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BY

A. F. CARPENTER

The projective differential geometry of a configuration composed of two

ruled surfaces whose generators are in one-to-one correspondence has been

discussed by E. P. Lanef. He uses for defining system of equations a set of

four ordinary linear first order differential equations in four dependent vari-

ables which, with slightly changed notation, we will write in the form

y' = any + aXîz + aX3a + aXiß,

z' = a2iy + aaz + aî3a + a24ft

a' = lay + I12Z + k3a + laß,

ß' =  /2iy + luz + h*a + hiß,

differentiation being with respect to the variable x.

A system of simultaneous solutions yit zi} a¡, ßi(i = l, ■ • • , 4), with non-

vanishing determinant is interpreted geometrically as determining four points

Fy, (yi, ya> y», y*); P*, Oi, ** *»> «0; Pa, (ax, a2, as, a4); Pß, (ft, ft, ft, ft),

which in turn determine two non-intersecting lines lvz, laß- As x varies these

points trace four curves C„, Ct, Ca, Cß, while the lines lyi, laß generate two

ruled surfaces Ryz, Raß, on the first of which lie the curves Cv, Cz, and on the

second, the curves Ca, Cß.

In this paper we propose to develop the projective differential theory of

triads of ruled surfaces whose generators are in one-to-one correspondence.

We will determine the defining system of differential equations, calculate

certain of the invariants and covariants, and exhibit their geometric signifi-

cance in a number of instances.

I. The defining system of equations

Let lyz, laß and ly{ be three non-intersecting straight lines determined by

the respective pairs of points Py, P, ; Pa, Pß ; Py, P( ; whose coordinates y ¡, z< ;

ai, ft; 7i, fi(í = l, • • • , 4), are functions of the independent variable x. It

follows that

* Presented to the Society, April 3,1926; received by the editors in April, 1926.

t E. P. Lane, Ruled surfaces with generators in one-to-one correspondence, these Transactions,

vol. 25 (1923). Hereafter referred to as Ruled surfaces in correspondence.
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(A) | yiztazß. | 5¿ 0,     \ axßtyzU | * 0,     |<yif2y3Z41 ^ 0,

the determinant in each case being represented by its principal diagonal.

As x varies these points trace curves Cy, Ct; Ca, Cß-, Cy, C{; while the lines

lyi, laß, l-tt generate ruled surfaces Ryi, Raß, R7Í, on which these curves are

directrix curves, pair at a time. The generators of these three ruled surfaces

wül correspond in triples, one set of three for each value of x.

In addition to equations (1) defining the pair of surfaces Ry„ Raß, there

wül be the two systems,

a

7

and
y

(3)

= a33a + a3iß + a3iy + a36f,

= ai3a + a44/3 + 0457 + a4ef,

= m33a + m3iß + may + m3eÇ,

= mi3a + mitß + mi6y + m^Ç,

= asly + ai2z + a667 + fl-sef,

= a8iy + a62Z + a667 + «o«f i

=  »6iy + »62Z + «687 + »B6f,

= «Oiy + »62Z + »657 + «sef,

defining the pairs Raß, 2?rf and Ry[, Ryz.

The system of equations defining the configuration consisting of all three

ruled surfaces may be taken to be the combined systems (1), (2), (3). But

this system would be cumbersome and involve duplications. As an ülus-

tration consider equations (li) and (33).   By elimination of y' we find

(4)        y = (an — «6i)y + (ai2 — »62)z = — (ana + a14ß) + (niby + »66f).

Now the point Pv-, (y{, yi, yí ,yl), is on the tangent to Cy atP„ and the

point a-ny*+ai2Z*(& = 1, • • • , 4) is a point of the line ly„ while the point a)3a*

+außk(k = 1, • • • , 4) is on the line laß. From these considerations it follows

that equation (li) expresses analytically the fact that the tangent plane to

Ryz at Py cuts the line laß in the point a^a+aud*- Similarly equation (33)

expresses analytically the fact that the same tangent plane cuts ly( in the

point »567+«66r. Now the line joining the points ana+auß and «557+«66r,

lying in a plane on lyz, must cut lyz, and equation (4) is the analytic expression

of this fact, the point of intersection with /„. being given by the expression

y = (an — ri!>i)y+(ai2 — ni2)z. In other words we have expressions for three

points on a line of one regulus 2?i of the quadric determined by lyz, laß, ly[.

*By the point al3a+al4ß we mean the point whose coordinates are ai3ak+altßkUi = l, • • • ,4).

This form of abbreviated notation will be employed hereafter.
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(6)

By making use of equations (12) and (34) we obtain a second equation

(5)        2 = (a2i — w6i)y + (an — n62)z = — (a23a + a240) + (nssy + w66f),

giving a second set of three points on a new line of Rx*.

By a linear combination of y and z, 4> = ny+}ä, we can obtain any point

whatever on lyz and the line of Rx through this point will cut laß and llS in

the respective points

K(ax3a + aXiß) + \(a23a + a24/3) and k(»657 + w66f) + X(w657 + «eef) •

By a proper choice of k, X, we obtain from (4) and (5) a pair of equations of

the form

y = bX3a + bXiß + buy + but,

Z = &23CÉ + 024)3 + 6267 + btoÇ,

the coefficients being of course functions of the coefficients of equations (li),

(I2), (33), (34). Geometrically, equations (6) signify that the line of Rx through

Pv cuts laß and l7t in the respective points bX3a+bXiß, bxsy+bXoÇ, and that the

line of Rx through Pz cuts the lines laß, Z7f in the respective points b23a+b2iß,

bîoy+bioÇ. The analytic significance of this situation is that we may replace

either pair of equations (li), (12) or (33), (34) with the pair (6).

By making use of equations (13), (14) and (2i), (22) we can obtain a second

pair of equations expressing y and z linearly in terms of a, ß, y, f.   Since

there is but one line of J?i through Py and but one through Pz, this second

pair of equations must be identical with the pair (6).  Finally the two pairs

(23), (24) and (3i), (32) again give rise to the pair (6).   It follows that if we

annex to equations (1), (2), (3), the pair (6), we may eliminate six of the

twelve differential equations, thus simplifying greatly the system defining

the triad of ruled surfaces Ryz, Raß, Ryt. We shall make use of this system in

the form
y' = axxy + aiüZ + ai3a + aXiß,

z' = a2iy + 022Z + a23a + 02^,

a' = a33a + a34ß + a3hy + a36f,

(T)] ß' = ai3a + a44r5 + a^y + a46f,

y' = aiXy + a62Z + a65T + «sef,

f' = a6Xy + ao2Z + a^y + aeef,

y = Z>i3a + bXiß + buy + ¿ief,

_ z = bî3a + b2iß + b2oy + b2oC.

