the expansion (3.1) is in a series of several variables,
the result holds for the variety of the remaining variables. Putting this
in the form of a theorem, we have

If Tij...r and Ti;. .. are the components of a tensor in the coirdinate
systems x and % respectively, and if these coordinates are related by equations

x* = I° (a=0)1’2,""?—1))

ar = xu(ZP, FPHL, ..., F") w=p,p+1, -, m),
then the coefficients in the expansion of T, ..., in a power series in x° x',
-« « ,x?1 are the components of a tensor in the subspace x*=constant
(@=0,1,... ,p—1), and the components of this tensor in the codrdinates
&7, ... , Z" are the coefficients in the expansion of Thr,. .., in a power series
n x% ', ... ,xPL,

Part IT

4. We consider a hypersurface of » dimensions denoted by V, im-
mersed in V,; with the quadratic form (1.1). Such a spread is defined by
the equations

4.1) af = fi(u',u?, cey U (1=0,1,2, ---, n),

(i =0,1,2, -, n)
a= 1,2,---,n
is of rank #. The fundamental form of V, is given by

4.3) ¢ = gapduduf

where the jacobian matrix
aft

duc

4.2) J =
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where

aft  afs
(4.4) gaﬂ = aij_' —_—

ouc  ouf (a>B= 1,2, "')”)‘

In equations (4.3), @ and B are summed from 1 to #, and throughout the
remainder of this paper Greek letters will be reserved for such summations,
while Latin letters as 7 and j in (4.4) indicate a summation from 0 to #.

When the form (1.1) is positive definite, (4.3) will be likewise; but when
no assumption is made concerning the definiteness of (1.1), it is necessary
to assume explicitly that the functions f? are such that the discriminant g
of the form (4.3),

4.5) g =|gasl,

is different from zero.
As usual, g*® denotes the cofactor of g.s in g divided by g itself, so that

(4.6) gapgﬂ“’ = 3: (a"y = 132y Tty ”),

where 62 is defined by equations (1.4).

Eisenhart* has shown that the condition g0 and the condition that
the vector normal to V, be not null are equivalent; hence if we denote the
components of this vector by £ they may be chosen so that

(4.7) el = e,

where ¢ is plus or minus one.

The investigations we wish to make will be facilitated if instead of the
general coordinate system x° «!, ... , 2" we make use of a codrdinate
system #° #!, - - ., u" where the #° codrdinate of a point measures the
distance of that point from V, along a geodesic normal to V, and the co-
ordinates #!, 42, - - -, u™ are any coordinates in V,. In these coérdinates
we find thatt

(48) C11 = €, Coa = Ca0 =0 (a=1)27 R ”);
where e is defined by equation (4.7), and hence the form (1.1) becomes
(4.9) o = e(du®)? + copducdu®.

* Eisenhart, loc. cit., p. 144.

t Cf. Bianchi, 2d edition, loc. cit., p. 336, when the form (1.1) is assumed positive definite.
Eisenhart, loc. cit., p. 146, treats the general case.
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The equation of V, in these coordinates is #°=0, and equations (4.4)
become

(4.10) gap = Cap(0,u!, - - -, u™) (2,8 =1,2,--,m).

If ¢ is the cofactor of ¢;; in the determinant ¢=|c;;| divided by c itself,

(4.11) g°f = c*f(0,u!, - - -, u"™) (a,8=1,2, -, m).
We observe further that the components in the codrdinates u* of the

vector normal to V, are given by

(4.12) 2=1, a=0 (a=1,2,-,n).

5. Bianchi considers the variation in the fundamental form of V.4,
as one passes from V, to a hypersurface geodesically parallel to V,. Letting
¢ be the constant distance between these two hypersurfaces, he finds that*

(5.1) dp = e(jﬁi) dudub,
6u° 0
and he defines functions Q.5 by the equations
(5'2) Qap = _1— Oces
2 au" w=0

The two quadratic forms that we are thus led to, g.pdudu? and Q.pdudu?,
known respectively as the first and second fundamental forms of the hyper-
surface, are of prime importance in the study of the variety. But their
coefficients g.s and Qqs are only the first two terms in the expansion of cas
in a power series in %°,
@ ®

(5.3) Cap = gap — 2Dapts® + cap(u")? + cag(v®)* + - - -,
so it is natural to inquire into the nature of the remaining terms.

That the functions ¢ are of an intrinsic nature is shown by the fol-
lowing theorem:

The functions c% are tensors in the hypersurface and snvariants in the
Space.

