THE EXPANSION PROBLEM IN THE THEORY OF
ORDINARY LINEAR DIFFERENTIAL SYSTEMS
OF THE SECOND ORDER*

BY
RUDOLPH E. LANGER

1. Introduction. The system composed of a linear differential equation
of order # with boundary conditions applying at the end points of an interval
is known to be expressible also as a system of » differential equations of the
first order with boundary conditions of corresponding type. In particular,
if the original system is of the form

u™(x) + Pi(x,p)u*V(x) + - - - + Palx,p)u(z) = 0,

(1 = .
2 e ®(a) + Buu® ()} =0 G=12,-,n),
=0
with the coefficient P;(x, p) a polynomial of degree i in p, then it may also
be written in the specific form

n

ul(2) = 2 {pa(@e + ga(®) fu(),
l=1

(2
Z{ailul(a)_l—rilul(b)} =0 (]= 1’2, ) ”)'T
=1
Moreover, if in the original system (1) the coefficients of the boundary con-
ditions are polynomials in the parameter, the same is also true when the sys-
tem is written in the form (2).

The systems (1) and (2) are both adapted to a consideration of the associ-
ated boundary problems and both of these problems have been discussed
under hypotheses of considerable generality.] An essential restriction, how-
ever, which has been imposed in all but a few investigations dealing with sys-

* Presented to the Society, September 7, 1928, and August 29, 1929; received by the editors in
June, 1928, and May, 1929.

t Wilder, C. E., these Transactions, vol. 29 (1927), p. 497.

1 Cf. in the case of system (1), Tamarkin 1. Some General Problems of the Theory of Ordinary
Linear Differential Equations, etc., Petrograd, 1917 (in Russian), 2. Mathematische Zeitschrift, vol. 27
(1927), p. 1; and in the case of system (2), Birkhoff and Langer, Proceedings of the American Academy
of Arts and Sciences, vol. 58 (1923), p. 51.
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tems of specialized types, is that certain so-called conditions of “regularity”
be fulfilled.*

The present paper is a discussion of the systems (1) and (2) of the second
order, and a first purpose of the paper is the consideration of the boundary
problems when certain of the major hypotheses of regularity are omitted.
This weakening of the restrictions imposed in general involves a sacrifice of
the convergence of the series expansions for arbitrary functions in terms of
the solutions of the differential system. It is shown, however, that in a
wide class of cases in which these expansions are non-convergent, they are
nevertheless summable by suitable means.

Beyond this extension of the theories to irregular cases a second purpose
of the paper is to equalize the extent of development of the theories of the
two systems. While, on the one hand, the system (2) includes the system
1) and is somewhat more general, the investigations concerned with it have
hitherto been confined to the case in which the coefficients of the boundary
conditions are free from the parameter.} In the present discussion the
coefficients are taken to be polynomials and in this respect the development
of the theory of system (2) is brought to a par with that of the system (1).}
In the matter of the expansibility of arbitrary functions in series of char-
acteristic solutions, on the other hand, the theory of system (2) includes
theorems asserting that »# such functions may be simultaneously expanded
with a single determination of coefficients, whereas in this respect the theory
of system (1) has not hitherto been extended beyond the theorems on the
expansibility of a single function. The simultaneous expansions associated
with system (1) are included in the following considerations.

Representation of the differential system in matrix form is largely but
not exclusively used as the most convenient scheme of notation. To obviate
confusion between matrix and scalar quantities, however, the former are
exclusively designated by script capitals. In the case of a matrix in which
both columns are the same the designating letter is modified by a succeeding
dot, while in the case of a matrix in which both rows are the same a preceding
dot is used. Such matrices will be referred to as vectors. As a general rule

* The irregular system of type (1) and second order in which the differential equation is of a spec-
ialized form and the boundary conditions are free from the parameter has been considered by Stone,
these Transactions, vol. 29 (1927), p.23. Certain special irregular systems of the third order have been
considered by Hopkins, these Transactions, vol. 20 (1919), p. 245, and by Ward, Annals of Mathe-
matics, (2), vol. 26 (1924), p. 21, and these Transactions, vol. 29 (1927), p. 716.

1 Ci. Birkhoff and Langer, loc. cit.
} Tamarkin 2, loc. cit.
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the notation in so far as matrices are concerned is that used by Birkhoff and
the author in the paper cited.*

2. The differential system of type (1). The explicit form of the system
of type (1) to be considered is

W€ + {pu@®p + P10 } 0/ (©) + {p22(®)p? + p2(®)p + p2o(®) Jult) = 0,
aji(p)'(a) + ajo(p)u(a) + Bir(p)u'(b) + Bio(p)u(d) =0, j = 1,2,

in which the a;;, 8;; are any polynomials in p. The coefficients of the system
may be real or complex. To obviate discussions not essential to the primary
purpose of the paper, we shall suppose them to have derivatives of sufficiently
high orders on the interval (a, b). As explicit hypotheses on the system (3),
however, we shall assume as is usualf that on (g, b) the roots 6.(£), 6(£),
of the equation

3)

0% 4+ p11(6)6 + pas(§) = 0,
are distinct, non-vanishing, and of constant argument, i.e.,

6:(8) #= 62(8),
0:(8) = | 6,8) | ei # 0, j =1,2.

If we suppose, as we may, that the arguments c; are determined so that

(4)

|ei— ] =,
the change of variables and parameter
u= 9@y, z=(0b—aE—a), p=reiGrr,

with a suitable determination of the function y(%), reduces the interval
(a, b) to (0, 1) and the system (3) to the form

(@) ¥'(®) — {(Ar(®) + r2(x)) + qu(x) } ' (2) + {Nori(x)ra(x)
(5) + Nri(x)qu(x) — 7{ (%)) + g2(®) } y(2) =0,
(b) wia(MW)y'(0) + w;a(W)y(0) + w;s(N)y'(1) + w;s(M)y(1) = 0, Jj=12.

In this form, which we designate as the normal form, the coefficients w;;(\)
are again polynomials, and if we write

ri(x) = V:‘] 'i(x)l ’
we have

* The reader is referred to that paper for a brief introductory exposition of the differential
system in matrix form.

t Cf. Tamarkin 2, loc. cit., pp. 3 and 21; Birkhoff and Langer, loc. cit., pp. 72 and 109. Bliss,
however, has considered the differential system with a set of conditions under which this hypothesis
may not be fulfilled; these Transactions, vol. 28 (1926), p. 561.
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() |rix)| >0, j=1,2;
(6) (b) v =yl = et 0 < a=m/2 (aconstant);
(0 ri(x) # ra(x).

The system (5) may now be expressed in the form of the differential sys-
tem (2) by setting y =y1, and writing

yi = Mi(x)y: + ef" adzy,,

7 z
@ yi = Mro(x)y2 — Q2(x)e“fo adzy,

3. The matrix form of system (2). In the notation of matrices the sys-
tem (2) takes the form

U = {PEe+ O} VG,

W, V(a) + W, LO) = O,

the elements of any column of a matrix solution U(£) constituting a solution
of system (2). This system we shall consider for the case in which the ele-
ments of the matrices W, and W, are any polynomials in p, and we shall
suppose as in §2 that the coefficients involved have derivatives of such orders

as may be required. With the hypothesis, which we shall now make, that
the roots 6,(£), 02(£), of the determinant equation

pu(k) — 6 p12(8)
p21(%) pa2(k) — 6

satisfy the conditions (4), we may without loss of generality suppose that
in system (8), p;:(§) = 8:8,(£),* where §;;=1, §;:=0, j# 1.

The functions ¥1(£), ¥2(£) may now be determined so that the change of
variables and parameter

UE) = @i®)Y®, 2=0—0a7(t—a), p=NNibtall
reduces the system (8) to the normal form
(2) T'(2) — {RGN + B} () = 9,
(b) W,.(NT(0) + WsW)Y(Q) = 9.

In this form the elements of the matrices W\, and W,; are again polynomials,
while

(8)

b

9)

* Cf. Birkhoff and Langer, loc. cit., p. 72. Throughout this paper the symbol §;; will be used
exclusively to designate the “Kronecker delta” as in the text.
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0 bl(x)
bz(x) 0
and the functions 7,(x), 7.(x) satisfy the conditions (6).

We observe now that the pair of equations (7) are precisely in the form

of the component equations of the vector system corresponding to (9), i.e.,
with

r1(x)
0

R(x) =

0 ’ B(x) =
e |7 T

’

(a) T'(2): — {R@N+ B(2)}T(x)- = O,
(10)

(b) WNY(0)- + W)Y = O,
with
(11) b‘(x) = efoqu(z)dz, bz(x) = — q2(x)e-'foz&h(z)dz .

Hence the equation (5a) is equivalent to one of form (10a) in which the
element b,(x) vanishes nowhere in the interval. Inasmuch as this property
is invariant under a change of variables the greater generality of system
(10) without restriction of b,(x) is evident. Any conclusions to be derived
for the system (10) will be expressible in terms of the system (5) by means
of the relations

y1(x) = (%), . y(x) = (),
ya(x) = {¥'(x) — M(x)y(x)}e‘f o @dz o y/(x) = My(2) y1(x) + e 0ndzy,(x).

4. The asymptotic solutions. The asymptotic forms of certain solutions
of the matrix equation (9a) and its adjoint equation

(13) Z(x) + Z@{ RN + B(x)} = 0,
are known* when X\ is confined to any region of the N plane in which
Re (A\ri(x) — Ar2(2)) T

either remains greater than or less than some constant for all x of the interval
(0, 1). To insure the availability of these asymptotic forms over the entire
A plane we make the usual hypothesis} that

(14) arg {rl(x) - rg(x)} =4 (a constant).