*These two lines are in general distinct, since otherwise the tangent planes to Ry[ at P„ and P,

would coincide, that is, Ryz would be a developable surface.

fThe first six of these equations constitute what may be termed a semi-canonical form of the

general first-order linear system in six dependent variables.



1927] TRIADS OF RULED SURFACES 257

The three sets of equations (1), (2), (3) may be recovered from this

simplified system providing only it is possible to solve equations (6) for a, ß,

and for y, f, that is, if

25i = 013Ô24 — ¿»14623 ̂ 0   and   B2 = 015026 — 016025 ¿¿ 0.

Now £»13024 — 014023^0, for otherwise Oi3 = f 623, bu = rb2i, and hence, from (6),

y — rz = (015 - f625)7 + (6i6 — rb2e)t,

so that a point y—rz of lyl would be a point (h&—r025)7 + (bu — rb26)f of lyr.

But this is contrary to our original assumption.   Similarly ¿»15026 — 016026^0.

We note also at this point that the determinants

A1 = ai3a24 — ai\a23,      A2 = a^a^o — ama^,,      A3 = 35^2 — 352361

are non-vanishing. For if, say, ai3a2i — aua23 = 0, then from the first two of

equations (T) we would find

323/ — ai3z' = (aiia23 — 021013) 3> + (ai2a23 — a22ai3)z.

But this relation implies that the four points Py>, Pz>, Py, Pz are coplanar,

and hence that Ryz is a developable, contrary to our hypothesis. Similarly

for the other two determinants.

It is hardly necessary to remark here that for any system of type (T)

there always exist twenty-four functions yi, z¡, a,-, d», 7,, J\(i = l, • • • , 4),

linearly independent and satisfying conditions (A ) and conversely any such

set of twenty-four functions determines a system of equations of type (T).*

The most general transformation which not only preserves the form of

system (T) but at the same time leaves our triad of ruled surfaces un-

disturbed, is

x = i(x),

y = cy + dz, a = gâ + hß, y = sy + tj,

(7) z = ey +ß, ß = ja + kß, f = «7 + vT,

Di = cf - de ¿¿ 0,        D2 = gk - hj ^ 0, D3 = sv - tu ^ 0,

where the coefficients are functions of x. Geometrically this amounts to the

choice of new directrix curves on the three surfaces Ryz, Raß, Ryt, together

with a new parametric representation. If the dependent variables alone are

transformed, there results a new system of equations whose coefficients are

given by the equations

*A11 functions are assumed to be analytic.
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Dxäxx = f( — c' + axxc + aX2e) — d( — e' + aiXc + a22e),

Diâii = /( — d' + and + axif) — d( — f + and + a22/),

Dxä,2i = — e( — c' + axxc + a^e) + c( — e' + aiXc + atte),

Dxâtî = — e( — d' + axxd + aXtf) + c( — f + aiXd + auf) ;

•Dia« = f(aug + aXij) — d(a23g + auf),

DxäXi = f(ax3h + aXik) — d(ai3h + auk),

DxaM = — e(aX3g + aXij) + c(ai3g + auj),

Dxäu = — e(aX3h + aXik) + c(a23h + auk) ;

Dtäiz = k( — g' + a33g + a3ij) — h( — / + a43g + a44j),

Did3i = k( — h' + a33h + a3ik) — h( — k' + ai3h + atik),

Dtâi3 = - j( - g' + a33g + a3ij) + g( - j' + ai3g + a4ij),

Z>2<z44 = — j( — h' + a33h + a3ik) + g( — k' + ai3h + auk) ;

Z>2â3S = k(a3bs + a36«) — h(aibs + a46w),

Dtd3e = k(a3it + a36») — h(aibt + a46»),

(84)
Dtäa, = — j(a36s + a3ou) + g(aits + aieu),

Dîâio = — j(a3it + a36») + g(aibt + ai6v) ;

D3âte = v( — s' + aus + asou) — t( — u' + aooS + aeou),

D3Ä56 = v( — t' + aibt + a66») —/( — »' + aoot + a6e»),

(8 )
£>3ä65 = — u( — s' + aMs + ose«) + s( — u' + aebs + aeou),

D3äoo = — u( — t' + a6bt + a66») + s( — v' + ao&t + a66») ;

D3â6X = v(aiXc + ab2e) — t(a6Xc + aote),

D3äb2 = v(a6Xd + auf) — t(a6xd + ai2f),
(8 )

D3äoX = — u(aiXc + aote) + s(aoXc + a^e),

D3ä62 = — u(aiXd + a62f) + s(aexd + auf) ;

D3bX3 = /(¿>i3g + bXij) - d(b23g + buj),

D3bXi = f(bnh + bXik) — d(b23h + buk),
(87)

D3bt3 = — e(bX3g + bXij) + c(bng + buj),

D3bu = — e(bX3h + bXik) + c(i23Ä + Ô24*) ;
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Dibit, = f(bns + ou«) — d(btiS + btou),

Dxbxo = f(bitf + oie») — d(btft + bt*v),

Dibti = — e(b16s + bnu) + c(b26s + b2ou),

Dib2o = — e(bi¡f + buv) + c(b2it + b26v).

From (8i) it follows that if c, d, e, f are chosen as a set of simultaneous

solutions of the system of differential equations

c' = âne + One,   d' = and + 012/,   e' = a2ic + 322e,  /' = a2id + 022/,

then for our new system we shall have an = a12 = a2i = 522 = 0. The new curves

Cy, C-t, on Ryz, thus obtained, have been called intersector curves by Lane*,

from the fact that their tangents at Pv, Pi, on lyz intersect the corresponding

line Lß on Raß.

