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1. Introduction. In 1905 L. E. Dickson defined a set of normal division

algebras of order n2 which were based on cyclic w-ics and are called cyclic

algebras.f No further division algebras were known until, in 1923, F. Cecioni

constructed % algebras based on a non-cyclic abelian equation of degree four

and which were apparently new division algebras. Cecioni made no attempt

to show that the algebras that he had constructed were non-cyclic, that is,

not equivalent to the much simpler cyclic algebras. He had however found a

type of algebras possibly containing non-cyclic algebras.

The present paper begins by a consideration of the necessary and suffi-

cient conditions that a given algebra A of order sixteen of the Cecioni type

be an associative division algebra. The associativity conditions are reducedÉto

the question of finding the solutions in integers of

76s — y i op = (7i2 — 722p)(732 — yio)

where p and a are integers such that neither p, <r, nor ap is a rational square.

This equation has been treated in great detail by R. G. Archibald.§ The

conditions that A be a division algebra are reduced by algebraic theorems to

the conditions either (a) G is a quadratic non-residue of o"i, or (b) a is a quad-

ratic non-residue of Gi, or (c) —axGx is a quadratic non-residue of ir, where

7i2 —y22p = T2G, (t=o-xt, the numbers T and G are integers such that G is a

product of distinct primes, and tt is the highest common factor of G and a.

But the author has shown that all normal division algebras of order 16 are

of the Cecioni type.II We have therefore constructed, in terms of the single

condition given by (a), (b), and (c) and in terms of the integer solutions of a

single diophantine equation, all normal division algebras of order sixteen

over the field of all rational numbers. For the special case of cyclic algebras

the solution of the equation is known and G becomes p so that, since all of the

* Presented to the Society, December 27, 1929; received by the editors in December, 1929.

t Algebras and their Arithmetics, p. 65.

% Rendiconti del Circolo Matemático di Palermo, vol. 47 (1923), pp. 209-254.

§ These Transactions, vol. 30 (1928), pp. 819-837.

|| These Transactions, vol. 31 (1929), pp. 253-260.
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quadratic non-residues of any number are known, we have constructed all

cyclic algebras of order sixteen over R.

The problem of discovering whether or not there exist any non-cyclic

normal division algebras of order sixteen presents itself. An algebraic neces-

sary and sufficient condition that an algebra A in sixteen units be cyclic is

found and, by its use, it is shown that all of the algebras constructed by Cecioni

are cyclic, and not new. An investigation is then made of the diophantine

necessary and sufficient conditions that A be non-cyclic and it is proved that

A is non-cyclic if and only if two quartic forms with coefficients polynomials

in p, <r, 7i, • ■ • , 7e are not null forms.

2. Linear associative normal algebras of order sixteen. We shall con-

sider linear algebras over R, the field of all rational numbers. The algebras

will be constructed with a quartic equation with rational coefficients and

Galois group G4 as a foundation. As is well known every such equation may

be reduced by a rational Tschirnhausen transformation to an equation

(1) oo4 + pu2 + n2 = 0 (p and « in R),

where w is a scalar variable and R is the field of all rational numbers. Suppose

that i satisfies equation (1). If we write

n w
2i2 + p = w,     i -\—- = v,    u = —

i V

then
w2 = pi - 4M2)    v2 = 2n - p,    u2 = - (p + 2n),

so that the algebraic field R(i) is evidently the direct product of two quad-

ratic fields R(u) and R(v), and every quantity of R(i) is uniquely expressible

in the form

a(i)=ax + a2u + a3v + atuv (a, • ■ •, a4 in R).

It is well known that the converse of this proposition is true and that

Lemma 1. Every field R(i) generated by a root of a quartic (1) with Galois

group Gi is a direct product of two quadratic fields

(2) R(u),    R(v)

where

(3) u2 = p,    v2 = o-,    p = pxir,    a = anr

and px, <jx, ir are each products of distinct rational prime integers such that no

two of px, crx, ir have a factor in common. Conversely every such direct product

of two quadratic fields defines a quartic field generated by a quantity i satisfying

a quartic with group G4.
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Let us examine the quantity i of the above lemma, where we assume that

m and v are given. Suppose that we define a quantity ¿ = (m+1)z>. Then

¿2 = (p+1+2m)o-, 2o-m = ¿2-(p+1)o- and

»«- (72[(p+ l)2 + 4(p+ 1)m + 4p]

= <r2[2/p + (p + l)2] + 2a(p + 1)[¿2 - (p + l)<r]

= 2<r(p + 1)¿2 - a2(p - l)2

so that i satisfies

(4) (t>(w) = w4 - 2a(p + l)<o2 + <r2(p - l)2 = 0,

with roots ¿, —¿, o-(p —1)/¿, —o-(p —1)/¿.   But if we write

- a(p - 1)
(5) 01   =   —   ¿, 02  =  -> 63  =   —  02,

¿

then

(6) 62 = v(l-u),    6i = (u + l)(-v),

(7) 03 = uv — v,

so that 0i is obtained from i by replacing t> by — v, 62 from ¿ by replacing u

by — m, and 83 from ¿ by replacing both m by — m and v by — v. We may write

any polynomial a(i) of R(i) in the form

(8) a = «i + a2M + ßä» + û!4Mî> (ai, • • • , ö4 in R)

and shall utilize the notations

(9) a(— u) = on — ot2u + a3v — a^uv,

(10) a(—  V)   =  «l + 02«  —  «3»  " «4«»,

(11) a(— u, — v) = an — a2« — a3ï> + otiUv.

Consider the algebra A with sixteen units given by the basis

(12) i'j, (r,s = 0,1,2,3; j3 = A^jo = 1),

and the multiplication table given by cp(¿)=0,

(13) (a + bji)(c + dji) = ac + gxbd(6x) + [ad + bc(6x)]jx

for any a, b, c, d of R(i),

(14) (U+ Vj2)(X + Yj2) = (UX + VY'g2) + (UY + VX')j2

for any quantities U, V, X, Y of the form



174 A. A. ALBERT I April

(15) X - a + bji,    X' = a(flt) + b(62)ajx,

where

(16) gi,    gi,    a

are fixed quantities of R(i). Cecioni has shown that if we define g3 by

(17) gt = gigict(6i),

so that

gi(ei)gi(ox)

then the algebra A defined above is associative if and only if

(19) gi = gi(0i),    gi = gi(6i),   g3 = g3(e3)

and if

(20) g3g3(dx) = gxgx(e2)g2g2(ex).