This imposes no restriction on the functions 7;(x) beyond those already in-

volved in (6), when the argument « of (6b) is either 0 or /2, for irrespective

of the functions 7;(x) the quantity (14) has in the former of these cases the
* Cf. Birkhoff and Langer, loc. cit., p. 87.

1 The symbol Re(n) will be used to designate “the real part of p.”
1 Birkhoff and Langer, loc. cit., p. 83; Tamarkin 2, loc. cit., p. 21.
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constant value 0 or w, as is evident from (6b) and (6c), while in the latter
case it has the constant value 7/2. When 0 <a <w/2, however, the restriction
imposed by the hypothesis (14) is clearly that the ratio r.(x)/r.(x) be a
constant.

We adopt now the familiar notation [a(x)] to designate an expression of
the form
a1(x) ai(x)  E(x,\)

A oot A\ N+

(15) [a(x)] = a(x) +

where ! is any desired integer, and E(x, \) denotes a function which is
analytic in X and bounded for |\ | sufficiently large. If we abbreviate then,
by setting

Riwt) = [ ri@iz, R(D) = Rix0, Ri=R10),

the asymptotic solutions for the equations (9a) and (13), when \ remains in
any half-plane bounded by a line parallel to the ray
arg\ =7n/2 — 4,

are respectively as follows:

(16a) Y(x) = P(x,N)E(x,N),
where

(b) eii(x,N) = 8;;e ™),
(16)

(© pii(x,N) = M pi(2)], pula) =1;
and

(a) Z(x) = E(x,N)Qx,N),
an

(b) gii(x,N) = Nim!gi5(2) ], gus(x) = 1.

Each column of the matrix (16a) is a solution of the vector equation (10a)
and each row of the matrix (17a) is a solution of the vector equation

(18) -Z(x) + - L) {REN+ B(x)} = 9 .

5. The boundary conditions. The adjoint system. The boundary condi-
tions which together with the equation (18) yield the vector system adjoint’
to (11) are of the form

(19) ZOV+ -2V =0,
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the matrices U and U being required to satisfy the conditions (i), that the
rectangular array of their elements

(20) | 2:5, 9| be of rank 2,
and (ii), that
(21) WV - WU = o.*
To obtain these boundary conditions in terms of the elements of the matrices
in (10b) we proceed as follows.

Let W;;(\) be defined as the matrix whose elements are those of the jth
and /th columns of the array
wu))  we(N)  wis()  wi(N) “
wa(\)  wea(\)  was(N)  waA) I
From consistency of this definition with the notation of equation (10b), it
follows that the elements of (22) are those of the matrices @,; and W54, and
are, therefore, polynomials in \. Moreover, our hypotheses must include
the assumption that for all values of A the array (22) is of rank two. We now

designate by 3, the matrix whose elements are zero excepting that in the
hth row and /th column which is unity, i.e.,

(23) 3).1 = (5.’;.51,’).
Then it is readily verified that we may write

W2 = Wh 240810 + W 24431m,
Wi = ZW,._2+,32, +ZQ),..'2+,.32,. i kI =12; hd+m=1l4+n=3,

o

with any choice of the subscripts subject to the restrictions indicated. If
Yx:- and - Z,; are then defined by the relations

Y]z' = T(O) 5 734' = T(l) y

(24)

Ya- = InY(0)- + 32,2Y(1)-, for k=1,2;1=3,4;
and
25) Zie = — -Z2(0), -Z3=-2(1),

“Zn= — -Z0)Im + -Z(1)31—2,2, for A=1,2;1=23,4;
it follows that
(26) WiY(0): + Wi Y1) =WhiThi- + WaTma-,

and furthermore that

* Bliss, loc. cit., p. 562.
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1
(27) Z()Y(x) | = ZnTn + ZnnYon- -

0
In these relations the subscripts may be chosen as any permutation of the
numbers 1, 2, 3, 4, subject to 2<! and m <n.

Now for any value of X the subscripts , } may be so chosen that W;,(\)

exists. Then condition (10b) is found with the use of (26) to reduce the
matrix (27) to the zero matrix if the vector - Z(x) satisfies the condition

. Z"m - Zhlw;llwmn = 0

This relation expressed in the form (19), as it may be by the use of (25),
is easily shown to satisfy the conditions (20) and (21). Hence we may write
the system (10) and its adjoint system in the corresponding forms

@ Y@ — {R@N+ B@)}T(@)- = 0,

@8 (b) Ti+ W NN Ymns =@, h<l;m<mn;
and
29) @ -2Z() + Z@){R@EN+ B} =0,

(b) Zom = I OaNW o) = @, h<l; m<n.

6. The characteristic values. The characteristic equation whose roots
are the values of N\ for which the system (10) admits of a solution other
than the trivial solution Y(x) - =0, is obtained by equating to zero the
determinant of the matrix on the left of equation (9b).* With the form (16a)
substituted for Y(x), this equation may be written

(30) D(\) =0,
where
(31) D) = | W) PO,N) + WaN) PN EN,N) | .

If the values given by (16b) and (16¢) are substituted in this expression for
D(N\), the latter becomes explicitly

(32) Doy = | W)+ duMEn du®) + duhen )
dn(N) + dos(Ne®s dan(N) + da(V)ees

where we have abbreviated by setting

d;i(\) = wa(N)p1;(0,N) + wis(N)p2i(0,N),

33
(33) di,i+2(N) = wis(\)p1i(1,N) + wia(N)pai(1,N), 4,7 =1,2.

* Birkhoff and Langer, loc. cit., p. 87.
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For convenience in the discussion of equation (30), as well as for later
reference, we define the determinants D,(A) by the formulas

Do(\) = | di1,diz| , D) =| dia,dizl , Do\ = | dis,did]

34
(34) Ds(\) = | dia,du' y, Di\) = | dig,dis| , Ds(N) = | dis,dir] -

In expanded form the expression (32) is, then,
(35) D(\) = Do(\) + Di(N)eBr + Dy(N)erBr + Dj(N)er (BitBa}

and in this the determinant D.(\), in virtue of (33) and (16c), either vanishes
identically or else is of the form

D.(\) = \~[a,],

with «,# 0 and «, an integer.

The conditions of “regularity” of the boundary problem to which refer-
ence has already been made, and which are usually imposed,* may be
summarized here briefly as follows: If in (6b) a=0, then DD;#0, and
Ko=KsZ K1, Kz, Ks, ks; if a=7/2 then D1D,#0, and k1= k2 =Ko, K3, ks, ks; and if
0<a<w/2then D,#0,r=0,1,2,3,and ko= K1 = ks = ks = kg, k5. In the present
discussion we shall omit entirely these restrictions on the values of the
integers «,.

The transcendental equation D(\) =0, under variously restrictive hypoth-
eses, has been discussed by Wilder, Tamarkin, Pélya and Schwengler.
A discussion of the equation under hypotheses sufficiently general to include
those of the present case has been given by the author,t and we shall there-
fore be content here merely to summarize the salient facts. If each coefficient
D,(\) in (35) is identically zero the characteristic equation (30) imposes no
restriction, and the system (10) accordingly admits of a solution for every
value of A\. On the other hand, if one and only one coefficient D,(A) in (35)
fails to vanish identically the characteristic equation can have no roots
outside of a sufficiently large circle in the X plane}i. In these cases there is
no expansion problem. We shall not consider them further, but shall suppose
in proceeding that at least two terms of D(\) actually occur.

* Tamarkin 2, loc. cit., pp. 23, 25; Birkhoff and Langer, loc. cit., p. 89.

t In the present issue of the Transactions, pp. 837-844.

1 Examples of these cases are easily given. Thus, if in equation (9a) 71(x) and rz(x) are any dis-

tinct constants, and b, is a constant and b, =0, we have as an actual solution of the equation the matrix
Az B iz
e B

T(x) = 0 Nz

), where B =b/(ra—n).

Then with the boundary condition

wr=(} 75) W= (02
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In the case in which the constant a in (6b) is zero, the characteristic values
lie in strips of asymptotically constant width which for |\ | sufficiently large
lie within arbitrarily small sectors including the positive and negative axes
of imaginaries. The bounding curves of the strips, moreover, approach
parallelism with these axes, and if / is any constant, then the number N,
of characteristic values lying between the circles |\|=A, and N =A+1,
satisfies, when A is sufficiently large, a relation of the form

(36) ad—b=< N, =Zd+0b,

a and b being specific constants. The case in which & =7/2 is similar to that
in which oo =0, with the exception that the strips containing the characteristic
values then lie in small sectors about the axes of reals and approach paral-
lelism with these axes.

Finally in the case 0 <a <w/2 the characteristic values lie asymptotically
at regular intervals along specific curves which approach parallelism with
certain rays in the X\ plane determined by the value «. If in the expression
(35) no term vanishes identically, these rays are given by the formula

37 argh =+ 71/2 + o,

and there is just one curve marking the asymptotic location of characteristic
values in any small sector enclosing one of these rays. If, on the other hand,
the terms in (35) are not all different from zero, some of the rays (37) will
have no corresponding curves of characteristic values and certain other rays
in the plane may have that property. Inasmuch as we shall not consider the
expansion problem in these latter cases, we shall go no further into details.

