ANALYTIC APPROXIMATIONS TO TOPOLOGICAL
TRANSFORMATIONS*

BY
PHILIP FRANKLIN ano NORBERT WIENER

I. INTRODUCTiION

A continuous transformation of a two-dimensional region into itself, or
into a second such region may be characterized by a pair of continuous

functions
X =X(x,y, Y=Y(,1).

The continuity of these functions, and the existence of a unique pair of
inverse functions are the only restrictions imposed by the topologist. On
the other hand, the differential geometer usually demands of the trans-
formations he considers, that the functions defining them be analytic. It
is a matter of some interest to investigate the relations connecting these
two types of transformation, and in particular to determine whether the
general transformations of the first type may not be regarded as in some
sense limiting cases of the more special analytic type. This question is
here discussed, and we shall prove that every continuous one-to-one trans-
formation of a two-dimensional region of finite connectivity may be approxi-
mated to an arbitrary degree of exaciness by an analytic one-to-one transform-
ation.}

The analogy between the present investigation and the Weierstrass
approximation theorem is obvious. The peculiar difficulty of the problem
here treated is the need of keeping our approximating transformation
one-to-one. This requires a discussion of a combinatorial nature.

II. CONTINUOUS TRANSFORMATIONS
Let the transformation
X =X(x, 9, ¥ ="V, 9
transform the closed region r of the #, y plane into the closed region R of

the X, ¥ plane. Let X(x, ¥) and Y (x, y) be continuous and single-valued,
and let it be possible to write

x=x(X: Y): y=y(X’ Y)’
* Presented to the Society, May 2, 1925; received by the editors in May, 1925, and (revised)

in March, 1926.
t This theorem was suggested to the authors by Professor J. W. Alexander.
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TOPOLOGICAL TRANSFORMATIONS 763

where these functions are likewise single-valued. We shall then call our
transformation of r into R biunivocal (or one-to-one) and continuous. We
shall show that the inverse of this transformation is likewise continuous.

The continuity of this inverse transformation from R to r will follow if
we show that any sequence of points Py, P, - - - approaching a limit P is
transformed into a sequence g, p., - - - approaching a limit p. We form the
set p;, the transform of the set P;, and notice that, since it is an infinite set
in the closed region r, it must contain at least one subsequence with a limit
point, say p. Thatis,

lim p;, = p.
=00
From the continuity and biunivocal character of the direct transformation,
it follows that
lim P;, = lim P, = P.
R=0 =0
Since this argument proves that any subset of the p; approaching a limit
must approach p, we conclude that the set p; approaches p as a limit.

In order to discuss approximations to transformations, we shall need!a
measure of the distance between two transformations. If S and T are two
transformations, with inverses S—! and T-! respectively, then we define
the distance between them as the greater of the two numbers

maximum [S(P)—T(P)] and maximum [S-1(P)—T-1(P)],

where [4 —B] denotes the distance from A4 to B, and the maximum is
taken as P ranges over the entire region for which the transformations are
defined. To approximate to within a given distance of a transformation T,
it is sufficient to approximate for the direct transformation alone. This
follows from the fact that if S, are a series of transformations such that

lim maximum [S,(P) — T(P)] = 0,

=00

then
lim maximum [S:(P) — T-Y(P)] = 0.
For, we have
[ST}(P) — T-X(P)] = [T'TS7H(P) — T-1S.5:4(P)],

and hence, since S, is approaching T, and T-! is continuous, our contention
follows.
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As we shall wish our approximating transformations to extend over the
entire regions of definition of the transformation and its inverse, r and R
respectively, if we kept to these regions we should have to take the boundary
of r into that of R. In general this can not be done by any analytic trans-
formation. We avoid this difficulty by seeking a transformation which
shall exist in some region including 7, whose inverse exists in some region
including R, and which approximates the given transformation in the sense
of having its distance from it, as defined above, arbitrarily small, say less
than e

We restrict ourselves to the case where the region 7, and hence R, is of
finite connectivity, bounded by a number of simple, closed Jordan curves.
We embed r and R in two large squares, s and S respectively, so chosen that
no point of 7 is within a distance e of s, and no point of R is within a distance
eof S. We then map the region .S — R on the region s —r by a continuous trans-
formation, which agrees with the original transformation on the boundary of
R and r, and takes the vertices of the first square into those of the second.
This is seen to be possible by linear interpolation in the case where r and
R are bounded by circles, and the general case reduces to this in virtue of
the Jordan-Schoenflies theorem.

If, now, we obtain an analytic biunivocal transformation T3 which
exists in the square s and whose inverse exists in a square inside of S, con-
centric with it and at distance e from it such that the distance between the
transformations T3 and T, the extended continuous transformation, is
less than ¢, we shall have solved our problem for the original regions r and R.

III. THE POLYGONAL NETWORK

In approximating the extended transformation, T, which takes the
interior, sides and vertices of a square s into those of a square S, we shall
find a simultaneous subdivision of s and S of great service. In this section
we shall prove

LEMMA 1. Given a continuous, biunivocal transformation Ty which takes
the interior, sides, and vertices of a square s inlo those of a square S, we may
subdivide s and S into corresponding convex polygons, of which the number
meeting at a verlex is one, two, or three according as the vertex is a vertex of the
square, a point on a side of the square, or an inlterior point of the square, respec-
tively, and having ihe property that any continuous biunivocal transformation
Ty which maps each polygon of s on the corresponding polygon of S is at distance
less than €/2 from T,.
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Let H be selected less than 10¢, and (H) be chosen less than H, and
so that

[Pr— P:] < Hif [p1— po] <.

Let us place on s a square network with mesh #(H), and sides parallel to the
sides of s, and find its transform under 7. Let N;, N, - - - be the intersection
points of this transformed network in S, including the points where the
network cuts the boundary. Let the least distance between any such point
and a point on a side of the net not abutting on it be 3H’. Surround each
of the points N;, N,, - - - in S with a circle with radius H’. No two such
circles can intersect. Furthermore, no such circle about N} can intersect a
side of a compartment of the net which does not terminate in N;.

