TRIADS OF RULED SURFACES*

BY
A. F. CARPENTER

The projective differential geometry of a configuration composed of two
ruled surfaces whose generators are in one-to-one correspondence has been
discussed by E. P. Lanef. He uses for defining system of equations a set of
four ordinary linear first order differential equations in four dependent vari-
ables which, with slightly changed notation, we will write in the form

¥y = any + a1z + e + a1,

W 2’ = any + a2z + asa + a24B,
o = Iny + hez + lisa + LB,

B = lny + lwz + lasa+ 1B,

differentiation being with respect to the variable x.

A system of simultaneous solutions y;, 2, a;, Bi(¢=1, - - -, 4), with non-
vanishing determinant is interpreted geometrically as determining four points
Pm (}’1, Y2, Y3, y4); Pn (zl, 23, 23, 24); Pa’ (aly g, O3, a4); Pﬂ’ (Bl; ﬁ% BS, 54):
which in turn determine two non-intersecting lines l,., log. As x varies these
points trace four curves C,, C;, C., Cs, while the lines /,., l.s generate two
ruled surfaces R,., R.s, on the first of which lie the curves C,, C., and on the
second, the curves C,, Cs.

In this paper we propose to develop the projective differential theory of
triads of ruled surfaces whose generators are in one-to-one correspondence.
We will determine the defining system of differential equations, calculate
certain of the invariants and covariants, and exhibit their geometric signifi-
cance in a number of instances.

I. THE DEFINING SYSTEM OF EQUATIONS

Let L., l.s and I,; be three non-intersecting straight lines determined by
the respective pairs of points Py, P,; P., Ps; P, P,; whose codrdinates y;, 2:;
a;, Bs; i, Ci(=1, - - -, 4), are functions of the independent variable . It
follows that

* Presented to the Society, April 3, 1926; received by the editors in April, 1926.
t E. P. Lane, Ruled surfaces with generators in onme-to-ome correspondence, these Transactions,
vol. 25 (1923). Hereafter referred to as Ruled surfaces in correspondence.
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(4) I ylzzaaﬁ4| #0, I a:ﬂz‘)’sﬁ' # 0, |’71§'zy324| #0,

the determinant in each case being represented by its principal diagonal.
As x varies these points trace curves C,, C,; Cq, Cs; C,, C;; while the lines
lysy lap, 1y generate ruled surfaces Ry, Rap, Ry, on which these curves are
directrix curves, pair at a time. The generators of these three ruled surfaces
will correspond in triples, one set of three for each value of .

In addition to equations (1) defining the pair of surfaces R,,, R.s, there
will be the two systems,

o = aza+ af + azsy + asel,

@ B = asa+ awB + ey + aut,
v = maa + m3B + masy + maef,
¢ = mya + maB + magy + maet,
and
v = any + a5z + a5y + asef,
@ ¢ = aa1y + aez + aesy + aesl,
Yy = nay + nsz + nssy + nsef,

’

3’ = ne1y + 762z + 165y + 706l

defining the pairs Rap, R, and Ry, Ry..

The system of equations defining the configuration consisting of all three
ruled surfaces may be taken to be the combined systems (1), (2), (3). But
this system would be cumbersome and involve duplications. As an illus-
tration consider equations (1) and (3;). By elimination of y’ we find

“ § = (611 — 151)y + (612 — M52)2 = — (@130 + 614B8) + (Mssy + 7s6f) .

Now the point Py, (y/, y4, ¥{, ¥4 ), is on the tangent to C, atP, and the
point a1k +anzi(k=1, - - -, 4)is a point of the line /,., while the point a;sa
+aBe(k=1, - - -, 4)is on the line /,5. From these considerations it follows
that equation (1,) expresses analytically the fact that the tangent plane to
R,. at P, cuts the line /.4 in the point aia+a,8*. Similarly equation (3;)
expresses analytically the fact that the same tangent plane cuts /,; in the
point 755y +756¢. Now the line joining the points aiza+a18 and nsy + 7568,
lying in a plane on /,,, must cut /,., and equation (4) is the analytic expression
of this fact, the point of intersection with /,. being given by the expression
§=(an—ns)y+ (G2—ns)z. In other words we have expressions for three
points on a line of one regulus R, of the quadric determined by I,., l.s, ;.

*By the point a1;¢+4148 we mean the point whose codrdinates are asox+-a148: k=1, - - ,4).
This form of abbreviated notation will be employed hereafter.
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By making use of equations (1:) and (3,) we obtain a second equation
(5 z2 = (a1 — me1))y + (322 — n62)z = — (azsax + a248) + (mesy + 7eet),

giving a second set of three points on a new line of Ry*.

By a linear combination of jand z, ¢ =«j+\z, we can obtain any point
whatever on /,, and the line of R, through this point will cut /. and /.; in
the respective points

k(a13a + @148) + Mazsa + a248) and «(nssy + n56d) + N(nesy + 7eel) -
By a proper choice of k, N, we obtain from (4) and (5) a pair of equations of
the form

6) y = buisa + b1B + bi1sy + biel,

2 = basa + 0248 + bosy + bael,

the coefficients being of course functions of the coefficients of equations (1,),
(1), (33), (34). Geometrically, equations (6) signify that the line of R, through
P, cuts l,p and I, in the respective points bisa+b148, bisy+d16f, and that the
line of R, through P, cuts the lines l.s, /,; in the respective points ba+b248,
by +be6¢. The analytic significance of this situation is that we may replace
either pair of equations (1), (15) or (3s), (3s) with the pair (6).