It is convenient for the considerations which follow to assign subscripts
to the characteristic values in the order of their numerical magnitude, i.e.,
so that

IN] = N

As is customary, we shall designate the solutions of the systems (10) and (29)
corresponding to the characteristic value \,, by Y*(x)- and -Z*(x) respec--
tively.

system (10) is found to admit of the solution
ﬁexm

for every value of A. On the other hand with the value W) above and

W = ( _i))\ ; ),

AeMritnl= 0,

’

the characteristic equation is

and hence is satisfied only for A=0.
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7. The contours C,. It is clear from the discussion of the preceding
section that regardless of the value of a the number of characteristic values
which lie in any given annular region with center at A=0, width /, and inner
radius of sufficient magnitude, is subject to a relation of the type (36).
Hence it is seen directly that it is always possible to construct in the \ plane
an infinite sequence of closed contours C,, #=mn1, #s, - - - , having the fol-
lowing properties:

(i) Every point of any contour C, lies at a distance greater than a
definite positive constant § from any characteristic value;

(ii) The contour C, cuts the rays (37) and the axes of reals and imaginaries
at the distance A, from the origin, where A,—» as n— over the values
My Mg, - -

(iii) The contour C. contains in its interior just # characteristic values;

(iv) The number of characteristic values between two consecutive con-
tours is bounded, i.e., #,1—n,< N, for all 7.

These contours C, are conveniently thought of as circles with centers at
A =0 and respective radii A, and to avoid unessential complications we shall
in the subsequent discussions consider them in that way.

A further fact which we note here for future reference is that the quotient
of D(\) by any one of its terms as given in (35) is bounded uniformly from
zero provided, firstly, that A remains uniformly away from the characteristic
values and, secondly, that |\| is sufficiently large.* Since by property (i)
above this condition is satisfied when X is confined to the contours described,
it follows that any quotient obtained by dividing a term of (35) by D()
remains uniformly bounded on the contours C..

8. The formal expansion of an arbitrary vector. Let F(x)- be a vector
chosen arbitrarily with integrable elements fi(x) and fi(x). We consider
formally the possibility of developing such a vector in a series of characteris-
tic vectors T*(x)-, and seek to determine the coefficients ¢, in the relation

(38) F(x): = Zlc.'r‘(x)- .

The symbol ~ is used here to emphasize the fact that the equality is implied
in a formal sense only. The following deductions are to be purely heuristic
and hence the assumptions to be made in the course of the reasoning are
not to be considered as essential. In a later section the rigorous consideration
of the results to be obtained will be made.

* Langer, loc. cit.
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If we abbreviate by designating the left-hand members of equations
(28a) and (29a) by L(T, \)- and -M(Z, N), respectively, i.e.,

LN =T'(x) — {R@+ B(x)}Y(x)-,
M(Z,N) = -2'(x) + - Z(x) { RN + B(2)},

the relation
Z(x)L(YN) - + M2 N)Y(x) = @

is an identity in the values » and s. Upon integration we obtain from it the
equation

1

1
(39) =) [ 2RYeds 4 21| 0.

If Wii(\) designates, now, the determinant of the corresponding matrix
Whi(\), this determinant is a polynomial in A, and if there are characteristic
values for which the determinant vanishes they can be only finite in number.
With the possible exception of a limited number of values of » and s, then,
the final matrix in the left-hand member of (39) can be written, in virtue of
(27), (28b) and (29b), in the form

1 A2,

= - Z;;{w;zl()\)wmn()\)} T:nn' .

A=),

NVAD &8

0

Moreover, if the subscripts %, I are chosen so that the degree of the deter-
minant W;,(\) is at least as high as that of any other determinant formed
from the columns of the array (22), we may write

1 . A=), K\
- = k
(40) — {‘za)m(x)‘wm,.m} = B e,

where the elements of the matrix *(\) are rational in \, and K +1 is at most
as great as the degree of Wi, (\). If \,# ), it follows from this that relation
(39) may be expressed in the form

1 8 K ka r
41 f -Z*RY"-d -Z EA) Y mn = O.
(41) , RY -dx + ukz_:o W,.,()\.)Q( ) o

If we suppose in proceeding that the characteristic values are all simple
and distinct from the zeros of Wxi(\), the relation (41) is valid except pos-
sibly for s=r. Hence on multiplying the equation (41) by c., the general
coefficient in (38), and summing with respect to r we obtain formally with
the use of (38) the relation
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1
Z'RF-dx + - ZuK () -

0

(42) {f‘ SRYdx + -2, f: A QAT }
= C, VAL t.dx . " mn’ .
0 " k=0 Wn(N\,)

In this we have abbreviated by setting

(43) ZCYQ.’:(X')T:"”' = Jck- (k = 0)1’2’ ] K)v
=1

and
W

(44) 2 gk = KN\)-.

k=0 Wri(Xs)

The relation (42) involves only matrices in which all elements are the same.
Hence if we suppose the matrix on the right to be different from O, the
equality of the general element on the left with the general element on the
right determines the constant c,.

It is true that the matrix K(\,)- apparently involves the constants c,
through the relations (44) and (45), and that therefore the determination of ¢,
by (42) is elusive. We may formally obviate the difficulty in this point by
supposing that the constants ¢, can be chosen to yield not merely relation
(38) but also and simultaneously the relations (43), in which the 3¢*- are
constant vectors chosen at pleasure. We shall proceed from this standpoint.

It was observed in §3 that the conclusions drawn for the vector system
(10) are expressible also for the system (5) by means of the relations (12).
Hence if the vector relation (38) is resolved into its components, and yj(x)
and y;(x) are expressed in terms of y°(x) and y*(x), we obtain from it the
simultaneous formal expansions

Ji(2) = 2ey(a),

(45) -
f®) = Taly'(@) = =)y (a) feSsnwa,

=1
associated with the system (5). In these relations fi(x) and f;(x) are arbitrary,
while the coefficients ¢, are the same in both series and are determined by (42).
9. The formal derivation of the contour integral. The characteristic val-
ues of the adjoint systems (28) and (29) are the same, and if \ is not such a
value there exists for the systems a Green’s matrix G(x, ¢, \) in terms of
which the solution of the non-homogeneous system corresponding to (29), i.e.,

(a) MU\ = -A(w),

46 —~1
( ) (b) *Umn — - Uhlwm()‘)wmn()\) =0,
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is given by the formula

V@) = - fl-eﬂ(x) G(x,t,\)dx.*
0

At the characteristic values the elements of G(x, ¢, \) become infinite, and if,
in particular, G(x,t,\) has a simple pole at a given characteristic value the
form of its residue there is known and is given by the formula

4n G(x,5) = lim G(x,t,N){A — N} = o, () - - 2(5),
AN,

where a, is a specific constant.t With these facts at hand we shall seek
formally to construct a function with residues which are the terms of the
the series (38), and hence to express the sum of any number of terms of this
series as a contour integral in the \ plane.

Let - C(x, \) be a vector to be subsequently determined, and let - ‘U(x, \)
be accordingly defined by the equation

(48) Uz, N) = -2=) + -, (A — M}

The substitution of -Z*(x) from this relation into the system (29) with
A=)\, yields for - U(x, \) the differential system

@  -2V,N = A=A Ve, NR(@) + 210 CM),

®) Ume = - Unilln WD) = {X = N} 50(-C NN,

where

— o &N
(50) - 3(-C AN = -Comn(N)— - @hz()\)wml NW N = - Znr 2 QLN .
k=0 Wa(\,)
The relation (49b) is readily verified with the use of (40), and evidently re-
duces to the form (46b) if

(51) '50(‘@,7\:,)\) = 0‘

This identity (51), looked upon as a condition on the hitherto undetermined
vector -((x, \) contains but two component relations, and hence imposes
but two conditions on the four elements of - ((1,\) and - (2(0, \). It is clear,
therefore, that - (%, \) may always be chosen to satisfy (51). If we assume
such a choice the system (49) may be formally considered as of the type (46),
and hence we may write

(49)

1

rl)(t;x) == {X - )\a} f { 'U(x,)\)‘R(x) + M(G,X,)} g(x;tr)‘)dx‘

* Birkhoff and Langer, loc. cit., pp. 67, 68.
t Birkhoff and Langer, loc. cit., p. 106.
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As A\—)\, this relation becomes in virtue of (47) and (48)

(52) -2:() = — a, f {-Z2(HR@) Y (%) + M- CN)T*(x)- }dx-2°(F).

The elimination of the vector - from the equality (52) may now be made
as follows. From equations (28) and (27) we find that

f M- CA)T(2) -dae = -z, M) T*(x)- o Cuh) Thie + - Cron(A) Y-

= {— - CuOVR AW aN) + - ConW)} T,
while in this final form the quantity within the brace is by (51) equal to
the last term on the right of (50) with X replaced by A,. Hence we may write
(52) in the form

1 K

Zo(t) = — a{f -ZRY*-dx + - Z,
@ 0 Mk-:zo W ni(\s)
The coefficient of -Z(f) on the right of this relation is a matrix all of whose
elements are the same, and because of this, as is easily verified, we may
multiply the relation by ¢,Y*(x)- on the left and subsequently omit the
the vector - Z*(f) on the right. Then replacing the quantity within the brace
by its equivalent as given by (42), we find that

(53) Y (x) = — a.T‘(x)~{ f L OROFO - + .z;J((x,).}.

k
8

QA T } 2.

The vector -Z; by the definitions (25) is a linear combination of the
vectors -Z¢(1) and -Z°(0) with coefficients which are constant matrices.
In virtue of formula (47), therefore, we may write (53) in the form

(54) c,T*(x)- = — fg’(x,t)‘R(t)ff(t)-dt ~{ G DC+ G'(x,0)C} KM,

where (% and (% are constant. Now the elements of K(\)- were observed in
§8 to be rational functions of N of degree at most (—1). We shall consider
these rational functions expanded in powers of 1/\, and for ])\I large we
shall replace the elements of K(A)- by the leading terms of the resulting
series. Then if C, is a contour enclosing the first # characteristic values and
no others we are led by (54) to the correspondence

n __1 1
TaTw: ~ o fo fc Gt NROTO-
(55) ) o
- — [ {G@1neA + G(x,o,x)effo-}?