In a similar manner we may choose g, h, j, k as a set of solutions of the

system

g' = a33g + a3ij,   h' = a33h + a3ik,  j' = ai3g + aAij,   k' = aiSh + a^k,

and s, t, u, v, a set of solutions of the system

S'  =   366* + 356«,       t'   =   356¿ + 356»,       u'   =   366$ +  366«,       v'  =   a65* + 366»,

and thus reduce our system (T) to the canonical form

y' = 3i3a + Sud,    a' = o357 + 336f,    y' = 36iy + ab2z,

z' = a23a + 324/3,    ß' = 0457 + 04ef,     f' = 06iy + 062Z,

(R)
y = ¿>i3a + bitß + 0167 + ouf,

Z  =   023« + b2tß +  0267 +  Ô26Î,

where for simplicity we write a,,-, bK\, instead of an, bK\.

For this system the directrix curves on surface Ryz are intersector curves

with respect to the surface Raß, the directrix curves on Raß are intersector

curves with respect to 2?7f, and so on. This is apparent from the first six of

the above equations. Lanef has called attention to the fact that for two

ruled surfaces whose elements are in one-to-one correspondence, there exists

on each a one-parameter family of curves which are intersector curves with

respect to the other. This follows when we note that the form of system (22)

remains unchanged so long as the dependent variables are subjected to trans-

* Ruled surfaces in correspondence.

t Ruled surfaces in correspondence.
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formations involving constant coefficients. It must be noted, however, that

the directrix curves on Ryz are not intersector curves with respect to the

surface Ryi, nor the directrix curves on Ry( intersector curves with respect to

Raß. If we wish to reverse the order we must first rewrite system (T) in

such a way that y',z' are expressed in terms of y, z, y, f ; y', f in terms of

y, f, a, ß, and a', ß', in terms of a, ß, y, z. This change may be effected

easily by the use of the last two equations of the system. When this has been

done the new system may then be reduced to its canonical form by suitably

chosen transformations on the dependent variables. It is unnecessary to

supply the details at this time.

In the sequel we shall have occasion to make use of cyclic substitutions

on the dependent variables and the coefficients of systems (T) and (22) cor-

responding to the three-fold symmetry of our configuration. For either

system, if the order of the first six equations is

«'=-..,      y'= ■■■,      y = • • • ,

ß' =   • • • ,        f -   • • • ,        z'=   ■■■ ,

then logically the last pair should be solved for a, ß, thus,

a = [(buba — bXbb2i)y + (¿>i4&26 — bXtbt¿)C + fo4y — bXiz]/Bx,

ß — [ — (buba — bXbbt3)y — (bx3bto — bubi3)Ç — 623y + bx3z]/Bx,

and if the order of the first six is

y'=   ■■■ ,       /=••-,       «'=•••,

f =   • • • ,        z'=   ■■■ ,       ß'=   ■■■ ,

the last pair should be solved for y, f,

7 = [bioy — buz — (bX3b2o — bXob23)a — (bXibto — bub2t)ß]/B2,

f = [ — bay + bXbz + (61362s — bxJ>23)a + (bub^ — bub2i)ß]/B2.

The corresponding cyclic substitution on the dependent variables is(ya7)

(z/3f). Permuting the a¡,- replaces every a,-,- with ai+2,,+2, it being understood

that wherever i+2 orj+2 exceeds 6, we use its residue, mod 6. The permu-

tations on the b's involve the replacing of the coefficients in the last two

equations of (T) or (R) by those in (9) taken in the same order, and those

in (9) by those in (10).

Before proceeding to the calculation of some of the invariants and co-

variants of our system of equations, it is worth while to point out that the

derivatives of the coefficients bK\ are functions of an, 5«x- If the last pair

of equations in either (T) or (R) be differentiated we shall find thus two ex-
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pressions for y' and two for z'. By equating these values and making use of

the remaining equations, there arise two identities in y, z, a, ß, y, f. Equating

coefficients enables us to write down the values of ¿>«'\ in terms of an, bK\.

II. Invariants and covariants

The infinitesimal transformations of the dependent variables may be

written
y = (1 + 4>i5t)y + ypxMz, z = Kiôty + (1 + uiSt)z ;

(11) a = (1 + <b25t)ä + p2otß,        ß = K2&tä + (1 + co2St)ß ;

y = (1 + 4>3St)y + p3Stf,        f = K38ty + (1 + u3St)J ;

Dx = 1 + (<t>i + o>i)ôt

Dt = 1 + (4>t + ut)8t

D3= 1 + (<p3 + co3)St

where <pi, ypi, k¿, «<(»*=1, 2, 3) are arbitrary functions of x, and / is inde-

pendent of x.

From (8) and (11) we find for the infinitesimal changes in the coefficients

of system (T),

oan = ( — tp{ + aitKi — anpi)St,

03i2 = [ — xpl + (an — 322)^1 — 012OÊ1 — <*i)]ôt,

San = [ — k{ — (an — ü22)ki + an(<¡>i — ui)]St,

Satt = ( — «i- — 3i2Ki + atípi)St ;

(12i)

(12»)

(12,)

(I24)

¿3l3  =

Sau =

¿323 =

Ô324  =

0333 =

Ô334 =

5343 =

Ô344 =

0336 =

5336 =

0345 =

5346 =

3l3(02  —  <Pl)   + ai4«2  —   023px\St,

3i3^2 + 3i4(w2 — xpi) — a2iypi ]St,

— 3l3«l +  a23(<f>2  —  Wl)  + 324f2j5/,

— 314K1 +  32302 + 324ÍW2  —  ÍOl)]St ;

— xpt + a3iK2 — ai3yp2)8t,

— Pt + (a33 — ait)pi — a3i(<pt — «2)]5/,

— k2 — (a33 — a44)f2 + 343(<i»2 — co2)]St,

— u2 — a3iK2 + ai3yp2)8t ;

— Xpt)  + 336*3 — 346^2 ]5/,

3 + 036(w3 — #2) — aiopt]St,

— 035*2 + 045OÊ3 — xa2) + 346X3)5/,

— 036K2 +  04603 + 046(«3  ~ "î) ]St  ¡
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(120

(12.)

(12t)

(12.)