By making use of equations (1s), (1,) and (2;), (2;) we can obtain a second
pair of equations expressing y and 2 linearly in terms of «, 8, v, {. Since
there is but one line of R, through P, and but one through P,, this second
pair of equations must be identical with the pair (6). Finally the two pairs
(23), (24) and (31), (3;) again give rise to the pair (6). It follows that if we
annex to equations (1), (2), (3), the pair (6), we may eliminate six of the
twelve differential equations, thus simplifying greatly the system defining
the triad of ruled surfaces R,., Ras, R,;. We shall make use of this system in
the form
¥y = any + a1z + aua + a1,

2’ = any + a2z + aasx + 6248,

o = a3 + a3 + assy + asef,
(DOt g = aua + a4 + aswsy + a4l
v = aay + asz + assy + asel,
$' = aa1y + aez + aesy + aeef,

¥y = bisa + 18 + bisy + bief,
2 = basax + b24B + bagy + baef-

*These two lines are in general distinct, since otherwise the tangent planes to Ry, at P, and P,
would coincide, that is, R,. would be a developable surface.

{The first six of these equations constitute what may be termed a semi-canonical form of the
general first-order linear system in six dependent variables.
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The three sets of equations (1), (2), (3) may be recovered from this
simplified system providing only it is possible to solve equations (6) for «, 8,
and for ¥, ¢, that is, if

By = bisbas — bubss # 0 and By = bisbs — bisbes # 0.
Now bygbgs — brabes %0, for otherwise bys =17bas, bis =rba4, and hence, from (6),
y— 1z = (bis — 7bas)y + (b1s — rbas)S,

so that a point y—7z of /,, would be a point (bis—7bss)y + (b16—7b2s){ of Iy,
But this is contrary to our original assumption. Similarly b1sbs6 — b16b2s #0.
We note also at this point that the determinants

Ay = 013824 — G14823, Az = 035046 — A36045, Az = a51862 — as52061

are non-vanishing. For if, say, 1302 — 014023 =0, then from the first two of
equations (T) we would find

azay' - 0132/ = (anazs - 021013)}’ + (012023 - 022013)2-

But this relation implies that the four points P,., P.,, P,, P, are coplanar,
and hence that R, is a developable, contrary to our hypothesis. Similarly
for the other two determinants.

It is hardly necessary to remark here that for any system of type (T)
there always exist twenty-four functions y;, 2, a;, Bi, vi, $i(G=1,---,4),
linearly independent and satisfying conditions (4) and conversely any such
set of twenty-four functions determines a system of equations of type (T').*

The most general transformation which not only preserves the form of
system (T) but at the same time leaves our triad of ruled surfaces un-
disturbed, is

z= =),
y = ¢y + dz, o= ga+ kB, v =sy+ &,
©) 2= ej+ fz, B = ja + kB, ¢ = wy + o,

D,

cf —de # 0, Dy =gk — hj #0, D3y =sv—itu0,

where the coefficients are functions of x. Geometrically this amounts to the
choice of new directrix curves on the three surfaces R,., Ras, Ry;, together
with a new parametric representation. If the dependent variables alone are
transformed, there results a new system of equations whose coefficients are
given by the equations

*All functions are assumed to be analytic.
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Dign = f( — ¢’ + auc + ane) — d( — € + anc + a2),
Diéy2 = f( — @' + aud + arsf) — d( — f' + ad + assf),
D@ = — e( — ¢’ + auc + ane) + c( — € + aac + ase),
Dydgs = — e( — d' + and + a1sf) + ¢( — [ + and + auf) ;

D1drs = f(a13g + 014f) — d(azg + a24j),
D1a1s = f(arsk + awnk) — d(assh + axuk),
Didys = — e(a1sg + argf) + c(azsg + az4f),
D324 = — e(a13h + ank) + c(assh + ask) ;

Dyidss = k( — g’ + assg + asag) — B( — ' + ausg + a44j),
Dydsy = k( — B + assh + ask) — B( — k' + aih + auk),
Dydys = — j( — g’ + assg + as4f) + g( — 7' + ausg + a44f),
Dsdss = — j( — KB + assh + asik) + g( — k' + awsh + auk) ;

Dodss = k(asss + aset) — h(asss + agets),
D2ase = k(asst + asev) — h(asst + asev),
Didys = — j(asss + azenr) + g(asss + asens),
Dadys = — j(asst + asev) + g(aast + auev) ;

D3dss = v( — 5" + asss + asen) — ¢ — ' + aess + asets),
D3dge = o( — ' + asst + asev) — {( — v’ + aest + aeev),
Dsies = — u( — ' + asss + asene) + s( — ' + agss + aeen),
D3des = — u( — ¢’ + asst + asev) + s( — v + aest + aee?) ;

Dsdsy = v(asic + asze) — t(asic + aeze),
Dsdss = v(asid + assf) — t(aerd + aesf),
Dsigy = — u(asic + asze) + s(asic + aece),
Dsdss = — u(asnd + asef) + s(aerd + aeof) ;

Dsbis = f(bisg + b14f) — d(basg + bas),
Dsbiy = f(bish + bisk) — d(bash + bosk),
Dibas = — e(bisg + b1af) + c(basg + be4f),
Dsbas = — e(bish + bisk) + c(bash + bask) ;
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Dibis = f(biss + baste) — d(bass + basus),
Dibis = f(brst + biev) — d(bast + baev),
Dibss = — e(biss + biste) + c(bass + baste),
Dibs = — e(bist + b1ev) + c(bast + basv).

From (8,) it follows that if ¢, d, e, f are chosen as a set of simultaneous
solutions of the system of differential equations

(89)

¢ = auc + one, d = and + awnf, € = anc + ane, [ = and + aaf,

then for our new system we shall have @i = di1; = @51 =332 =0. The new curves
G;, G;, on R,,, thus obtained, have been called intersector curves by Lane*,
from the fact that their tangents at Py, P;, on /,, intersect the corresponding
line l.s on Ras.