2ri Je,
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where the vectorsed;- and <4, are constants, and where in using the symbol
~ in place of the sign of equality we waive the questions of the terms in
K(M\)- which have been dropped and also of the residue introduced by the
integrand in this form at A=0.

Let the vector «4(x)- be defined now by the formula

('/{(x) = Ml' + (x - I)U{o'.

Then recalling the discontinuity of the Green’s matrix at the point ¢=x,*
we find that

g(x’lyx)e/{l' + g(x,O,)\)vfo
—A(x)- + f { Gilx,t,NA @) + G(x,8,NA(t)- }dt

1

—A(x) ~ f Glx,t,N) ANROAW) - + BOAW)- — AC)- }dt.
(1]

It follows that the relation (55) may be written in the form

(56) SaTr(x)- ~eA().

=1

- Lf f Glx,t, ) {ROF(2)- — N1BEAR) - + N A'(2)- drdt,
0 Cn

271

where we have abbreviated by setting
(57) @) — AW = 5@) -.

The vector K(N)- is given by (44) in terms of the vectors 3¢*- which we
assumed in §8 could be chosen at pleasure. Since the coefficients of <A(x)-
in turn depend upon K - it is clear that we may at this point consider these
coefficients at our disposal. We shall choose them so that the vector (57) satis-
fies the conditions

namely,
(59) A(x)- = 25(1)- + (1 — 2)5(0)-.

Lastly we shall retain in the brace of the integrand in (56) only the term of
highest degree in N\. This is consistent with our previous disposal of all but
the term of highest degree in the vector K-. The integral to which we are
thus led is, then,

* Birkhoff and Langer, loc. cit., p. 70.
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60)  3u(5,5) = A(®) — —— ) Gt NROFD - anat.
o Je,

271

We shall consider in subsequent sections the convergence of this expres-
sion (60) as n— o, the contours C, being those described in §7. In that dis-
cussion we shall ignore the formal deductions above by which the expression
J.(x, 3-) was deduced. This evidently means replacing the formal series
(38) by the series of residues of the integrand in (60), and we shall henceforth
refer to this series of residues as the expansion associated with the arbitrary
vector F(x)-. It will ultimately be shown that under suitable conditions this
expansion is convergent.

10. The contour integrals for the summability of the expansion. The
vector integral (60) may or may not converge as n—. Even in the case of
non-convergence, however, its component integrals, or the corresponding
expansions, may be summable by suitable means, and indeed we shall show
later that such summability and its order depend directly upon the boundary
conditions of the original differential system. The method of summation of
series to which we shall resort is described as follows.

The components of the formal vector expansion (38) are given by the
formulas

(61) fix) = 2oeryi (%) (1=1,2).

r=1

In connection with them we shall consider the sequence of sums

n AA\*) %

(62) Zc'{l_(A—) } yir(x) (i=1)2;n=nl)"2) )’
r=1 n

in which A, is the radius of the contour C, of §7 and u is a positive constant

whose precise specification we defer to a later section. The index o; is a con-

stant, positive or zero, and for non-integral values of it we define the quantity

with exponent o; by the formula

Ao = edilogA’
where the principal value of the logarithm is to be understood.

The expressions (62) are a form of the Riesz typical means* for the series
(61), and if for either value of ¢ the sequence (62) converges the corresponding

* The application of the Riesz typical means in this manner to Birkhoff’s and Fourier’s series
has been made by Stone, these Transactions, vol. 28 (1926), pp. 695-761; and vol. 29 (1927), pp. 25-53;
also Bulletin of the American Mathematical Society, vol. 33 (1927), pp.721-732. More detailed dis-
cussions and references are to be found in these papers.
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expansion (61) is said to be summable of order ¢;. The extension of this
definition to the vector form is obvious. Thus we shall define the matrix
S (M) by the formulas

Sa(\) = (8i;5:(N)),

5m() = {1 _ (AA)}

and shall refer to the expansion (38) as summable of order (i, 03), if the
sequence of expressions

(63)

(64) 2268 (M) Y7 () -
r=1
converges as #—o.

The deduction of a formulation for summability of the vector integral
3.(x, §-) of (60) is now easily made. Thus the general term of the expression
(64) is obtainable by multiplying the relation (54) on the left by the matrix
S.(A\,). Then since S.(\) is analytic over the entire plane the steps to the
relations corresponding to (55) and (56) involve no difficulties, and yield
the contour integral related to the sum (64). Precisely the considerations
made at the close of §9 lead then to a study of the integral

1 1 _
©9)  Fu(z,5) =A@ — f f 5200 Gla b NROTO- .

If this integral converges with particular. values of the constants o; we shall
say that the sth component of the integral (60) is summable of order g, or,
more briefly, that the expansion 3.(x, §-) is summable of order (o1, 02).
Since S§.(\) reduces to the unit matrix for ¢;=0:=0, the integral (60) is
clearly included in the integral (65), and summability of order (0,0) signifies
convergence.

11. The simultaneous expansions associated with system (5). The com-
ponents of the formal vector expansion (38) were seen in §8 to yield the
simultaneous formal expansions (45) associated with the differential system
(5). The corresponding resolution of the vector relation (60) will in similar
manner lead to a pair of contour integrals involving the arbitrary com-
ponents fi(x), f2(x), of the vector F(x)-. The expression of these integrals in
terms solely of quantities associated with the system (5) requires, to begin
with, the determination of the relationship between the Green’s function
G(z, t, \) for system (5), and the elements of the Green’s matrix G (x,¢, \)
for the system (9).
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If in system (7) the second equation is modified by the addition of a
function ¢(x) to its right-hand member, the resulting equations are the
components of the vector equation

0
(66) Y@~ (R + 8176 = ()

with b;(x) and g¢:(x) related by formulas (11). On the other hand, if y:(x) is
eliminated from this modified system (7), it is found that y,(x) satisfies the
equation

where I(y, \) is used to denote the left-hand member of equation (5a).
Upon adjoining to equation (66) the boundary condition (10b), and to
equation (67) the corresponding boundary conditions (5b), we obtain two
non-homogeneous differential systems which are solved respectively by the
formulas

- (a) T(x)- = fo g(x,z,x)(¢(()t)).dt,

(b) y1(x)

[ 6t oms0a.

Inasmuch as the value of y:(x) given by the first component formula of
(68a) must be identical with the value given by the formula (68b), regardless
of the choice of the function ¢(¢), we conclude that

(69) gm(x,t,)\) = G(x,t,\)bi(2).

To obtain from this last equality the formulas for the remaining elements
of the Green’s matrix, we recall that in its points of continuity the matrix
G(x, t,\) satisfies the equation (9a) as a function of x, and satisfies the equa-
tion adjoint to (9a) as a function of ¢; i.e.,

- (a) Ga(2,,)) = {RON + B()} Gla,2,N),
(b) Gz, t,N) = = Gla,t, V{RON + B®)}.*

From these equations we draw now respectively the component relations
i)
8 . Ary(x)g12 + b1(%)g22,
dox
i)
j:z = — M(t)g12 — bi(D)gu1,

* Birkhoff and Langer, loc. cit., pp. 69, 70.
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which yield the values of gx(x, £, \) and gu(x, ¢, N) in terms of the element
(69). Lastly, a further component relation of (70a), i.e.,

9g11
_a.x_ = Mi(x)g1 + bi1(x)ga1,

yields the value of gai(x, ¢, \) in terms of the value gu(x, ¢, \) already at hand.
For convenience in summarizing these results, we abbreviate by setting

G(x,t,\) = {G,(x,t,)\) — )\rl(x)G(x,t,)\)}e—fo’mda

Then replacing the function b,(x) by its value as given in (11), we obtain the
final formulas

gu(z,t,\) = — G,(x,t,)\)‘ — {)\rg(t) + ql(t)}G(x,t,)\),

gua(2,6,8) = G(z,8,\)efo att,

gai(x, 8, \) = — (7:(x,t,)\') — {M(t) + ql(t)}a(x,t,)\),

gao(x,t,\) = G-(x,t,)\)efo adt,

With the relations thus deduced at hand the components of the integral

(60) may now be expressed directly in terms of the differential system (5).
Thus we find for them the formulas

(71)

72) (a) Iu(f1,f2) = ai(x) + I.(f1,/2,G),
(b) Izn(fl,f2) = a2(x) + In(flyfha);
where

1

271

LUufo,6) = ﬁ_f{aumwwmw+cumMMwnmmm>

-+mmwn—ﬁ@mmﬂmﬂ}aa

The convergence or summability of these expansions Ii.(fi, f2) and I.a(fy, f2)
to the respective values fi(x) and fy(x), will clearly follow from the argument
which we shall develop in later sections to establish the convergence or sum-
mability of the vector integral (60) to the value F(x) - .*

* The expansion theorem for a single arbitrary function in terms of the solutions of a system of
type (5) is contained in the work of Tamarkin 2, loc. cit., §6, where the expansion formula is derived
by methods distinct from those of the present paper. Despite a considerable difference in the final
formulations, it is found that the expansion given by him for a function f1(z) is formally included in
the first of the expansions (72) above, being deducible from theformula I:.(fy, f2) with the particular
choice fa(x) =f1 (x) exp (—f§ ¢:dx). The identification of the two results is most easily made by
comparing the formulas of Tamarkin 2, pp. 35-36, with the first component relation of (54), the values
(71) being substituted and suitable choice of the elements of the matrices (%, (,and [C being made.
We note that the argument employed by Tamarkin can also be adapted for application to the differ-
ential system in matrix form. When applied in that manner it yields a derivation which may be
considered alternative to that above for the expansion of an arbitrary vector.
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12. The Green’s matrix. The Green’s matrix for the vector system (10)
is given by the formula