Sab6 = ( — <f>3 + aWK3 — aogp3)St,

Saw = [ — -pi   + (066 — ato)pi — 056(03 — d)3)]St,

Saoi = [ — k3  — (a6i — aot)ic3 + au(<t>i — w3)]5/,

Saw = ( — w3 — a66Ks + aei\l/3)St ;

SabX = [abX((px — «fo) + 062Ki — aeXp3]St,

Sab2 = [abX\fix + <i62(wi — 4>3) — aoiPziSt,

SatX = [ — 061*8 + <76l(<rH — W3)  + 062K1J5Í,

5û62 = r — a62K3 + a6i^i + fl62(wi — w3) \St ;

5éi3 = [ônOfo — (pi) + bXiKi — 623^i]ôi,

SbXi = [bX3pi + bXi(ui — (px) — ¿>24^i]oï,

Sbw = [ — bx3KX + bi3((pi — wi) + buKtjSt,

Sbu = [ — bX4KX + ba\l/2 + b2i(co2 — oix) ]St ;

Sbu = [bu((p3 — (px) + buK3 — bn^i]St,

Sbu  = [¿15^1 + 6l6(w3  —  <¡>X)   —  b20<Pl]St,

5Í>25  = [  —  Ô16K1 +  025(08  —  Ctfl)   + b20K3]St,

Sb2o = [ — bXoKX + b2op3 + b2o(<»3 — ux)\St.

Any function U(an, bK\), invariant under transformations on the depend-

ent variables, must be such that

_ dU _ dU
SU=   E-Sai,+  2Z-r-öbKx = 0.

dan db,\

If we introduce into this equation the values obtained above and equate to

zero the coefficients of <piy <pí, ypi, ipí, k¿, kÍ , «i, (¿l (i = 1, 2, 3), we will obtain

a system of partial differential equations whose solutions will be absolute

seminvariants of system (T).

Without following the investigation further at this time we wish to remark

here that the coefficients of <f>{, ypx, k{ , ui, when equated to zero, give

dU            dU            dU            dU
-= 0,   -= 0,-= 0,-0,
Öilll 0012 ¿7(7,21 3(7.22

so that there are no seminvariants containing an, aXi, aiX, On. Similarly it

follows that there are no seminvariants containing a33, a3i, ai3, au; «65, ose, «ss,

a6e. Since the only coefficients which can appear in the absolute seminvari-

ants are those of the canonical form (R), we conclude that the canonical and
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uncanonical forms of the absolute seminvariants are identical. In our search

for invariants we may therefore confine our attention to system (R).

Referring to equations (82), (84), (86), we discover that they constitute

an invariant system under cycUc substitution on the coefficients a,,- provid-

ing also we insist on subjecting the coefficients of (7) to the cyclic substi-

tution (cgs)(dht)(eju)(fkv). Further investigation discloses that the two

sets (87) and (88) possess the same property. In view of this fact we find

that if any function U(an, b.\) is a seminvariant, then the new function ob-

tained from it by permuting the arguments of ai,-, bK\ is also a seminvariant.

We are ready now to calculate some of the seminvariants. If the four

equations (126) be multiplied respectively by ¿>i6, ¿»26, ¿»îe, ho, and the four

equations (128) similarly by 051, ath a62,062, and the resulting equations added,

we find that

05i5oi5 + ¿165061 + astSbts + bajial + amSbu + bioSaei + a^Sbit + bteSan = 0.

We have thus found an absolute seminvariant

(13) 7l =  351016 + 362026 + 361016 + 362¿»26.

From this, by permuting the letters we obtain two more seminvariants.

They are

(14) 7l       =   (313024  —  314023 —   323014 + Onblt)/lB ,

and

(2)

(15) 7l      =   [ —  336(O13026 — 016023)  + 336(013026 —  016023)

—  346(014026  —  016024)  + 346(oi4025  _  015024) ]/Bi.

For the five determinants Ai, At, A3, Bi, Bt we find from equations (12)

SAi = Ax( — 0i + 02 — wi + cot)St,

SAt  =  At(  —  02 + 03  —  0)2 + «3)5/,

(16) 5^8   =  A3(  —  03 + 01 —  W3 + «l)5/,

52?i = 2?i( — 0i + 02 — wi + u2)St,

SB2 = B2( — 0i + 03 — wi + u3)St.

From (16) we find

A3SB2 + BtSAz = 0,
so that

(17) It = A3Bt =   (B61362 —  36236l) (¿»16026 ~  016¿»26)
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is an absolute seminvariant. Again from (16) we have

BiSAi - AiSBi = 0,

Bt(AtSBi + BiSA2) - A2BiSB2 = 0,
so that

(18) 22(1)   =  Ax/Bi  =   (ai3324  —  3l4323)/(013024-014&23)

and

(2)
(19) I2    = A2Bi/B2 = (335346 — 33634s) (¿»13024 — bubt3)/(bubto — bub2i)

are also absolute seminvariants.   I2ll) and 72(2) might have been obtained

from I2 by permuting the letters.

It may be verified by reference to equations (8) or (12) that

(20) J2 =  ¿>13(335351 + 336B6l)  + 014(345351 + 34636l)  + ¿»23(036052 + 036062)

+ ¿'24(046052 +  046062)

is an absolute seminvariant.   From this, by permuting letters, we find two

new seminvariants.  They are /2(1) and J2i2) where

(21) 2?l/2       =   (013051 + a23352)(¿»14¿>25 ~  016024) + (3l336l + 323362)(Ol4026 _ 016024)

—   (314361  +   324352) (013025   —   ¿»15023)   —   (314061  +   324362) (¿>13¿>26  ~   016023),

(2)
(22) BtJt       =  015(323336 + 324346)   —  016(323335 + 324345)   —  025(313336 + 3l434e)

+ 026(ai3336 +  3l43i6) .

Let 2í¿»i3+I,¿>i4+M¿»23+iV¿>24 and P¿»i3 + Q¿»i4+22¿»23+5¿»24 be any two rela-

tive seminvariants linearly expressible in terms of ¿>i3, ¿»14, ¿»23, ¿»24, and whose

coefficients are functions of a,-,-.   Then we have

ß(Kbu + Lbu + Mb23 + Nb,0 = Kbi3 + Lbu + Mbt3 + Nbu,

v(Pbn + Qbu + Rbt3 + Sbu) = Pbi3 + Qbu + Rb23 + Sbu.