Consider now the side of the transformed net going from N to N;.
Of all the points in which this side intersects the circle about N, taken in
their natural order on the side, there must be a last point P;. Similarly, of
all the points in which the side intersects the circle about N;, taken in their
natural order on the side, there must be a first point P;. Form such pairs
of points on all the sides of the network. Then there must be a minimum
distance, 24, from the points on the segment of the network P, P, and the
points on any other such segment, or the points on the H’ circles about ver-
tices other than N, and N;. Take Qy, Qs, - - -, Ox any sequence of points on
this segment P, P, such that the distances Py Qy, Q1 Qs, - - -, Qs P, are all
less than 8. Replace the side Ni N; by the brokenline Ny P, Qy - - - Qs Py N;,
and similarly replace every other side of a mesh of the net by such a broken
line. Then each mesh of the net will go into a simply connected polygonal
region, and no point of this region will lie outside of the original mesh, and
abutting meshes. Since the distance from a pointin s to a point in an abut-
ting mesh is at most 24/29 <39, if T; is any continuous biunivocal trans-
formation taking each mesh of the net on s into the corresponding poly-
gonal mesh of the modified network just described, we shall have

maximum [Ty(p) — Ta(p)] <3H.
Since the inverse transformation Ti! takes a point in § into the same or an
abutting mesh into which T takes this point, we have
maximum [T7!(P)—Ti'(P)]< 37 < 3H.

We must now go from the polygonal network to convex polygons of
the kind described in the lemma. We use 77! to transform the vertices of
the polygonal network back to s. This gives a series of points 7z 1 ¢1 - - -
q» pa2 n; on the segment 7, #; dividing it into consecutive segments which we
may put into correspondence with the segments of the broken line Ny P, Q,
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- -+ On P; N;. We thus have a correspondence set up between the periphery
of a rectangle in s and of a possibly reentrant polygon in S, for each mesh.
We wish to show that it is possible to divide the two figures by straight lines
into a finite number of similarly placed triangles.

Consider the polygon. We shall say that a point on its boundary is
visible from another point situated anywhere in its plane, if the two can be
joined by a straight line which does not cut the boundary. For any vertex
of the polygon, we may find a point inside the polygon, sufficiently close to
it so that this vertex and the two adjacent ones are visible from it. If the
polygon is not a triangle, we may shift this point so that from it some fourth
vertex, as well as as the three consecutive ones we began with, are visible.

Let us now consider one of the rectangles, and its corresponding, possibly
reentrant, polygon. Select a vertex of the rectangle, and the corresponding
vertex of the polygon. Finda point inside the polygonfrom which this vertex,
the two adjacent ones, and a fourth are visible, and join it to these four by
straight lines. Select a point inside the rectangle, so near the chosen vertex
that, when the corresponding straight lines are drawn, all the new polygons
will be convex. Now proceed similarly with one of the vertices of the convex
polygons which is not collinear with its adjacent vertices. At each stage
we reduce the number of sides of the polygon dealt with, and keep the new
polygons convex, so as to allow the process to be repeated. After a finite
number of repetitions, no polygon will have more than three sides, and we
shall have succeeded in dividing our corresponding meshes into similarly
placed triangles.

The sides of these triangles in the two networks will have a lower bound
o. Surround each node of each network with a circle of radius ¢/3. Draw
the inscribed polygon meeting the circle in the points where this circle cuts
the lines of the network. These polygons will be convex, as will be polygons
formed from the triangles by removing the portions inside these polygons.
Further, the network of convex polygons will have the property that pre-
cisely three of them meet at each vertex inside the square, two at each vertex
on a side of the square, and just one abuts on each vertex of the square.

Suppose, now, that T is a continuous, biunivocal transformation which
takes each convex polygon in s into its corresponding convex polygon in S.
Points in S arising from a given point in s under 7 and T, respectively come
from the same mesh or adjacent meshes under T;. Consequently, under T
these points come from meshes at worst next but one, or points in s at dis-
tance less that 34/27 <57, and we shall have

maximum [T1(p) —T2(p)] < SH < €/2.
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Similarly, the inverse transformations, T'5! and 71, take a point in S into
two points of s at worst in next but one meshes, and we have

maximum [T71(P)—T51(P)] <57 <5H <e/2.

Thus the network of convex polygons which we have found satisfies all the
conditions of Lemma 1, since the distance between T, and T} is less than ¢/2.

IV. DIFFERENTIAL TRANSFORMATIONS

We shall now show that a transformation T, of the type mentioned in
Lemma 1 may be found which is defined by functions having partial deriva-
tives with certain continuity properties. That is, we shall prove

LEMMA 2. Given two squares, s and S, subdivided into corresponding
convex polygons, of which the number meeting at a verlex is one, two, or three
according as the verlex is a vertex of the square, a point on a side of the square,
or an interior point of the square, respectively; there exists a continuous bi-
univocal transformation To: X = Xa(x,y), ¥ = Va(x,y), for which X, and Y,
possess first partial derivatives with respect to x and y continuous in s, and
for which the jacobian of X, Y, with respect to x and y never vanishes in s,
which maps the interior and boundary points of each convex polygon in s on
those of the corresponding polygon in S.

In setting up the differentiable transformation T, we shall frequently
have occasion to change our system of cosrdinates. To carry over the proper-
ties of the transformation from one of these systems to another, we prove
a general result once for all.

