NEW RESULTS IN THE THEORY OF NORMAL
DIVISION ALGEBRAS*

BY
A. ADRIAN ALBERT

1. Introduction. In 1905 L. E. Dickson defined a set of normal division
algebras of order #? which were based on cyclic #-ics and are called cyclic
algebras.t No further division algebras were known until, in 1923, F. Cecioni
constructed} algebras based on a non-cyclic abelian equation of degree four
and which were apparently new division algebras. Cecioni made no attempt
to show that the algebras that he had constructed were non-cyclic, that is,
not equivalent to the much simpler cyclic algebras. He had however found a
type of algebras possibly containing non-cyclic algebras.

The present paper begins by a consideration of the necessary and suffi-
cient conditions that a given algebra 4 of order sixteen of the Cecioni type
be an associative division algebra. The associativity conditions are reduced;to
the question of finding the solutions in integers of

v — véop = (v — v#p)(vé — vio)

where p and ¢ are integers such that neither p, o, nor op is a rational square.
This equation has been treated in great detail by R. G. Archibald.§ The
conditions that 4 be a division algebra are reduced by algebraic theorems to
the conditions either (a) G is a quadratic non-residue of a3, or (b) ¢ is a quad-
ratic non-residue of Gy, or (c) —o1G, is a quadratic non-residue of =, where
v¢ —y#p=T?G, ¢ =07, the numbers I' and G are integers such that G is a
product of distinct primes, and = is the highest common factor of G and .
But the author has shown that all normal division algebras of order 16 are
of the Cecioni type.ll We have therefore constructed, in terms of the single
condition given by (a), (b), and (c) and in terms of the integer solutions of a
single diophantine equation, all normal division algebras of order sixteen
over the field of all rational numbers. For the special case of cyclic algebras
the solution of the equation is known and G becomes p so that, since all of the

* Presented to the Society, December 27, 1929; received by the editors in December, 1929.
t Algebras and their Arithmetics, p. 65.

1 Rendiconti del Circolo Matematico di Palermo, vol. 47 (1923), pp. 209-254.

§ These Transactions, vol. 30 (1928), pp. 819-837.

|| These Transactions, vol. 31 (1929), pp. 253-260.
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quadratic non-residues of any number are known, we have constructed all
cyclic algebras of order sixteen over R.

The problem of discovering whether or not there exist any non-cyclic
normal division algebras of order sixteen presents itself. An algebraic neces-
sary and sufficient condition that an algebra 4 in sixteen units be cyclic is
found and, by its use, it is shown that all of the algebras constructed by Cecioni
are cyclic, and not new. An investigation is then made of the diophantine
necessary and sufficient conditions that 4 be non-cyclic and it is proved that
A is non-cyclic if and only if two quartic forms with coefficients polynomials
in p, o, v1, * - -, 7ve are not null forms.

2. Linear associative normal algebras of order sixteen. We shall con-
sider linear algebras over R, the field of all rational numbers. The algebras
will be constructed with a quartic equation with rational coefficients and
Galois group G, as a foundation. As is well known every such equation may
be reduced by a rational Tschirnhausen transformation to an equation

1) o4 pot+ 02 =0 (p and 7 in R),

where w is a scalar variable and R is the field of all rational numbers. Suppose
that ¢ satisfies equation (1). If we write

. .oon w
2+ p=w, i+-—=0v, u=-—
1 v
then

w2 = p?—4n?, ®=2n—p, ul= —(p+ 2n),
so that the algebraic field R(?) is evidently the direct product of two quad-
ratic fields R(») and R(v), and every quantity of R(%) is uniquely expressible
in the form
a(i))=ay + vt + azv + aquv (a, - - -, oy in R).

It is well known that the converse of this proposition is true and that

Lemma 1. Every field R(:) generated by a root of a quartic (1) with Galois
group Gy is a direct product of two quadratic fields

(2) R(u), R(v)
where
(3) ut=p, *=9, p=pm, ©=o0T

and p1, 01, w are each products of distinct rational prime integers such that no
two of p1, o1, ™ have a factor in common. Conversely every such direct product
of two quadratic fields defines a quartic field generated by a quantity i satisfying
a quartic with group G,.
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Let us examine the quantity ¢ of the above lemma, where we assume that
u and v are given. Suppose that we define a quantity i=(u+1)». Then
2= (p+1+2u)s, 20u=4>—(p+1)o and

it =o*[(p + 1)+ 4(p + 1)u + 4p]
a*[2/p + (0 + 1)2] + 20(p + 1[i2 — (o + 1)0]
20(p + 1)i% — o%(p — 1)?

so that 7 satisfies

(4 ¢(w) = w* — 20(p + Dw? + o%(p — 1)2 = 0

with roots 7, —i, o(p—1)/7, —a(p—1)/i. But if we write
—a(p—1

(5) 01= —1:, 02=——M7 03= —02,

i

then

(6) 02=v(1_u)7 0, = ('Il+1)('— ‘D),

@) 6; = uy — v,

so that 6, is obtained from ¢ by replacing » by —v, 6, from ¢ by replacing %
by —u, and 6; from ¢ by replacing both # by —% and » by —v. We may write
any polynomial a(z) of R(:) in the form

)] a=ay+ amu + a + am (a1, ++, @ in R)

and shall utilize the notations

(9) a(— u) = a; — a¥ + azp — auy,
(10) a(— 1)) = oy + o2 — a3V — oMUY,
(ll) a(— u,— ‘I)) = o — o — agd + QUY .