In a similar manner we may choose g, 4, 7, k as a set of solutions of the
system

g = ang+ asj, ¥ = aush+ auk, j = aug+ auj, ¥ = auh+ auk,
and s, ¢, %, v, a set of solutions of the system
s' = agss + asert, ¥ = asst + asev, U = aess + aost4, V' = aest + aeev,
and thus reduce our system (T') to the canonical form
¥ = aua+ a1, o = axy + ael, ¥ = asny + anz,
2 = apa+ B, B = awy + e, ¢ = aay + ez,
Yy = bisa + b14B + bisy + buef,
z = basa + bauB + bosy + bael,

(R)

where for simplicity we write a.;, b.», instead of d;;, b..

For this system the directrix curves on surface R,, are intersector curves
with respect to the surface R.s, the directrix curves on R.s are intersector
curves with respect to R,;, and so on. This is apparent from the first six of
the above equations. Lanef has called attention to the fact that for two
ruled surfaces whose elements are in one-to-one correspondence, there exists
on each a one-parameter family of curves which are intersector curves with
respect to the other. This follows when we note that the form of system (R)
remains unchanged so long as the dependent variables are subjected to trans-

* Ruled surfaces in correspondence.
t Ruled surfaces in correspondence.
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formations involving constant coefficients. It must be noted, however, that
the directrix curves on R,, are not intersector curves with respect to the
surface Ryt, nor the directrix curves on R, intersector curves with respect to
R.s. If we wish to reverse the order we must first rewrite system (7) in
such a way that y’, 2’ are expressed in terms of y, z, v, {; ¥/, {’ in terms of
v, ¢, @, B, and a’, 8’, in terms of «, B3, ¥, 2. This change may be effected
easily by the use of the last two equations of the system. When this has been
done the new system may then be reduced to its canonical form by suitably
chosen transformations on the dependent variables. It is unnecessary to
supply the details at this time.

In the sequel we shall have occasion to make use of cyclic substitutions
on the dependent variables and the coefficients of systems (7') and (R) cor-
responding to the three-fold symmetry of our configuration. For either
system, if the order of the first six equations is

r__ ! — ! = ...
a_..., ﬂy_..., y__ ’

g = ---, o=, = .-,
then logically the last pair should be solved for «, 8, thus,
a = [(bisbas — bisbas)y + (brabas — bieb2e)¢ + baay — bres]/Bi,
B = [ = (busbas — bushas)y — (busbas — busbas)§ — basy + busz]/ By,

and if the order of the first six is

©)

r_ r_ ! o= ...
ﬂY_ooo’ y_.oo’ a_ ’

o=, g= .., g= -,
the last pair should be solved for v, ¢,
v = [bsy — 163 — (bisbzs — bisbas)a — (Brabas — bisb24)B]/ Bs,
¢ = [ — basy + b1z + (bisbas — bisbas)a + (brabas — bisbes)B]/Bs.

The corresponding cyclic substitution on the dependent variables is(yoy)
(2B8¢). Permuting the a;; replaces every a;; with @42, j12, it being understood
that wherever 742 orj+2 exceeds 6, we use its residue, mod 6. The permu-
tations on the &’s involve the replacing of the coefficients in the last two
equations of (T') or (R) by those in (9) taken in the same order, and those
in (9) by those in (10).

Before proceeding to the calculation of some of the invariants and co-
variants of our system of equations, it is worth while to point out that the
derivatives of the coefficients b,) are functions of a;;, b... If the last pair
of equations in either (T') or (R) be differentiated we shall find thus two ex-

(10)
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pressions for ¥’ and two for z’. By equating these values and making use of
the remaining equations, there arise two identitiesin y, 2, @, 8, v, {. Equating
coefficients enables us to write down the values of b, in terms of a;j, b.n.

II. INVARIANTS AND COVARIANTS

The infinitesimal transformations of the dependent variables may be

written
y = (1 4 $:168)5 + ¥z, 2 = k10t5 + (1 + w18)z ;

(11) a=(1+ ¢25t)¢_1 + lpzatﬁ, B = rbta + (1 4+ wzat)ﬁ;
v =1+ 037 + ¥, ¢ = xadly + (1 + wsdd) ;

Dy =14 (¢1 + w)it;
Dy = 1 + (¢2 + w3)ét ;
D; =14 (¢35 + ws)dt
where ¢, ¥, ki, wi(=1, 2, 3) are arbitrary functions of x, and ¢ is inde-
pendent of «x.
From (8) and (11) we find for the infinitesimal changes in the coefficients

of system (7)),
San = ( — ¢f + a1k1 — a2ay)dt,

da1; = [ — ¢! + (a1 — a2)¥1 — a12(p1 — w1)]8¢,

12
(12,) daz = [ — x{ — (a1 — @2)x1 + 6a1(1 — wi) ]3¢,
da22 = ( — w{ — Gi1ax1 + aay1)dt ;
da1s = [a1s(d2 — ¢1) + Graka — azsyn o2,
(12 ) 0414 = [aml/z + a14(ws — ¢1) — au‘h]‘”s
! dazs = [ — a1s1 + aas(d2 — w1) + a2ux2]0t,
8024 = [ — are1 + Gasps + a2a(we — w1)]0t ;
da33 = ( — ¢4 + a3z — aasy2)dt,
(125) 8ase = [ — ¥f + (as3 — au)¥2 — aau(dp2 — w2) ]3¢,
: dass = [ — k4 — (ass — @ae)ke + aaa(P2 — ws) Jo¢,
das = (— wd — asuxe + aus2)dt ;
dass = [ass(ds — ¢2) + asexs — a2 )0t
(12‘) das = [dastlls + 086("’3 - ¢2) - 0“4’2]&’

8045 = [ — assks + aus(ds — wa) + 0461(3]4”,
dass = [ — asexe + aus¥s + ue(ws — w2) Jot ;
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dass = (— &3 + asexs — aes¥s)dt,
dass = [ — ¥i + (ass — aes)¥s — ass(ds — ws) ]3¢,