(73) Gx,t\) = 3Y(@) { £ 3 4+ DN {W(N)T(0) — WY1} 20,

where the ambiguous sign is to be chosen + when ¢<x, and — when ¢>x.*
In this formula the matrix 3 is the unit matrix, Y(x) and Z(x) are any pair
of associated matrix solutions of the equation (9a) and its adjoint equation
respectively, and D(A) is the left-hand member of equation (9b). The
substitution in formula (73) of the values of Y(x) and Z(¢) given by the
relations (16) and (17) leads to the explicit evaluation of G(x, ¢, \). We find it
convenient to write the result of this computation in the form

3
(74) G(x,t,N) = }_:G’(x,t,k),

where, in terms of the matrices (23) and the determinants (31) and (34), we
have the formulas

(a) G(x,t,\) = P(2,\)3uQ(t, D 1A D(\) (=0

0 fort < «,
DQ\) for t > x;
(b)  GUx,t,\) = P(x,M)322Q(, D (NDN) R0,

0 fort <«

D(\) for t > x;
(c) G*(x,t,\) = P(x,N)3122(¢,N)D1(N)Ds(N) BB (1)

(d) G3(x,t,\) = P(x,N)3nQ(¢,N)D~1(N)Ds(N) BB |

where D(N) = Do(A) + Ds(N)eks — {

(75) where D(\) = Do(\) + Di(\)erB — {

For convenience in substituting these terms in the integral (65), we note
further that

(76) SN P(2,M)IuQENROF®) - = (Wit~ lw; a(,2,N)) -,
where it is found from the formulas (16¢) and (17b) that

(1) wim(,6,N) = pa@n@Fi@) + N [ain(z,H1Fi0) + [ain(z,0]F0)7,

the functions a,(f},),(x, t) being expressible in terms of the quantitites [p:;(x)]

and [g:;(0)].
13. The specification of the value u. The introduction of the factors
{1—a,/w} into the partial sums

* Birkhoff and Langer, loc. cit., p. 110.



1929] EXPANSION PROBLEMS 889

Sw(x) = Deayn(x)

n=1

of an infinite series, to form the Riesz typical means

N az)’
E {1 - _} Cﬂyﬂ(x)1 ay < w = any,
w

n=1

is motivated by the purpose, usual in schemes of summation, of assigning
varying weights to the sums Sy.* From this point of view the quantities
a,/w are naturally specified by the réle assigned them to be real and positive.
Without adhering strictly to this viewpoint we shall nevertheless utilize it
as a guide in the choice of the hitherto unspecified constant u of formulas
(62) and (63).

- Consider first the case in which the constant « of (6b) is 7/2. By §6 the
characteristic values are confined then to strips of asymptotically constant
width, bounded by curves which approach parallelism with the axes of reals.
Hence for any sufficiently large value of j the quantity arg \; lies arbitrarily
near one of the values 0 and =, and since A, is real, it follows that as #» and
N become infinite, # < N, the quantity {1—(\,/Ax)*} is asymptotically real
and positive if u is a multiple of 2. We shall, therefore, choose u=2 when
a=x/2.

If a=0 the characteristic values, by §6, lie in strips which approach
parallelism with the axes of imaginaries. Hence in this case the value arg \;
for any j sufficiently large lies near one of the values w/2 and 37/2, and it fol-
lows that {1—(\,/Ax)*} is now asymptotically real and positive if u is a
multiple of 4. We are led, therefore, to the choice u=4 when a=0.

In the case 0<a<m/2 the strips containing the characteristic values
approach parallelism with certain other rays in the X plane, these rays being
four in number, and being given by the formulas (37) if no term of the
characteristic equation (35) vanishes identically. We shall confine our con-
siderations, when 0 <a<m/2, to the case in which this hypothesis on the
equation (35) is fulfilled.

If, in formula (63), ;=0 for either value of 7, the element s;,(\) reduces
to unity and the question of the value of p is obviated so far as the correspond-
ing component of (65) is concerned. This corresponds, of course, to the con-
vergence of the respective component of the expansion (60). If ¢;>0, on

* Cf. Hardy and Riesz, The General Theory of Dirichlet’s Series, Cambridge University Press,
1915, p. 22.
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the other hand, u must be chosen, and the principle followed in the previous
cases clearly demands now a choice such that

(78) uwmd/2+a)=0 (mod 27),

for both determinations of the ambiguous sign involved. It is found directly
that the relations (78) are possible only if a is commensurable with =, and
hence we shall restrict our further considerations when ¢;>0 to this case.*
The values of u which satisfy (78) are then readily determined to be even
integers, and we shall choose p as the smallest positive value for which the
relation (78) holds.

14. Auxiliary theorems. The proof of the convergence of the integral
(65) as n— is to be based upon certain classical theorems of Lebesgue and
upon certain partial results which we shall summarize in the form of lemmas.
For convenience in reference we group these theorems and lemmas together
at this point.

Consider the integral

b
19,0 = [ vEeemi,

where ¢(z, n) is integrable with respect to z for the values # of a sequence
n1, My, - - - ; where n,—, as s—>o. We quote the following two theorems.}

LEBESGUE THEOREM A. A necessary and sufficient condition that

lim I(y,n) = 0,

n— 0

for every integrable function (z), is that

(i) |p(z, n) | <M, a constant independent of z and n;
(ii) lim o(z,m)dz = 0, fora £2:52,<b.
n— 0 z)

LEBESGUE THEOREM B. A necessary and sufficient condition that

lim I(¥,n)=cy(e+),

7n— 0

for every function Y(z) which is of bounded variation on (a, b), is that

f ’ #(z,n)dz
21

* This hypothesis is fulfilled in the cases to which the “means” have been applied by Stone,

loc. cit. Ttis, of course, also satisfied when a=0or a=w/2.
t Lebesgue, Annales de Toulouse, (3), vol. 1 (1909), p. 52 and p. 70.

<M, for a=2z2=32 =0,

@
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(ii) lim o(z,m)dz = 0, for a <z =32, 50,
7n— 0 zy
s
(iii) lim o(z,m)dz = ¢, for a <z =Z0b.
n—o0o g

In the following lemmas the variable z, which is considered real, is to
range as specified either over the interval (0, ) or over the interval (2, 2»)
where z,>0. The complex parameter p is considered to range over the circles
of the sequence C, with centers at p=0 and radii A,, the argument x being
defined by the relation

p = iA,ex,

Any arc of C, which lies entirely on the half-plane 0<x =<, i.e., on the
half-plane in which Re (p) <0, is designated by c.. The symbol E(z, p) is
used to represent a function which is integrable and bounded for |p| suffi-
ciently large, and M is used to indicate a positive constant suitably chosen.
Lastly, we use the symbols O(1) and o(1) to indicate functions which are
bounded or approach zero respectively as n— .

Lemma 1* If Y(2) is any function which is integrable on the interval
(0, 25) and 0=z’ <3z'' <2, then

‘II d
f f P E(s, W) s = o(1).
LemMA I1. If on the arc ca, X < Xz, then

f {1 — einx}"p7E(z,p)dp = Ax"+1x,"HO(1).

This conclusion is immediately drawn upon using the fact that
(79) | 1 — einx| < Mxe.
LemMA IT1.1 If p is an even integer and 2>0, the integral

(80) I(z,n) = f {1 — enx} prerdp

satisfies the relation
I(z,n) = z77°"A,~0(1).

On the arc ¢, we have clearly

* Tamarkin 2, loc. cit., p. 43.
1 Stone, these Transactions, vol. 28 (1926), p. 714.
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e~ (1) Anx for 0= x=<m/2,

(81) | e22| = eAnesinx <
T e WDAe-X) for /2 < x S .

Consider first the integral I’(z, n) obtained by replacing ¢, in (80) by
that portion of ¢, on which x <7/2. We obtain then from (79) and (81) the
inequality
/2
|I'(z,n) |§ Mf on”f+le—(l/2)Au8de’
0

and setting

we find that

= %Anzx ’

II’(z,n)I = M( 2

o+1 d
> A”r-}-lf g-ae—{dg- = Mlz—v—lA”r—v.
ZAn 0

The integral I"'(z, n) contributed to (80) by the integration over the portion
of ¢, for which x>=/2 may be treated similarly. Thus if we set 7—x =1,
then since u is by hypothesis an even integer we have

eil‘x = e‘iﬂﬂ’
and the reasoning above may be repeated with —7 replacing x. This es-
tablishes the lemma.

LeMMA IV. If in the expression (80) o =7, then for any integrable function
¥(2) and any expression [o(2)] of the type (15) with integrable coefficients

@ [ 16 @l = o), jr S5 S S n
From the definition (15) we derive the form
E(z,
(83) ¥(@)p[a(z)] = Pu(z,0) + (zpp) ¥(2),

where P, is a polynomial in p of degree 7. By Lemma I the last term of (83)
contributes to the integral (82) a quantity of order o(1). To discuss the terms
of (82) due to the expression P,(z, p) we observe that Lemma III may be
applied to the members on the right of the equality

(84) f I(z,m)dz = f {1 — ewx} pr=1er”dp —f {1 — ewx} pr1erdp,

to show that this integral is of order o (1), and hence that we may apply the
Lebesgue theorem A to the integrals arising from the terms of the poly-
nomial P,(z, p). The conclusion of the lemma follows.
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LeMMA V. If in the integral (80) =0, and c, is the semicircle 0 x =,
then
L]
lim I(Zy”)'ﬁ(z)dz = - FW(O +) ’
n— o0 0

for any function Y(z) which is integrable and is of bounded variation in some
interval (0, €) where ¢>0.