Consider the algebra 4 with sixteen units given by the basis
(12) i (r,s = 0,1,2,3; js = jaja; jo = 1),
and the multiplication table given by ¢(i) =0,
(13) (a + bj1))(c + djr) = ac + g1bd(61) + [ad + bc(61) ]
for any a, b, ¢, d of R(3),
(14) (U+ Vi) (X + Yjs) = (UX 4+ VV'g) + (UY + VX')je
for any quantities U, V, X, ¥ of the form
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(15) X =a+bj1, X' = a(8) + b(0)eyj,
where
(16) £, §2, «
are fixed quantities of R(7). Cecioni has shown that if we define gs by
17) gs = g1g2a(61),
so that
(18) o LUV
£1(61)g2(61)
then the algebra A defined above is associative if and only if
(19) g=g161), g = g2(02), gs= ga(6s)
and if
(20) 8383(01) = £181(02)8282(61) -
We may obviously choose as a new basis for 4 the quantities
(21) Jeoy  We, e, WYj, (s =0,1,2,3)
and obtain the following properties:
(22) 7186 = a(— v)j1, jeo = a(— w)jz, jaa = a(— u,— v)js,
since
(23) J18(3) = a(61)j1, j:0(3) = a(82)j2, jaa(d) = a(83)js.

For, as we have seen, 6, is obtained from 7 by replacing v by —v and leaving »
unaltered, so that any polynomial in —¢ is obtained from the same poly-
nomial in 7 by replacing v in it by —v and % by #, that is we obtain a(—v).
The other equations of (23) are obtained by symmetry. If we write

g1 =71+ v + (61 + dau)v (v1,72,01,82 in R),
then g, =g£1(6:) =g:(—v) so that, by the linear independence of 1, », v, v with
respect to R, we have

(61 + 52“)0 = — (51 + 52“)‘0 =0.
Hence by symmetry

(24) G="1+ v, g2=vs+ v, g = vs+ veuv,

and conversely any g; in the form (24) satisfy conditions (19). Now (20)
becomes

(25) v — véop = (v — v2p)(vsd — véo)
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and all of the associative algebras given by (12), (13), (14), (15), (18), (24)
will be found when we find all solutions of (25). This problem has been
considered in great detail by R. G. Archibald (loc. cit.) and the conditions
for the existence of solutions of (25) have been found. We shall leave the
associativity conditions in terms of the solutions of this diophantine equation.
Let us assume now that in all further work the vy, - - -, v satisfy (25).

Definition. A linear algebra 4 over R is said to be a normal algebra if
the only quantities of A commutative with every quantity of A are rational
numbers.

The writers in the theory of normal division algebras have assumed the
algebras they constructed normal algebras, without proof. The proof is
usually easy to give and we shall give it for the case we are considering.

THEOREM 1. The algebra A defined by (12), (13), (14), (15), (18), (24),
(25) is a normal algebra when g0, g2#0, g170.

For A contains a sub-algebra = whose quantities are composed of all
quantities of the form

X =a+ b5 (a and b in R(%))
of A and every quantity of 4 is expressible in the form
c=X+Yj, (Xand Y in 2).

Suppose that ¢ were in A and were commutative with every quantity of 4.
Then in particular

cu = (X4 Vj)u=u(X —Yj,) =uc=uX+ Yj),
and since # has an inverse (1/p)x in A we have
wluw(X —Yjy) = X — YVjo=wuluc = X 4+ Vj,.

By the linearity of A we obtain Yj=—Y¥4,=0, c=X=a+bj;. By using
vc=cv=v(a—bj,) and the fact that v has an inverse o~ in 4 we obtain
b=0, c=a,+aw with g, and @, in R(»). Now j? =g,70 so that, since g
is in R(#) and has an inverse when it is not zero, j; has an inverse g=%.
Then ¢j,=7ic shows that ¢;+a:v=a,—aw and a2 =0, c=a1=a1+a:U, oy and
az in R. Finally j, has an inverse gi''j. and ¢j2 =jzc gives ae =0 which proves
that ¢ is in R as was desired.

3. New necessary and sufficient conditions that A be a division algebra.
We shall assume that p and o are numbers satisfying the conditions of
Lemma 1, that vy, - - -, s satisfy (25), and that g0, g.50, gs0. We
seek to find what further restrictions it is necessary and sufficient to impose
on the parameters in order that 4 be a division algebra. We shall first find
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a new sufficient condition that 2, the sub-algebra of A of order eight defined
by its basis
1] (r=0,1,2,3; s = 0,1),
be a division algebra. It is known* that a necessary and sufficient condition
that = be a division algebra is that
g # cc(— v)
for any ¢ of R(s). We shall prove

LEMMA 2. Algebra = is a division algebra if there exists no a0 in R(3)
for which

(26) aa(— v)g1 = f1 in R.

For suppose that the hypothesis of Lemma 2 were satisfied and yet 2
were not a division algebra. Using the known necessary and sufficient con-
dition, there would exist a polynomial ¢ in R(%, ») for which

g1 = oc(— ).

If ¢=0 then g,=0 contrary to hypothesis. Hence ¢=0 and has an inverse
in the quartic field R(s). Write ¢c-!=g and thus [¢(—7v)]-1=a(—v). Hence

aa(— v)g1 = 1.

But this is contrary to our hypothesis that aa(—9) g, is not in R for any a.
Hence 2 is a division algebra. Write

a6 = a1+ o, a2= as+ aw (a1, -+, a4 in R)
and
e = 6, + aw.
Then
aa(— v) = af — a0 = a + ap — g(ad + adp) + 2(amiaz — cazas)H,
so that
(27 aa(— v)g1 = fi+ fau
where

(28) fi = nil(ad + a?p) — o(ad + adp)] + 2vp(aias — caszay),
(29) fa = yal(a? + afp) — o(ad + adp)] + 2yi(anas — casas).

* Cf. L. E. Dickson, Algebren und ihre Zahlentheorie, p. 64.
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Hence there exists a polynomial for which aa(—%)g, is in R if and only if the
quaternary quadratic form f; is a null form. Now

Yofs = (aayvs + mia2)? + (v2p — vi)ad — o(v2as + via4)? — o(vdp—7)ad
and if we write
& = a17z + 72, € = Yooz + Y14, € = az, € = ay,
then
vofs = (ef — o&?) — (v} — v#p)(ed — oed).