The proof of the first statement is a direct consequence of the theorem
of § 3. For the second part we observe that if we had, in V,,,, two general
codrdinate systems x and Z it would follow that

CEANEZ (_ az 65:’) 9x* dx' _ 9IT 9%

aij
du* ouf

= Qrs —
ou= duf Juc au"’

Qrs - -
dx* dx?

* Bianchi, 2d edition, loc. cit., p. 360.
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and hence ) )
dx* dx’
Caf = Q55—

ue a_up (a’ﬁ=l,2"°"”)

is an invariant in Va4, and consequently the functions ¢ are invariants
in V,..H.
6. We devote the remainder of this paper to the determination of these
tensors and to some applications to particular spaces and hypersurfaces.
From the definitions of the Christoffel symbols in equations (1.5) and
(1.6), we have that, for the fundamental form (4.9),

lac.,
2 9u®

(6.1) [00)0] = [Oosa] = [Oa’O] =0, [Oa)B] = (a,8=12,---n)

and hence that

o (A Lol e
D VoS 0o W0ef P02 e WAL

If we evaluate Roqs0 from equations (1.7), we are able to solve for the
second derivative, obtaining that

0%, 1 OCe dc
6 - Roapgo + = ¢78 ’ ad
(0u0)? 2 ou®  oud

and hence, by virtue of (4.11) and (5.2),

(2)

(6.3)

(a’ﬂ =12, .. ')”))

(6.4) Cag = Roaﬁo + Q:Qp-,,
where
(6.5) 9: = g‘YﬂQaﬂ = g"ﬂﬂﬁay

and it is understood in (6.4) that Ro.s is evaluated on the hypersurface.
For a general coordinate system, x° «!, - - -, 2% in the space, the third
fundamental tensor is given by
@) - dx7 9JxF . -
(6.6) Cap = Rijrii— —— £ + @ Qp,,
oux Juf

where the R’s here are the Riemann tensors with respect to the fundamental
form of the x’s.

We can obtain d%.s/(94°)® by differentiating equations (6.3),
0%aqp 2 1 4 ( o 0Cay Ocgs ) )

6.7 = 2 — Roapo + - —
(6.7 Gyt o et G U0 ud
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The ordinary derivative of Roaso has not an invariantive significance,
and so it is preferable to replace it by the covariant derivative Roago,o.
From the definition, simplified by virtue of (6.2), we obtain that

i) R R 1  9cas R 1 dcsy R
(6.8) g0 o0 = 0ap0,0 + EG"' g0 Youse +’2'6"' g0 oare:
Furthermore, from
(6.9) C¥Cig = C*Cqp = 8: (2,8=1,2,:--,m)
it follows that
0cq8 dcev
6.10 cov = - .
(6.10) aud " g0

Hence equations (6.3) are equivalent to
0% ay s 1 0cay 9C%7

@u0)? 0= 327940 gu0

ctr

from which we obtain that

] Can 1 9cay 0%
6.11 —| ¢ = 2R} 4 - .
(6.11) 6u°( 6u°) 00 2 Ju® Qul

Substituting (6.8), (6.11), and (6.3) in (6.7) and making a slight simplifica-
tion due to the equalities

(6.12) Roapo = Ropao, R‘f,ao = ¢P"Roya0 = ¢#"Roayo,

we obtain that

dc

aacap
= 2Rqapo,0 + 2c# 3

(0u°)®
To obtain the fourth derivative in intrinsic form, we observe that be-

cause of equation (6.2) we are able to write

6 Cra 30 »B }

1
= Roapo,00 + 56"' {au" 0xp0,0 + vy Roayuo,0

(6.13)

@ dc B
“0 ROrﬂO+ - ROavO)-
u

8Roago.
(6.14) 02p0.0

Furthermore, in the consideration of the term

0Cpa
ou’

cw Ro,p0
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of equations (6.13), differentiation of the first two members by application
of equation (6.11) introduces, among others, the term

OCua Ocwr

ou®  Ju’

0780,

while the application of formula (6.8) to the differentiation of R0 intro-

duces

OCpa 9Cqy
cV

ou’ ou’

c¥

o«po;

because of equations (6.10) these expressions are equal numerically, but
opposite in sign; the two similar terms obtained in the differentiation of

likewise cancel each other. These are the only cancellations occurring, so
that we have

a‘caﬂ "
w0 2Roapo,00 + 8R; ) Roupo
(6.15) +3 <ac,,,, Rovpon + 2 R )
N [Add »B0, a0,
auo 0»50,0 auo 0a»0,0

ICoa ur Ic.p )

c
0 dud

+ 2Ropuoc??