If a point transformation of one region on another is given parametrically,
the parametyic curves U=U(X, Y), V=V(X, Y), u=u(x, y), v=o(x, y)
being such that (1) the (U, V)-(X, Y) relation is one-to-one, so that it may be
solved in the form X=X (U, V), Y=Y (U, V), and similarly the (u, v)-(x, y)
relation may be solved in the form x=x(u, v), y=y(u, v); (2) the functions
UX, Y) and V(X, Y) possess continuous first partial derivatives with respect
to X and Y, and similarly the functions u(x, y) and v(x, y) possess continuous
first partial derivaiives with respect to x and y; (3) the jacobian of U, V with
respect to X, Y never vanishes, and similarly that of u,v with respect to x, y
never vanishes; then a one-to-one relation between U, V and u, v: U="U (u, v),
V =V (u,v), for which U and V possess continuous first partial derivatives with
respect to u and v, and for which the jacobian of U, V with respect to u, v never
vamishes, implies a one-to-one relation between X, Y and x,y: X =X (x, y),
Y=Y(x, y), with similar properties at interior points of the regions, and con-
versely.
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For, by hypothesis (1), X and Y are single-valued functions of U and
V. Also, by hypotheses (2) and (3), these functions possess continuous
first partial derivatives with respect to U and V.* But, we are also assuming
a differentiable one-to-one relation of U, V to %, v, and by hypotheses
(1) and (2), there is a differentiable one-to-one relation between %, v and
x, 9. Since a differentiable, uniform function of a pair of similar functions
yields a similar function, we see that X and ¥ are uniform, differentiable
functions of x and y. The property of the jacobian follows from the fact
that

o(X,Y) o(X,Y) o(U,V) d(u,0)

3(x,9)  o(U,V) o(u,0) 9(x,3)

_AX,Y) AU, V)
T a(UL,V) X,Y)

The second relation shows that the first factor above can not vanish, being
the reciprocal of a finite quantity, and the second and third factors do not
vanish by our hypothesis.

The converse is proved in a similar manner.

The principal types of coérdinate systems we shall use are three. Those
of the first type will be rectangular cartesian codrdinates, with various orien-
tations, and choice of origin. These clearly satisfy our three hypotheses,
with relation to a fundamental coordinate system, say that with origin at
one corner of the square s or .S, and axes along two of its sides.

The second type are polar codrdinates, with the pole at an arbitrary
place. Itis evident that these satisfy all our conditions, for any region not
including the pole, when the angular codrdinate ¢ is reduced modulo 2,
and all the functions involving this codrdinate are assumed to be of period
27 with respect to it.

The third type are modified polar coordinates. We begin with a closed
curve which surrounds the pole,or origin, with a continuously turning tangent
which never coincides with a radius vector. We use a series of curves,similar
to this and similarly placed with reference to the pole, as our #-curves, taking
the scale such that the length cut off by these curves on any fixed radius
vector increases uniformly with #. The v curves are our radi‘ vectores.
Analytically, if r =f(¢) is the equation of the closed curve in polar codrdinates,
our parametric curves are related to polar codrdinates by the equations

u=a-+brfit), v=t.

and

* Cf. Osgood, Funktionentheorie, Berlin, 1920, p. 69.
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We may now show that, in any region not including the pole, these parametric
curves satisfy our three hypotheses. In such a region, a pair of values #, y
yields a single pair of values 7, ¢ and hence a single pair of values #,». Con-
versely, a pair u, v fixes ¢ by the second relation and then r by the first and
thence x, . Thus the first hypothesis is satisfied. The partial derivatives
with respect to r and ¢ are du/dr =bf(t), du/dt=>br f'(t), dv/dr =0, dv/dt =1.
These are all continuous, since our assumption about the tangent to the
closed curve involves the existence of f'(¢), finite and continuous. From
the relation of polar to cartesian coérdinates, we see that, in a region
excluding the pole, the second hypothesis is satisfied. For the third hypo-
thesis, we have

(u,))  d(w,0) a(r,8)  bf(l)
ax,9)  o(r,0) a(x,9) r

which does not vanish since f(¢) does not vanish.

We next proceed to the explicit construction of the differentiable trans-
formation T,. Our method is first to set up affine transformations applicable
to suitable neighborhoods of the vertices of the polygonal network, then to
interpolate between these along the sides of the polygons, and finally to
interpolate into their interiors.

Since only one polygon abuts on the vertices of the squares s and S, at
these points we may use the identity, or a similarity transformation. We use
the latter:

X=rkx, ¥V=ry,

taking % positive and so small that the adjacent vertices of the network in
s are mapped by this transformation on the adjacent sides of the network in
S. At vertices of the network on a side of the square, we have to transform
this side, and a line meeting it, into the corresponding side and a line meeting
it. Taking the vertices in question as our origin, and the sides of the squares
as the y axes, so oriented that, with the standard relation of the axes, the
positive x axes point inside the squares, we have to take the lines x=0,
y=max into X =0, ¥ = M X respectively, where m and M may be positive or
negative, by a transformation with positive jacobian. We may use

X=rFkx, Y="Fkky+ k(M —mux,

where we again take k positive and so small that the three adjacent vertices
of the network in s are each mapped on the interior of the corresponding
adjacent side in S. At the interior vertices of the network, we have to trans-
form three lines forming three convex sectorsinto three similar lines. Taking
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the vertices in question as our origin, and one of the lines as the positive
x axis, we have to transform the lines y=0, y=mz, y=—nx into ¥ =0,
Y=MX, Y=—NX respectively, where m, n, M and N are positive, by a
transformation with positive jacobian. We may use

X = kmn(M + N)x + k(mN — nM)y,

Y = kMN(m + n)y,

where we take %, as before, positive and so small that the three adjacent
vertices of the network in s are each mapped on the interior of the corres-
ponding adjacent side in S.

We nowhave affine transformations defined at each vertex of our network.
We surround each vertex in s by a small triangle, with sides perpendicular
to the sides of the network meeting there, and define T, inside and on the
boundary of this triangle as the affine transformation just referred to. This
gives a corresponding set of trianglesin S. We must now interpolate between
these transformations along the sides of the polygon. Let p; 2 be a side in
s, and P; P, be the corresponding side in S. If we take p, as origin, and Apl D2
as the positive x axis, and P; as origin and P; P, as the positive Xzaxis,
the affine transformation at p, will have as its equations

X=ax+ by, Y =qcy,

where a, is positive from our choice of direction along the x axis, and ¢, is
positive since the jacobian remains positive for all axes with the standard
orientation. In terms of the same coérdinates, the affine transformation at
Pz will be

X = ax + bzy + dz, VY = Cc2y.