We say that f; is a null form if and only if v.f; is a null form. For if v, were
zero then g,=1v,; and by taking a=1=a1, as=as=a,=0 we show that f;is a
null form. When .50 the form f; is zero if and only if the non-zero multiple
vafz is zero. The variables in vf; are all zero when and only when the variables
in f; are all zero and we have proved

LemMA 3. Algebra Z is a division algebra if the quaternary quadratic form
(30) ef — o — (v — v#p)(ed — oed)

is not a null form. This is equivalent to stating that R(i) contains no polynomial
a(3) for which aa(—v)g, is in R.

We shall next find a sufficient condition that 4 itself be a division algebra
under the assumption that Z is one. It is known (loc. cit.) that 4 is a division
algebra when 2 is one if and only if

I4] #*~ X'X
for any X of . We shall prove that

LemuMa 4. Algebra A is a division algebra when T is one if there exist no
polynomials b0 and d =0 in R(i) such that

bb(— u)ge = f3, dd(— u, — v)gs = fs
with fy and fy in R.

For suppose that the hypotheses of Lemma 4 were satisfied and yet 4
were not a division algebra. Then there must exist a quantity X in 2 for
which g;=X'X. We may write

X = b(—9) + dj
where b and d are in R(). Then

X' =b(—u, —v) + d(— #)ay,
and
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X'X = [b(— u, — 0)b(— v) + d(— w)d(— v)ag.]
+ [6(— %, — v)d + d(— w)balji,

so that
(31) g2 = b(— v)b(— u, — v) + d(— v)d(— u)ag,.
Now we know that, from (18) and g1 =g:(—7),

_ gs(— 7)

T ne(-0)

so that if (31) is true then
(32)  gaga(— v) = b(— 0)b(— u, — v)g2(— v) + d(— v)d(— u)gs(— 1)

and by replacing 7 in (32) by 6, and hence v by —v we have

(33) v — vdo = bb(— u)g: + dd(— u, — v)gs.
But it is easily shown that if

(34) b= g1+ Bv + (Bs + Bv)u,

(35) d = 8 + duv + (85 + demv)u,
then

bo(— u)g2 = fa + faow, dd(— u, — v)gs = fs + fouv,
where
(36) fs=1[B2 + 2o — p(B2 + BE0)] + 2vi0(BiB2 — pBBY),
(37) Jo=vB2 + B2o — p(B# + BEo)] + 2v3(BiB2 — pBaBl),

(38) fs = 758 + 82ap — p(62 + 820p)] + 2ve00(5182 — pdsdy),
(39) fo = ve[d:2 + 62op — p(82 + 820p)] + 2vs(8:102 — pdsds).
Hence when (33) is true

(40) ¢ — vio = fi+ fo + fs + fou.

But f,70 unless b=0 and hence also f;=0, by our hypothesis. Similarly
f620 unless b=f;=0. But (40) implies that f,=fs=0 since 1, u, v, uv are
linearly independent with respect to R. We have thus secured a contradiction
and Lemma 4 is true.

Exactly as we showed in the proof of Lemma 3 that the form (29) was a
null form if and only if (30) was a null form, we may show here that the form
(37) is a null form if and only if

(41) Yefa =€ —ePp — (v — v20)(ed — edp)
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is a null form and that the form (39) is a null form if and only if
(42) Yefs = € — ep — (vs* — véop)(ed — edp)

is a null form. Let us suppose that the form (41) is not a null form but that
(42) is a null form. Then

(43) u — utp — (v — véop)(ud — udp) =0

for pi, - - -, uain R and not all zero. Using the value y¢ —y@ap=(y2 —v#p)
-(y# —v£0) we have

(44) pt = utp — (v& — v&a)(v — v#o)(ud — uée) = 0.

Let us assume that v,y,#0. If uy=p2=0 then uf —u2p=0, and us=p,=0
since p is not a rational square. Hence u; and g, are not both zero. Write

(45) €= p1, € = 3, €3 = Vi3 + Vouap, € = Yis + Yaus,

so that ¢ —efp= (v —v2p)(y# —v&s). Then

(46) e — ep — (’)’a2 - "/426)(632 - 6429) =0

for @, - - -, e&sin R and & and e not both zero. This contradicts the hy-

pothesis that (41) is not a null form. Hence when (41) is not a null form and
927470 the form (42) is not a null form.
In the form f, write oz =asp, 2s=as. Then (29) becomes

(47) fr = rva2le? + a2p — opas? + adp)] + 2vi(aixs — opasas),
whence
Yofe = (v2e1 + 1102)? — (v — v#p)ad? — op[(vaa5 + 1106)® — (v — vp)adt ],
which is a null form if and only if
(48) & — ope® — (v — vPp)(e — opegd)
is a null form. Similarly write in (37) B3=pBs, B:=0s, and it becomes
Jo= 782 + BP0) — op(B + B 0)] + 2vs(8182 — opBsBy),
which is a null form if and only if
(49) e — ope — (v& — vio)(ef — oped)

is a null form. Hence (30) is a null form if and only if (48) is a null form while
(41) is a null form if and only if (49) is a null form. Suppose that (30) were
not a null form and (41) were a null form. Then there would exist rational
numbers gy, - - -, ugin R and not all zero such that

2

u? — opp? — (v& — vio)(ud — utop) = 0.
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As before we may state that in particular p; and us are not both zero. But
vé —véop= (v —v#p)(v§ —vi¢) and thusv§ —v2e =N*(v¢ —véap) (v —¥¢p)
where 1/A=v2 —v2p0 since y2#0, p is not a square. Then

ut — opud — N(y? — ¥2p)(vs — v&op)(ud — néaop) = 0,

and, by letting €1 = pM1, €2= M2, €3 =X(‘75[13 +'yeu4o'p), 64=X('75M4+‘Ysu3), we have
a contradiction of the fact that (30) and hence (48) is not a null form. We
thus obtain

LemMA 5. Algebra A is a division algebra when it is associative, when
v2#0, v4540, and when the form

(30) & —oed — (v —7v7 P) (532 -0 542)
in the four rational variables e, - - - , € is not a null form. This form is a null
form if and only if there exists a polynomial a in R(3) such that
(50) (agj)2 =pu, npin R.
We shall consider in detail the form (30). Write
81=€1+621), €2 = €3 + €0 (61,"‘ , €4 in R).
Then

6;61(—' ‘D) = 612 ot 6220', 6262(— 1)) = 632 - 6420’,

and e — efo=0if and only if ¢, = =0, that is, if and only if &,=0. Similarly
e265(—v) =0if and only if e,=0. Hence if (30) is a null form there exist quanti-
ties &, and e; both not zero and both in R(v), such that if es=e:/€2 =1+ pav
then
v — vfp = pult — pio

with u; and s in R and not both zero. We may make v, - - - , ve integers by
replacing 7; and 7, by integer multiples of these quantities. It follows that
(30) is a null form if and only if the indefinite ternary quadratic form (with
integer variables A1, Ag, \3)

M = No — (v — vZp)A

is a null form. Thus A4 is a division algebra when it is associative, when
v2v+#0, and when the above form is not a null form.