12

(125 dass = [ — k§ — (ass — aoo)xs + aes(ds — ws)]ot,
dass = ( — ws — asexs + Gecys)ot ;
sas1 = [asi(d1 — ¢3) + asaxs — aas)ot,

(120 dase = [as¥1 + as2(wr — b3) — aea¥s)ét,

° 8as1 = [ — asiks + aai(pr — w3) + aeeK1]0t,
8as2 = | — asoxs + asrf1 + aea(wr — ws) J6¢;
8bis = [b1s(¢s — &1) + brexs — bas1 o2,

(12) 8b1s = [brsfs + bra(ws — é1) — basn]t,

! bas = [ — busks + bos(ds — w1) + bauxz]dt,
8boa = [ — bras + bas¥a + bae(we — wi) J8¢ ;
8b1s = [b1s(¢s — ¢1) + bieks — bas¥1]ot,
3bis = [bis¥s + bis(ws — &1) — baey1]6t,

(12)

8bss = [ — bisk1 + bas(ds — w1) + basks]dt,
bag = [ — biexs + bass + bas(ws — wi) Jot.

Any function U(a;j, b..), invariant under transformations on the depend-
ent variables, must be such that

aU
0U = Z—-aa.-;+ Z
aa.',‘

U
8ba = 0.
bxk

a
If we introduce into this equation the values obtained above and equate to
zero the coefficients of ¢, ¢/, ¥i, ¥!, ki, k!, wi, w! (i=1, 2, 3), we will obtain
a system of partial differential equations whose solutions will be absolute
seminvariants of system (T).

Without following the investigation further at this time we wish to remark
here that the coefficients of ¢/, ¢!, x{, w{, when equated to zero, give

1 aU 1 aU

-——=0, —_— = —-—=0’ —_——=

aau 6012 ’ aan aazz
so that there are no seminvariants containing ay, @i, a1, az. Similarly it
follows that there are no seminvariants containing ass, ass, Gus, Gus; ss, Gss, Ges,
age. Since the only coefficients which can appear in the absolute seminvari-
ants are those of the canonical form (R), we conclude that tke canonical and
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uncanonical forms of the absolute seminvariants are identical. In our search
for invariants we may therefore confine our attention to system (R).

Referring to equations (8:), (84), (8¢), we discover that they constitute
an invariant system under cyclic substitution on the coefficients a;; provid-
ing also we insist on subjecting the coefficients of (7) to the cyclic substi-
tution (cgs)(dht)(eju)(fkv). Further investigation discloses that the two
sets (87) and (8s) possess the same property. In view of this fact we find
that if any function U(a:;, ber) is a seminvariant, then the new function ob-
tained from it by permuting the arguments of a;;, b is also a seminvariant.

We are ready now to calculate some of the seminvariants. If the four
equations (12,) be multiplied respectively by b, bas, bis, bzs, and the four
equations (12s) similarly by as1, e, @s2, ase, and the resulting equations added,
we find that

8510015 + 0150@51 + @520b25 + Dosdase + 610016 + b160ae1 + @e20b26 + bsedass = 0.
We have thus found an absolute seminvariant
(13) I = asbis + asebas + ae1bie + aesdos.

From this, by permuting the letters we obtain two more seminvariants.
They are

(14) I il) = (@13b24 — @14d2s — G23b14 + @24b13)/1B,

and

(15) I :2) = [ - aas(blabzo - blobza) + aas(blabzs - bubzs)

— G4s(brabas — bigbas) + Gus(bredas — bisbu)]/Bs.

For the five determinants A4,, 4,, 4;, B;, B; we find from equations (12)

04, = A)( — ¢1+ ¢2 — w1 + wa)dt,

042 = A2( — é2 + ¢3 — w2 + w3)dt,
(16) 043 = As( — ¢3 + ¢1 — ws + w1)dt,

0B; = By( — ¢é1+ @2 — w1 + wi)dt,

0B; = Ba( — ¢1 + &3 — w1 + w3)dt.
From (16) we find

AasBz + Bz&As = 0,
so that

@17 I = A3B; = (651862 — @52061)(b15b26 — Di6b2s)
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is an absolute seminvariant. Again from (16) we have
B15A1 bt A1631 = 0,

Bz(AzaB1 + BlsAz) - AzB]ﬁBg = 0,
so that

(18) Ia(l) = AI/BI = (013024 - 014023)/(17131724"‘17141723)

and

(19) I(zz) = AzBl/Bz = (assdm - 036045)(613524 - bubza)/(blsbzo - blebu)

are also absolute seminvariants. Iy¥ and I,® might have been obtained
from I, by permuting the letters.
It may be verified by reference to equations (8) or (12) that

(20) J, = bis(assas: + aseas1) + b14(@4sas51 + s6061) + D23(@35a52 + @36a62)
+ b24(a45052 + G46G62)

is an absolute seminvariant. From this, by permuting letters, we find two
new seminvariants. They are J,® and J,® where

(21) Bxf(zl) = (013051 + 023052) (bubzs - blsbu) + (dlsdsl + dzsaez)(bubzc - blsbu)

- (014051 + 024052)(bxsbzs - b15b23) - (014061 + 024062)(6131726 - blobza),

(22) By = bis(assass + a240ss) — buo(ansass + a2404s) — bas(a130ss + @14046)
+ b26(a13035 + @14045) .
Let Kb13+Lb14+Mb23+Nb24 and Pb13+le4+Rb23 +Sb24 be any two rela.-

tive seminvariants linearly expressible in terms of bys, bus, bs, bes, and whose
coefficients are functions of a;;. Then we have
w(Kbis + Lbis + Mbos + Nbss) = Kbiz + Lbis + Mbag + Nbas,
¥(Pb1s + Qb1s + Rbes + Sbag) = Pbiz + Qbis + Rbas + Shas.