Here a; and c; are positive as before. We see that dy=P; Py—as(p, p,) is
positive, since our condition on adjacent vertices makes the image of p,
under this transformation go into a point between P, and Py, i.e. (d,, 0),
the image of (0, 0), is a point with positive abscissa. We also assume that
a; = a;, which is permissible, since, if it were not the case, we could reverse
the roles of p; and p, which would interchange these quantities.

If x=x, and x=x, are the equatioxns of the sides of the small triangles
which cut #: s, our problem is to find a differentiable, biunivocal transfor-
mation which agrees up to the first partial derivatives with the transformation
at g1 for x =x, and with that at p, for x =x,. We write
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By direct calculation, we find that, for x =x,, these equations give
X =awi+ by, 0X/0x=a, 0X/dy=b,
Y = ay, aY/3x =0, 93Y/dy = c1.

For x=x,, they give
X = asxs + bay + d2, 0X/0x = a2, 0X/dy = ba,
Y = cy, aY/dx =0, 9Y/dy = cs.

Thus this transformation joins to those at p; and . as desired. We also note
thai, for y=0, we have

0X/dx = a;—(—u— {(22 — 22)2 — 3(21 + 22)(x — x1) }
(22 — x1)3
+ ar&x—_xﬂ_ {(22a — x1)? + 3(%1 + 22)(x2 — 2) }
(%2 — x1)?
+ dgé(x — 1) (% — %) )

(xz — x1)3

For 0 <, <x <1, the coefficients of a, and d. are positive. Since the sum of
the coefficients of a; and a. is unity, and we have arranged matters so that
a,2a,>0, and d, >0, we see that the sum of the three terms is positive.
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Hence, along the line y=0, X is a monotonic function of #, and the mapping
is one-to-one. Again, for y=0, we have
¥ /dx =0,
(x — x2)?

(21 — x9)?

2(x — x1)

X2 — X1

(x — x1)?

(22 — x1)?

{1+ {1+

Y /oy = ¢, 2 — xz)}.

X1 — X2

}+Cz

For 0 <x, <x <x,, the coefficients of ¢; and ¢, are positive, and since ¢, and
¢ are positive, Y /9y is positive. Hence the jacobian of X, ¥ with respect
to x, y for the cubic transformation under discussion is positive along the
line y=0. Thus the transformation is one-to-one im kleinen, and, since it is
one-to-one along the line y =0, and continuous, we may find a strip including
this line in which it is one-to-one im grossen. Furthermore, since the trans-
formation has continuous derivatives, if this strip is taken sufficiently
small, the jacobian of the transformation will be positive throughout the
strip.

We have now to interpolate into the interior of our polygons. In each
polygon of the figure s, we draw a differentiable closed curve, close to the
boundary of the polygon. We may form it of straight lines parallel to the
sides between the x; and #; used above in the strips, and circular arcs in the
triangular sectors. If it is taken sufficiently close to the polygon, it will be
visible from some point ¢ inside the polygon, i.e. such that each radius
vector drawn from ¢ to the curve cuts it in a single point, at an angle not
zero. Thus it may be used as the closed curve of a system of modified polar
codrdinates %, v of the kind previously described, with the pole at ¢. Consider
the transforms of these # curves in S, under the cubic and affine transforma-
tions. In a sufficiently narrow strip, these curves will be visible from some
point C inside the polygon. In this strip we shall take as parametric curves
the curves U = const., the transforms of # =const., and the curves T = const.,
the radii vectores drawn from C, T being the angle made with a fixed vector.
To show that these are admissible parameters, we note that the one-to-one
relation of U, T to X, ¥ follows from the fact that the U curves are visible
from C, so that a pair of values U, T gives a single point X, ¥. On the other
hand, a pair X, ¥ clearly gives one value of T, and a single U resulting from
the » obtained from x, y. The U and T curves clearly are differentiable. For
the condition on the jacobian, we have

o(U,T) _o(U,T) o(U,V) 8(s,9)
AX,Y) AU,V a(x,y) (X,V)

where the curves V =const. are the transforms of v =const. under the affine
and cubic transformations. From the definition of the U, V curves, the
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jacobian of U, V with respect to #, y is the same as that of %, v with respect
to x, ¥ and hence can not vanish, since %, v were admissible parameters.
The last jacobian does not vanish, since it relates to the cubic and affine
transformations. For the first factor we have

oU,T) T
au,v) av

If this vanished, we should either have 8T /dU =0 at the same time, in which
case since U and V are admissible parameters, we would be at a singular
point on the curve (or in its representation), or we should have a7 /U #0,
and the T and U curves would be tangent. The first case is inadmissible,
since the angular codrdinate represents the radii without singularities in any
admissible system of coordinates, and the second is excluded since the U
curves we are using are all visible from C. Thus the U, T parameters satisfy
our thhee conditions, and form an admissible system.

We choose the scales so that the curves # =0 and %=1 are respectively
the inner and outer boundaries of a strip entirely inside the region where our
affine and cubic transformations are valid, while their transforms U =0 and
U=1 are the boundaries of a strip inside which the U, T coérdinates are
admissible. In these coérdinates, the affine and cubic transformations will
have the equations

wu=1U, t=FT,U),
where we replace v by ¢, its equal. We note that
oF (u,t)

9T  a(U,T)

In the strip between #=1 and the polygon, we define T, as the affine and
cubic transformation, which is that written above near #=1. In the strip
from =1 to =0, we use a derived transformation, such that it agrees
with this transformation up to the first derivatives at #=1, and takes the
curves ¢=const. into curves fangent to the curves T =const. at #=0. The
derived transformation is

w=U, t=F(T,2U— U3 =F(T,U).

This is one-to-one for values of %, or U, between 0 and 1. For, since u="U,
t=F(T, U) is biunivocal for these values, for any value of # or U in this
range, t=F(T, U) gives a one-to-one relation of ¢ to T'. But 2U2?—U? takes
on the values between 0 and 1 when U does, and accordingly for fixed
uor U,t=F\(T, U) gives a one-to-one relation of ¢ to T. The tangency prop-
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erty required follows from the fact that (9F;/dU)y-o=0, while (0F1/8T)y—0
=(0F/0T)y-0>0. For u=U=1, we easily see that the derived trans-
formation and its derivatives agree with the earlier transformation. Its
jacobian is 0F,/dT =93F /0T >0.