Similarly, we obtain 9%.s/(0%°)® by differentiation of (6.15), but instead,
let us turn to the general derivative to evaluate it.

7. For the consideration of the general coefficient it will be desirable
to introduce a slightly more convenient notation, in part necessary for the
sake of clearness. We can see that the covariant derivatives of Roqs0 with
respect to #° and of all orders will appear in the following pages and we shall
denote by Roaso, n and Riso, 1y the Ith covariant derivative with respect to
%° of Roapo and Rig respectively. Thus,

a a
Roapo, (31 = Roapo,000, Rogo, 141 = Rogo,0000-

For symmetry in our formulas, we shall interpret Roago, (0 as merely Roago,
that is,

a a
Roapo,10) = Roapo, Rypo, 101 = Ropo.
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With this notation we are able to write the general formula suggested
by equations (6.8) and (6.14), namely

(7.1) a R R " 1 (ac,aR " ac,,R )

. o a = a B0, bl Zad , apl, .
S0 - 0aB0- 111 00 (1] T 00 \ T Rouso. 1) T Roawo, (1
This follows immediately from the definition of covariant differentiation
when the Christoffel symbols are subject to equations (6.2). Similarly
we have for the covariant derivative of the four-index symbol of Riemann

of the second kind, that

dRop0.11 « 1 9c,p a 1 dcur
w = Rogo,11411 + EC“" P AU 5”“ du° Rogo,111-

In the following discussion there will arise contracted products o1
several R’s. We introduce the notation R [k, - . . ky1as, defining it by the
equation

(7.2)

(7.3) Ritr--- ty1as = Rouso. (k1) Rowso. tia) - - 'R:ﬁ;_’lo,lk,,_zl R:;’o:‘ (ky—11 Rour 0, (ky1 -
We note that N may take on any value 2, 3, - - -, while the £’s may take
on0,1,2 -... For further clarity let us observe that

Rio1}ap = R:aOROnﬂO.O,

R2101a8 = Ro»0,00R0a0,0Rous0-

From the definition, from equations (6.12) and from the equations de-
rived from (6.12) by covariant differentiation, it follows that

(7.9 Rikrkr...kylad = Riky_gky_z - kikyky_ 18-

If we differentiate equations (7.3) covariantly with respect to #°, we
find that

N
(7.5)  Covariant Deriv. of Ryt -- ky1a8 = 2 Rikr- ok kghlk gy kylaBe
fam1

Again, if we evaluate (3/0u°)Ri,... ryjas Dy means of equations (7.1)
and (7.2) we find that the term Rgj o0, %1 of R contributes the single term
RO 0. k11, for the other two terms which arise from the derivative of
Rai, 0. 1,1 are cancelled by two similar terms one of which arises from the
differentiation of Rg;%,(x, and the other from the differentiation of
Rt 0. tx;,,1; hence we have that

0 n
s Ribr..okglap = 2 Ribioo by bit1hgy, - kylas
u =1

(7.6) " 1 09ca
. — cwr
2 ou

ac.p

oul

1
Rk kylan + it Rikr-- kylap
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We thus see that the differentiation of R ... ryas introduces terms

of the type
ac,p

oul
and accordingly we should like to have the expression for the derivative
of a term of this type. Equations (6.11) and (7.6) enable us to obtain it;
here again there will be a cancellation, the second term of (6.11) annulling
one of the terms introduced by the differentiation of R. Observing that
R:DO Rul... ky]¢u=leuk1 <o ky_,00ap, WE are able to write

(Zad [k1...kylap

d 66.3
7.7 P cwr P Rikr...kwa ¢ = 2R(kyks...kn—101a8
ac.p N
+ cwr D Rikr...kiorktlkir1.. knlad
U =1
1 9Cc,rg OCoa
+EC“'6" on0 oud Rik.krlru:

Either from equations (7.4) or directly, we have the similar result that

ou? ou

ac »B

d ac,,
cwr ‘R[hmlm]na = Z‘R[h.--lm—xoknl Ba

¥
s ;R[kl...k‘_lkﬁlkﬂ_l...knlpa
-

(7.8) + o

1 9y O0Coa
+ 2 cwrghe

{k1...kxylul-

Finally, we observe that we need a formula for the derivative of
36,., dc »8
U aud
This we obtain from a combination of equations (6.11) with either (7.7)
or (7.8). Here again the term arising from the second term of (6.11) will
cancel the one arising from the last term of equations (7.7) (or (7.8)). The
result therefore is

i) 9Coa OC,p
——{c"'cn' = ‘Rh...mu}

crocur kr...kxlAue

Q. I\
ou’ ou® Ju®
ac (7] Cea
(7.9) = 2cw —— Riiy...kn—10knlan + 26* —— Riryks.. . kn-10128
ou' ou’
Coa 0Crg &
+ cMoew D Rikro.okiotkitlkip1. .. kalhn-

ou’ Ju’ o
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The formulas here obtained, namely (7.6), (7.7), (7.8) and (7.9), indicate
the general character of d™c.s/(0u°)™ and lead us to write the following
expression :