Replacing by, - - - , by by their values from (8;) and equating coefficients of
bis, - - - , bu, on opposite sides of these identities, we find

DK = u(fgK + fhL — egM — ehN),

DiL = u(fjK + fkL — ejM — ¢kN),

DM = u( — dgK — dhL + cgM + chN),

DN = u( — djK — dkL + ¢jM + ckN);
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D:P = v(fgP + fBQ — egR — ehS),
DiQ = »(fjP + fiQ — ejR — ek3),
DiR = v( — dgP — dhQ + cgR + chS),
DsS = »( — djP — dk) + cjR + ckS),

and from these relations it follows that

Dy(KS — LR — MQ + NP) = wD,(KS — LR — MQ + NP),

that is, KS—LR—MQ+ NP is a relative seminvariant.*

Now the numerator H = a13b24 — @14b2s — G23b14+a24b1s of the seminvariant
I can be shown to be a relative seminvariant for which Dju=D,. Using
H and the seminvariant J, for which »=1, we find by the above theorem that

(23) Js = a13(assas1 + aseder) + @14(@45051 + Gusde1) + @23(@35852 + G36aes)

+ as4(assasz + a4e0e2)

is a new absolute seminvariant. Permuting the letters of J; gives J; itself.

We have now found ten absolute seminvariants, four of which are integral
in form. If we wish a set of ten, all of which are integral, we may take Iy, I,
Jz, I3=Ile(2), Js, I4=Iz, Ig(z), ]4=12]2(2), Is=1211<1)12(2), Ig=IzIz(l)Iz(2), Jg=
LI® J,™ . Of these ten, I,, I4, I's cannot vanish identically.

If, following the usual custom, we assign to a;; the weight one and to b,,
the weight zero, then the subscripts above indicate the weights of the semin-
variants.

A transformation Z = £(x), of the independent variable, is seen to replace
every coefficient a;; with a,;/¢’ and to leave the coefficients b,» unchanged.
It follows that the ten absolute seminvariants are all relative invariants.

As a preliminary to the search for covariants we wish to establish a
theorem which will be of great assistance to us. Let Py+(Qz and Ry+Sz
be any two relative semicovariants, linear in y and 2, so that

uw(P5+ Q2) = Py+Qz, »(Ry+ Sz) = Ry + Sz.

We have, by (7),
#(Py + 02) = ul(Pc + Qe)y + (Pd + Qf)s] = Py + Qs
v(Rj + S2) = o[(Rc + Se)y + (Rd + 5f)z] = Ry + Sz,

*b18, b1e, bas, bas might have been used rather than by, b14, bas, b2y, without altering the conclusion.
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so that
wPc+Qe) =P, wPd+0f) =0,
WRc+ Se) =R, »(RiI+SfH)=S,
and therefore
PS — QR = wDy(PS — QR).
It follows that the determinant of the coefficients of y and z in any two relative
semicovariants, linear in y and z, is a relative semicovariant, or relative semin-

variant, according as these coefficients are, or are not, functions of the dependent
variables. This theorem holds if y and z are replaced by either of the pairs

af; .
By making use of equations (7) and (8) we find that

Co® = (bagy — bisz)a + (b2ay — b142)B,

(24)
CiM = (a”y — a2)a + (Gay — a142)B

are relative semicovariants, since D; Co® =Co® and D,C,®¥» =C,®. By intro-
ducing into the first of (24) the values of « and B given in (9), or the values
of y and z given in (R), we obtain two alternative forms of Co». They are

(2) = (bgsy b bu;z)'y + (bzsy - bleZ)g' (Co(z) = - CO(D):
Co® = [(bisbss — bisbas)er + (brebes — bishes)Bly
+ [(B1sbas — bisbas)a + (Brabas — busbas)B]E (Co® = Co).

By permuting the letters we obtain from the second of equations (24) two
additional relative semicovariants. They are

(25) Ci® = (apa — a3sB)y + (awa — asef)S,
Ci® = (aa1y — as1$)y + (ae2y — as2f)z,
fOl' WhiCh th'l(z) =C1(2) and D{C‘l(” =C1(3) .
Since Co® and C,®V are expressible as both linear in y, 2, or both linear in
a, B, we obtain from them, by the theorem proved above, two new relative
semicovariants. They are
KW = (ag3b24 — 024b23)y> — (G13b24 — @14bas + aasb1s — @24b13) y2
(alsbu - a“bls)zz (1712 1—{ D = DzKl(l)),
K® = (a13b2s — @a3b13)a? + (a1sbas + G14b2s — a23b1s — az4b13)af

+ (@14b2s — a24b14)B? (D K @ = K®),

(26)
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Similarly, from Co® and Ci® we obtain
L® = (as1bss + Gerb2e) y* — (@51b1s — as2bas + @e1016 — Ge2bas) ¥z

- (dszbls + dezbu)z’ (Dlzl(l) = Ln(’)) ,
L® = (ae1b1s + Go2b25)y? — (as1b15 + asebas — Gerbrs — Geabae)v$

— (as1b1s + as2be)? (DL® = L®),

(27

and from C,® and C\®,

M@ = [a45(bisbas — biebas) — @us(brsbas — bisbas) Ja?
- [ass(blabzc - blebza) - aae(bubzs—bubza) - aus(bubzo - bnbu)
~+a46(b14b2s — b1sbas) ]aﬁ - [ass(bubzc — b1ebad)
—ase(brabes — bisbas) 162,
@ = [ass(bubzs - b16b23) + a4s(bl4bzs - blsbn) ]‘)‘2
+ [ass(bisbas — biebos) + @ae(brsbes — bisbas)
+ 045(514626 - blebu) + a4e(bl4bzs - blabzc)]‘Y?
+ [a36(b13bss — bisbes) + aae(brabas — biebas) 112,

(28) o

where
D\D; MV = DMV, DiM,\® = M,®,

Writing C1® in the form (asy -+ @46l ) — (assy +a36f)B, we obtain from it
and C,® by the process employed above

(29) C = [(a20035 + 024045)7 + (a23036 + @24840) |y — [(a13035 + ar0045)y
+ (13036 + 614046)¢ ]2 (DIC» = Cym),
By repeating this process with C,® and C,® we obtain
C{® = (1335861 + 14045861 + 023035062 + 024045062) 72
(30) — [a13(a35a51 — @36a61) + 14(45051 — Ga661) + G23(a35a52 — GsGes)
+ 024(045052 — 345069)]¥E — (313036051 + 014046851 + G23030052
+ a24046052) 2.