In continuing our interpolation, it will be convenient to use polar coordi-
nates. As our lemma on systems of coérdinates only applies to interior
points, we must extend our transformation beyond the inner boundary,
u=U =0, to make this curve an interior curve. We do this by putting

u = U, t=F1(T,0),

in a narrow strip inside the curves »=U=0. This joins with our preceding
transformation along these curves, continuity of the derivatives being re-
tained, since (0F1/0U)y-o=0. Its jacobian is (0F:/0T )y=o>0.

We next draw two circles of radius ¢ about the points ¢ and C as centers
respectively, taking @ so small that these circles lie entirely inside the curves
#=0 and U=0. To extend our transformation so that it maps the region
between # =0 and the first circle on to that between U =0 and the second,
we introduce polar codrdinates ¢, r and T, R. Let the equations of #=0 and
U =0 in these coordinates be

r=w(@®) =T), R=V(D),
where, as in the following equations, all the functions of ¢ and T are of
period 27. Along these curves we have
0t/dR = 0, 3t/dT = (IF,/dT)ymo, 3r/dR = E(T), 9r/dT =G(T).

Since dr/dT = (dr/dR) (dR/dT)+9dr/dT, we have v'(T)=ET)V'(T)+
G(T). Weput
t=F1(T’0)’ f=G(R)T)7
where G(R, T) is periodic in T, has dG/dR >0, and satisfies the further con-
ditions
G, T) =a, (0G(R,T)/0R)g=s =1,
G(V) T) =1, (GG(R, T)/aR)R—V = E(T) .
The determination of G(R, T) for a fixed value of T reduces to the prob-
lem of finding a function of R, with positive derivative, which, with its

derivative takes two positive assigned values at each end of an interval.
The function E(T) is positive, since

a(f,l) OF | oF
( - = E(T) -——) >0,and {—) >0.
IR, T) vo 0T/ vw=o 0T/ ymo




1926] TOPOLOGICAL TRANSFORMATIONS 775

We define the auxiliary function H(R) as follows:
HR) =1+ (R—a)(M — 1)/k, ea=R=Za+k,
HQR) = M, e+ ESRESV -k,
HR)=E+ (V—RM —E)/k,V—EkE<RSV.

Here we take
v—a— 31+ E)k
= )

M
V-a-—%
and k a positive number so small that
2(p—
E<3V—a), k<2079
1+E

This makes H(R) a continuous, broken-line function, with positive ordinate
throughout, and such that the area under itisv—a. Also, H(a)=1 and H(V)
=E. Consequently if we put

R
G(R,T) = a + f H(R)dR,

it will satisfy all the conditions required of it above. We may take & an
absolute constant, since the right members of the inequalities it satisfies
are positive continuous periodic functions of T, and hence have positive
minima.

We note that the transformation given above maps our ring shaped
regions on one another in a one-to-one manner, since the relation ¢=
F\(T,0) is clearly one-to-one, and if either ¢ or T is fixed, the second relation
r=G(R, T) is one-to-one, since 3G/dR>0. On the outer houndary it agrees
with our former transformation, since dr/dR = E(T) there, and ¢=
F\(T,0),r=G(V, T)=v(T). From these we deduce

dr/dT = (9r/dR)(dR/dT) + 98r/dT, or v'(T) = E(T)V'(T) + 8r/dT,

which, combined with the earlier relation '(T)=E(T)V'(T)+G(T), shows
that dr/0T =G(T). The transformation has a positive jacobian, since this
equals (0F1/0T)y-0(dG/9R).
In the ring between R=a and R=a/2, corresponding to r=a, r=a/2,

we put

r=R,

¢t =4T (R — a)*(4R — a)/a® + Fi(T,0)(2R — a)*(5a — 4R)/a®.
For R=a, this gives us r=a, dr/dR=1, dr/0T =0, t=F\(T, 0), 3t/dT =
(0F1/0T )y~o, 0t/0R=0. These values agree with those of the last trans-
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formation at this circle, all except the value of dr/dR following directly, and
that from the relation

dr/dT = (3r/dR)(dR/dT) + 3r/dT, or 0 = or/dT.

For R=a/2, the equations giver=a/2,9r/0R=1,8r/0T =0,t=T, 0t/0T =1,
9t/0R=0. Thus it joins on to the identity along this circle. The transfor-
mation is one-to-one, since, for fixed 7 or R, the ¢-to-T relation is one-to-one.
For, we have

o 4R — a)*(4R — a) N <6F1> (2R — a)%(5a — 4R)
aT @ 3T/ v0 @ ’
which is clearly positive for a/2 <R <a. As this is the value of the jacobian,

we see that our transformation has a positive jacobian.
Inside the circles r=a/2, R=a/2, we use the identity transformation

r=R,t=T,

to complete the mapping. As the identity has the same form in all codrdi-
nates, the singularity of the coordinates at the pole is of no importance.
There is now a transformation for each polygon, given in polar cosrdinates
with pole in the polygon, and defined in a region including the polygon in its
interior. Thus, by our lemma on systems of coérdinates, it may be expressed
in terms of the particular set of cartesian coérdinates used for Ts. The totality
of these yields a differentiable transformation T, of the kind required.

V. ANALYTIC TRANSFORMATIONS

Weierstrass* has given an example of an analytic function approximating
to any degree of accuracy a given continuous function of two variables,
f(x, ¥), in a finite region R. This approximating function is

1
fu(x,y) = —- f f f(X, V)e(X-ayar—(¥ -/ dXdY,
kR Jr
when £ is sufficiently large. It is easy to show that if f(x, y) possesses con-

tinuous first partial derivatives over any closed region D interior to R,
we have

lim fu(2,9) = f(x,3) ; lim (3f+/dx) = 8f/3x ; lim (3f+/33) = f/3y
uniformly over D.