0™Cap = (m)
s = 2R0aBO.[m—2] + Z quz...aNR[ﬂ...aN]aﬂ
(0u")™ e
acka i (m)
+ " { (m — DRoupo,tm31 + 20 Ery..onRirn..comius }
7.10 "
( ) aC)a m71 —=(m)
+ CM‘ auo (m - 1)-ROuaO,[m—:S] + z En...rNR['rp..‘rN]na
N
Ira OCop (m(m — 3) 2
+ [ndrdd o o { Rowo,[m-n + Z Fn...nﬂ{[n...rn]nv }
ou ou 2 ,N

where the D’s, E’s, and F’s are constants to be determined, and where > .,
represents the sum over N=2,3,4 - - - and ¢;=0, 1, 2, - - - and such that
2N+0’1+0’z+ e +a~=m.

Since d™c.g/(Qu®)™ is symmetric in « and S, the right hand side of (7.10)
must be also, and independently of the R’s; this gives us conditions which
by virtue of equation (7.4) become

(m) (m)
Dn ooy & Day_gnv_s ©e.01ONON_1)

—(m) (m)
(7.11) E‘rl...fN= En‘..rN;

(m)
Fn...nv =F

THmge Ty Ty TN
If we form 9™t'c,s/(0u)™+! by differentiating (7.10) with respect to #°
making use of the four fundamental formulas (7.6), (7.7), (7.8) and (7.9)
and of equations (7.4) and (7.11), and compare the result with the equation
obtained from (7.10) by writing m+1 for m, we obtain the justification for
the precise numerical coefficients of (7.10) and at the same time we find
recursion formulas for the D’s, E’s, and F’s. To facilitate this differentiation
and the collection of the results, we observe that there are three types of
terms in (7.10), those in which dc¢,,/04° does not appear, those linear in
these derivatives, and finally, those quadratic in them. Those of the first
type can arise only from those of the first or second type, those of the second
type arise from all three types, but those of the third type arise only from
those of the second and third types. With these observations the recursion
formulas follow immediately from equations (7.6) to (7.9); they are
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(m) m L)
Z D Pi-1Pi_1Piy1--+PN + z(m ) PN 8‘,"_1

fa=]

(m) m—
(7.12) + 2B, oy aed iy + 20m — 1o, 8,
(m) 0
+ 2E9N_2py_ FlPNBPN!

(m+1) 1 pim (m)
Ecn oy Dc —oN + ZE co—=1...0n

(7.13) m 0
+m(m — 3)é vN_4 + 2F ’N—l’la?'ﬂ’

(rn+1) (m) (m)
r = Z F cori=loTy + Eu
=1

(7 . 14) (m)
+ % TN—2TN—3.e .TITNTN 1)
where the &’s are defined by equations (1.4) and where a D, E, or F with
a negative subscript is to be interpreted as zero.
Summing up these results in the form of a theorem, we have the following:

The mth derivative of cas with respect to u® is expressible as a non-homo-
geneous polynomial of the second degree in the first derivatives 9dc./0u°
W\, w=1,2, - -, n) whose coefficients are polynomials in the Riemann tensor
and its covariant derivatives of orders less than and equal to m—2.

8. The fundamental tensors in questions, ¢y, are the derivatives
evaluated on the hypersurface #°=0. We recall the definition of Q.s and
Qs from equations (5.2) and (6.5) respectively, and the relations (4.10)
and (4.11) between g.s and c.s. We observe further that if Rijttr-vns
is the R in a general codrdinate system, we must have

(8.1) Roapo,t1 = Rhijkir,...r, P —— kg .. g

where £'=0x¢/du° is the normal vector to V,. Hence this theorem follows :

The fundamental tensors of a hypersurface are expressible in terms of the
first two fundamental tensors of the hypersurface and of the Riemann tensor
of the space and its covariant derivatives, evaluated on the hypersurface.