By rearranging C,® and C,® the determinant of the coefficients of ¥, { is

CsV = (a3551028 + 36061023 + G45051024 + G46061024) ¥?
(31) - [dss(anau - 052023) + 036(061018 - 002023) + 045(051014 - aszazc)
+ 46(61814 — @62024) ] ¥z — (@35052015 + 36062013 + 45052014

+ a46062014)22.
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By comparison of C3® and Cs® it is seen that the latter can be obtained
from the former by permuting the letters. This suggests that we permute
the letters in C;0. When this is done there results

C¥ = (051013045 + a52a23045 + a61013846 + 062023046)012

( ) - [051(013085 - 014045) + 052(023035 - 024045) + aex(alsaxs - auau)
32

+ @e2(023038 — @24046) JoB — (51014035 + 52024035

+ 3610814036 + 62024a36)82.

For these last three relative semicovariants we find

DICM = C3™, DCs® =C3?, D3Cs® = Cs®.

We might have made use of C;® and C,¥, obtaining

(33) C,? = [(035051 + dasael)y + (035052 + asaaez)z]ﬁ - [(045061 + 04caex)y
+ (ausas2 + @usas)z]a (DC2® = C,@),

and then employed C;® and C;® in the same manner. But this would have
resulted in C;®. Nor would anything new be obtained from C,® and

(34) C,® = [(051013 + 052023)a + (051014 + (152024)3]3' - [(061013 + aezaza)a
+ (061014 + 062(124)3]‘)’ (Daaam = Cz(‘”)-

We have now found sixteen relative semicovariants, all of them homo-
geneous of the second degree in the dependent variables and all homogeneous
in the coefficients a;;. Since a transformation of the independent variable
replaces a;; with ¢;;/¢’ and leaves b.\, ¥, 2, a, B, v, { unchanged it follows
that these sixteen semicovariants are also relative covariants. One of them,
Co®, is in fact an absolute covariant since it does not contain a;;.

Nine of the sixteen involve but two dependent variables each and these
two correspond in each case to a pair of points determining a line of one of
the three ruled surfaces R,., Ras, R,;. We shall speak of these nine as bi-
variants. The remaining seven involve four dependent variables each and
these four correspond in each case to two pairs of points determining lines
from two of the three surfaces. These seven we shall term guadrivariants.

The significance of a quadratic covariant depends in general upon whether
it can be factored. It is not difficult to show that necessary and sufficient
conditions for the factoring of quadrivariants are the vanishing of ome or more
of the quantities Ay, As, A3, By, B,. Since we insist in this theory that these
determinants shall be different from zero, we conclude that tke quadri-
variants are irreducible.
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IITI. GEOMETRIC SIGNIFICANCE OF INVARIANTS AND COVARIANTS

We have already seen that the three lines J,., log, l,; determine a quadric,
that the line of the regulus R, which passes through P, cuts l.s and l,; in
the respective points bisa+b148, bisy +b16f, and that line which passes through
P, cuts l.g, l,; in the respective points b+ basfB, basy +Dbeef. 1t follows that
the line of R, which passes through the point P, of /,, where ¢ =y puz, cuts
lag, ¢ in the respective points

0 = (bis + wbas)a + (brs + ubd24)B, ¥ = (bis + pbas)y + (b1s + ubee)d.

By differentiating and making use of (R) we have
¢ =9y + ud’ + p'z = ana + auB + plana + 628) + u'z,
so that
(35) ¢’ — u'z = (a13 + pazs)a + (614 + pazs)B.

Now ¢’ —u'z is a point on the tangent plane to R,, at P,. It follows from
(35) that this plane must cut l.g in the point P, where

7 = (013 + pass)a + (a1s + pasd)B.

If that line of R, through P, is to be tangent to R,, then it must lie in the
tangent plane to R,. at P4 and hence must cut l.g in the point in which this
tangent plane cuts l.g. We have thus

@13 + pass _ a4 + pass
bis + wbas  bia + pbas

or

(36) (2324 — Gaabos)p? + (@13b24 — @14dos + G23b1s — Gaidia)
+ (a13b14 — a14b1s) = 0.

The two roots of (36) when substituted for u in ¢ =y+puz, give the ex-
pressions ¢V, ¢@, for the two points on /,, at which the lines of R, are
tangent to R,.. The product ¢V¢® is precisely K,®.

The two points Pyw, Py will coincide providing the discriminant of
(36) vanishes. This discriminant, except for the factor B;?, is found to be
(I,0)2—4L,0

In view of the three-fold symmetry of our configuration it is unnecessary
to repeat the above argument for the lines lug, /,;. By permuting the letters
once we find that K,® is replaced, except for the factor By, by M,® and
(I®)2—4L,® by (I,®)2—4L,®, and permuting a second time replaces M,
by Ll(2) and (11(2) )2—412(2) by 112“412.
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Summing up, we find that there are two points on each of the lines lys, lag,
l.; at which the lines of the regulus R, are tangent to the respective ruled surfaces
R,., Rag, Ry;. These pairs of points are given by factoring the respective co-
variants KW, M\®, Li®. The conditions that the point pairs consist of co-
incident points are the vanmishing of the respective invariants (V)2 —41,®,
(I®)? —41,?, I,2—41,.