Replacing bi3, • • • , o24 by their values from (87) and equating coefficients of

¿»13, • • • , ¿»24, on opposite sides of these identities, we find

DiK = p(fgK + fhL - egM - ehW),

DxL = p(fjK + fkl - ejM - ekW),

DiM = p( - dgK- dhL + cgM + chÑ),

DiN = p( - djK - dkl + cjM + ckÑ) ;
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DXP = v(fgP + fhQ- egR - ehS),

DiQ = »(fjP + fkQ - ejR - ekS),

DiR = v( - dgP - dhQ + cgR + chS),

DiS = v(- djP - dkQ + cjR + ckS),

and from these relations it follows that

DX(KS - LR- MQ + NP) = pvDt(KS -LR-MQ + ÑP),

that is, KS—LR — MQ+NP is a relative seminvariant.*

Now the numerator H = ax3bu — aXibt3 — at3bu+aiibX3 of the seminvariant

7i(1) can be shown to be a relative seminvariant for which Am = Di- Using

H and the seminvariant J2 for which v = 1, we find by the above theorem that

(23)   J% = aX3(a3babX + a360ei) + au(aa,abX + a46<i6i) + ai3(a3basi + a3oan)

+ a2i(aibab2 + a46i62)

is a new absolute seminvariant.   Permuting the letters of J3 gives J3 itself.

We have now found ten absolute seminvariants, four of which are integral

in form. If we wish a set of ten, all of which are integral, we may take Ix, h,

J2, h - /2/1®, Jz, h = h, hm, A = /2/2(2), h = /2/i(1) U2), h = /2/2(1> h™, Jo =

/2/2(2) Jin) •   Of these ten, 72, 74, h cannot vanish identically.

If, following the usual custom, we assign to a,, the weight one and to bK\

the weight zero, then the subscripts above indicate the weights of the semin-

variants.

A transformation x = £(x), of the independent variable, is seen to replace

every coefficient fl<,- with <Zü/£' and to leave the coefficients bK\ unchanged.

It follows that the ten absolute seminvariants are all relative invariants.

As a preliminary to the search for covariants we wish to establish a

theorem which will be of great assistance to us. Let Py+Qz and Ry+Sz

be any two relative semicovariants, linear in y and z, so that

ß(Py + Qz) = Py + Qz,        v(Ry + Sz) = Ry + Sz.

We have, by (7),

p(Py + Qz) = p[(Pc + Qe)y + (Pd + Qf)z] = Py + Qz,

v(Ry + Sz) = v[(Rc + Se)y + (Rd + Sf)z] = Ry + Sz,

'on, bu, ba, bM might have been used rather than bxs, bxi, bu, bu, without altering the conclusion.
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and therefore

so that

p(Pc + Qe)=P,       n(Pd + Qf) = Q,

v(Rc + Se) = R,        v(Rd + SJ) =S,

PS -QR = pvDi'PS - QR).

It follows that the determinant oj the coefficients oj y and z in any two relative

semicovariants, linear in y and z, is a relative semicovariant, or relative semin-

variant, according as these coefficients are, or are not, Junctions oj the dependent

variables.  This theorem holds if y and z are replaced by either of the pairs

aß; 7r-
By making use of equations (7) and (8) we find that

C°U) = (biiy ~ bu*)a + ^ ~ ôuz)/3,
(¿'i)

CY" = (a23y — a13z)a + (a2iy — euz)d

are relative semicovariants, since AC0(1) = C0(1) and ACY" = Ci(1). By intro-

ducing into the first of (24) the values of a and ß given in (9), or the values

of y and z given in (R), we obtain two alternative forms of C0(1).   They are

C0<2> = (b26y - hbz)y + (b2ey - ¿>16z)f (C0<2> = - C0W),

Co(3)   =   [(¿»13¿»26 —  bub23)a +  (¿>14¿>26  —  ¿>16¿>24)d]7

+ l(bi3b2S - biob23)a + (biJ>u - ¿>i6¿»24)d]f (Cow = C0W).

By permuting the letters we obtain from the second of equations (24) two

additional relative semicovariants.   They are

(25) d<2> = (aif,a - a3bß)y + (aiea - 336d)f,

Cl(8)    =   (3617  —  06lf)y +  (0627  —  062f)z,

for which ACY2> =G<2> and Z>3CY3> =G<3>.

Since Co(1) and Ci(1) are expressible as both linear in y, z, or both linear in

a, ß, we obtain from them, by the theorem proved above, two new relative

semicovariants.   They are

Kxa)   =   (023024 — 024¿»23) y2 —  (013¿»24 ~ 014023 + 023014 ~ 024¿»13) yZ

+ (013Ô14 - 014013)Z2 (Di2 K¿»   = DtKi^),

(26)
Kxm    =   (ai3¿»23  —   323¿»13)a2 +  (3l3¿>24 + 3l4¿»23  ~   323¿"l4  ~  324¿»13)a/S

+  (3l4¿»24  -   324014)d2 (DXKF>    =   KxW).
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Similarly, from C0<2) and G<s) we obtain

Lxm = (abXbio + aeXbio)y2 — («51615 — 052625 + ffei&i« — aoibto)yz

- (aotbu + aotbu)z2 (DXLX™ = L¿»),
(27)

Lxm = (a8i6i5 + a«2&26)72 — (anbu + «62626 — 06i6n — «62626)7f

- (asióle + fl5262e)f2 (DtLx™ = L¿»),

and from C0(3) and G<2>,

Mxll) = [o46(6i3626 — 6i6623) — a46(6i3626 — 6i662s)]a2

— [fl36(6i3626 — bubi3) — a3o(bx3b2i — bub23) — 045(614626 — bubu)

+ fl«(6i4626 — bubu)]aß — [a36(6i4626 — 6i6624)

— a3e(6i4626 — bXibu)]ß2,

Mxm = [a36(6i3626 — 6i6623) + a46(6i4625 — 6i6624) ]y2

+ [a35(6i3626 — 6i6623) + a36(6i3Ô25 — 610623)

+ a45(6i4626 — 6i6624) + a4e(6i4625 — 6i6624)]7f

+ [a36(6i3626 — 6i6623) + a4e(6i4626 — 6i6624)]f2,

where

DxDiMxw = DtMiW,        DXMX™ = MAiK

Writing Ci(2) in the form (ai6y+aio^)a—(a3by+a3t^)ß, we obtain from it

and Ci(1) by the process employed above

(29) C2(1)    = [(«23«36 + «24046)7 +  («28086 + «240«)?]y  — [(«13036 + 014«46)7

+ (ai8036 + 014«46)f ]Z (DXC2m   - C«<» ) .