For reference we shall give the explicit values of the first five of these
tensors, the first three being obtained directly from equations (6.4), (6.13)
and (6.15) and the others by repeated application of the recursion formulas



086 HARRY LEVY [October

(7.12), (7.13) and (7.14)*:

(2) ¥
cap = Roapo + QaQys,

W 2 4
Cap = — Roagoo — — (Roavo28 + Roysol4),

3! 3!
[0) 1 u u
Capg = Y (2R0ap0,00 + 8RoaoRoupo — 6Roau0,0Qs

A
(8.2) — 6R0pu0,02 + 8Rou00a0s),

® 1
Cap = —{2R0ap0,000 + 14R0acR0,80,0 + 14R0a0,0R0,80

w

!
— 89%(Roupo.00 + 2R0,0R0550) — 895( Rouas,00

» by
+ 2RouoR0sp0) + 202.2Ronu0.0} -
For m=6, we find

® 1
C:a = —(2Roap0.0000 + 22R:a0R0nﬂO.00 + 28R040.0R0u80.0
6!
4+ 22Roq0,00R0u80 + 32Rﬁv0R;a0R0uﬁo)
10 » »
(8.3) — — @*(Roup0,000 + 3Rou0R0s80,0 + SRouo,0R0»80)
6! ¢

10 13 »
- aQS(ROyaO,OOO =+ 3Rou0R0va0,0 + SRouo,0R0ra0)

1 »
+ ’z 9292(36130”0,00 + 32RoroRo0s40) -

Part III

9. We finally turn to the consideration of the tensors, and to obtaining
some general properties. We have already observed in § 5 the geometrical
interpretation Bianchi obtained for the functions Q.. We shall here give
another, one which has its analogue in 3-dimensional differential geometry.

Consider the hypersurface generated by the geodesics of V.4, tangent
to V. at an arbitrary, but fixed point P of V,; such a hypersurface we call
the tangent geodesic hypersurface to V, at P. We prove the following theorem :

* These values of cs)were found by me first by making use of general codrdinates. However,
at the suggestion of G. Y. Rainich I made use of the particular coérdinate system introduced in
§4, and that not only enabled me to obtain my previous results more readily, but also made possible
the determination of the general expression for cf,';) (equations (7.10)).
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If Vv, is the tangent geodesic hypersurface to V. at a point P and if P’ is
a point of V. neighboring to P, then the distance from P’ to V., is given, except
for terms of higher order, by — ieQupducdu®.

The proof is very direct. Let us find a parametric representation of the
tangent geodesic hypersurface. The geodesic through the point with co-
ordinates (ug), #g), - - - , #@) and direction ({9, ¢, - - -, ¢") at this point
has for its equation, when the codrdinates of the space are the #’s, the
infinite series

‘ . 1 s 1 .
(9.1) #' = wu + s — 2 {rafirees? — 3—'1‘,.,{'{?‘.9‘— e (8=0,1,---m),

where the functions T are formed with respect to the linear element (4.9)
in precisely the way in which the I'’s of equations (2.10) are formed with
respect to the linear element (1.1) and are evaluated for the point % .

If we take for %y the point P with cosrdinates (0, %), %@y, * - - » %)
and for the direction one with components (0, {?, ¢2, - - -, ), the geodesic
is tangent to V, at P. When we set v* = {°s, equations (9.1) become
1 1_

uo Eg— 5 {Bo,y}vpv'l —_ 3—'1"(;161)5”‘71)5_ e,

(9.2) )
a 1«

U= uq + v* — 2 {or} o7 — - - -
These equations, when we regard !, 2%, - - -, 9™ as parameters, define the
tangent geodesic hypersurface. Since the #° coérdinate of a point (u°
u!, - - -, u") is the distance from the point to the hypersurface V,, the

required distance, D, from a point P’ of the tangent geodesic hypersurface
to V., is given by

D=—3% {po,}v"v‘f.

But 9 is duf except for terms of higher order; furthermore, by virtue of
equations (4.8), {s%} =eQs,. Hence

9.3) = — 1 0y, dufdur.

This proves the theorem. We may make the following further observations.

The contact between a hypersurface and its tangent geodesic hyper-
surface is in general simple. A necessary and sufficient condition that it be
of order higher than the first at a point P and in the direction { is that

(9-4) Qaﬂfafa =0
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at P. If (9.4) holds for every direction and at every point of the hyper-

surface, we have
Qap = 0.

We observe that hypersurfaces for which Q2.,5=0 may be classified by
means of the equations

@@ oW D g

a8~ ‘ap of ’ af
The larger the value of m for which this is true, the more nearly will the
geometry of the space and the hypersurface be the same. In general a
space does not contain any hypersurface for which ci’,',')=0 for all m. We
shall not at present carry the problems here suggested any further; instead
we shall consider, in the remainder of this paper, a few special cases.