We have found a new sufficient condition that 4 be a division algebra.
We shall prove this condition also a necessary condition. Suppose that 4
were an associative normal division algebra and that the form were not a
null form so that 4 contained a polynomial a(z) of R(3) such that if j=aj:
then j2=p in R. But the algebra

(1,9,5,2))
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is a generalized quaternion sub-algebra of 4 over R and has the multiplica-
tion table v>=g¢, j2=p, jv= —vj. This is known to be impossible when 4 is a
division algebra.* Similarly when v,=0 we may take j =7, and have a contra-
diction. When v,=0 we take the sub-algebra

(lyu)j%uj?)
and show that 4 is not a division algebra. We have proved

THEOREM 2. The set of all linear associative normal division algebras in
sixteen units over R is obtained by letting p, o, y1, - - - , s range over all rational
integers such that
(@) pis a product of distinct primes,

(b) o is a product of distinct primes,

(c) meither p, a nor ap is a rational square,

(d) 72750’ 747£0y

(e) vs'—vetap= (v —v#p)(v¢ —vL0),

(f) the ternary quadratic form in the variables \;, Ng, \s
M = Mo — (v — vp)AE

is not a null form.

But all ternary quadratic null forms are known.t We write v —y2p
=I"G, G=Gr and o =017 where T', G, 7, 01, G are integers, G is a product
of distinct primes and = is the positive greatest common divisor of ¢ and G.
Then the form (f) is known to be a null form if and only if

A2 — oA? — GG
is a null form and this is true if and only if
G = E? mod gy, ¢ = E? mod G, — 061G = E mod 7.
Hence we have the alternative theorem

THEOREM 2. We may replace (f) of Theorem 2 by the statement that either G
is a quadratic non-residue of o1, ¢ is a quadratic non-residue of G, or —a:G is
a quadratic non-residue of w. '

4. An algebraic necessary and sufficient condition that 4 be a cyclic
algebra. Consider the form

(51) Q = a1x12 + [ + asxsi’

where ay, - - -, a5 are non-zero integers not all having the same sign. It is

* The author’s paper, Annals of Mathematics, 1929, on The structure of direct products, etc.
t Cf. P. Bachmann, Arithmetik der Quadratischen Formen, Chapter 8.
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well known that there exist integers 4, - - - , 25 not all zero for which Q =0,
that is that Q is a null form. As an obvious consequence we have

LeMMA 6. Consider the form

(52) O =882 + - - - + bekd

where 6y, - - -, 8¢ are mon-zero rational integers not all having the same sign.
Then there exist rational integers &1, - - -, & not all zero for which Q =0.

We shall consider the form in ay, a2, By, - - -, Bs

(53) R = o(Ara? + 1A109? + 2raias) + (NA, + ) [B22 + B2 7 — o(B + Bd7)]
+ 27(pd1 + N)(B182 — oB:B)
where
Mo E0, uE0, A #0, A0, 7= A2 + A}
are integers and 7 is not the square of any rational number. Now
Ay(Aray? + TA1e? + 21ai0) = (1A + Taz)? — TAZad .

Suppose first that AA;+7u=0. Then, since u30, A0, and 7(uA,+N\)
=A1(AA1+u7) +AAZ =\A2 #0, we may write 2A,R in the form
2A01R = 2(a1Ar + a2r)? — 21020 + NAZ(B1 + B2)? — NAZ(B1 — B2)?

— oMAZ (B3 + B + oNAZ (Bs — B4)?,

since (B1+B:)?— (B1—P2)?=4B1:. But the right member of (54) satisfies
the conditions of Lemma 6 and may be made zero for integers

(181 + az7), a2, (Bi+B2), (Br—B2), (Bs+B4), (Bs— B

not all zero and hence for rational numbers ay, @z, 81, - - -, B4 not all zero.
It follows that we may make the form (53) vanish for integers o, az, By, - - -,
B« not all zero since it is a homogeneous polynomial in oy, ag, By, - - -, B
Next let NA+7u=770. Then

Aﬂl’R = 1r(A1a + ayr)’ - 1!"I'A2zazz + [Tﬂl + T(/‘AI + k)32]2
(55) + 7[72 — (WA; + N)?27]B2 — o785 + 7(uA1 + N)B4)?
— or[r?— (uas + M) ]B2.
Now 7?— (uA;+\)2r is not zero since 7 is not a rational square. Obviously
the signs of the coefficients of the squares (A1 +a.7)? and a2 are different

and we again have a form satisfying the conditions of Lemma 6. Again we
may make (53) vanish for integer values of a1, a3, 81, - - -, B4 not all zero.

(54)
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Lemma 7. We may choose integers ou, s, B, - - - , Bs not all zero for which
the form R given by (53) vanishes.

We shall prove
LemMA 8. Suppose that u is a quantity suck that

(56) ut=7 = Alz + Az’

where A, and A, are relatively prime integers and T is not a rational square. Lei
S be a division algebra which is a generalized quaternion algebra with the basis

(87) 1,y,3,y2
and the multiplication table
(58) 2y =—9z3, Y =0,22 =N+ pu, p# 0, \,u,0 integers,

over the field R(u). Then S contains a quantity x satisfying a cyclic quartic
equation with integer coefficients.