We may obviously choose as a new basis for A the quantities

(21) ;'., uj„ vj„ uvj, (s = 0,1,2,3)

and obtain the following properties:

(22) jiO=a(—v)ji,    j2a = a(- u)j2,    j3a = a(— u,— v)js,

since

(23) jio(i) = a($i)jx,    j2a(i) = a(62)j2,    j3a(i) = a(63)j3.

For, as we have seen, 6X is obtained from i by replacing v by — v and leaving u

unaltered, so that any polynomial in —i is obtained from the same poly-

nomial in i by replacing v in it by —v and u by u, that is we obtain a(—v).

The other equations of (23) are obtained by symmetry. If we write

gi = 7i + 72« + (5i + à2u)v (7i,72,5i,52 in R),

then gx=gx(6x) =gi(—v) so that, by the linear independence of l,u,v, uv with

respect to R, we have

(Ô! + h2u)v = — (5i + ô2u)v = 0.

Hence by symmetry

(24) gi = 7i + 72«,     gi = 73 + 74»,     g3 = 75 + 76«»,

and conversely any g< in the form (24) satisfy conditions (19). Now (20)

becomes

(25) 76s - yi<rp = (7i2 - 72lp)(73* - 742<0
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and all of the associative algebras given by (12), (13), (14), (15), (18), (24)

will be found when we find all solutions of (25). This problem has been

considered in great detail by R. G. Archibald (loc. cit.) and the conditions

for the existence of solutions of (25) have been found. We shall leave the

associativity conditions in terms of the solutions of this diophantine equation.

Let us assume now that in all further work the 71, • • • , 7» satisfy (25).

Definition. A linear algebra A over R is said to be a normal algebra if

the only quantities of A commutative with every quantity of A are rational

numbers.

The writers in the theory of normal division algebras have assumed the

algebras they constructed normal algebras, without proof. The proof is

usually easy to give and we shall give it for the case we are considering.

Theorem 1. The algebra A defined by (12), (13), (14), (15), (18), (24),
(25) ¿j a normal algebra when gs^O, g2?¿0, gi^O.

For A contains a sub-algebra 2 whose quantities are composed of all

quantities of the form

X = a + bji (a and b in R(i))

of A and every quantity of A is expressible in the form

c = X + Yj2 (X and Y in 2).

Suppose that c were in A and were commutative with every quantity of A.

Then in particular

cu = (X + Yj2)u = u(X - Yj2) = uc = u(X + Yj2),

and since u has an inverse (1/p)m in A we have

u~lu(X - Yj2) = X - Yj, = *rluc = X + Yjt.

By the linearity of A we obtain F/2=—1/2 = 0, c = X = a+bjx. By using

vc = cv = v(a — bjx) and the fact that v has an inverse o—lv in A we obtain

ô = 0, c = ai+02î> with ax and 02 in R(u). Now/12 =gi?i0 so that, since gt

is in R(u) and has an inverse when it is not zero, /1 has an inverse g-1/i.

Then cjx=jxc shows that ai+02î> = ai —02^ and a2 = 0, c = ai=ai+a2^, ai and

a2 in R. Finally j2 has an inverse g2-1/2 and cj2=j2c gives a2 = 0 which proves

that c is in R as was desired.

3. New necessary and sufficient conditions that A be a division algebra.

We shall assume that p and 0- are numbers satisfying the conditions of

Lemma 1, that 71, • • • , 7e satisfy (25), and that gi^O, g2yi0, g3^0. We

seek to find what further restrictions it is necessary and sufficient to impose

on the parameters in order that A be a division algebra.   We shall first find
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a new sufficient condition that S, the sub-algebra of A of order eight defined

by its basis

i'j. (r = 0,1,2,3; s = 0,1),

be a division algebra.  It is known* that a necessary and sufficient condition

that S be a division algebra is that

gi 5* cc(- v)

for any c of R(i). We shall prove

Lemma 2. Algebra S is a division algebra if there exists no a?¿0 in R(i)

for which

(26) aa(— v)gi = fx in R.

For suppose that the hypothesis of Lemma 2 were satisfied and yet S

were not a division algebra. Using the known necessary and sufficient con-

dition, there would exist a polynomial c in R(u, v) for which

gx = cc(- v).

If c=0 then gi = 0 contrary to hypothesis.   Hence cj^O and has an inverse

in the quartic field R(i). Write c~l = a and thus [c(—v)]-l = a(—v). Hence

aa(- v)gx = 1.

But this is contrary to our hypothesis that aa(—v) gx is not in R for any a.

Hence S is a division algebra. Write

0\ = ax + a2u,    a2 — a3 + ctiU        (ax, • • • , a4 in R)

and

a = ai + a2v.

Then

aa(— v) = of — of a = af + afp — o(a£ + afp) + 2(axa2 — <ra3a4)«,

so that

(27) aa(-v)gi = fi + f2u

where

(28) /i = 7i[(«i2 + oc22p) — <r(a32 + a42p)] + 272p(aia;2 — aa3at) ,

(29) fi = 7î[(aia + a22p) - o(ai + afp)] + 2yx(axa2 — <ja3a4).

* Cf. L. E. Dickson, Algebren und ihre Zahlentheorie, p. 64.
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Hence there exists a polynomial for which aa(—v)gi is in R if and only if the

quaternary quadratic form f2 is a null form. Now

72/2 = (ai72 + 7ia2)2 + (722P — 7i2)a22 — <K72<*s + 7i«4)2 — <r(y} p—yi*)at

and if we write

Él  =   ßl72 + 7l«2,     «2  =   T2«3 + 7l«4,     «3  =  <*2,     «4  =  «4,

then

72/2 = («i2 — W) — (712 - y2p)(e3   — <«42).

We say that/2 is a null form if and only if 72/2 is a null form. For if 72 were

zero then gi = 7i and by taking a = l=cti, a2 = a3=ai = 0 we show that/2 is a

null form. When 72/¿O the form/2 is zero if and only if the non-zero multiple

72/2 is zero. The variables in 72/2 are all zero when and only when the variables

in f2 are all zero and we have proved

Lemma 3.  Álgebra 2 ¿5 a division algebra if the quaternary quadratic form

(30) «i« - «22 - (712 - 722p)(e32 - «42)

is not a null form. This is equivalent to stating that R(i) contains no polynomial

a(i) for which aa(—v)gi is in R.