10. First suppose the form (1.1) or its equivalent (4.9) is reducible to a
form with constant coefficients. Such a space we call a flat space. We observe
that a flat space with a positive definite form is euclidean.

For a flat space, R;jz: and its covariant derivatives vanish identically;
from (6.13) it follows that ™ =0 for m=3. For cf,’};, m<3, equations
(8.2) become

) (6)] (6]
(10.1) c:‘, = gap, o= — 2ap, Copg = 9,.,9;.

Bianchi* has shown that

9t off aft af*

10.2 Qus = — ay; a
( ) ’ Y our dud oux oub

where the f’s are those of equations (4.1), [rs, t], are the Christoffel symbols
of the space with reference to the form (1.1) and &¢is the vector normal
to V., referred to the general coérdinate system of (1.1).

If the space is flat, we may take generalized cartesian codrdinates,
that is

ai; = 0 (i;éj),
(10.3) ai=1 (t=0,1,---,m),
gji=—1 (j=m+1)"°rn)~

Then we have

m Q& aft N o 9g7 off
(10.4) Qus = _E _f — £ L,
im0 Ou* ud o1 0u® 9ud

* Bianchi, loc. cit., p. 360.
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and hence

n OF OF Y, OF o
10.5 ¢® = -
( ) o .-§ our du®  jimp10u* 0ud

This is precisely the coefficient of the third fundamental form of the
hypersurface for euclidean space* in which m =n.

If V. is a hypersurface geodesically parallel to V, and if we denote by
Eapy Las, E.‘f} the coefficients of its three fundamental forms, we have from
equations (5.3) that

Eaﬁ = gap — 2Qapc + Qay@lc2,

(10.6) Qaﬂ = Qaﬂ - Qa‘yQ;c’
(2)
5 - 9,

where c is the constant distance from V. to V.. We observe

In a flat space, hypersurfaces geodesically parallel have the same third
Sfundamental form.

The last two theorems of § 12 hold for flat spaces but as the proof for
the special case is similar to the proof for the general case we shall give
only the latter in the later section. .

11. Let us next consider the case when V, is such that R;jx;,m=0.
This group of spaces contains as a subset the spaces of constant Riemann
curvature; for if the curvature of. V., has the constant value of K,, thent

(11.1) Rijri = Ko(airaji — @aaji),

and from this it follows that R;;x;,»=0. We can give a geometrical inter-
pretation of the vanishing of R;jxi,m by means of the following theorems.

Let Ni(2=0,1, 2, - - -, n) be the components of an arbitrary contra-
variant vector, defining the congruence of curves whose differential equa-
tions are

Further, let A\;* and \yj® be the contravariant components of two vectors
arbitrary except that each forms a family of parallels along and with
respect to the curves of the given congruence, in the sense of Levi-Civita.

* Bianchi, loc. cit., p. 474; cf. Eisenhart, loc. cit., p. 219, for the general flat space.
t Bianchi, loc. cit., pp. 75, 343.
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Then

A mecessary and sufficient condition that the Riemannian curvature of
(1.1) be constant along the curves of the given congruence and for any pair of
directions of the type of Ny and Ny is that Rijxi, m\™ vanish.

Before we prove this, let us observe that an immediate consequence of
it is the following theorem :

If the curvature 1s constant along the curves of n+1* independent con-
gruences in arbitrary pairs of directions which remain parallel, then Rijxi,m
vanishes.

Let us return to the proof of the first theorem. The Riemann curvature K
in the directions Ay, * and Az * when Ay, * and X, ¢ are orthogonal unit vectors,
is given byt

(11.2) K= 4 Riikl)\l;')\zli)\llk)\2ll~

If each of the directions A;; and \;j forms a system of parallels, in the sense
of Levi-Civita, aiong the curves of a congruence defined by a vector \*
we must have that]

(11.3) NN =0 (e=1,2;1=0,1,--m)

where A, %,; is the covariant derivative of A with respect to 7 and the
fundamental form (1.1). Differentiate (11.2) covariantly with respect to
am, multiply by A" and sum for m; because of (11.3) we obtain

dK )
(11.49) —— A" = Rijri,mM 2N A2 A

dx™
If K is constant along the curves defined by N¢, (04 /dx™)A\™ must vanish
and since A1 and Ay are arbitrary, we have from (11.4) and (1.12) that

(Rijkt,m + Rijizm)A™ =0 (i,7,k, 0 =0,1,2, .- m).
Since this holds for all values of 7, 7, 2 and I, we have also
— (Rikijym + Rikijm)A™ = 0.
Furthermore, from (1.11) we have
(Rijktm + Riktim + Ritje.m)A™ = 0.