By repeating this process with C2(1) and G(3) we obtain

C3m = (aX3a3baoX + auai6aex + at3a3baoi + 0240«062)72

(30) —   [ai3(a35(l6i — a36Ö6l) + fll4(ö45a51 — 04e«6l) + «23(«35«62 — 036062)

+  024(046«52  —  «46«62)]7r  _   («13036051 +  «14«46«61 + «23«36«62

+ 024046052) i"2-

By rearranging C2(1) and Ci(3) the determinant of the coefficients of y, f is

C3(1)    =   (036061023 + 036061028 + «45051024 + 046«61024)y2

(31) —   [036(051018 —  «62«23)  + «36(«61«13 ~  «62«23)  + «46(«51014 ~  «520J4)

+ 046(061014  —  062«24) ]yZ  ~   (036052018 +  036«62018 + 046«62«14

+ 046062014)Z2.
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By comparison of C3<3) and Cs(1) it is seen that the latter can be obtained

from the former by permuting the letters. This suggests that we permute

the letters in C3(1).  When this is done there results

(35l3l3346 +  362323345 +  3613^46 + 36232334e)a2

—   [36l(3l3336 —  314346)  + 362(323335 —  324346)  + 36l(3l8a36 ~  3l43«j)

+ 362(323336   ~   32434e) ]aß   —   (36l3l4336 +   362324336

+ 361314336 + 36232433e)d2.

For these last three relative semicovariants we find

DxCP = C3(1),     D2C3™ = CY2),      £>3CV3> = CY».

We might have made use of G<2) and Ci(3), obtaining

(33) C2(2)   =   [(336351 + 33636l)y + (335352 + 336362)z]d —   [(a45351 + e4636l)y

+  (345052 +  046062)z]0 (DtCtW   =  C2(2)) ,

and then employed Ci(1) and C2(2) in the same manner. But this would have

resulted in C3(1).   Nor would anything new be obtained from G(2) and

(34) C2<3>   =    [(051013 + 052023)a +   (061014 +  052024)d]f ~   [(061013 +  062023)a

+   (061014 +  062024)d]7 (£>3CV3>   =  C2<3>).

We have now found sixteen relative semicovariants, all of them homo-

geneous of the second degree in the dependent variables and all homogeneous

in the coefficients o,,-. Since a transformation of the independent variable

replaces an with 3,,/£' and leaves ¿»«x, y, z, a, ß, y, f unchanged it follows

that these sixteen semicovariants are also relative covariants. One of them,

Co(1), is in fact an absolute covariant since it does not contain at,-.

Nine of the sixteen involve but two dependent variables each and these

two correspond in each case to a pair of points determining a line of one of

the three ruled surfaces Ryz, Raß, Ryr. We shall speak of these nine as bi-

variants. The remaining seven involve four dependent variables each and

these four correspond in each case to two pairs of points determining lines

from two of the three surfaces.  These seven we shall term quadrivariants.

The significance of a quadratic covariant depends in general upon whether

it can be factored. It is not difficult to show that necessary and sufficient

conditions Jor the factoring of quadrivariants are the vanishing of one or more

of the quantities Ah A2, A3, Bi, B2. Since we insist in this theory that these

determinants shall be different from zero, we conclude that the quadri-

variants are irreducible.

CP

(32)
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III.   Geometric significance of invariants and covariants

We have already seen that the three lines lyz, laß, ly¡ determine a quadric,

that the line of the regulus i?i which passes through Py cuts laß and ly{ in

the respective points bX3a+bXiß, bXby+bx 6f, and that line which passes through

Pt cuts laß, ly¡ in the respective points ¿>23a+62418, 6257+626?. It follows that

the line of Rx which passes through the point P¿ of lyz where <p=y+pz, cuts

laß, l-rt in the respective points

0 = (61s + pbî3)a + (6i4 + pbu)ß,        \p = (bu + pba)y + (bxe + M&2«)f.

By differentiating and making use of (R) we have

<p' = y' + pz' + p'z = aX3a + aXiß + p(ai3a + auß) + p'z,

so that

(35) <f>' — p'z = (aX3 + pa23)a + (au + pau)ß.

Now (p' — p'z is a point on the tangent plane to Ryz at P$.  It follows from

(35) that this plane must cut laß in the point Pr where

t = (ai3 + pal3)a + (aXi + pa2i)ß.

If that line of Rx through P$ is to be tangent to Ryz then it must lie in the

tangent plane to Ryz at P¿ and hence must cut l„ß in the point in which this

tangent plane cuts laß. We have thus

Ö13 + M028   _   014 + /¿024

6i8 + /*623      6i4 + /i624

or

(36) (023624 — 024623)m2 + (013624 — 0h623 + 0236i4 — 024613V

+ (013614 — «14613) = 0.

The two roots of (36) when substituted for p. in <p = y+pz, give the ex-

pressions <7>(1), <pm, for the two points on lyz at which the lines of Rx are

tangent to Ryz.  The product <p'-1)<pi2) is precisely Kxw.

The two points P$w, P^m will coincide providing the discriminant of

(36) vanishes. This discriminant, except for the factor Bx2, is found to be

(71(i))2_4/2(i)-

In view of the three-fold symmetry of our configuration it is unnecessary

to repeat the above argument for the lines laß, lyv- By permuting the letters

once we find that Kx{1) is replaced, except for the factor Bx, by Mx(1) and

(j1(i))2_4/2(i) by (7i(2>)2-4Í2(2), and permuting a second time replaces Mxm

by Li<2> and (/i<2>)2-4/2(2) by Ix2-4h.
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Summing up, we find that there are two points on each of the lines ly„ laß,

lyt at which the lines of the regulus Ri are tangent to the respective ruled surfaces

Ryt, Ra», Ry{- These pairs of points are given by factoring the respective co-

variants Kxll), Mxm, Lxm. The conditions that the point pairs consist of co-

incident points are the vanishing of the respective invariants (2i(1))2—42V",

(Ix™)2 -4/2«),/i2-472.