We shall next find a sufficient condition that A itself be a division algebra

under the assumption that 2 is one. It is known (loc. cit.) that A is a division

algebra when 2 is one if and only if

gä ̂  X'X

for any X of 2. We shall prove that

Lemma 4. Algebra A is a division algebra when 2 ¿5 one if there exist no

polynomials b^O and d^Oin R(i) such that

bb(- u)g2 = /3,    dd(- u, - v)g3 = /s

withf3 andfi in R.

For suppose that the hypotheses of Lemma 4 were satisfied and yet A

were not a division algebra. Then there must exist a quantity X in 2 for

which g2 = X'X. We may write

X = b(- v) + dji

where b and d are in R(i). Then

X' = b(- u, -v)+ d(~ u)aji

and



178 A. A. ALBERT [April

X'X = [b(- u, - v)b(- v) + d(- u)d(- v)agx]

+ [b(-u, -v)d + d(- u)ba]jx,

so that

(31) g2 = b(- v)b(- u, -v) + d(- v)d(- u)agx.

Now we know that, from (18) and gi=gi(—v),

gs(- v)
a = ->

gigti- v)

so that if (31) is true then

(32) g2g2(- v) = b(- v)b(- u, - v)g2(- v) + d(- v)d(- u)g3(- v)

and by replacing i in (32) by 0i and hence v by — v we have

(33) 7s* — yfa = bb(- u)g2 + dd(- u, - v)g3.

But it is easily shown that if

(34) b = ßi + ß2v+(ß3 + ßtv)u,

(35) d = 5i + 82uv + (o8 + ôiuv)u,

then

bb(- u)g2 = fi + fiV,    dd(- u, — v)g3 = /6 + /««r,

where

(36) f3 = 7b[^i* + ßfc - P(ßf + ßfa)] + 274<K0i/32 - Pßtßi),

(37) fi = 74[/3is + ßfo- - p(ßf + ßfc)] + 273G81& - pßtfi),

(38) /, = 75[Sf + Sfo-p - p(S32 + Sfo-p)] + 276<rp(5152 - p5354),

(39) /, = 76 [5i2 + 522<rp - p(532 + 542crp)] + 276(8i52 - PS3Ôi).

Hence when (33) is true

(40) yf -yfa = f3 + f^ + fb + f,uv.

But /^O unless ¿> = 0 and hence also/3 = 0, by our hypothesis. Similarly

/e^O unless b=f3 = 0. But (40) implies that/4=/6 = 0 since 1, «, v, uv are

linearly independent with respect to R. We have thus secured a contradiction

and Lemma 4 is true.

Exactly as we showed in the proof of Lemma 3 that the form (29) was a

null form if and only if (30) was a null form, we may show here that the form

(37) is a null form if and only if

(41) 74/« = «12 - efp - (73s - 742<0(«32 - e4Jp)
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is a null form and that the form (39) is a null form if and only if

(42) 7«/e = «i2 — «22P — (7 s2 — y»2<rp)(ei — «42p)

is a null form. Let us suppose that the form (41) is not a null form but that

(42) is a null form.  Then

(43) Pi2 - P22P - (7s2 - 7e2<rp)(p32 - P42p) = 0

for pi, • • • , pi in R and not all zero. Using the value 7¿ —yfap = (yi —yip)

•(yi—yia) we have

(44) pi - p22p - (y32 - yia)(yx2 - yip)(pi - pip) = 0.

Let us assume that 7274^0. If pi = P2 = 0 then pi —pip = 0, and p3 = p4 = 0

since p is not a rational square. Hence pi and p2 are not both zero. Write

(45) Él  =  pi,    €2  =  P2,    €3  =   7lM3 + 72P4P,    «4  =  7l/«4 + 72P3,

so that ei — ei p = (yi - 722 p) (73* — 742 a).   Then

(46) É12 - e22p - (7s2 - 742<r)(e32 - eip) = 0

for «1, ■ • • , «4 in R and ex and e2 not both zero. This contradicts the hy-

pothesis that (41) is not a null form. Hence when (41) is not a null form and

7274^0 the form (42) is not a null form.

In the form/2 write a3=a3p, a4=a5. Then (29) becomes

(47) f2 = 72 [ai2 + a22P — o-p(«52 + aip)] + 2y x(axa2 — cpa¡,cto),

whence

72/2 = (72«i + 7i<*2)2 — (7i2 — 722p)<*22 — ö-p [(720:5 + 7iO¡6)2 — (7l2 — yip)<*i ] ,

which is a null form if and only if

(48) ei2 - <rp«22 - (7i2 - 722p)(e32 - o-pei)

is a null form. Similarly write in (37) /33=p/36, ßi=ß&, and it becomes

/4 = 74 [(0i2 + &M - c-p(/362 + 062<r)] + 273(0102 - vpßsßi),

which is a null form if and only if

(49) tl2 - W - (732 - yia)(e32 - apei)

is a null form. Hence (30) is a null form if and only if (48) is a null form while

(41) is a null form if and only if (49) is a null form. Suppose that (30) were

not a null form and (41) were a null form. Then there would exist rational

numbers pi, • • • , p4 in R and not all zero such that

pi2 — <rpp22 — (732 — 742<r)(p32 — picrp) = 0.



180 A. A. ALBERT [April

As before we may state that in particular px and p,2 are not both zero. But

7s2 -yíop = (yx2 -yip)(y32 -y?<r) andthus732 -y¿<r=\2(y¿ -yi<rp)(yx -yip)

where 1/X=7i2 —yfp^O since 72^0, p is not a square. Then

Mi2 - <rpp22 - \2(yx2 — yfp)(yb2 — y£o-p)(p32 — pfcrp) = 0,

and, by letting ex = nh e2 = p2, e3=X(76W+76p.4(7p), e4=X(76p.4+76/i3), we have

a contradiction of the fact that (30) and hence (48) is not a null form. We

thus obtain

Lemma 5. Algebra A is a division algebra when it is associative, when

72 5^0, 745¿0, and when the form

(30) ef - ce22 - (yx2 - y22 p) (e32 - a if )

in the four rational variables tx, ■ ■ ■ , uis not a mill form. This form is a null

form if and only if there exists a polynomial a in R(i) such that

(50) (ojx)2 = ft,    p in R.

We shall consider in detail the form (30). Write

ei = «i + 62»,    e2 = e3 + 64a        (ei, • ■ • , e4 in R).