* Note n+1 is the dimensionality of the space.

1 Bianchi in deriving this formula does not assume that A, |i and As)® are unit orthogonal vectors,
so his value of K, loc. cit., p. 343, differs somewhat from (11.2). In what we do here, it is no restric-
tion to make this hypothesis.

1 Levi-Civita on Parallelism, Rendicontidel Circolo Matematico di Palermo, vol. 42
(1917), or Bianchi, Rendiconto della Reale Accademia delle Scienze Fisichee Matemati-
che di Napoli, ser. 3, vol. 27 (1922).
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Add these three equations, and we find
(115) R;,‘kz,m)\’” = 0.

Conversely, if (11.5) hold, from (11.4), (0K /dx™)\™ vanishes, and K is
constant along the curves defined by A¢ in directions parallel with respect
to these curves. This proves the theorem.

For a space satisfying the condition of the second theorem* the
sequence of tensors (8.2) becomes the following :

2 A
caﬂ = ROaﬂO + Qa‘yﬂﬁ,

4
sz = 5 (RoasoQ; + Rops),
(11.6) o
(em) _ A o\ A A Ao
Cop = (2m) !RolmRo;so e Rox,,,_glo(Roao IR°"1'9° +Q, lQ;R""n“")’
@m+D) __ —2m R)‘l RM ka_g R)\,,,_l R Aen R ka
Cap - (2m + 1)_| 0Ag0 00 T T rong g0 ox,,.o( 0“)‘1093 + Rognofl, )

(m=2,3, ).

For the more restricted case of spaces of constant curvature equations
(11.1) hold and in the codrdinate system of (4.9) we have

Roapo = — ¢Kogas,  Rogo = — eKodp.

Hence (11.6) become in this case
@ __

Copg = — eKogas + Qa.,Q;’,
(2m) 22mt ")
11.7) Cop' =(—e)m-1(2m)—' o Capo
22m+l
;2;.4(1) =—(—em '_K;"Qaa (m=1,2, --).

2m

The summation of (5.3) can be effected quite easily; we obtain

1
Cap = 88 = g Qag sin (2 v eKo u’)
0

{1 — cos (2v/ eK, u°)}cf;.1‘

(11.8)

+
7eK0

* That s, if Rij k1, m=0.
t If eK, has a negative value, (11.8) must be replaced by a similar formula with hyperbolic
functions instead of trigonometric.
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Hence we may state the following theorem :

In a space of constant curvature, K, the fundamental tensor of a hyper-
surface geodesically parallel to and at a distance u® from an arbitrary hyper-
surface is given by (11.8).

By differentiation of (11.8) we obtain that for hypersurfaces geodesically
parallel

Qap = Qap c0s (20 eKq u®) — c(:; sin 2V eK o 4°),

1
vV eKq
E(:; = Qa5 27/ eKosin(2v/ eKo ) + C:";)cos OV K ).

We shall return to the consideration of these equations at the end of
the next section.

12. Let us finally consider a special type of hypersurfaces, which, in
one sense, are analogous in the general space to spheres and planes in
euclidean space. Bianchi has shown* that the curvature, 1/R, of the
geodesics of V is given by

(11.9)

1 Qupduduf
(12.1) ——— .
R gapducduf

The maxima and minima of 1/R are given by the determinantal equation

1

12.2 Qag — — ga =0,
(12.2) i £

and the corresponding directions, called the principal directions, are solu-
tions of

1
(12.3) (Qaﬁ—Egag))\ﬂ=0 (a = 1,2, ---,nm).

There are n sets of principal directions corresponding to the # roots of
(12.2); the n congruences of curves whose directions at every point co-
incide with the principal directions are the lines of curvature; 1/R is called
the normal curvature of the hypersurface.