For we may choose integers au, az, B, - - -, B4 not all zero such that the
form (53) vanishes. Then if

ar=o1+t am, b=0>b1+ bw, bi=p1+ B, bs=Ps+ P, x=ary+ bz
we know that 220 and hence 2?0 since S is a division algebra. We have
x? = (a1y + b2)(a1y + b2) = afo + bzbz + aib(ys + 3y)
=ato+ (b — b))\ + pu) = &1 + e,
where
a = (a + a?r)o + NB + BE7) — oM(BE + B27) + 2ru(B1B2 — 0B3B4),
e = 2ooas + p(B? + BE7) — ou(Bs + BE7) + 2M(BiB: — 0B:B).

Consider the linear combination R = &A;+ er. It is obviously the form (53)
so that A+ er=0. As we have chosen the a;, B; integers, ¢ is an integer
divisible* by 7 and we may write ¢;= —7v. Then ¢=»A, and we have

(59) 22 = (A — 7).
But 2270 so that 0. But then
x4 = v(AfT + 12 — 21A14) = v (7A2 + 72) — 2m0(vr + 2?)

=12(Af — 7) — 2m0x? = — VAR — 2ura?
and

(60) 2t 4 (A2 + AP)x? + »?A2 (A2 + AZ) = 0.

* For when A, and A, are relatively prime so are r and A,.
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The above equation is known to be a canonical form of the cyclic quartic
equation with integer coefficients and it may be verified that it has the roots
x, 0(x), 02(x), 63(x) with

0(x) = Aiw + 4y, 64(x) = =.

Thus S contains the desired quantity x and our lemma is proved.
We wish next to prove

LEMMA 9. Let A be a normal division algebra in sixteen units over R. Let
A contain a quantity u not in R but such that u*=r, an integer of R. Then the
algebra S of all quantities of A which are commutative with w is an algebra of
order eight over R and has a basis (57) and a multiplication table (58).

For since every quantity of S is by definition commutative with % not
in R and A4 is a normal division algebra, 4 >S. The order of S is then at most
eight. The quantity —u is a root of the minimum equation of # and is a
transform wuw—! of u by a quantity w of 4. Hence w?u =w(—u)w=wuw?
and w?is in S. If w?is in R the algebra B=(1, u, w, uw) is a generalized
quaternion sub-algebra of A which we know to be impossible when 4 is
a division algebra (loc. cit.). Hence the order of R(w?) is not unity. If the
order of R(w?) is four then the quantity w is in R(w?) since 4 has rank four,
and w is commutative with #, a contradiction. But the order of R(w?) is a
divisor of the order of R(w) and necessarily is two, so that R(w?) contains
a quantity y generating it such that y?=g¢, a rational integer. The field
R(u, y) is a direct product of two quadratic fields and the quantity ¢ = (x+1)y
satisfies an irreducible quartic with Galois group G,. Its minimum equation
has —i as a root and —¢ is a transform of 7 by a quantity z of 4. In fact z
corresponds for this 7 to the j; of §2, and the proof there given shows that z
is commutative with % and its square is a polynomial z2=A-+uu with A
and p taken to be rational integers without loss of generality. The integer
u is not zero, for then 4 would contain a generalized quaternion sub-algebra
over R. The quantity y corresponds to the v of §2 and zy= —yz. We have
proved Lemma 9 and by combining it with Lemma 8 and r=Ag +A# we
have shown that 4 contains a quantity with cyclic quartic minimum equa-
tion.

Conversely let 4 be a cyclic algebra of order sixteen, that is, let A4 be
a linear associative division algebra containing a quantity x with cyclic
quartic minimum equation. Since (60) is a canonical form for the cyclic
quartic with integer coefficients we may take, by a rational Tschirnhausen
transformation, the minimum equation of x in the form (60). By defining
% by (59) the minimum equation of # is (56).
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THEOREM 3. Let A be a normal division algebra of order sixteen over R.
Then A is a cyclic algebra if and only if A contains a quantity u whose minimum
equation is

(56) =7 = Alg + A22
where A, and A; are rational and 7 is not a rational square.

For if A; and A, were integers but not relatively prime we would define
a new quantity »’ by »’=wu where m is the greatest common divisor of
A; and A; and would have a new 7 with A; and A; relatively prime integers.
If A, and A, were fractions we would reduce the fractions to lowest terms and
multiply # by the least common denominator of the fractions and again
would have A; and A, relatively prime integers by the above process.

We have seen that the constants in the above proof of Lemma 7 were all
not merely rational numbers but integers. We may obtain an interesting
corollary. Suppose that A contained a quantity ¢ whose minimum equation
was

(61) w + 21’17(.02 + V121'A42 = 0, T = A32 + A4 = 0'2p, p = A12 + Az’,
with 7 not a product of distinct primes but where p is a product of distinct

primes. Applying our proof we see that A contains a quantity # with mini-
mum eqation

(62) ot + vpw? +1%ALp =0, p= A +AF,

and with », p, A, A, all integers. It is easily shown that we may take » a
product of distinct primes and have

THEOREM 4. Every cyclic algebra of order sixteen over R contains a quantity
x with minimum equation

(63) ¢(w) = o' + 2vpw® + »?Afp = 0

where v and p are each products of distinct primes, p is not a rational square,
p=A2 +AF is any desired representation of p as a sum of two integer squares.

5. Cyclic algebras. Every normal division algebra in sixteen units con-
taining a quantity x with minimum equation (63) is known to have a basis

(64) X" Ys (r,s =0,1,2,3),
and a multiplication table

(65) yf(x) = fler(@)]y, y=4v (r=10,1,2,3)
with v an integer of R, for every f(x) of R(x). We shall put the cyclic algebra
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in our form for algebras of order sixteen (the form of Cecioni). Define » by

(66) 22 = v(Au — p)
so that
(67) u =p=A¢ +A?

where p is a product of distinct rational primes and p#0, p>1. Obviously the
prime factors of p have the form 2 or 4n+1. Also

(68)  6(x) = ;—”w + A, 02(x) = — =, 6%(2) = — 6(x), 0x) = x.