Then
exex(— v) = ex2 — e22<r,    e2e2(— v) = e32 — e4V,

and 6i2 — eu2 a = 0 if and only if 6i = 62 = 0, that is, if and only if ei = 0. Similarly

e2e2(—v) = 0 if and only if e2 = 0. Hence if (30) is a null form there exist quanti-

ties ei and e2 both not zero and both in R(v), such that if e3 = ei/e2 = Mi+M2fl

then
7is — yfp = px — tifo-

with mi and p2 in R and not both zero. We may make 7i, • • • , 7» integers by

replacing jx and j2 by integer multiples of these quantities. It follows that

(30) is a null form if and only if the indefinite ternary quadratic form (with

integer variables Xi, X2, X3)

Xi2 - X22<r - (7i2 - 722P)X32

is a null form. Thus A is a division algebra when it is associative, when

7274^0, and when the above form is not a null form.

We have found a new sufficient condition that A be a division algebra.

We shall prove this condition also a necessary condition. Suppose that A

were an associative normal division algebra and that the form were not a

null form so that A contained a polynomial a(i) of R(i) such that \i j = aji

thenj2 = p in R. But the algebra
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is a generalized quaternion sub-algebra of A over R and has the multiplica-

tion table v2=a,j2 = p, jv = — vj. This is known to be impossible when A is a

division algebra.* Similarly when 72 = 0 we may take j =jx and have a contra-

diction. When 74 = 0 we take the sub-algebra

(l,u,j2,uj2)

and show that A is not a division algebra.  We have proved

Theorem 2. The set of all linear associative normal division algebras in

sixteen units over R is obtained by letting p, a, yx, ■ • • , y6 range over all rational

integers such that

(a) p is a product of distinct primes,

(b) a is a product of distinct primes,

(c) neither p, a nor ap is a rational square,

(d) 72^0, 74^0,

(e) 7s2 - 7e2o-p = (7i2 - 722 p) (7a2 - 742 a),

(f) the ternary quadratic form in the variables Xi, X2, X3

Xi2 - X22<r - (7i2 - 722p)X32

is not a null form.

But all ternary quadratic null forms are known.t We write yi—yip

= r2G, G = Gxt and o-=o-i7r where T, Gx, ir, ah G are integers, G is a product

of distinct primes and ■k is the positive greatest common divisor of a and G.

Then the form (f) is known to be a null form if and only if

7rXi2 — 0-X22 — G1X32

is a null form and this is true if and only if

G = Ei mod (tx ,        a = E22 mod Gx,        — axGx = E32 mod it.

Hence we have the alternative theorem

Theorem 2'. We may replace (f) of Theorem 2 by the statement that either G

is a quadratic non-residue of ax, a is a quadratic non-residue of Gx, or —axGx is

a quadratic non-residue of ir.

4. An algebraic necessary and sufficient condition that i be a cyclic

algebra.   Consider the form

(51) Q = axxi + ■■■ + abXfi,

where ai, • • • , as are non-zero integers not all having the same sign.   It is

* The author's paper, Annals of Mathematics, 1929, on The structure of direct products, etc.

t Cf. P. Bachmann, Arithmetik der Quadratischen Formen, Chapter 8.
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well known that there exist integers xx, ■ ■ ■ , *6 not all zero for which Q=0,

that is that Q is a null form. As an obvious consequence we have

Lemma 6.   Consider the form

(52) Q = ht? + ■■■ + 5¿f

where 5i, • • • , 56 are non-zero rational integers not all having the same sign.

Then there exist rational integers &, • ■ • , £» not all zero for which Q = 0.

We shall consider the form in ai, a2, ßx, ■ ■ • , /34

R = c(Axaf + rAxaf + 2raxa2) + (XAj + tu) [ßf + ßfr - a(ßf + ßfr)]

+ 2t(uAi + X)(/3i/32 - aß3ßi)

where

X, a ?¿ 0, m 9± 0, Ai 5¿ 0, A2 5¿ 0, r = Ai» + Aj*

are integers and r is not the square of any rational number. Now

Ai(Aiai2 + rAxa22 + 2raxa2) = (axAx + ra2)2 — rAfaf .

Suppose first that XAi+th = 0. Then, since «^0, X?^0, and t(«Ai+X)

= AiiXAi+p^+XAi? =XA2* f*0, we may write 2Ail? in the form

,    x 2Aii? = 2(«iA, + a2r)2 - 2rA22af + \A22(ßx + ß2)2 - \Af(ßx - ß2)2
(54)

- <rXA22(03 + ^)2 + *XA22Q33 - ßi)2,

since (/3i+/32)2-(/3i-/32)2 = 4/3^2. But the right member of (54) satisfies

the conditions of Lemma 6 and may be made zero for integers

(aiAi + a2r) ,    a2,     (ßx + ß2) ,     (ßx - ß2) ,     (ß3 + ßt) ,     (ß3 - ßi)

not all zero and hence for rational numbers ai, a2, ßi, ■ ■ • , ßt not all zero.

It follows that we may make the form (53) vanish for integers ax, a2, ßx, • ■ ■ ,

ßi not all zero since it is a homogeneous polynomial in ai, a2, ßi, • • • , ßi-

Next let \Ax+Ttt = T*0.   Then

AxtR = ir(Ai« + air)2 - TtrAfaf + [wßx + r(pAx + \)ß2]2

(55) + t[*-2 - («Ai + X)2r]pY - a[irß3 + t^Aí + X)/34]2

- ^[^-(uA^X)^]^2.

Now ir2—(«Ai+X)2t is not zero since r is not a rational square. Obviously

the signs of the coefficients of the squares (aiAi+a2T)2 and af are different

and we again have a form satisfying the conditions of Lemma 6. Again we

may make (53) vanish for integer values of ai, a2, p\, • • • , ßi not all zero.
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Lemma 7.  We may choose integers ax, a2, ßx, • • • , ßt not all zero for which

the form R given by (53) vanishes.

We shall prove

Lemma 8. Suppose that u is a quantity such that

(56) «2 = t = Ai2 + A22

where Ax and A2 are relatively prime integers and r is not a rational square. Let

S be a division algebra which is a generalized quaternion algebra with the basis

(57) l,y,z,yz

and the multiplication table

(58) zy = — yz, y2 = a, z2 = X + pu, p ?* 0, X,p,a integers,

over the field R(u). Then S contains a quantity x satisfying a cyclic quartic

equation with integer coefficients.