It follows immediately that a necessary and sufficient condition that
the lines of curvature of a hypersurface be completely indeterminate is
that Qus=(1/R)gas for all a and B. These hypersurfaces are, in one sense,
generalizations of spheres and planes; more particularly if 1/R=0 we
have the type of hypersurface mentioned in § 9. We shall prove the fol-
lowing theorem :

* Bianchi, loc. cit., p. 366; Eisenhart, loc. cit., p. 151.
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In a space of constant Riemann curvature, the hypersurfaces whose lines
of curvature are completely indeterminate have constant normal curvature and
constant Riemann curvature; conversely if a hypersurface of space of constant
Riemann curvature has constant Riemann curvature, then in the enveloping
space it has constant mormal curvature and completely indeterminate lines
of curvature. The Riemann curvature of such a hypersurface is equal to the
sum (or difference) of the square of its mormal curvature and the Riemann
curvature of the enveloping space.*

The proof is an immediate consequence of the equations of Gausst
connecting the first and second fundamental forms of a hypersurface.
For spaces of constant curvature, Ky, these equations are

(12.4) e(QarQps — Quels,) = Raﬂﬂ — Ko(gavgos — gasgsy),

where R.gys is the Riemann tensor formed with respect to the quadric form
(4.3) and e is defined by (4.9). If the hypersurface has indeterminate lines
of curvature, Q.s=(1/R)g.s and consequently (12.4) become

_ e
(12.5) Rapys = ( R_2 + Ko)( 8av88s — LasfBy )

From the theorem of Schur} it follows that e¢/R?+K, is constant, and
from (11.1) it is the value of the Riemann curvature of V,. Conversely,
if (12.5) are satisfied, from (12.4) it follows that every two-row determinant
from the square matrix ||Qu]| is equal to the corresponding two-row de-
terminant from ||g.s/R||. Furthermore, if 1/R0 there is a three-row
determinant from the latter matrix different from zero, since the deter-
minant |gas| 0. It then follows from a theorem due to Killing§ that the
elements of the two matrices differ at most in sign; that is

1
(12.6) QaB =+ E'gaﬂ (a,B = 1)2; cc ')”)'

If 1/R=0, from (12.1) we have that Q.s=0 and (12.6) hold in this case too.
This proves the theorem.

We observe that e is necessarily positive if the form (1.1) or its equivalent
(4.9) is positive definite; hence we have the following immediate corollary :

In spaces of more than three dimensions of constant Riemann curvature,
K, whose fundamental form is positive definite, there are no real hypersurfaces
of constant curvature K < K,.

* The converse theorem holds only for #>>2; the direct theorem however is always true.
t Bianchi, loc. cit., p. 362; Eisenhart, loc. cit., p. 150.

$Mathematische Annalen, vol. 27, p. 563.
§ Nicht-Euklidische Raumformen in Analytischer Behandlung, Leipzig, Teubner, 1885, pp. 236-237
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As a special case we have the well known theorem that in euclidean
4-space there are no 3-spaces of constant negative curvature.

If equations (12.6) hold, we find from (11.8), by virtue of the first
of (11.7), that c.p is proportional to g.s and hence the map between V,
and V., established by the geodesics of V,.; normal to V, is conformal.
Conversely if a hypersurface is mapped conformally on all the hypersurfaces
geodesically parallel to it, from (11.8) we obtain that Q.5 and cff,,) are pro-
portional to g.s. We observe further from (11.9) that, if Q.= (1/R)gas,
we have that Q@.s=(1/R)c.s. Hence we have the following theorems :

If, in a space of constant curvature, a hypersurface is mapped conformally
on the hypersurfaces geodesically parallel to it, the map being established by
the normal geodesics, then these hypersurfaces have completely indeterminate
lines of curvature.

The hypersurfaces geodesically parallel to a hypersurface with indeterminate
lines of curvature in a space of constant Riemann curvature are themselves
hypersurfaces with indeterminate lines of curvature.

Because of the first theorem in this section we may restate the preceding :

In a space of constant Riemann curvature, a hypersurface geodesically
parallel to a hypersurface of comstant Riemann curvature must also be of
constant Riemann curvature.

In a flat space hypersurfaces with indeterminate lines of curvature must
be hyperplanes or hyperspheres, and so the last two theorems are trivial.
From (12.3) we readily obtain that

(12.7) QapMai®Ae)P =0, gagh A8 =0 (hyk=1,2, - - n;hs=k),
and from (11.8) and (11.9) by virtue of (12.3) and (12.6) it follows that

Caﬁ)\hla)\ﬂﬂ = 0,

S—lap)\hla)\kl‘g:() (hk=1,2,---,n B HER).
Equations (12.7) are also sufficient conditions that the congruences s ®
(h=1,2, - - -, n) be lines of curvature, for if in (12.7) we let % be fixed,
and & take on the values 1,2, - - -, n, # it follows that the vector Qas\ =
is normal to the #—1 vectors \;; hence Qaghs *=pAss or Ny, is a line of
curvature. Consequently we have the following theorem, which holds also
in euclidean space:

In a space of constant curvature the lines of curvature of geodesically
parallel hypersurfaces correspond.
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