* Weierstrass, Berliner Sitzungsberichte, 1885.
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This result enables us to approximate to any biunivocal, differentiable
transformation by an analytic transformation, the approximation applying
to the derivatives, but the analytic transformation thus obtained is not
necessarily one-to-one. For the case in which the differentiable transforma-
tion has a non-vanishing jacobian, we may show that, when the approxima-
tion is sufficiently close, it is biunivocal, and shall prove the following
lemma:

Lemma 3. If
X = X(x:y), Y = Y(x’y)

is a continuous, biunivocal transformation, holding in the closed convex region
s, for which X and Y possess first partial derivatives with respect to x and v,
continuous in s, and for which the jacobian of X and Y with respect to x and
y never vanishes in s, and

X = Xa(xyy)) vV = Ya(x’y)

are a pair of differentiable functions, which approximate X and Y, and whose
first partial derivatives approximate those of X and Y, uniformly in s, then, if
the approximation is sufficiently close, these equations represent a biunivocal
transformation for the interior of s.

We note from the form of the approximating functions, that they take
each point x, y into a point X,, ¥,, but may take two points x, y into the
same point X,, ¥,. We must show this to be impossible when the approxima-
tion is sufficiently good. We shall divide the proof into two parts, first proving
the lemma for the case in which the given functions X, ¥ are linear functions,
and then for the general case.

1. Let

X=ax+by+e, V=cx+dy+f

be the given transformation. To predict the necessary degree of approxi-
mation, we make some preliminary calculations. Consider the radius drawn
out from any fixed point p; to a variable point p, which moves out along
this radius in s. If the line makes an angle 4 with the X axis, we shall have

X—-Xi=a(x— x1) + b(y — y1) = r(acos A + bsin 4),
Y—Y,=c(x— x1) +d(y — y1) = r(ccos 4 + dsin 4).
For the distance in the transformed figure, S, we have
R*= (X — X))+ (¥ = V)2 = #2[(a? + ¢?) cos? 4
+ 2(ab + cd) cos A sin A + (b2 + d?) sin 24].
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As A varies, the ratio R?/r? varies between the maximum and minimum
values

a4 02+ 24 ) + 3/ (@ F & — b7 — a2 + 4(ab + cd).

The product of these is (ad —bc)?, which is the square of the jacobian. This
might have been predicted since the square root of the product of the maxi-
mum and minimum values, and the jacobian both measure the ratio of the
area of a circle in s to that of its corresponding ellipse in S. As the jacobian
does not vanish, neither the maximum nor minimum value is zero. Let the
value of the minimum be ¢2. Then, for the affine transformation, the mini-
mum value of R/ris ¢>0.

Now consider the image of the variable radius p, p under the approxi-
mating transformation. Let the transformed radius be P, P, where P,=
(X1, ¥1) and P=(X, ¥Y). We have for its length

R =+(X - X)*+ (¥ — V1)

We calculate its derivative with respect to 7, and find
dR [(X—X1)(0X/3x)+ (Y —Y1)(8Y/dx) JcosA

dr V(X —-X)+ (Y —1))?
+ [(X—X1)(9X/0y)+ (Y =¥ 1)(3Y/dy)]sinA4
VX=X (T —7)?

We may write this in a form involving derivatives only, by noting that
(X—X,) and (Y —Y,) enter, essentially, through their ratio, only. But,
since the image of the straight line p, p is a differentiable curve, having
P, P as a chord, there is some intermediate point on this curve for which
the tangent is parallel to the chord. If this point is P we shall have

y-v. dy N (8Y/9x) cos A + (8Y/dy) sin A
X—-X, dX (0X/9x)cos A+ (8 X/y)sin A

We notice that both terms of this ratio can not be zero unless the jacobian
of the transformation is zero at P. We may now write for the derivative

dR  (X.cosd+X,sind)( X.cosd + X,sind)
ar V( X.cosd+ X,sind )2+ (¥ ,cos4 +Vysind)?
(Vzcosd + ¥ sind)(V,cosd + Vysind)
V/(X,cosd + X,sind)*+ (V,cosA +7,sind)?

where the subscripts indicate partial derivatives. If in this expression we
replace the partial derivatives X,, X,, V., V,, as well as X;, X,, V., ¥,,
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by a, b, ¢, d, their values for the affine transformation, it reduces to R/r for
the affine transformation, or

V(a? + ¢? cos? A + 2(ab + cd) cos A sin A + (b% + d?) sin2 43= ¢ > 0.

As the expression is a continuous function of these partial derivatives for
values in some neighborhood of a, b, ¢, d, a #4 may be found such that, if
these partial derivatives are all within %, of their values for the affine
transformation, the expression will be >¢/2, for a given 4. But, as the func-
tion is continuous in 4, for values in some neighborhood of this given value,
it will be >¢/4. By the Heine-Borel theorem, a finite number of such neigh-
borhoods may be found which include all values of 4, and hence a number
u may be found less than any of the corresponding u,4. If the approximation
has its partial derivatives within u of those of the affine transformation, for
any A, we shall have dR/dr >¢/4>0.

We now assert that a transformation approximating the affine trans-
formation to this degree of accuracy is necessarily one-to-one in s. For, if
it were not, it would take two points in s, p. and ps, into the same point
P,. Since sis convex, p, ps lies entirely in s. Let p, be a point on the extended
line p; po, and P, its transform. Let a variable point p, at distance r from
£1, move along p» ps, and let the distance of its transform, P, from P, be R.
As r changes from p; p, to p1ps, R changes from P; P; back to P,P,. Hence,
at some point between p. and ps;, we must have dR/dr=0. But this is
impossible, since dR/dr >q/4>0.

This proves the lemma for the affine case. We notice that here the limit
on the approximation involves only the derivatives.