For we may choose integers ai} a2, ßi, ■ • ■ , ft not all zero such that the

form (53) vanishes.  Then if

ai = ai + a2M,   b = h + b2v,   bi = ßi + ß2u,   b2 = ß3 + ßiu,   x = axy + bz

we know that *^0 and hence *2^0 since 5 is a division algebra.   We have

*2 = (aiy + èz)(aiy + bz) — ai a + bzbz + axb(yz + zy)

= ai2o- + (¿>!2 - ô22cr)(X + pu) = «i + «2«,

where

ei = (ai2 + «22t> + \(ßi + ßir) - <r\(ßi + ßir) + 2rp(ßxß2 - a/33/34),

e2 = 2aaxa2 + p(ßi + ß22r) - <xp(ß32 + ßir) + 2X(/3l(32 - eß3ßu.

Consider the linear combination R=eiAi+e2r. It is obviously the form (53)

so that €iAi+€2T = 0. As we have chosen the a¿, ßi integers, ei is an integer

divisible* by t and we may write ei = — rv. Then e2 = j>Ax and we have

(59) x2 = v(AiU - t) .

But*V0so thati^O. But then

*4 = v2(Ax2t + t2 - 2tA!«) = >*2(tAi1 + t2) - 2tv(vt + X2)

= v2r(Ai - t) - 2tvx2 = - v2tA¿ - 2vtx2

and

(60) x* + 2v(Ai + A22)x2 + v2A22(Ai + Ai) = 0.

* For when Ai and A2 are relatively prime so are t and Ai.
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The above equation is known to be a canonical form of the cyclic quartic

equation with integer coefficients and it may be verified that it has the roots

*, 6(x), 62(x), 63(x) with
X

6(x) = — (u + Ai),    e4(*) = *.
A2

Thus S contains the desired quantity * and our lemma is proved.

We wish next to prove

Lemma 9. Let A be a normal division algebra in sixteen units over R. Let

A contain a quantity u not in R but such that u2=r, an integer of R. Then the

algebra S of all quantities of A which are commutative with u is an algebra of

order eight over R and has a basis (57) and a multiplication table (58).

For since every quantity of S is by definition commutative with u not

in R and A is a normal division algebra, A >S. The order of 5 is then at most

eight. The quantity — u is a root of the minimum equation of u and is a

transform wuw~l of « by a quantity w of A. Hence w2u = w(—u)w = uw2

and w2 is in 5. If w2 is in R the algebra B = (1, u, w, uw) is a generalized

quaternion sub-algebra of A which we know to be impossible when A is

a division algebra (loc. cit.). Hence the order of R(w2) is not unity. If the

order of R(w2) is four then the quantity w is in R(w2) since A has rank four,

and w is commutative with u, a contradiction. But the order of R(w2) is a

divisor of the order of R(w) and necessarily is two, so that R(w2) contains

a quantity y generating it such that y2 = a, a rational integer. The field

R(u, y) is a direct product of two quadratic fields and the quantity i = (u+l)y

satisfies an irreducible quartic with Galois group G4. Its minimum equation

has — i as a root and — i is a transform of i by a quantity z of A. In fact z

corresponds for this i to the/i of §2, and the proof there given shows that z

is commutative with u and its square is a polynomial z2=X+uw with X

and u taken to be rational integers without loss of generality. The integer

« is not zero, for then A would contain a generalized quaternion sub-algebra

over R. The quantity y corresponds to the v of §2 and zy= —yz. We have

proved Lemma 9 and by combining it with Lemma 8 and r = Ai2 +A2* we

have shown that A contains a quantity with cyclic quartic minimum equa-

tion.

Conversely let A be a cyclic algebra of order sixteen, that is, let A be

a linear associative division algebra containing a quantity * with cyclic

quartic minimum equation. Since (60) is a canonical form for the cyclic

quartic with integer coefficients we may take, by a rational Tschirnhausen

transformation, the minimum equation of * in the form (60). By defining

u by (59) the minimum equation of u is (56).



1930] NORMAL DIVISION ALGEBRAS 185

Theorem 3. Let A be a normal division algebra of order sixteen over R.

Then A is a cyclic algebra if and only if A contains a quantity u whose minimum

equation is

(56) u2 = t = Ai + Ai

where Ai and A2 are rational and t is not a rational square.

For if Ai and A2 were integers but not relatively prime we would define

a new quantity u' by u' = iru where ir is the greatest common divisor of

Ai and A2 and would have a new r with Ai and A2 relatively prime integers.

If Ai and A2 were fractions we would reduce the fractions to lowest terms and

multiply m by the least common denominator of the fractions and again

would have Ai and A2 relatively prime integers by the above process.

We have seen that the constants in the above proof of Lemma 7 were all

not merely rational numbers but integers. We may obtain an interesting

corollary. Suppose that A contained a quantity t whose minimum equation

was

(61) w4 + 2vitco2 + vÍtAÍ =0,    t = Ai + Ai = <T2p,    p = Ai2 + Ai ,

with t not a product of distinct primes but where p is a product of distinct

primes. Applying our proof we see that A contains a quantity * with mini-

mum eqation

(62) co4 + 2vpco2 + v2Aip = 0,        p = Ai2+A22,

and with v, p, Ai, A2 all integers. It is easily shown that we may take v a

product of distinct primes and have

Theorem 4. Every cyclic algebra of order sixteen over R contains a quantity

x with minimum equation

(63) (¡>(u) = co4 + 2vpw2 + v2A22p = 0

where v and p are each products of distinct primes, p is not a rational square,

p = Ai2 +A22 is any desired representation of p as a sum of two integer squares.

5. Cyclic algebras. Every normal division algebra in sixteen units con-

taining a quantity * with minimum equation (63) is known to have a basis

(64) x'y, (r,s = 0,1,2,3),

and a multiplication table

(65) y'f(x) = f[e-(x)]y, y* = y (r = 0,1,2,3)

with 7 an integer of R, for every/(*) of R(x). We shall put the cyclic algebra
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in our form for algebras of order sixteen (the form of Cecioni). Define u by

(66) *2 = v(Axu — p)

so that

(67) u2 = p = Ai2 + A22

where p is a product of distinct rational primes and p^O, pp* 1. Obviously the

prime factors of p have the form 2 or 4«+l. Also

(68)    e(x) = — (u + Ai), e2(x) = - x, e3(x) = - e(x), e*(x) = *.
A2

We have yi=y, a rational integer having no fourth power as a factor. We

may write y=yfar where 74 and a are each products of distinct primes, and

74^0, o-^O, a¿¿ 1. It is easily shown that our definition implies that

(69) yu = — uy,    y2u = uy2,    xy2 = — y2x.