The intersector tangents to R,. at P4 and P4e must coincide with the
lines of R, through these points, for otherwise the tangent planes to R,, at
these two points would both contain /,s and hence would coincide in the plane
determined (under these conditions) by /,, and /.. Our theorem may there-
fore be restated in terms of coincidence of intersector tangents with rulings
of R,.

The two points Pywm and Py in which l,s is cut by the lines of R,
through P4 and P4, are given by the expressions

0N = (b1s + mbas)a + (bra + p1d20)B, 0P = (b1s + pobas)a + (b1s + p2bad)B.

If we form the product V0 and in it replace u1+ p2 and uyps by their values
from (36) we shall find that, except for the factor Bi/(@aibes —aasbes), the
product reduces to the relative covariant K,®. Without further discussion
we remark that similar interpretations attach to the covariants M,® and
Lo,
Differentiating the expression = and making use of equations (R) we find
7 = (61 + pasd + paw)a + (a1 + pasl + w'a)B + [a1sass + a1
+ u(023a35 + 24045) |y + [a13036 + 14046 + (23038 + G24a46) T .
Reasoning as before we find for the point in which the intersector tangent
at P, cuts /,; the expression
37 7 = [a130s5 + 014045 + p(a23035 + 024045) ¥
+ [613a36 + 614046 + 1(G23a36 + a24840) ]§.
Let us suppose that the line /,, is tangent to R,z at P,, so that it lies in
the plane p tangent to R.p at P,. The line /,, lies in this plane so that p cuts
l,; in P,. Since both P4 and P, lie in p, the line /4, must cut all three lines
bysy lag, lyp. It is therefore that line of R, which passes through P,. It follows
that P, and P, coincide and hence that
813035 + 014045 + 1(a23035 + 024045) D15 + pbas

613036 + G14046 + 1(023036 + G24G46) T b+ pbas
This reduces to

(38) Lp,ﬁ +Mp+ N = 0’
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where

L = b3e(a23035 + G24045) — bas(a23as6 + a24a40),
M= bn(andss + audu) - bzs(audu + auau) + blo(a::au + Guau)
—b15(a23a38 + G24040),

N = bie(a13a35 + 614845) — b15(13038 + G1484) .

The two points on /,, which correspond to the two roots of equation (38) are
found to be given by the factors of the expression

Ly* — Myz + N3t

and this expression is the relative covariant obtained from C,® and C,® by
the determinant process. The factors of this covariant thus give the points on
by at which intersector tangents are also tangent to R.s. These two points
coincide providing M?—4LN =0 and this expression reduces to the relative
invariant

B3 [(J®)? — 4I,0[,®] = 0.

Corresponding pairs of points on /s and /,, are given by the factors of the
two covariants obtained from the one above by permuting the letters and co-
incidence is conditioned upon the vanishing of the two invariants J,*—
41,0 I, and (Jo® )2 —41,I,™,

Four skew lines in space have two, and only two, straight line intersectors.
The two lines of R, which are tangent to R,,(Ra.s, R,;) furnish an illustration
of this theorem. The two points in which they cut /,,(las, l,;) constitute in
their entirety a curve of two branches on Ry,(R.s, R,;). The two intersector
tangents of R,, (Ras, Ry;) which are also tangent to Rus(R,;, Ry.) furnish a
second illustration. The two points on Z,.(las, l,;) at which these intersector
tangents occur generate a curve of two branches on R,,(R.s, Ry). If we
think of the asymptotic tangents to R,.(Rap, Ry;) at points of l,,(las, lv;),
there are evidently two which intersect las(lys, I,.), and these two points at
which they occur constitute for all the lines of R,,(Ras, Ry;) a curve of two
branches. Invariants and covariants connected with such curves would
contain first derivatives of the coefficients.

For each of the three ruled surfaces R,., R.s, R,; we have thus three
different curves, each consisting of two branches. Lane has discussed the
second and third of these curves for a configuration of two ruled surfaces but
without showing their relation to the invariants and covariants of the defining
system of differential equations.*

* Ruled surfaces in correspondence.
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Starting at any point P, whatever (designated hereafter as P, ) on I,
we have progressed by means of intersector tangents through a point P, on
l.p to a point P, on l,;. There is of course an intersector tangent to R,; at
P,. By a repetition of the process of reasoning already twice employed we
find an expression for the point P, in which this intersector tangent cuts /,,.
Itis

(39) ¢1= (4 + pB)y + (C + uD)z,

where
A = a13035051 + 01336861 + 014045051 + 14046061 ’

( 40) B = a33a35a51 + 23@36061 + 024045051 + 024046061,

C = 013835052 + G13036062 + 14045052 + Q14G46062,

D = 33035052 + 023036862 + 24845052 + B24846062 .

Now P, will coincide with P, if and only if, the coefficients of y and 2
in ¢, and ¢, are proportional, that is if

(41) Bu?+ (A — D)u — C =0.

Solving for p and introducing the values so obtained into the expression for
¢o we have

2B¢® = 2By + [D — 4 + ((4 — D)* + 4BC)*]s,
2B$o® = 2By + [D — 4 — ((4 — D)* + 4BC)?]z,
or
BpyW¢y® = By? + (D — A)yz — Cz2.

But the right member of this equation is precisely the covariant C;®. It is
not difficult to show that if we start with /.5 rather than /,, we will obtain
two points on J.s whose expressions will be factors of the covariant C;® and
similarly two corresponding points on /,; whose expressions will be factors
of Cs(a) .