2. Now consider a general differentiable transformation, with non-
vanishing jacobian in a closed region s. At every point p in this region, we
form an approximating linear transformation, having the same derivatives
as the given transformation has at this point. By the first part of this proof,
we may find a %, for this linear transformation such that any transformation
whose derivatives approximate its derivatives to within u, will be one-to-one.
Since the given transformation has continuous derivatives, we may surround
each point by a circle of radius v, such that, in this circle, the partial deriva-
tives never differ from those at the center by more than %,/2. Surround
each point p by a circle of radius 7,/2. By the Heine-Borel theorem, we may
find a finite number of such circles such that each point of s is inside some
one of them. Let % be the minimum %, for any of these points, and v the
minimum v,. We see that, if any point in s is taken as the center of a circle
of radius v/2, the partial derivatives of the given transformation will not
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differ by more than %/2 from some linear transformation for which # may be
taken as the % of part one.

Since the given transformation is continuous in s, its inverse is, and from
the nature of s we may find a V such that, if the images of two points are at
distance less than V, the points themselves will be at distance less than
v/4. We now assert that any approximating transformation which takes a
point in s into a point at distance less than V from its transform under the
given transformation, and whose derivatives are within #/2 of those of the
given transformation, is necessarily one-to-one. For, suppose it took two
points p; and p. into the same point P’. Let the transforms of these points
under the given transformation be P, and P;. From the nature of our
approximation, P, P’ and P; P’ are both less than V. Hence P, P, is less than
2V, and p, p is less than v/2. Draw a circle with center p, and radius v/2.
If this circle does not lie entirely in s, the part of it contained in s is convex,
since s is convex, and hence this part may be used as the region of part one.
But, in this circle, the derivatives of the given transformation do not differ
by more than %/2 from those of some linear transformation for which this is
the u of part one. But, since the derivatives of the approximating transfor-
mation are within %/2 of those of the given transformation, they are within
% of those of this linear transformation. Thus the approximating trans-
formation is one-to-one in this circle, and can not take p, and p, into the
same point. Thus our lemma is proved.

We are now in a position to prove

THEOREM I. Given a pair of continuous functions
X =X(x,9), Y= Y(xry)r

- defining a continuous, biunivocal transformation of some closed, two-dimensional
region r of finite connectivity of the x, y plane, into a closed region R of the X, Y
plane, and a positive constant e, there exists a pair of analytic functions

X = Xa(x,y)y Y = Yﬂ(x)y)’

defining a biunivocal transformation of some closed region of the x, y plane
including r, into a closed region of the X, Y plane including R, whose distance
from the given transformation is less than e.

For, from the discussion of §2 we may embed the regions  and R in
two squares s and S, and find a continuous transformation T; of s on S,
which agrees with the given transformation in r, and takes the vertices of
s into those of S. Then we dissect the squares into convex polygons, by
Lemma 1, such that any continuous biunivocal transformation T'; which maps
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each polygon of s into the corresponding polygon of S is at distance less
that ¢/2 from 7;. By Lemma 2, we then find a pair of functions

X = Xz(x,y), Y = Y2(xyy)y

with continuous first partial derivatives, whose jacobian never vanishes in
s, and which has the properties demanded of T,. Consequently its distance
from T, is less than ¢/2. We next apply Lemma 3 to this transformation to
find a V and a #%/2 such that, if a pair of differentiable functions are given
which approximate X and ¥ to within V/+/2, and whose derivatives
approximate those of X and ¥ to within %/2, they define a one-to-one trans-
formationins. Also we find a W such that the transforms of any two points
in S whose distance is less than W, under the inverse of T, are at distance
less than ¢/2. Finally, we use the method of Weierstrass recalled at the begin-
ning of this section to find a pair of analytic functions

X = Xi(x,9), ¥ = Vi(x,y),

which approximate X,(x, y) and Ya(x, y) to within €/24/2, V/V2,W/V2,
and whose derivatives approximate those of these functions to within %/2.
These equations define the analytic transformation whose existence the
theorem asserts. For, by Lemma 3, it is one-to-one in s. From the choice of
the approximation, and of W, we have

[Ts(p) — Ta(p)] <e/2,
[TsY(P) — TsY(P)] = [T 'T.TY(P) — T#'TsTY(P)] < /2.

Thus the distance of the transformation T to T, is less than ¢/2, and since
that of T: to T, is less than ¢/2, the distance from T to T} is less than e,
in 5. Since no point of R is within € of the boundary of S, Ts maps s on a
region including R, and hence 73! is defined in a region including R. As the
distance from T to T is less than e wherever both are defined, we see that
T, satisfies all the conditions demanded of it in the theorem.

CorOLLARY. The functions Xs(x, y) and Ys(x,y) of the theorem may be
taken as a pair of polynomials.

For we may approximate to any analytic function, as well as to its
first derivatives, by a polynomial.
VI. TRANSFORMATIONS ON A SPHERE

Our argument may be extended to transformations of a sphere into itself
with but slight modification. A natural definition of an analytic transfor-
mation on a sphere is a transformation which is expressed by aralytic functions
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in lerms of some standard set of coordinates, such as the polar codrdinates
¢ and 6. To avoid trouble at the poles, we require that the functions be
analytic and single-valued in ¢ and 6 for every possible choice of the axis.
In our discussion it will be more convenient to use an equivalent form of this
definition, and note that any transformation of a three-dimensional region,
not necessarily simply connected, including the points of the sphere as
interior points, analytic in terms of cartesian codrdinates, which leaves
the sphere invariant, determines a transformation on the sphere which is
analytic in the above defined sense, and conversely any transformation
analytic in the earlier sense may be extended to give an analytic space trans-
formation of the kind here used. With this definition, we may formulate

THEOREM II. Given a set of three continuous functions
X = X(x,y,2), Y = Y(x,y,2), Z = Z(x,y,2),
which leave the unit sphere invariant,
X2+ YV24+22=1if 224 y2 422 =1,

and define a continuous biunivocal transformation on this sphere, and a positrve
number e, there exists a set of three analytic functions

X = Xa(x’y!z)’ vV = Ya(x’y’z)) A =Z¢(x)y)z))
which leave the unit sphere invariant,
X2+Y24+2Z2=1if 22 +y*+322=1,

and define a biumivocal transformation of the unit sphere into itself whose
distance from the given transformation is less than e.