Define a quantity v by jry4=y2. Then

(70) V2 = a,     y2 = yAv,     XV =  — vx,     uv = vu.

If 74=0 (mod p) then yx defined by uyx = y has the property that

74
yx2 =-v,    yxx = 0(x)y,

P

so that, without loss of generality, we may take 74 ̂ 0 (mod p). We then

have an algebra of the kind constructed in §§2 and 3 and with

(71) /i = *,   ji = y,   j» = xy,

so that

(72)
jf - — vp + vAxu,   jf = 74t),

jf = xd(x)y2 = VA274M».

Hence

(73) 71 = — vp, y2 = vAx,  73 = 76 = 0,  76 = M274,

and

(74)
7il — 722P = v2A22p,    yf — yfix = — 742<r,

75* — 76* <rp = (71s — yfp)(yf — yfo).

Conditions (a), (b), (c), (d), (e) of Theorem 2 are satisfied.   We let p = pix,

<r = ctitt, where t is the greatest common divisor of p and a. Then we have
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Theorem 5. Let p¡, ai, ir be each products of distinct primes, let these three

numbers be relatively prime in pairs, let pi>l, 7r>0, ax^0, o-i^l and p=pxir

be a product of primes of the form 2 and 4»+l. Write o-=axw and let Ai and

A2 be any particular choice of a pair of integers such that

(75) p = Ai + A22.

Suppose that one of the congruences

p = Ei (mod <ti) ,     a = Ei (mod pi),     — <ripi = Ei (mod r)

does not hold for any Ei. Then the set of algebras given by the basis

(76) *'y« (r,j = 0,1,2,3),

and the multiplication table

x4 + 2vpx2 + v2A22p = 0,     6(x) = -(« + Ai), x2 = v(AiU - p),
A2

(77) 02(x) = - x, 03(x) = - 0(x), yra(x) = a[d(x)]y,

y4 = 742<r (a in R(x); r = 0,1,2,3),

where v^O and 74=0 (mod p) are each products of distinct primes, is a set of

associative division algebras over R to one of which every cyclic division algebra of

order sixteen over R is equivalent.

As when pi, <ri, or w is given we know all of its quadratic non-residues

we have explicitly determined all cyclic division algebras of order sixteen

over R.

6. The algebras of Cecioni. Cecioni in his Palermo Rendiconti paper

constructed normal division algebras based on a non-cyclic abelian equation

}((*)  = CO4 + Pw2 + M2 = 0.

He took n = l, ¿ a root of i£(w) =0, and had a basis

ïj. (r,s = 0,l,2,3;7o = 1),

where

± hik(e2 - ¿)
g = ii = Ai(¿2 + 1), 7 = ji = A2(02 + ¿),«--—-'

g7(0i)

g = g(öi), ji = g7«(0i),  k2 + c2 + (p + 2) hi = 0

so that
ji = + hxk(d2 - i).
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Now (d2-i)2 = 6f+i2-2=-(p+2), so that if we let u = 62-i then u2 =

— (p+2). But h25¿0 since otherwise c = 0 and/22=0. Hence —(p+2) is

expressible as a sum of two rational squares and we may write

u2 = t = Ai2 + A22.

Our Theorem 3 then shows that A is a cyclic algebra so that Cecioni's con-

struction did not give any non-cyclic algebras in sixteen units. We shall take

a special case of the algebras, solve the equations necessary, and give the

cyclic quantity.   Write

x = (6i + i)(u + j3),

and take k = h2 = l, e = 4, p= —19, so that

- (p + 2) = 17 = 1 + 42, A! = 1, A2 = 2.

Then, since j3(0i+i) = -{Bi+i)j3,j3u = uj3,j32 =u,

x2 = (6i + i)2u2 + [(6i + i)j3]2 = 21-17 - 21m,

and

*2 = - 21(w - 17).

It follows that

x* + 2(- 21)-17x2 + (21)2-(2)2-17 = 0,

a cyclic quartic with

*2 = - 21(w - 17),    6(x) = (x/2)(u + 1).

The algebras of Cecioni have been shown to be cyclic algebras and no

non-cyclic algebras are known to exist. Cecioni's choice of p, tr made his

algebras cyclic immediately no matter what the 7i, • • • , 7e are. The condi-

tions that A be an associative algebra may be satisfied for p, a not so ob-

viously making A a cyclic algebra. For example we may take p = 3, a = — 1 so

that neither p, a nor op is a sum of two rational squares. Then if 7i = 3,

72=73=74 = 1, 7e = 0, 76 = 2, we have

7i2 — 722P = 6, 732 — 742<r = 1 + 1 = 2, 7s2 — 7e2op = 12,

and A is associative. But A is a division algebra since

6 5¿  «1*   + «2*

for any rational px and m2. But, as we shall show later, even this algebra is

a cyclic algebra. We are led to an investigation of the diophantine conditions

on p, a, 7i, • • • , 7e that A be a non-cyclic algebra.
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7. A set of diophantine necessary and sufficient conditions that A be a

non-cyclic algebra. We shall consider a normal division algebra in sixteen

units over R, and shall assume that neither p, a, nor ap is expressible rationally

in the form A]2 +A22. Then it is true that no polynomials of R(i) which is not

in R, that is, which is not merely a rational number, has the property that

(78) s2 = Ai + Ai (Ai and A2 in R).

For let s be a quantity of R(i) which is not in R but whose square is in R.

Then s = Si+S2fl and s2=Si2 +sia+2sxs2v. If s2 is in R then 5^2 = 0 and sx = 0

or s2 = 0. If s2 = 0 then sx='Ki+'K2u and s2=si =\i +X22p+2XiX2M. But s is

not in R so that when XiX2 = 0 then Xi = 0 and î=X2m. If $2^0, Si = 0 and

í = (X3+X4m>, s2 = (X32+X42p+2X3X4m)o-. Hence X3X4 = 0. If X4 = 0 then

s=\3v while if X3 = 0 then s=X4mî». We have proved

Lemma 10. The only quantities of R(i) which are not in R but are such that

their squares are in R are those quantities of the form

(79) s = X2M, \3v, or \iuv,

so that

(80) s2 = \ip, \32o-, or Map.