Let us speak of four points related to each other as are Py, P,, P,, P,,
as an intersector sequence of order ome, open if Py #Py,, closed if Pyy=Py,.
Then we have proved that on each of the lines 1., l.g, L.z, there are two points
for which the corresponding intersector sequences of order one are closed and
these pairs of points are given respectively by factoring the three covariants Cs® ,
Cs®, C®. The sequences must be the same for all three pairs of points for
otherwise there would be more than one such pair on each line.

We will suppose now that P4, P4, and let P, be that point of /,, obtained
from P, just as P, is obtained from P,, The set of points beginning with
P, and ending with P,,, seven in all, we shall speak of as an infersector
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sequence of order two, closed if Py,=Pg,, open if Pyy#P,4,. We find for the
expreJsion for this point

$2 = (4D + uBD)y + (CW + uDD)g,
where

(42) AW =42+ BC, BV = B(4 + D), CV =C(4 + D), DV = BC + D2.
The point P4, will coincide with the point P, if

By 4 (4 — DW)y — CW = 0,
But this reduces to
(A +D)[Bu*+ (4 — D)p — C] = 0.

The vanishing of the second factor gives those values of u to which correspond
the values ¢, ¢o® of ¢. The presence of this factor was to be expected
since a closed sequence of order one, twice followed, constitutes a special case
of a closed sequence of order two. It is the vanishing of the factor (4 +D)
that is significant. For by referring to (35) it is seen that if A+4+D=0,
Py,=P,, for every point whatever of /,,. Now

A 4 D = a15(assa51 + a36061) + 014(@45051 + a46061)

+ azs(assase + @36a62) + a24(@45052 + Gi6062) = Js.

We have thus proved that if the invariant J;=0, the intersector sequences
of the second order for all points of l,. are closed. We remark that the points
of lag, Ly also have this same property when J;=0.

Before investigating intersector sequences of higher order we note by
(41) that the two points of /,, whose intersector sequences of order one are
closed will coincide if

(A4 — D) + 4BC = 0.

This expression is a relative invariant K =J;2—4I,. If J;=0 then K0,
since Is70. If the intersector sequences of order two for all the points of /,,
are closed then the two distinct points of /,, whose sequences of the second
order consist of a sequence of the first order once repeated, are given by the
roots of the equation

Bu? 4 24p —C = 0.

Assuming now that P, P,, P, are in general distinct, we seek to find
the expression for the point P4, which, together with Py, Py, P4, and the
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intervening points on las, /., constitutes a sequence of order three. Pro-
ceeding as before we find

¢ = (A® + uB®)y + (C® + uD®)3z,
where
A® = (4% + BC)? + BC(A + D)2,
B® = B(4 + D)(A? + 2BC + D?),
C® = C(A + D)(A* + 2BC + D?),
D® = BC(4 + D)*+ (BC + D??,
and this point coincides with Py, if

B@y2 4 (4@ — D@)y — C® = 0,

(43)

that is, if
(4 + D)(A? + 2BC + D?)[But + (4 — D)u — C] = 0.

The significant factor this time is A2+2BC+D?. 1t proves to be the relative
invariant Kg=J32—2I¢. If A24+2BC+D?=0 it is seen by (43) that ¢o=0¢s
for all values of u. In this case, as before, A +D =J; cannot vanish when
Jaz - 2I5 = 0.
For intersector sequences of order four we find for P, the expression
¢4 = (A® + pB®)y + (C® + uD®)z,
where
A® = [(A% + BC)? + BC(4 + D)?]* + BC(4 + D)*A? + 2BC + D%2,
B® = B(4 + D)(4* + 2BC + D*)[(A? +BC)* + 2BC(A + D)*+(BC+D??,
C® = C(4 + D)(42+ 2BC + D? [(4*+ BC)* + 2BC(A+ D)*+ (BC+D??,
D® = BC(A + D)*A? + 2BC + D?? + [BC(A + D)? + (BC + D?7.
Py,=Py,if
(A + D)(4* + 2BC + D) [(4? + BC)* + 2BC(4 + D)?
+ (BC 4+ D»?][But 4 (4 — D)u — C] = 0.
The significant factor (42+BC)2+2BC(4+ D)+ (BC+D?)? reduces to the
relative invariant K,=J3*—4J?¢—2I2=K;2—~21¢®. As before K, cannot
vanish when K;=0.
There is no need to repeat the analysis for sequences of orders 5, 6, - - - .

The reasoning is general. For intersector sequences of order » the necessary
and sufficient condition for closure is the vanishing of the relative invariant

K,= K2, — 213" (n=3,4,--),
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where
Kg = J:.

The vanishing of any K, precludes the vanishing of all other K’s. K, is of
weight 3 - 272 and of the same degree in the ¢;;. To recapitulate: fo eack
potnt of the line 1y, of Rys (lag of Rag, lyz of Ry;) there corresponds an intersector
sequence of order n (n=2, 3, - - -). The necessary and sufficient condition for
closure of all such sequences of order n is the vanishing of an invariant of weight
and degree 3-2%. The possession of the closure property by the sequences of
any given order precludes the possession of this property by the sequences of all
other orders. To only two points of l,.(lap, l.;) correspond closed sequences of
order one.

We have now obtained geometrical interpretations of the ten relative
invariants or combinations of them, and of the nine bivariants. Many other
interesting problems present themselves for investigation : the properties of
the two congruences made up, in the one case of the one-parameter family of
reguli R, and in the other of the reguli R, to which second congruence the
surfaces Ry, R.s, R,; belong; the relations of the invariants and covariants
of the separate surfaces R,., R.s, R, to those of the whole configuration;
the questions of independence of the invariants and covariants already found,
the maximum number of invariants (covariants) of a given kind, the de-
termination of a fundamental system of invariants (covariants) in the sense
of a set in terms of which, and their derivatives, all invariants (covariants)
can be expressed. These considerations must be left for treatment in a
subsequent paper.
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