The intersector tangents to Ryz at P^,m and 7%<» must coincide with the

lines of Ri through these points, for otherwise the tangent planes to Ryt at

these two points would both contain laß and hence would coincide in the plane

determined (under these conditions) by lyz and laß. Our theorem may there-

fore be restated in terms of coincidence of intersector tangents with rulings

of22i.
The two points P„a> and Pem in which laß is cut by the Unes of 2?i

through P*ci> and P+m, are given by the expressions

«(1> = (bu + Pibtz)a + (bu + Pibu)ß,    0(2) = (ois + Pth»)a + (bu + Ptb^ß.

If we form the product dwdw and in it replace M1+M2 and uiUt by their values

from (36) we shall find that, except for the factor Bi/(a2ib23—Ot3b2i), the

product reduces to the relative covariant 2tY2) ■ Without further discussion

we remark that similar interpretations attach to the covariants Mxw and

¿i<«.

Differentiating the expression r and making use of equations (R) we find

I* = (s«' + At32s' + p'att)a + (ail + pa2l + p'an)ß + [013035 + 014046

+ p(Ot3azí + 324346) J7 +   [3l3336 + 3m346 + /i(323036 +  024046)]$".

Reasoning as before we find for the point in which the intersector tangent

at PT cuts lyt the expression

(37) 1J =   [01Í036 + 014046 + ¿»(323336 + 32434s) ]y

+   [313336 + 314346 + p(at3a3o + 02404e) ]f.

Let us suppose that the line l^r is tangent to Raß at PT, so that it lies in

the plane p tangent to Raß at PT. The line iT, lies in this plane so that p cuts

lyt in i%. Since both Pa, and 2% lie in p, the line ¿¿, must cut all three Unes

ly„ laß, lyr. It is therefore that line of Rx which passes through 2%. It follows

that P, and P+ coincide and hence that

013336 + 3i4346 + /i(023036 + 02404s) ¿»15 + pbti

013036 + 014046 + MÍ023036 + 02404e) 016 + M&26

This reduces to

(38) Lp2 + Mp + N = 0,
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where

L  =  62e(«23«35 + «24«4s)   _ 6j6(0230S8 + «Ï4«4e),

M <= bît(aX3a3i + ai404s) — 626(ois«8« + «i4«46) + 6ie(«ï8«8t + 0«4«46)

— 6l6(023«S6 + 024046) ,

N =  6i6(018085 + 014045)   _  6l6(Ol3086 + 014«4e) •

The two points on lyz which correspond to the two roots of equation (38) are

found to be given by the factors of the expression

Ly* - Myz + Nz2

and this expression is the relative covariant obtained from Co<2) and C2(1) by

the determinant process. The factors of this covariant thus give the points on

/„, at which intersector tangents are also tangent to Raß. These tv/o points

coincide providing M2—4LN = 0 and this expression reduces to the relative

invariant
JB2,[(/2<2))2-4/2<»/2(2>] =0.

Corresponding pairs of points on laß and ly[ are given by the factors of the

two covariants obtained from the one above by permuting the letters and co-

incidence is conditioned upon the vanishing of the two invariants /22 —

4/2<2> h and (J& )2 -4/2/2<1>.

Four skew lines in space have two, and only two, straight line intersectors.

The two lines of Rx which are tangent to Ryz(Raß, Ryt) furnish an illustration

of this theorem. The two points in which they cut lyz(laß, ly¡) constitute in

their entirety a curve of two branches on Ryz(Raß, Ryt). The two intersector

tangents of Ryt (Raß, Ryt) which are also tangent to Raß(Ry{, Ryz) furnish a

second illustration. The two points on lyz(laß, lyc) at which these intersector

tangents occur generate a curve of two branches on Ryz(Raß, Ry¡). H we

think of the asymptotic tangents to Ryz(Raß, Ryi) at points of lyz(laß, ly¡),

there are evidently two which intersect laß(ly{, lyz), and these two points at

which they occur constitute for all the lines of Ryz(Raß, Ry¡) a curve of two

branches. Invariants and covariants connected with such curves would

contain first derivatives of the coefficients.

For each of the three ruled surfaces Ry,, Raß, Ry¡- we have thus three

different curves, each consisting of two branches. Lane has discussed the

second and third of these curves for a configuration of two ruled surfaces but

without showing their relation to the invariants and covariants of the denning

system of differential equations.*

* Ruled surfaces in correspondence.
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Starting at any point P¿ whatever (designated hereafter as P*0) on ly„

we have progressed by means of intersector tangents through a point PT on

laß to a point P, on ly{. There is of course an intersector tangent to Ryr at

P„. By a repetition of the process of reasoning already twice employed we

find an expression for the point P^ in which this intersector tangent cuts lyz.

It is

(39) 0i = (ii + pB)y + (C + pD)z,

where
A  = 3i3335361 + 313336361 + 3i434535i + 314346061,

.      . B  =  323335361 + 323036061 + 024045061 + 024046061,

(40)
C =  313835362 + 3i3336362 + 314345362 + 314346362,

D  =   323335352 +  323336362 + 324346362 +  324046062 •

Now P¿! wül coincide with P¿0 if and only if, the coefficients of y and z

in 0i and 0o are proportional, that is if

(41) Bp2+ (A - D)p. -C =0.

Solving for p. and introducing the values so obtained into the expression for

0o we have

2£0o(1> = 2By + [D - A + ((A - D)2 + 4.BC)1/2]z,

2Bcj>oi2) = 2By + [D - A - ((A - D)2 + 4£C)1'2]z,
or

B<t>o™<po(2) = By2 + (D - A)yz - Cz2.

But the right member of this equation is precisely the covariant C3(1). It is

not difficult to show that if we start with laß rather than lyz we will obtain

two points on laß whose expressions wül be factors of the covariant C3(2) and

simüarly two corresponding points on lyt whose expressions wül be factors

of Cs(3).