But by hypothesis neither p, a nor ap is a sum of two rational squares and

we have the desired result. As a corollary of Lemma 10 we have

Lemma 11. The only quantities of grade two in R(i) are those quantities

of the form

(81) t = Xi + X2w, Xi + \3v, or Xi + X4mî>.

We wish now to find necessary and sufficient conditions that the algebra

2i of all quantities of the form

(82) a + bjx (a,b in R(i))

contain a quantity í such that s2 = Ai +A22. If this be true then s = a+bji,

M0,

(83) s2 = a2 + (bjx)2 + b[a + a(- v)]jx,

so that, by the linear independence of the basal units of A, we have

b[a + a(-v)]jx = 0.

But ¿>5¿0 and thus a = a2+axv= — (a2 — axv) =axv with ai in R(u).    Also if
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(84) b = ßi + ß2u + (ß3 + ßiu)v (ßx, ■ ■ ■ , ßi in R)

then

(85) {bji)2=fx+f2u,

where

(86) /, = 7i[(i3i2 + ß?p) - «(ßi + ßfp)] + 2y2P(ßxß2 - aß3ßi),

(87) f2 = y2[(ßx2 + ßfp) - Aßi + ßfp)] + 27iG8ift - aß3ßi).

Then if ai=ai+a2M we have

s2 = (ai2 + a22p + 2axa2u)a + /i + /2«

and 52 = Ai* +A22 if and only if

(88) (ai2 + afp)a +fx = Ax2 + A22, 2axa2<r + /, - 0.

We may eliminate a2 between the two equations of (81) and, using the fact

that R(i) contains no quantities 5 with the desired property, we know that

ßx, • • ■ ,ßi are not all zero. This gives Lemma 12.

Lemma 12. Let A be a normal division algebra of order sixteen. Then its

sub-algebra Si whose quantities are of the form a + bjx contains a quantity s, not

in R but such that s2 = Ax2+A22 with Ax and A2 rational, if and only if

there exist rational integers ax, ßx, ■ ■ ■ , ßit Ax, A2 such that ßx, ■ ■ ■ , ßi are not

all zero and

(89) /22p + 4ai4<r2 + 4ai2<r(/1 - Ai2 - A22) = 0.

For if ai = 0 and (82) is satisfied then/2 = 0 contrary to the hypothesis that

A is a division algebra.   Hence ai^O and (89) is equivalent to (88).   Since

(89) is a homogeneous polynomial in the variables, its solution in rational

numbers is equivalent to its solution in integers.

By symmetry we have

Lemma 13. Sub-algebra S2 of division algebra A, containing quantities

a + bj2 with a and b in R(i), contains a quantity s not in R and yet such that

s2 = Ai2 + A22 if and only if

(90) /42<r + 4aiV + 4a!2p(/3 - A!2 - A22) = 0

for integers ax, Ax, A2, and ßx, ■ ■ ■ , ßi not all zero, where f3 is given by (36)

and ft by (37).
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Lemma 14. Sub-algebra 23 of division algebra A, containing quantities

a+dj3 with a and d in R(i), contains a quantity s not in R and yet such that

s2 = Ai +Ai if and only if

(91) fio-p + 4ax*p2 + 4aip(f¡, - Ai - Ai) = O

for integers ax, Ax, A2 and hi, ■ ■ • , 54 not all zero, where /5 is given by (38) and

U h (39).

We shall consider, at this point, the special example given at the end of

§5. In that example we had <r= — 1, p— 71 =3, 72 = 1. In that case take

ßi=ßi =ßi = 0, ß2=ai = 2 so that /2 = 302*,

fip = 27/324 = 27«i4, 4a12<r/1 = - 36«!4,

and

/2*P + 4ai4o-2 + 4a,2 (7/1 = - 5ai .

But then if Ai = l, A2 = 2,

4a12<r(- Ai - Ai) = 4,     5<*!2 = 5ai4,

and the form (89) vanishes so that algebra 2i contains a quantity

5 = (2 + 3u)v + 6uji,    s2 = 5,

since 2axa2a = —f2, a2 = 3. Then algebra A is cyclic.

Let us now assume that neither 2i, 22 nor 23 contains a quantity s such

that s2 = Ai +Ai. We wish to investigate the conditions that a quantity

(92) s=Tx+Tj2 (T.J^OinS,)

be such that s2 = Ai +Ai with Ai and A2 in R. If s2 is in R, then since

52 . T2 + {TJ2y + ri(rj-2) + (Tj2)Tx

and since

(Tj2)2 = TT'g2,    (Tj2)Tx = TTlj2)

with Ti and T' in 2, v/e have

(93) ri(r/2) + (Tj2)Ti = 0,    Ti + W = Ai + Ai ,

where

(94) W = (Tj2)2 = TT'g2.

Since W is in 2i and Tj2 is not in 2i we know that Tj2 is not a polynomial in

W and the order of R(W) is less than that of R(Tj2). But W is not in R

since then (Tjt)2 would be in R and A would contain a generalized quaternion
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sub-algebra (1, u, Tj2, uTj2). Hence W has grade two and R(W) contains

Tí = - W+A? + AI. The field R(TX) contains W. Since Tx is in Si an algebra

over R(u), Txu = uTx. The field R(u, W) has order four since u is not in

R(W)>R(Tji). Hence R(T)=R(u, Tf)=R(u, W), for T must be in any

field of order four with whose quantities it is commutative.* Then

Tx = PX(W) + P(W)u,

and since (Tj2)Tx=-Tx(Tj2) we have Px(W)=0 and s=P(W)u+Tj2 with

P(W) =\x+~k2W, Xi and X2 in R, and T in Si. Since W has grade two we may

write

W2 = 2faW + fa,      V=W-fa,      V2 = fa + fa2 = $,

and if P(W0=ai+a2F, W = V+fa, then

S2 = (ai* + a22^ + 2a,a2F)p + V + fa ,

which equals A12 +A2* if and only if

(95) (ai* + aftfp + fa = Af + Af ,    2axa2p-1.

It now becomes necessary to compute fa and fa.  We may write

Tji = (b + djx)j2 = bj2 + dj3 (b,d in R(i)).

If d = 0 then bj2 is in S2 so that s is in S2 contrary to our hypothesis that St

contains no quantities s such that s is not in R and yet s2 = A? +Af. Similarly

b^O and we shall now write

(Tj2)2 = W= (bj2)2 + (dj3)2 + bd (~u)j2j3 + db(-u , -v)j3j2.