We have y*=1, a rational integer having no fourth power as a factor. We
may write ¥ =v20 where v, and ¢ are each products of distinct primes, and
v:#0, 070, o 1. Itis easily shown that our definition implies that

(69) yu = —uy, yu=uyt xy*= — y.
Define a quantity v by »y,=y2. Then
(70) =9, y=nvw, = —x, U =VU.

If v4=0 (mod p) then y, defined by %y, =y has the property that
v
= - ! v, nx = 60(x)y,
p

so that, without loss of generality, we may take v,#0 (mod p). We then
have an algebra of the kind constructed in §§2 and 3 and with

(71) jl =%, j’ =% j3 = xy,
so that

it = — A, j# = v,
(12) Ji vp + vAiu, j = vq

j& = 20(x)y?* = vAyyuo.

Hence
(73) 1= —vp, ya=vA1, vs =175 =0, v¢ = vAsv4,
and
(79) v — vp = v!Adp, v — vdo = —vio,

v¢ — véop = (v — v2p)(vd — vdo).

Conditions (a), (b), (c), (d), (¢) of Theorem 2 are satisfied. We let p=p17,
o =01, where 7 is the greatest common divisor of p and . Then we have
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THEOREM 5. Let py, 01, 7 be each products of distinct primes, let these three
numbers be relatively prime in pairs, let py>1, #>0, 0150, o151 and p=p17
be a product of primes of the form 2 and 4n+1. Write o =o1m and let A, and
A, be any particular choice of a pair of integers such that

(75) p=Af + Ad.
Suppose that one of the congruences
p=E? (modg), o= E? (modp;), — o1p1 = Eg (modr)
does not hold for any E;. Then the set of algebras given by the basis
(76) xy (r,s =0,1,2,3),
and the multiplication table

—X
xt 4 2vpx2 + VzAzzp = 0, O(x) = _A—“‘(u + Al), x2'= ”(Al“ — p),
2

(77)  6%x) = — =z, 6%(x) = — 6(x), ya(x) = a[ﬂ(x)}y',
¥ =i (a in R(x);r =0,1,2,3),
where v#£0 and v,=0 (mod p) are each products of distinct primes, is a set of

associative division algebras over R to one of which every cyclic division algebra of
order sixteen over R is equivalent.

As when p,, o1, or 7 is given we know all of its quadratic non-residues
we have explicitly determined all cyclic division algebras of order sixteen
over R.

6. The algebras of Cecioni. Cecioni in his Palermo Rendiconti paper
constructed normal division algebras based on a non-cyclic abelian equation

Y(0) = 0t + pw? 4 52 = 0.
He took n=1, 7 a root of $(w) =0, and had a basis
' (r,s =0,1,2,3;jo=1),
where
+ hik(62 — 1)

g=Jt = h(®+1), vy =jf = h(:+ 1), a=
gv(6y)

g =g, j& = gva(6y), k*+c2+ (p+ 2)h? =0

so that
j32 =+ hlk(02 - i).
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Now (6;—7)2=02+i2—2=—(p+2), so that if we let u=0,—¢ then u?=
—(p+2). But k0 since otherwise ¢=0 and j# =0. Hence —(p+2) is
expressible as a sum of two rational squares and we may write

M2=T=A12+A22.

Our Theorem 3 then shows that A is a cyclic algebra so that Cecioni’s con-
struction did not give any non-cyclic algebras in sixteen units. We shall take
a special case of the algebras, solve the equations necessary, and give the
cyclic quantity. Write

x = (6: + 1) (u + js),
and take k=hy=1, c=4, p=—19, so that
—(p+2)=1T=1442 A, =1, A, = 2.
Then, since j3(0:+12) = — (0:+12)7s, jsu=ujs, j# =u,
a2 = (0 + )22 + [(6: + 9)f5)? = 21-17 — 21u,
and
xt = — 21(u — 17).
1t follows that
x4+ 2(— 21)-1722 4 (21)2-(2)2-17 = 0,
a cyclic quartic with
22 = — 21(u — 17), 6(x) = (x/2)(u + 1).

The algebras of Cecioni have been shown to be cyclic algebras and no
non-cyclic algebras are known to exist. Cecioni’s choice of p, ¢ made his
algebras cyclic immediately no matter what the 44, - - - , y¢ are. The condi-
tions that A be an associative algebra may be satisfied for p, ¢ not so ob-
viously making 4 a cyclic algebra. For example we may take p=3,05=—1so
that neither p, ¢ nor op is a sum of two rational squares. Then if y,=3,
Ye=v3=vi=1, ¥s=0, ys=2, we have

Y2 —2p =6,y —v2o=14+1=2v% — vdop = 12,
and 4 is associative. But 4 is a division algebra since
6 #= ult + p

for any rational y; and u,;. But, as we shall show later, even this algebra is
a cyclic algebra. We are led to an investigation of the diophantine conditions
onp,o,v, - - +,%vs that A be a non-cyclic algebra.
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7. A set of diophantine necessary and sufficient conditions that 4 be a
non-cyclic algebra. We shall consider a normal division algebra in sixteen
units over R, and shall assume that neither p, o, nor ap is expressible rationally
in the form A2 +Ag*. Then it is true that no polynomial s of R(z) which is not
in R, that is, which is not merely a rational number, has the property that

(78) s? = A12 + A22 (Al and Az in R).

For let s be a quantity of R(¢) which is not in R but whose square is in R.
Then s=5,45v and s2=s2 +sfo+2s:5.0. If s?is in R then s;5.=0 and 5, =0
or ss=0. If s5=0 then s;=N\+N# and s?=s2 =2 +Np+2\\e. But s is
not in R so that when A A, =0 then A;=0 and s=Nu. If 5,50, 5,=0 and
s=Ns+A)v, s?=(\¢+Nep+2MAm)a. Hence AA\=0. If A\,=0 then
s =Ngv while if A\;=0 then s=Auv. We have proved

LemmA 10. The only quantities of R(i) which are not in R but are such that
their squares are in R are those quantities of the form

(79) s = N4, Nsv, or Nguv,
so that
(80) s? = )\22p, )\320’, or )\420'p.