Let us speak of four points related to each other as are Pío, Pr, P„ P¿,

as a« intersector sequence of order one, open if P^,t^P^x, closed if Pto = P^l.

Then we have proved that 0» each of the lines lyz, laß, lyí, there are two points

for which the corresponding intersector sequences of order one are closed and

these pairs of points are given respectively by factoring the three covariants C3(1),

C3(2), C3(3). The sequences must be the same for all three pairs of points for

otherwise there would be more than one such pair on each line.

We will suppose now that P^^P*, and letPi2 be that point of lyz obtained

from P¿j just as Pil is obtained from P^0. The set of points beginning with

P¿0 and ending with P¿2, seven in all, we shall speak of as 0» intersector
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sequence of order two, closed if P0O = P*2, open if Pn^P^. We find for the

expression for this point

<b2 = (,4(1) + pB^)y + (C«> + pDW)z,
where

(42) AW = A2 + BC, 3<» = B(A + D),C™ = C(A + D), Z?<» = BC + D2.

The point P¿2 will coincide with the point Pio if

B^p2 + (AW - j)W)ß - C<» = o.

But this reduces to

(A + D) [Bp2 +(A- D)p - C] = 0.

The vanishing of the second factor gives those values of p. to which correspond

the values 0O(1>, <f>o{2) of <b0. The presence of this factor was to be expected

since a closed sequence of order one, twice followed, constitutes a special case

of a closed sequence of order two. It is the vanishing of the factor (A +D)

that is significant. For by referring to (35) it is seen that if A+D = 0,

PÍ0 = PÍ2 for every point whatever of lyz.  Now

A   + D  =   013(036051 +  036«6l)   +  014(«46051 + 04606l)

+ 023(035«52 + 036062)   +  024(045«52 +  046062)   = /s-

We have thus proved that if the invariant J3 = 0, the intersector sequences

of the second order for all points of lyz are closed. We remark that the points

of Lß, l-rt also have this same property when J3 = 0.

Before investigating intersector sequences of higher order we note by

(41) that the two points of lyz whose intersector sequences of order one are

closed will coincide if

(A - D)2 + 4BC = 0.

This expression is a relative invariant K = J32—4Ie. If /3 = 0 then K^O,

since 76 5^0. If the intersector sequences of order two for all the points of lyt

are closed then the two distinct points of lyz whose sequences of the second

order consist of a sequence of the first order once repeated, are given by the

roots of the equation

Bp2 + 2Ap-C = 0.

Assuming now that Pío, P01, P¿2 are in general distinct, we seek to find

the expression for the point P¿, which, together with P¿0, P#l, P¿2 and the
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intervening points on laß, ly¡, constitutes a sequence of order three. Pro-

ceeding as before we find

03 = (AW + pBW)y + (CM + pD™)z,

where

Am = (A2 + BC)2 + BC(A + D)2,

73(2) = B(A + D^At + 2BC + D2),

C<2> = C(A + D)(A2 + 2BC + D2),

Z><2> = BC(A + D)2 + (BC + D2)2,

and this point coincides with P#1 if

7*<V + (AW - Z)<2>)/i - C<2> = 0,

that is, if

(A + D)(A2 + 2BC + D2) [Bp2 + (A - D)p - C] = 0.

The significant factor this time is A2+2BC+D2. It proves to be the relative

invariant Ka=Ji2-2I6. If A2+2BC+D2 = 0 it is seen by (43) that 0o = 0s

for all values of p.. In this case, as before, A+D = J3 cannot vanish when

732-276 = 0.

For intersector sequences of order four we find for P4,t the expression

fa = (¿(3) + pB^)y + (c<3> + pDW)z,

where

AW = [(A2 + BC)2 + BC(A + D)2]2 + BC(A + D)2(A2 + 2BC + D2)2,

BW = B(A + D)(A2 + 2BC + D2) [(A2 +BC)2 + 2BC(A +D)2 + (BC+D2)2],

CW = C(A + D)(A2 + 2BC + D2) \(A2+ BC)2 + 2BC(A+ D)2 + (BC+D2)2],

DW = BC(A + D)2(A2 + 2BC + D2)2 + [BC(A + D)2 + (BC + D2)2]2.

Pi<, = P<nÍÍ

(A + D)(A2 + 2BC + D2) [(A2 + BC)2 + 2BC(A + D)2

+ (BC + D2)2] [Bp2 + (A- D)p - C] = 0.

The significant factor (A2+BC)2+2BC(A+D)2+(BC+D2)2 reduces to the

relative invariant 2f4=/84-4/3276-2762 = 2iV-2762. As before 2^ cannot

vanish when 2sT3 = 0.

There is no need to repeat the analysis for sequences of orders 5, 6, • ■ • .

The reasoning is general. For intersector sequences of order « the necessary

and sufficient condition for closure is the vanishing of the relative invariant

Kn = K2-i - 276a""' (« = 3,4, •••),
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where
Kt = /,.

The vanishing of any Kn precludes the vanishing of all other K's. Kn is of

weight 3 • 2"-2 and of the same degree in the a,-,-. To recapitulate: to each

point of the line lyt of Rv, (lttß of Raß, ly{ of Ry¡) there corresponds an intersector

sequence of order n (« = 2, 3, • • •)• The necessary and sufficient condition for

closure of all such sequences of order n is the vanishing of an invariant of weight

and degree 3-2n_2. The possession of the closure property by the sequences of

any given order precludes the possession of this property by the sequences of all

other orders. To only two points of ly,(laß, lyt) correspond closed sequences of

order one.

We have now obtained geometrical interpretations of the ten relative

invariants or combinations of them, and of the nine bivariants. Many other

interesting problems present themselves for investigation : the properties of

the two congruences made up, in the one case of the one-parameter family of

reguli Pi and in the other of the reguli P2 to which second congruence the

surfaces Ry„ Raß, Ryt belong ; the relations of the invariants and covariants

of the separate surfaces Ry„ Raß, Ryt to those of the whole configuration ;

the questions of independence of the invariants and covariants already found,

the maximum number of invariants (covariants) of a given kind, the de-

termination of a fundamental system of invariants (covariants) in the sense

of a set in terms of which, and their derivatives, all invariants (covariants)

can be expressed. These considerations must be left for treatment in a

subsequent paper.
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