We have taken A so tha,t j2j3 = ag2(—v)jx, j3j3=g2( — v)gx and

W = (bj2)2 + (dj3)2 + [ba(- u) + db(-u,- v)]g2(- v)jx.

Write
(bj2) 2=f3+fiV,    (dj3)2 = /6 + fim,

where, as we know, f3, ft, /fi and /6 are given respectively by (36), (37),

(38), (39).  Then

(96) W = qx + q2jx,

with

(97) qx = (f3 + f6) + Uv + fguv,  q2 = [bd(- u)a + db(-u,- v)]g2(- v)

and

* It is known that the only quantities of a normal division algebra of order n2 over F which are

commutative with a quantity x of grade n in the algebra, are polynomials in x with coefficients in P.
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(98) gig*(-v)a = g3(-v).

Then

W2 = qi + (?2Ji)2 + q2[qi + ?i(- v)]jx.

We shall prove

Lemma 15. The quantity q2 is zero if and only ifb = 0ord = 0.

For let ¿» = 0 or ¿ = 0.  By its form q2 vanishes.  Let next b^O and oVO.

If q2 = 0 then

W = f3 + h + if* + Mv   in   R(i).

But W has grade two with respect to R as we have shown. Also the only

polynomials in i of grade two were proved in Lemma 11 to be quantities of

the form X1+X2M, Xi+X3i>, X1+X4MÜ. If W has any of these three forms then

/4 = 0 or ft = 0. But when A is a division algebra /4 = 0 if and only if b = 0 and

ft was shown to be zero if and only if d = 0. This furnishes a contradiction

and Lemma 15 is true.

We have assumed that b^O and ¿VO. Then q2^0, and since

qi + (?2/i)2 + Ç2[gi + ?i(- v)]ji = 2(pi(qi + Ç2/1) + 4>2,

we have

(99) 201 = qi + qi(- v) = 2(/3 + /,),    4>i = H + /.,

while
(t>2 = 91* + (?2ji)2tf>i5i = (qdiY - ?i?i(- »)•

We may easily compute qiqx(—v) and have

(100) qxqi(- v) = (ft + /6)2 - c(fi +fip+ 2/4/,«).

To compute (q2ji)2 replace a by its value and we have

giq2 = bd(- u)g3(- v) + db(- u, - v)gig2(- v).

Also
gl(?2/l)2  =   glÇ2Ç2(-  »)gl.

But

gl?2(- V)  =  J(- Î))J(- M,   - Z>)g3 + d(- »)*(- ")«1«3

and

gi(?2Íi)2 = [W(- v)d(- u)d(- u, - v)g3g3(- v)

+ dd(- v)b(- u)b(- u, - v)gig2g2(- v)]

+ gx[bb(- u)d(- u)d(- v)g2g3(- v)

+ b(- v)b(- u, - v)dd(- u, - v)g2(- v)gt].
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But g3g3( — v)=gxgx( — u)g2g2( — v) so that the right member of (101) has a

factor gx. First

[bb(- u)g2][d(- u)d(- v)g3(- v)] = (f3 + fiv)(fb - ftuv),

so that the second term in brackets of the right member of (101) is

(102) 2(f3fs - fiMu)gx.

The first term has a factor g&gii-v), and apart from this factor is

(103) *gxb(- u)b(- u, - v)dd(- v) + bb(- v)d(- u)d(- u, - v)gx(- «).

Also since

b = ßx + ß*v + (ß3 + ßiV)u = ßx + ß3u + (ß2 + ßiu)v,

d =■= Sx + 52uv + (ô3 + 5iUv)u — 5X + 83u + (ôip + 82u)v,

we have

bb(- v) = ßx2 + ß32p - (ß22 + ßfp)o- + 2(ßxß3 - <rß2ßi)u,

dd(- v) = h2 + h2P - (822 + dfp)ap + 2(oiô3 - <rp825i)u.

Let
â3 = /3i2 +ßiP- o(ß22 +ßfp),

hi =  - 2(ßxß3 ~ aß2ßi),

(104)
h = 0!2 +832p- ap(822 +8fp),

he — 2(5i53 — o-p828i).

Then b( — u)b( — u, —v)=h3+hiU and

gxdd(— v)b(— u)b(— u, — v) = (h3 + kiu)(hb + h6u)(yx + y2u).

But (103) is a polynomial in u added to the same polynomial in — u and its

value is

(105) H = 2[yx(h3hs + hhp) + y2p(h3h, + hihb)],

so that

fa = <rfi2 + o-pU2 - ff - h2 + (7a2 - yf«)H.

But

yp = fa + fa2 = fa + h2 + h2 + 2/3/5

so that

(106) * = <7/42 + apfi + 2/,/¡ + (73* - 74*<r)#.
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The form (106) reduces to o/42 when ¿ = 0 and to apfi when 6 = 0. Also

j2 = Ai2 +A22 if and only if

(107) 4> + 4aip2 + 4ax2p((px - Ai - Ai) « 0,

for if ai = 0 then F2 = \\i = 0 which is not true since, as we have shown, W is not

in R. Hence (107) is equivalent to (95). But it reduces to (90) when d = 0

since then/6 = 0, <pi=/3. Similarly (107) reduces to (91) for ¿> = 0. We then

have (90) and (91) included in (107) and may omit them. Suppose that (107)

were satisfied for values of the variables not all zero. If all of the ßi and 5,-

were zero then we could, by taking the remaining variables not all zero, have

a solution. But the resulting quantity s would be zero. We must therefore

seek solutions with not all of the ßi and 5< vanishing. The solution of (107) in

rational numbers is equivalent to its solution in integers and we have

Theorem 6. A normal division algebra A in sixteen units over R with

integer parameters p, a, yx, ■ ■ ■ , y6 satisfying the conditions of Theorem 2, and

such that neither p, a nor ap is a sum of two integer squares, is a non-cyclic

algebra if and only if

(a) /22p + 4«i4<r2 + 4aia(fi - A,2 - A22) * 0,

(b) i + 4ax*P2 + 4aip((bx - Ai - A22) ̂  0,

for any integers ax, Ax, A2, ßu ■ ■ ■ , ßit íi, • • • , 54 such that ßi, ■ • ■ , ft,

5i, • • • , §4 are not all zero and fx is given by (86), f2 by (87), (pi by (99), (36),

and (38), and f by (106), (105), (104), (37), (39).
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