The integration from e to 2, yields a result which is of the order o(1) by
Lemma IV. Hence to prove the present lemma we need only show that the
integral from O to e satisfies the hypotheses of the Lebesgue theorem B.
The first of these hypotheses, (i), is clearly fulfilled, and, applying Lemma
I1I to the integrals on the right of (84) with 7 =0, it is also clear that condition
(i) is fulfilled. Lastly, if we set ¢ =e'x, and recall that u is an even integer,
we obtain the formula*

1 1
I(z,n) = — f {1 ._¢n}"em,,z¢iA,,d¢= - Zif {1 - ¢“}'A.. cos Anz¢do,
-1 0

from which it follows that

€ 1 . 1 An
.fmma=—%f{pw4m;¢w
0 .

0

But this last integral approaches the limit —s, as one sees by applying it
to the Lebesgue theorem B itself, and using the Dirichlet integral formula

Lsin "Aqed

lim dé = /2.

7n—00 o
Hence condition (iii) is also fulfilled and the lemma is proved.
15. The integrals %.°(x) - and %!(x)- for 0<x<1, a=0, and 0;=0.
Let the integrals ¥,!(x)-be defined by the formula

85) Fui(x)- =% f l fcns,.o\)g’(x,t,xmu)é(t)dxdt (¢ =0,1,2,3).

Then by (74) the sum of these integrals yields the integral in (65) and we
may determine the limit of the latter by considering separately the evalua-
tions of the expressions (85). The details of these evaluations differ some-
what in the cases a=0, a=7/2, and 0<a<w/2. They depend also upon
whether # lies in the interior or at the ends of the interval (0, 1). We begin
by considering in detail the case in which =0 and 0 <x<1.

1 Ci. Stone loc. cit., pp. 724-726.
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If =0, the constants », and », in (6b) are both unity and the functions
r(x), r:(x), are accordingly real and positive. By § 13 we choose in this case
p=4. Moreover, the deductions which follow require that we add to our
hypotheses the condition that in the characteristic equation (35)

(86) Do(N) # 0, Ds(\) # 0 (if a=0).
From the formula for D(\) given in (75a) we find the alternative forms
_ Do + Dge“"
| D
(87) DD
D1 4 Dy B

=1-— y for ¢t = x,
D

while for £>x these values are to be modified by subtracting 1. Now it was
observed in § 7 that on the contours C, the quotient of D(\) by any one of
its terms is uniformly bounded from zero. Hence we have, in particular,
the two evaluations

(88) DN { = D (NeRRRO(L),

= Dg='(N)O(1).
Let % be defined now as the largest of the numbers k;—«k;, k3—ko, and
+ (ks— ko), where for any ! the number «x;—«; is to be considered zero if
D;\)=0. Then substituting the values (88) in the respective formulas
(87), supposing Re(\) =0 in the first formula and Re(A) >0 in the second,
we find that
— ( = N O(1), for Re(A) > 0,

(89) D—ID{ e7n 0(1) or Re ()

=1— AR O(1), for Re(\) 0, ¢t= x,

the values to be diminished by one when ¢>x.
With the valie of Gz, ¢, \) obtained from (75a) with the use of (89)
and (76) we may now write the integral (85) for /=0 in the explicit form

—1 z
7»0(95)' = —‘(f f Sin(NN 820, 13(, 8, N) @ F1 (. NG
271 0 Cpn’
1
"f f Sin(MN"3200; 11(x, 8, N) 2 Bi(= . dNdE
1
"f f SinNi—di2y; 1, R (@ RERLO0(1)dNd2
0 Cp’

1
+ f f SinNA =820, e R ")""Rl(‘)O(l)d)\dt) .
0 '’
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where C,/ is the part of the contour C, on which Re(\) =0 and C,.’ is the part
on which Re(A) >0.

Consider first the final integral on the right of this equation (90). The
quantity {Ri(1, )+ Ri(f)} is positive for all values of ¢ on the interval
(0, 1). Hence it may assume the rdle of the variable z in Lemma IV, and if
we substitute for w; ; (%, ¢, ) its value as given by (77) it becomes obvious
that the lemma in question applies, and hence that the integral is of the order
o(1) provided o;=%—8;;. A similar argument with the same condition on
a; shows that the integral preceding that just considered is likewise of the
order o(1).

Consider now the leading integral on the right of (90). In the case of
the component =2 the integral is of the type discussed by Lemma I, the
role of the variable z being taken by the quantity Ri(x, £), and it follows,
therefore, by Lemma I that the integral is of order o(1). This argument,
moreover, may be repeated for the component :=1 provided the first term
of the expression w1 (%, £, N) as given by (77) is tentatively omitted from the
consideration. The discussion of the second integral in (90) is entirely ana-
logous to that of the first, and hence recalling the omitted first term of
w11 we find that formula (90) reduces to the form

(91) To'(2)- = z%(af f ",slna)f’l(z)e“-uJ)rl(t)dxdt

—Mj;l fn“nn()\)fl(t)e“'x(’-"r;(t)d)\dt+ o(l))~.

To reveal more clearly the structure of the integrals in this formula
we resort to the change of variable defined by the relations

(92) Ri(t) =t — & Ri(x) =%, Ri=£t—£& Filt) =vilto—§).

Substituting these values and subsequently replacing £ and \ in the second
integral by — ¢ and —\, respectively, we find for (91) the form

-1 &
“ %,9(2)- =%(6,~1 f fC”lsl,.me e — £)aNdE

&
tou [ suewiteo + pande + 0(1)). .
0 n’

Let us suppose now that x is a point in some neighborhood of which
fi(t) is of bounded variation. Then it is clear from (92) that y1(&+§)is
of bounded variation in some neighborhood of £=0, and by Lemma V the
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integrals in (93) converge respectively to the values —wiy1(£+£). Since
Vi(&o+ &) =fi(x £0), we have the result

. 1 f-l(x—)+fl(x+)
(94) ,9(2) —»7( ! ) .

The discussion thus given for the integral (85) with /=0 may be repeated
almost without change for the integral with /=1. We find from such a
discussion that if x is a point in some neighborhood of which f:(#)is of bounded
variation, and if o; 2=k —8:, where k; designates the largest of the numbers
K1— K3, K2— Ko, T (ks—Ko), then

1 0
*5) T = 5\ —) + Fute +>)"

Combining these results and recalling the relation between the vectors
F(x)-and F(x)-, as given by (57), we obtain finally the result
Ax) + Fdx): + Fulx) 45z +)- +35(x ).

16. The integrals 7.2(x) and ¥.3(x) - for 0<x <1, @=0, and ¢;= 0.
The integrals (85) for /=2, 3 are now easily evaluated by the method of the
preceding section. Thus we have
= \u—me MM (O(1), for Re () > 0,
= A0 (0(1), for Re(A) =0,

and we find in the manner now familiar that

-,

—1 1
Tnk(2) = ?—( f f Sin(WNS—s—8i%g; 1 (1, £, N) R HABL.O0(1) dNdE
L 0 Cn’

1
+f f Sin(NNw—m=82 gy o (2,8, N)e MR (L2 AROO(1)dNdL - .
0 Cp't

An application of Lemma IV yields the result that these integrals are both
of the order o(1) provided ¢;2 Ki—xo—8i2, ki—ks—8;. In entirely similar
fashion it is found that
:7"3(x) s 0,

provided a; = x5 — ko — 8,1, ks — k3 — 8,1, and the results of this and the preceding
section may, therefore, be summarized as follows:

THEOREM 1. If a=0 and Do(\)Ds(\) #0, let ki, i =1, 2, designate the largest
of the numbers
+ (ks — Ko), Ky — k3 — 8ia, K1 — Ko — iz, k¢ — Kz — 8z, K4 — ko — diz,

K1 — k3 — i1, K2 — Ko — 01, Ks — k3 — 0i1, Ks — Ko — a1,
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the number x;—x; being considered zero for any | if D;(\)=0. Then with
p=4 and o; chosen in any way subject to the relation o;2%:iji =1, 2, the
expansion (60) associated with an arbitrary integrable vector F(x)-is summable
of order (a1, 02) to the value

(96) H sz +) + 52 -)-},
at every point x within the interval (0, 1), in some neighborhood of which F(x) -is
of bounded variation.
CoroLLARY 1. If k;=0,i=1, 2, the expansion (60) is convergent.
CoROLLARY 2. For an arbitrary choice of the integrable functions fi(x),
f2(x), the expansion I; (fy, f2) given by (72) for either i=1, or i =2, is summable
of order o;=x; to the value

Hide ) + fuz - )},
at any point within the interval (0, 1), in some neighborhkood of which f(x) is
of bounded variation.

In the following section we shall establish the summability of the ex-
pansion (in contradistinction to its actual convergence) without hypothesiz-
ing the boundedness of the variation of %(x)-. In this respect, therefore,
the statement of Theorem 1 may be broadened.

17. The expansion (60) when 0<x <1, a=0and ¢;>0. It follows from
Lemma IV, since the function y,(f +£) of §15 is integrable, that with an
arbitrary choice of a positive ¢, and £>e,

¢
[ sumetnte + oande = o(1).
] Cp’
Hence we may also write the formula (93) in the form
—1 ]
o0 7 = —(sa [ 1m0t - 0+ valeo + D}t + o))
271 0

where we have set

I(t,m) = f sE.