But by hypothesis neither p, o nor op is a sum of two rational squares and
we have the desired result. As a corollary of Lemma 10 we have

LemMA 11. The only quantities of grade two in R(i) are those quantities
of the form

(81) t = )\1 + )\zu, )\1 + )\3v, or X], + )\4’1“0.

We wish now to find necessary and sufficient conditions that the algebra
Z, of all quantities of the form

(82) a+ bj (a,b in R(3))

contain a quantity s such that s2=A¢ +A#. If this be true then s=a-+bj,
b0,

(83) st = a? + (bj1)? + bla + o(— 9)]jy,
so that, by the linear independence of the basal units of 4, we have
bla + a(— v)]j: = 0.
But 670 and thus a=a:+aw= —(a;—aw) =a;v with a, in R(u). Also if
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(84) b= B1+ Bau + (Bs + Bau)o (B, - -+, Bsain R)
then

(85) (bj0? = fr + fom,

where

86)  fi=mlB2 +B20) — a(B2 + B2p)] + 2v20(8:1B2 — oBiB),
8 fo=1[B2 +B2p) — (8 + B:2p)] + 27:1(B:B2 — aBsBa).
Then if a; =1+ we have

52 = (a? + a?p + 2a1a0m)0 + f1 + foau
and s?=A2 +A2 if and only if
(88) (a? + ap)e + f1 = A2 + A2, 20n000 + f2 = 0.

We may eliminate o, between the two equations of (81) and, using the fact
that R(:) contains no quantities s with the desired property, we know that
B1, - - -, Bsare not all zero. This gives Lemma 12.

LEMMA 12. Let A be a normal division algebra of order sixteen. Then its
sub-algebra =, whose quantities are of the form a--bj, contains a quantity s, not
in R but such that s:=A2+AF with A, and A, rational, if and only if

there exist rational integers ay, B, - - - , Bs, A1, Ay such that B, - - -, B are not
all zero and
(89) fe + daite® + dato(fi — AF — AF) = 0.

For if oy =0 and (82) is satisfied then f, =0 contrary to the hypothesis that
A is a division algebra. Hence ;0 and (89) is equivalent to (88). Since
(89) is a homogeneous polynomial in the variables, its solution in rational
numbers is equivalent to its solution in integers.

By symmetry we have

LeMMA 13. Sub-algebra Z, of division algebra A, containing quantities
a+bj, with a and b in R(3), contains a quantity s not in R and yet such that
s2=Ag + A if and only if

(90) f420 + 4arp? + 40!12P(f3 — A2 - A22) =0

for integers an, Ay, As, and Bi, - - -, Bs not all zero, where fs is given by (36)
and fy by (37).
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LemMa 14. Sub-algebra Z; of division algebra A, containing quantities
a+djswith a and d in R(3), contains a quantity s not in R and yet such that
s2=A2 +A2 if and only if

(1) Jeop + dafp? + dap(fs — A2 — AZ) = 0
Sor integers an, Ay, Ag and 8y, - - -, 8, not all zero, where f; is given by (38) and
fs by (39).

We shall consider, at this point, the special example given at the end of
§5. In that example we had 6= —1, p= 71 =3, v.=1. In that case take
ﬁl =Bs =ﬂ4 =0, ﬂz =a;=2 so that fz =3[322 ,

fp = 2184 = 27ap, datafi = — 36ai,
and
f2p + data? + dadafs = — Sait.
But then if A;=1, A;=2,
dato(— A2 — A2) =4, Sa? = Saf,
and the form (89) vanishes so that algebra =, contains a quantity
s = (24 3u)v + 6uj,, =235,

since 2a,020 = —f, as = 3. Then algebra 4 is cyclic.
Let us now assume that neither Z,, 2, nor Z; contains a quantity s such
that s2=A2 4+A#. We wish to investigate the conditions that a quantity

(92) s=Ti+ Tjs (T,,T # 0 in =)
be such that s2=A2 + A with A, and A, in R. If s?is in R, then since
st =T + (Tj2)* + Ti(Tj2) + (Tjy) Ty
and since
(Tj2)? = TT'gs, (Tjo)T1 = TTYjo,

with T, and T’ in Z, we have

(93) Tl(TjZ) + (Tj2)T1 = 0, T12 + W = Al2 + A22 )
where
(94) W = (Tj9)? = TT'g.

Since W is in Z, and T7; is not in Z, we know that 77, is not a polynomial in
W and the order of R(W) is less than that of R(T%,). But W is not in R
since then (7s)? would be in R and 4 would contain a generalized quaternion
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sub-algebra (1, », Tj, uTj.). Hence W has grade two and R(W) contains
T#=—W+A2+A2. The field R(T:) contains W. Since T, isin Z, an algebra
over R(u), Twu=uT,. The field R(u, W) has order four since # is not in
R(W)>R(Tjs). Hence R(T)=R(u, T2)=R(u, W), for T must be in any
field of order four with whose quantities it is commutative.* Then

T, = P\(W) + P(W)u,

and since (T%,)T1= —T1(Tj.) we have Py(W)=0 and s=P(W)u+Tjs with
P(W)=N\+NW,\ and \2in R, and T in Z;. Since W has grade two we may
write
W2=2¢1W+¢29 V=W—¢l’ V2=¢2+¢1’E'I”
a,nd if P(W) =a1+a2V, W=V+¢1, then
52 = (a + a?¥ + 20305V )p + V + ¢,

which equals A# A2 if and only if

(95) (af + a2¥)p+ ¢ = A2 + A3, 20n00p = — 1.
It now becomes necessary to compute ¢; and ¢.. We may write
Tje = (b + dj1)je = bja + djs (b,d in R(3)).

If d=0 then b5 is in 2, so that s is in Z, contrary to our hypothesis that Z,
contains no quantities s such that s is not in R and yet s?=A¢# +A#. Similarly
b0 and we shall now write

(Tho) = W= (bj2)* + (dja)* + bd (—u) fojs + db(—u, —1) jsja.
We have taken A4 so that jajs =age(—v)s1, fajs =g2(—v)g1 and
W = (bj2)? + (djs)* + [ba(— u) + db(— u,— v)]ga(— 0)j1.