We divide the sphere by two networks of convex polygons, whose sides
are great circles, the number of polygons meeting at each vertex being three,
which have the property that any continuous biunivocal transformation T
of the sphere into itself, which maps each polygon of the first network on
the corresponding polygon of the second network, is at distance less than
€/2 from the given transformation, 7. This is shown to be possible by the
method used to prove Lemma I. To set up a differentiable transformation
T, we begin with the neighborhood of a vertex and its transform, gnomonic-
ally project these neighborhoods on the tangent planes at the vertices in
question, and set up affine transformations in these planes as in the proof
of Lemma 2. They project back into differentiable transformations on the
sphere, which will yield affine transformations when projected from the
center on any tangent plane. To interpolate along a side, we work in the
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tangent plane at its midpoint, and in that at the midpoint of the correspond-
ing side, and form the cubic transformations of Lemma 2. These project
into differentiable transformations on the sphere. For the interpolation
into the interior of a polygon, we work in the tangent plane at some interior
point of it, and that at some interior point of its transform, and proceed
asin Lemma 2. We thus obtain a differentiable transformation of the sphere
into itself which is one-to-one, possesses a non-vanishing jacobian with
respect to any system of ¢, § coordinates, and approximating T to within e/2.
We readily extend this to a region between two spheres concentric with the
unit sphere, and enclosing it, by adding to the ¢, 6 transformation the
equation R=r. This transformation, when expressed in cartesian coérdinates,
gives three differentiable functions

X = X2(x’y)z)y V= Yg(x,y,z),Z = Z2(xry)z):

such that X2+V2+Z2=1if x2+4y2422=1.

We shall now use the considerations of Lemma 3 to show that any
differentiable transformation in three variables which approximates this
one, both as to coérdinates and their derivatives, sufficiently closely, will,
when the transforms of points on the unit sphere under it are projected
gnomonically on the sphere, yield a one-to-one transformation of the sphere.
At every point p of the sphere we draw the tangent plane, and project the
points in some neighborhood of p on this tangent plane. Similarly we project
their transforms on the tangent plane at the transformed point P. This gives
a differentiable transformation of a part of one of these planes on the other.
We form an approximating linear transformation, having the same deriva-
tives as this transformation at p. By part 1 of Lemma 3, we may find a
u,, for this linear transformation such that any transformation of the plane
whose derivatives approximate its derivatives to within %, will be one-to-one.
We surround each point p by a circle of radius v, such that, in the circle
which is the projection of this on the tangent plane, the partial derivatives
of the plane transformation never differ from those at the center by more
than #,/2. We then surround each point p on the sphere by a circle of radius
7,/2. We pick out a finite number of such circles with centers at p; such that
each point on the sphere is inside some one of them. If, now,  is the minimum
4, and v the minimum v, for the corresponding points, if any point ¢ on the
sphere is taken as the center of a circle of radius v/2, there is a point p;
on the sphere within a distance /2 of ¢, such that if the points inside the
circle at ¢ are projected on the tangent plane to the sphere at p, and their
transforms are projected on the tangent plane at P;, the transform of p;,
a plane differentiable transformation will arise with the property that any
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other differentiable transformation whose partial derivatives differ from
those for it by less than %/2 will be one-to-one.

We now find a V for the transformation on the sphere such that, if
the images of two points are at distance less than V the points themselves
will be at distance less than /4. Now consider any approximating dif-
ferentiable transformation, 7's. Project the points in a circle of radius v/2
about ¢ on the tangent plane at the nearest p;, and their transforms under T's
on the tangent plane at P;, the transform of p; under the given transforma-
tion. A plane differentiable transformation will arise whose partial deriva-
tives are seen to be continuous functions of the partial derivatives of T,
and certain quantities connected with the given transformation and its
derivatives at p;. Consequently we may find a ' such that, if the derivatives
of T; are within #’ of those of the given transformation, the derivatives
of the plane transformation just found will be within #/2 of the plane trans-
formation previously found for ;. Thus the plane transformation will be
one-to-one inside the circle of radius v/2. If T in addition approximates
the given transformation to within V in distance, it will project on the sphere
into a transformation one-to-one throughout. For, if it took two points
p1 and p; into the same point P’, whose transforms under the given trans-
formation were P; and P,;, we should have PP’ and P,P’ less than V,
and hence P, P; less than 2V. Thus p:p, would be less than v/2, and a circle
with center at p; and radius »/2 could be drawn in which the projected
transformation on the tangent plane at the nearest p; would be one-to-one,
contradicting the assumption that p; and p, gave a single point P’.

We now find, by the Weierstrass method quoted in Section 5, applied
to functions of three variables, a set of three analytic functions X;(x, ¥y, 2),
Ys(x, v, 2), Zs(x, v, z) approximating the functions defining the differentiable
transformation, X (x, v, 2), Ya(x, ¥, 2), Za(x, ¥, 3), to within e/4+/3, V//3,
W/+/3, and whose derivatives approximate those of these functions to
within %', where W is chosen such that two points of the sphere whose dis-
tance is less than W, under the inverse of the differentiable transformation,
go into two points whose distance is less than ¢/4. We write, finally,

_ X3(xyyaz)
VKA A Z
_ Ys(x,)’,z)
T VXITFVIFZE
_ Z3(x’yyz)
VXTI Tz
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as the approximating analytic transformation. It clearly takes the sphere
into itself, is one-to-one, and is at distance less than e from the given trans-
formation T, since it is at distance less than ¢/2 from 7.

COROLLARY. Given a continuous, biunivocal transformation of any simply
connected closed surface into itself, a posiiive number e and any set of curves
on the surface deformable into meridians and parallels, we may find an analytic
transformation, the analyticity being given in terms of the given curves, whose
distance from the given transformation, measured in the same terms, is less than e.

For we have merely to deform the closed surface into a sphere, and the
curves into meridians and parallels, and apply Theorem II.
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