This integral I(%, #) is of the form considered in Lemmas II and III with
7=0, and we draw from these lemmas the inequalities
| 1(5,m) | < MAs,

(98)
| I(g,m) | < MA¢t, for £>0,

M being a suitable positive constant.
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Let ¥,(£,£) and ®:(£, £) be defined now by the relations
Vi(£0,8) = ¥iko — &) + ¥a(ko + &) — (%),

1 ¢
QI(EO)E) = —f—j; l \1’1(50’2) I d£~

Then by a theorem of Lebesgue* the function ®,(%,, £) approaches zero
with £ for almost all values of £. We except from consideration the values of
%o, if any, for which this is not true. Then with an arbitrary choice of an
7>0 the € in formula (97) may be chosen so that

(99) ®1(50,8) <7, for 0 t=e.

Let the formula (97) be written now in the form

(100 7.9 = 2 (20te0sn [ 166wt + 50 [ 1m0+ o0,
From Lemma V we find directly for the first integral in this formula the value
fo‘I(E’")dE = —wi 4 o(1).

The second integral, on the other hand, we evaluate by the following method

which is due to Hardy.}

From the first of formulas (98), together with (99), we find that for »
sufficiently large

1/An 1/An
f I(E,”)‘I’l(fo,f)dﬁ’ < MAnf I ‘I’I(EO’E) I dE = MQI(EO)I/An) < Mﬂ-
0 0

Moreover, an application of the second of formulas (98) followed by an in-
tegration by parts yields, when # is sufficiently large and ¢, >0, the inequality

¢ | W60, | J

I f I(E;”)‘I’(soy‘é)d$| < MA,; f £
1/Apn 1/Ap Ev;+1
®1(£0,8) | ¢ ®i(fo,8)
= M a,
{ E" 1/An+ (Ul + l) 1/Apn Evl-i-l E}
q)l(EoyE) e ¢ ds
M{ ) + ®1(%0,1/An) + (a1 + DA, L/A,. E"x"‘l} < Mn.

* Lebesgue, Lecons sur les Séries Trigonomélriques, Paris, 1905, p. 96.
t Hardy, Proceedings of the London Mathematical Society, (2), vol. 12 (1913), p. 368.
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It follows that when ¢, is positive the second integral in (100) is of the order
0(1), and hence that at almost all points within the interval

o) — (f f)x))

The discussion of ¥ (x)- is precisely similar to that of 7,(x)- just com-
pleted. Since the argument of §16 was based only on the integrability of the

functions fi(x), f2(x), the reasoning of that section requires no modification
and we may summarize the results as follows.

THEOREM 2. If the conditions of Theorem 1 are satisfied, and if, furthermore,
0:>0, i=1, 2, then the expansion (60) is summable of order (o1, a2) to the
value $(x)- at almost all points x in the interior of the interval (0, 1).

COROLLARY. If the conditions of Theorem 1, Corollary 2, are satisfied and
if, furthermore, a;>0, then the expansion I:.(f1, f2), i=1, 2, is summable of
order o; to the value fi(x) at almost all points within the interval (0, 1).

18. The expansion when a=7/2, and 0<x<1. When a=x/2, the rays
(37) coincide with the axis of reals, and the constants »; of formula (6b)
have the values vi=17, vo= —1. If it is observed that in this case

DO\ 1R
is similar in structure to D(\) in the case =0, with X\ replaced by M and

R; replaced by |R;|, it becomes evident that the discussions of §§15, 16,

and 17 are easily adapted to apply to the case in hand. The hypothesis to
be made in correspondence to (86) is that

Di(M\) #0, DN #0 (if a=n/2),
and by §13 we are to choose p=2. The resulting theorems are the following.
THEOREM 3. If a=m/2 and D\(\)D:(\)#0, let ki, i=1, 2, designate the
largest of the numbers
+ (Kz - Kl), k3 — Ky — 8ig, Ko — K1 — 02, K4 — Kg — Oiz, Kg — K1 — iz,
Ko — Kz — 051, K3 — K1 — 851, Ksg — Kg — 051, Kg — K1 — di1.
Then with u=2 and a;=%k; the expansion (60) is summable of order (01, 02) to
the value (96) at every point x within the interval (0, 1) in some neighborhood of
which 5(x)- is of bounded variation.

THEOREM 4. If the conditions of Theorem 3 are satisfied and if, furthermore,
0:>0, i=1, 2, then the expansion is summable of order (01, a2) to the value
F(x)- at almost all points within the interval (0, 1).
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It is clear that corollaries similar to those of Theorems 1 and 2, may also
be appended respectively to the Theorems 3 and 4.

19. The expansion when 0 <a <w/2, and 0<x<1. The details of the
discussion of the integrals (85) differ somewhat when 0 <a < /2 from those of
the preceding sections. The hypothesis to be made for this case is that no
term of the characteristic equation (35) is lacking, i.e.,

D\ #0, j=0,1,2,3 (if 0 <a<u/2).

Moreover, as observed in §13, we shall, in the case of summability as dis-
tinguished from that of convergence of the expansion, restrict the considera-
tion by the further hypothesis that « is commensurable with =.

The rays (37) together with the axes of reals and imaginaries divide the
contour C, into eight arcs which we designate by CY?, where C%? and CY?
are the arcs on the jth quadrant taken in counter-clockwise succession.
Since R;(x)=v;|R;(x)|, whereas, on the arc C"”, we have Re (Ar;) =20,
Re(\v;) >0, we may write

D-'(\) = Dii(N)e™il RI-mIRIO(1),  on arc oD,
On the arc C™ we have, on the other hand, Re (\»;) £0, Re (\»;) >0, and
we write accordingly
D-'(\) = Di(\)e™:B:10(1), on arc C,1'?,

With these values substituted respectively into the formulas (87), we obtain

the relations
— [ = N e MIRIQ(1), on arc C,(V,
DD ]
=1 — As"uemIRIQ(1), onarcC,?, for ¢ = x,

the values to be diminished by one for ¢ >x.
On the portion of the contour C, in the second quadrant, we use the
second of equations (87) together with the evaluations

D7Y(\) = Dg'(\)O(1), when Dy(N) = D3(\)eMilBdl |
and
D—'(A) = Di'(\)e*:RJI0(1), when Di;(A) < Dz(\)eM:lRil
and obtain in this way the formula
(101) D—'D = 1 — AkeilRiIQ(1), on arcs C,@'V and C,@?, for ¢ £ x.

Here %, designates the larger of the numbers x;—«; and ¥, —xo. In similar
fashion we find also the further formulas
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=1 — \s=%gnlRIQ(1) , on arc C,@V
(102) D'D{ = Ae—sme~MmiIRIQ(1), on arc C, @2
= Nhe~MilRIQ(1), on arcs C,'1 and C,?, for ¢t £ x,

with %, defined as the larger of the numbers xo—x; and x2—«s. In both
formulas (101) and (102) the values given are to be diminished by one when
1>x.

The integral (85) with /=0 may now be written explicitly, and is found
to be given by the formula

1 z
(103) ?:(x) = _(f f s;,.)‘"“wg,ll(x,t,)\)e*'l“‘x(""'d)\dt
27 0 '’

1
—f f s;,.)\—“’w;,ll(x,t,)\)e*'lml“")'d)\dt
z Cp'’
1
+f fs'.n)‘h-aaw,.,uekv,ml(z)|+xnm.(l.c)lo(l)d)\d,
0 Cp’

1
-|-f f s;,.)\""i’wg,ue'“-’”l“v“'"“t”*x(‘)’O(l)d)\dt)',
0 Cp'’

h being the largest of the numbers + (k3—«z) and + (x,—«o), while C;/ and
C.'' represent respectively the portions of C, on which Re (A»;) 0 and on
which Re (\v;) >0. We observe now that this formula (103) differs from (90)
only in that \ is replaced by Av; and R; by |R;|. Hence the discussion given
subsequent to formula (90) may be repeated with slight modifications as
applied to the formula (103) and as conclusion we obtain again the relation
(94), provided in this case that o;= + (k3 — k2) — 842, + (k1 — Ko) — 82

In precisely similar fashion the result (95) may now be derived under
the condition that ¢;= % (k;— ko) —8:1, =+ (ks— K1) —d;1, and the conclusion
that .2 (x)- and 72 (x)- each approach O as alimit follows if o;2 ks— x;— 8as,
ks—kK;— 0,1, 7=0, 1, 2, 3. The results, then, may be summarized as follows.

THEOREM 5. If 0<a<m/2 and D;(\)#£0, j=0, 1, 2, 3, let &%, 1=1, 2,
designate the largest of the numbers

+ (ks — k2) — bz, + (k1 — ko) — iz, Ky — Kj — sz,
+ (Kz-l(o) —5.’1, i‘ (Ka—Kl) —6-;1, Ks—Ki—a,'l, j=0,1,2,3.

Then (1) if ®;=0 the expansion converges to the value (96) at every point in
the interior of the interval (0, 1) in some neighborhood of which F(x)- is of
bounded variation; (i) if x>0, and furthermore a/w is rational, then with
02 %; the expansion is summable of order (o1, 02) to the value (96) at every inner
point of (0, 1) in some neighborhood of which F(x)- is of bounded variation.



902 R. E. LANGER [October

THEOREM 6. If the conditions of Theorem 5 are satisfied and o:>0, the
expansion is summable of order (a1, 02) to the value F(x)- at almost all points
within the interval (0, 1).

The analogous facts for the expansions (72) may obviously be covered
in corollaries to these theorems as was done in the case of Theorems 1 and 2.