Write
(bj2)* = fa+ faow, (djs)? = fs + foun,

where, as we know, f, fi, fz and fs are given respectively by (36), (37),
(38), (39). Then

(96) W = q¢1 + ¢,
with
97) g1 = (fs + f5) + foo + fouv, g2 = [bd(— w)a + db(— u,— 1) ]ga(— 1)

and

* It is known that the only quantities of a normal division algebra of order »n? over F which are
commutative with a quantity x of grade # in the algebra, are polynomials in x with coefficients in F.
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(98) g182(— v)a = go(— v).
Then

W? =gt + (g21)* + gelq1 + (= D) 1.
We shall prove

LeMMA 15. The quantity qs is zero if and only if b=0 or d=0.

For let b=0 or d=0. By its form ¢, vanishes. Let next b><0 and d>0.
If g2=0 then
W =fs+ fo + (fs+ fow)p in R(3).

But W has grade two with respect to R as we have shown. Also the only
polynomials in ¢ of grade two were proved in Lemma 11 to be quantities of
the form A1+Aew, Mi+Asv, Mi+Awov. If W has any of these three forms then
fi=0or f¢=0. But when 4 is a division algebra f,=0 if and only if 5=0 and
fs was shown to be zero if and only if d=0. This furnishes a contradiction
and Lemma 15 is true.

We have assumed that 550 and d#0. Then ¢,70, and since

g + (g27)? + q2lqr + 1(— 9)]jr = 261(q1 + gaj1) + 63,

we have
(99) 2=+ (=) =2(fsi+f), ¢1=fs+Js,

while . .
¢2 = g + (q271)%1q1 = (g271)? — Quqa(— 7).

We may easily compute ¢:1g:1(—v) and have
(100) agi(—v) = (fi + f6)? — o(f& + fép + 2fufors).
To compute (gs71)? replace e by its value and we have

g1g2 = bd(— u)gs(— v) + db(— u, — v)gags(— v).

Also
£1(g2/1)? = g19292(— v)g1.
But
g1g2(— 1) = b(— 9)b(— %, — 2)gs + d(— 1)b(— u)g:1g:
and
g1(gajn)? = [bb(— v)d(— w)d(— u, — v)gsgs(— 0)
(101) + dd(— 1)b(— wb(— u, — 1) gsgs(— 9)]

+ £:[68(— w)d(— u)d(— v)gaga(— v)
+ b(— 2)b(— u, — v)dd(— u, — v)gx(— )ga].
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But gsgs(—v) =g1g1(—#)geg2(—v) so that the right member of (101) has a
factor g;. First

[66(— #)g2][d(— w)d(— v)gs(— )] = (fs + fo)(fs — fouv),
so that the second term in brackets of the right member of (101) is
(102) 2(fafs — fafoou)gs.

The first term has a factor gigs.g2(—v), and apart from this factor is
(103) - gib(— wW)b(— u, — v)dd(— v) + bb(— v)d(— w)d(— u, — v)gi(— ).
Also since
b = B1+ B + (Bs + Buv)u = B1 + Bsu + (B2 + Baw)v,
d = 81+ dauv + (85 + Squv)u = 81 + S3u + (840 + Sote)v,
we have
bb(— 1) = B + Bs*p — (B2 + Bép)o + 2(BiBs — oBBo)u,
dd(— v) = 82 + 02p — (32 + 82p)op + 2(5:85 — cpdado)u.

Let
hs = B + BPp — 0(5.22 + B3p),

he = — 2(B18s — 0oBsBy),
hs = 6% + op — 0‘}’(522 + 542P),
hs = 2(8:55 — 0pdsds).

Then d(—u)b(—u, —v) =hs+hwu and

gldd(— v)b(— u)b(— u, — v) = (h3 + h4u)(h5 + hou)('yl + 'qu).

(104)

But (103) is a polynomial in % added to the same polynomial in —u and its
value is

(105) H = 2[ys(hshs + hahop) + yap(hshs + hahs)],
so that
b2 = ofd +opfé — f& — f& + (v& — vio)H.
But
V=021 ¢ = ¢+ f2 + [ + 2fsfs
so that
(106) ¥ =0f¢ +opfd + 2fsfs + (v& — v&o)H.
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The form (106) reduces to of when d=0 and to opfs? when =0. Also
s?=A 4+ A2 if and only if

(107) ¥ + 4at'p? + dalp(ér — A2 — AF) =0,

for if &y =0 then V2=y =0 which is not true since, as we have shown, W is not
in R. Hence (107) is equivalent to (95). But it reduces to (90) when d=0
since then f; =0, ¢;=f;. Similarly (107) reduces to (91) for 5=0. We then
have (90) and (91) included in (107) and may omit them. Suppose that (107)
were satisfied for values of the variables not all zero. If all of the 8; and &;
were zero then we could, by taking the remaining variables not all zero, have
a solution. But the resulting quantity s would be zero. We must therefore
seek solutions with not all of the 8; and §; vanishing. The solution of (107) in
rational numbers is equivalent to its solution in integers and we have

THEOREM 6. A mormal division algebra A in sixteen unils over R witk
integer parameters p, o, vy, - - - , s Satisfying the conditions of Theorem 2, and

such that neither p, o nor op is a sum of two integer squares, is a non-cyclic
algebra if and only if

(a.) fzzp + 4(!1‘0’2 + 4(!120(]1 - Alz - A22) # 0,
(b) ¥ + dart'p? + dalp(¢r — A2 — AF) # 0,
Jor any integers on, Ay, Doy Bry - -+, By, 81, - - -, 8y Such that By, - - -, B,

b1, - - -, 04 are mot all zero and f, is given by (86), f by (87), ¢:1 by (99), (36),
and (38), and ¥ by (106), (105), (104), (37), (39).

CorumbIA UNIVERSITY,
NEw York, N. Y.