20. The expansion at x=1 when a=0. The argument from which the
convergence of the integrals in the preceding sections was concluded depends
explicitly upon the fact that x is an interior point of the interval (0, 1). Not
only must the reasoning be elaborated when x is an end point of the interval,
but we shall be able to conclude summability of the expansion only in the
case of functions fi(x), and f.(x), satisfying suitable restrictions.. For the
sake of brevity we shall confine our considerations to the case =1 and a=0.
The discussions required for the case # =0, and for other values of « may be
given in an entirely analogous manner. To simplify the statement of the re-
sults we shall consider (x) - defined at x =0and x =1 so that $(0)- = 5(0+) -,
and $(1)- =%(1—)- whenever these limits exist.

We suppose, then, that the conditions of Theorem 1 are fulfilled. Then a
review of the integrals in the expressions for ¥ (x)- in §§15 and 16 reveals
the fact that the integrals over the arc C, are of the same character for
x=1 as for 0<x<1, and hence that they converge to the value 35(1)-.
But from formula (58) this value is zero, and hence we need consider these
integrals no further. The integrals over the arc C, ', however, do require
further consideration. Thus the final integral in formula (90) was evaluated
by means of Lemma IV, while the applicability of that lemma depends upon
the fact that {Ri(1,x)+Ri(f)} >0, a condition which is not fulfilled when
x=1. The discussion of the integral by other means requires a more precise
expression for the integrand. To obtain this we shall make use of the identity

1 {_D0+D16)‘R1+D28”2’+1}.

109 5 = Dayerm, D

Consider the fraction within the brace of this expression. It is obviously
bounded. We may, however, also obtain an evaluation of it by utilizing
the first of formulas (88), and hence (104) may be written in the form

(105) D'(\) = N%eERN(N) 4 Dite M- Es,
in which N(\) is subject to the alternative evaluations

=0(1),

(106) N(\) {
= N me BOR O(1) 4 A e M O(1) + Mes e L O(1).



1929] EXPANSION PROBLEMS 903

We return now to the integrals over arc C, in formula (90). When x=1
the first of these integrals clearly does not appear. On the other hand, we
obtain in place of the second integral when the first of formulas (88) and the
formula (105) are substituted in the respective terms of D-1D the three inte-
grals

1
(107) f f Sinhoo~ 8= 8agMEAEOO(1)w; 11(1,2,M)dNdE,
0 "II
1
(108) f f SiahKim = 3ig RO [ | N (N)w; 12(1, 2, N) dNdE,,
0 Cp’’
1 s
(109) f fSi,.)\"_"‘_s“e_)‘kl(')['—"]w;,u(l,t,)\)d)\dt.
0 Cp'’ a3

The first of these, i.e., (107), is found directly to be of order o(1) by the
arguments of §15. The second, however, i.e., (108), requires a more careful
analysis. We shall discuss it in detail only in so far as the integration over the
part of C.’ which lies in the first quadrant is concerned. No essential
modification of the argument is necessary to adapt it to the discussion of the
integration over the remaining part of C.'. To begin with we set

N = tAneix,
Then the arc of C,/’ on the first quadrant is given by 0< x <=/2, and this
we divide by a point A, into arc (1) and arc (2) as follows:

arc (1): 0= x= Xa,
arc (2): Xe < X = 1/2,
where
A log An
Xa A,

In this we tentatively specify A merely as a positive constant.

On the arc (1) now we use for N(\) the first of the evaluations (106).
By Lemma II it follows then that the integration over this arc contributes
to (108) a qudntity which is of the order

Alog Ay of
An"’_"'_siz {'— A } 0(1) ]

n

i.e., of the order o(1) for any choice of the constant 4 provided ;> k; — ks — d:2.
Since the condition ¢;=x;imposed in Theorem 1 admits also of the possibility
gi=Ky— Kk3— O3, we must also consider this case. However, the argument
requires modification only in the case of the integral arising from the first
term of w; (1, £, \), and we may conclude this integral also to be of the order
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o(1) by the use of the Lebesgue theorem B if we suppose the function fi(¢)
to be of bounded variation in some neighborhood of ¢=0.

We turn next to the contribution to (108) by the integration over the arc
(2). To begin with we observe that on this arc

| MEigR; | = | ¢@aNE;| . | MBigNES | |

while in this expression the first factor on the right is bounded since
Re(A\s—XN)=<0. The second factor, on the other hand, may be written in
the form

eAnR{xa—sinxal |
from which it is seen to approach unity as A,—oo. It follows, therefore, in
virtue of the second of formulas (106), that if 4 is chosen sufficiently large

we have on arc (2)
A&~ a—8i2p—AR, (¢) [az]N(t) = )\—10(1) .

By Lemma I then the integration over this arc contributes to (108) a quan-
tity which is of the order o(1), and in consequence the entire integral (108)
is of that order.

The integral (109) remains to be evaluated to complete the discussion
of ¥3(1)-  For this evaluation and that of the corresponding integrals in the
expressions F,/(1)-, =1, 2, 3, we shall impose upon the functions fi(¢) and
f2(2) the restrictions that the limits

fa( !
(110) lim 1 » and lim —2-(—1: exist for ¢ = 1,2,

=0 {71 -0 T2

where 7,; designates the largest of the numbers
Ky — K3 — Oip — Oj2, K1 — k3 — 8i1 — 8j1, kg — k3 — 832 — Oj1, ks — K3 — i1 — Oz,

A review of the hypothesis of Theorem 1 shows that the numbers 7;; do not
exceed the value of x; and hence that any o; chosen in accordance with
Theorem 1 satisfies the relation o;27;;, We shall show that if the hypothesis
(110) is satisfied then the expansion is summable at x=1.

Consider then the integral (109). Using formula (77) we may write

o
Ax—a—di2 [—2] wi,11(1,2,N)

a3,
k3~ x—bi2 _ Ky—xg—8;0—1
(111) =fi) X A + () X AmBe®)
m=0 m=0

N E@, V() + E@,Nf0)
A
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the coefficients ,3,5?(:) as well as the functions E(¢, \) being integrable on
the interval (0, 1). The integrals arising in (109) from the final terms on the
right of (111) are of order o(1) by Lemma I. Of the integrals due to the
remaining terms in (111) we consider next that arising from the general term
involving f.(¢), i.e.,

(112) flf s,—,.()\))\'"e"“‘l(‘)Bg,l:(t)fl(t)d)\dt.
0 RZ

For any integer / not exceeding o; we readily verify that

R N i)

where P is used to designate a polynomial. Since the right-hand member
of this equation vanishes at the ends of the arc C,’ when ¢;>/, we obtain
for (112) by an integration by parts 7,; times repeated the form

' LAY S M w, . Ji)
1 I m—ri1,—AR, () —_— N —_— .
(113) fo [ {1 (A> } Amrie P(A”>B,m(t) e

Inasmuch as r,(¢) is positive everywhere on (0, 1) the integrand of (113) is
integrable with respect to ¢ by virtue of hypothesis (110). Hence by Lemma I
all the integrals (113) for which m <7, are of the order o(1). If ko — ks — 8:2 <741,
this accounts for all the integrals due to the first sum in (111). However, if
Ks— k3 — 82 =741, the integral (113) for which m =7, remains to be considered.
A simple extension of the Lemmas IIT and V to account for the factor
P(\+*/A%) in the integrand suffices for this consideration, and we find that
the integral converges to a value

C® fim {fl(t)} ,

-0 A0

if ¢;>74, or in the case o; =7, provided the function fi(£)/¢« is of bounded
variation in some neighborhood of t=0. In this result C%Y is a constant de-
termined by the differential system and is independent of the functions
f:().

A similar discussion leads to the evaluation of the integrals arising from
the terms of the second sum in (111) and we obtain in this way the result that
under the hypotheses made

©

F.0(1) - — (Cﬁi” lim {f—‘(t—)} +C lim {f 2“)})- = lim ( Cii )5(;)-

-0 {ra t—0 172 1—0 1mii
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The discussions of the integrals in the expressions ¥)(1)- for I=1, 2, 3
follow on similar lines and we obtain thus as a total result, since by formula
(59), A1) =5(1)-, the result

Cii\=
F15) = 5()- + 1im ()50 .
We see, therefore, that the expansion is summable at x =1 if the components
of the vector F(f)- vanish to a sufficiently high degree at £=0. In quite the
same manner we should find that the expansion is summable at x=0 if the
components of the given vector vanish to a prescribed degree at x=1.

A special case of importance is that in which the numbers 7;; are all zero,
for in this case the final term of (114) is a constant matrix multiplied by
5(0) - and this is Oby formula (58). Hence the expansion converges then at
x=1 to the value F(1)-. If in accordance with Theorem 1 the expansion
actually converges, then since ¢;>7;; it follows that the constants 7,; are
zero and, moreover, that the same is true of the corresponding exponents
associated with the discussion of the expansion at £=0. Hence the ex-
pansion then converges also at both end points to the respective values of
F(x) .

The discussion in the case a =/2 is similar to that given in detail above,
and the results differ only in that the expansion is summable at x=1 if the
components of the vector F(f)- vanish to a prescribed degree at ¢=1, while
summability at x =0 is assured by the vanishing of §(¢)- at £=0. In the case
0<a<w/2 a combination of the phenomena described occurs and the proof
of summability at either end point is found to be dependent upon the suitable
vanishing of the vector %(f)- at both end points of the interval. We sum-
marize these observations roughly as follows:

THEOREM 7. If the expansion under the conditions of the respective theorem
above is convergent (as distinguished from summable) at the interior points of
the interval, then it is also convergent to the value of the given vector at the end
points. If the expansion is summable but not convergent at the inner points,
then it is summable at the end points also provided the vector F(t)- vanishes at
t=0 and t=1 to certain degrees prescribed by the differential system.
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