CONSTRUCTION OF DIVISION ALGEBRAS*

BY
L. E. DICKSON

1. Introduction. The main outstanding problem in the theory of linear
associative algebras is the determination of all division algebras. We shall
make a noteworthy simplification of the theory of the construction of a type
of algebras I' which includes all known division algebras. The simplification
is so great that it would require a hundred pages to obtain our results by the
best earlier method.

The paper gives an elementary exposition from first principles of the
simplified construction of algebras I'. It can be easily read by those familiar
with the concept of real quaternions with the basis 1, 7, j, £=1j, complex
quaternions, and, in general, quaternions over any field F. The few further
terms used will be defined. The paper is independent of earlier literature
except that, after proving a result for 3-rowed matrices, we give references
to the similar proof for p-rowed matrices.

The emphasis on simplicity of exposition is warranted by the importance
of the subject and the fact that the theory has now reached its last stage of
simplicity. The paper will serve as an introduction to the writer’s article
New division algebras, in these Transactions, vol. 28 (1926), pp. 207-34
(cited as I), and to current literature based on it. We postpone extensions to
non-Abelian equations whose roots have four or more generators.

2. The algebra T derived from a given algebra =. The general theory re-
quires a special case, which serves well as an introductory example.

Note that if 7 is one root of x2—sx+p =0, the second root is 0(7) =s—1,
while 0[0(3) ] =60(s —1) =s — (s —1) =31.

But quadratic equations are only the simplest cases of cyclic equations
f(x) =0 of degree p which are irreducible in a field F and whose roots are
related as follows. If 7 is one root, it has another root 6(z) which is a poly-
nomial in ¢ with coefficients in F. Using the notation of iteratives (which are
not powers), we write 62(s) for 6[0(3)], 63() for 8[6%(s)], etc. Then the roots
of the cyclic equation are 7, 8(z), 62(z), - - - , 87~-1(z), and we have 67(z) =1.

The field F(z) is composed of all rational functions of ¢ with coefficients in
F, while each such function is known to be equal to a polynomial in ¢ with
coefficients in F. Hence F (i) may be regarded as an algebra over F having the
basis 1, ¢, 22, - - -, 77~L,

* Presented to the Society, February 22, 1930; received by the editors in December, 1929.
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For our introductory example, we take F(z) as algebra =. Each element
A of Z is therefore a polynomial 4 () in ¢ with coefficients in F. Since 7 and 6
are roots of the same equation f(x) =0, irreducible in F, A4(z)B(z) =C(3)
implies 4 (0)B(0) =C(6). To each A =A(3), let correspond A’ =A4(f). Hence

1) (A4B) = A'B", (A+ B)Y =A"+ B forall 4 and B in =.

We denote (4’)’ by either A’/ or A®. In general, let A® denote the
element which corresponds to 4*-1. Here

A® = A[2(D)], -+, A® = A[97(3)] = A(5) = 4.
Hence for every « in the present commutative algebra Z, we have
2 APy = 44 for all 4 in Z.

To simplify the notations, let p=3. If 4, B, C are any polynomials in ¢,
consider the matrix

A B C
M(A,B,C)=<C'—y A" B )

BI,'Y CII,Y AII

In case y=v' (whence v is in F), we find that the product of any two
matrices M (4, B, C) is a third such matrix. Likewise for their sum and for
the product of M by any number in F. Hence the totality of such matrices M
is an associative algebra over F. Special cases of M are

A 0 O 010 0 0 1
(A)=(0 A" 0 ), T=<00 1), T2=<700>.
0O 0 A” ¥y 0 0 0 v 0

We see that
M(4,B,C) = (4) + (B)T + (O)T%, T(4) = (AT, T* = (v).

The algebra whose elements are the matrices (4) is evidently equivalent to
the algebra with the elements 4. It is now a simple step to infer that the
algebra whose elements are the matrices M(4, B, C) is equivalent to an
algebra I' whose elements are A +BE+CE?, with E*=vy, EA=A'E.

We readily extend* our proof from 3-rowed to p-rowed matrices and ob-
tain

* 1, pp. 217-19. Simpler in Algebren und ihre Zahlentheorie, p. S9.
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THEOREM 1. Let = be any given associative algebra of order p. To each
element A of Z let correspond an element A’ also in = such that (1) and (2) hold,
where vy =" is a self-corresponding element of Z. Then there exists an associ-
ative algebra T whose elements are

3) Ao+ AE+ - - -+ A, EPY
where the A’s range independently over Z, such that
O] E?» =+, E'A=AMEr (r=1,2,---;any A in Z).

By means of (4), the product of any two elements (3) can evidently be
expressed in the form (3).

If in our example of a cyclic equation we replace p, v, E by g, g, j, re-
spectively, we obtain

THEOREM 2. Let an equation be irreducible in a field F and have the roots
i, 0(3), 62(2) =0[0(3)], - - -, 091(5), where 8(3) is a polynomial in i with coeffi-
cients in F whose gth iterative 0%(3) is equal to i. Then the algebra over F with
the basis* imj»(m,n=0,1, - - -  ¢—1), where

(5) ]q=g(z)’]rP(1) = P[0'(1)]j' (1’= 1729 )
for every polynomial P(3), is associative if and only if
(6) 8(2) = g(0).

3. Algebras defined by an equation whose roots have two generators.
The roots of #+ct2+1=0 are 7, —¢, 1/, —1/i. Write 8(2) = —¢, ¢(2) =1/
= —43—ci. "Then the roots ares, 6(3), ¢(¢) and 0 [¢(5)] = ¢ [6(3) ]. As a generali-
zation, let f(£) =0 be an equation of degree pg which is irreducible in a field
F and has the roots

(7) ¢r[0¢(i)] ('=‘0,1,"'aP—1;3=0,1,"'a¢I—1),
where 7 and s denote iteratives and not exponents, while ¢(£) and 6(£) are
polynomials with coefficients in F. Further, let
0e(d) = i, ¢7(i) = 6(3),

8le())] = ¢[6°(9)],
where ¢ and p are the least positive integers for which relations of type
(81) and (8;) hold.

Let Z be the algebra over F having the basis imj»(m=0, 1, - - - | pg—1;

n=0,1,-- -, ¢—1) such that (5) and f(?) =0 hold. This = may be obtained
from Theorem 2 by replacing F by the field F, derived by adjoining to F

8)

* Before the associative law is proved 73, j4, - - - are to be replaced by js, ji, « - -« .
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all the elementary symmetric functions of %, 6(z), - - - , 6+-1(s). Hence the
latter are roots of an equation of degree ¢ with coefficients in F;, which is
irreducible in F; by I, §6. Since any polynomial in 7 over F; is equal to a
polynomial in 7 over F, the algebra over F; in Theorem 2 may be regarded
as our algebra = over F. We assume (6). Then Z is associative.

We shall construct an algebra ' by means of Theorem 1. Each element
of 2 is of the form

© 4= :Z_Dofk(i)j",

where the fi(¢) are polynomials in 7 of degrees <pg—1 with coefficients in
F. To A we let correspond*

q—1
(10) A" = 2 f@)j'*, = aj®.
k=0

In particular, 7’ =¢(z). By means of the relations

(11) je =g, ji=0600)j, f(i) =0,

we can evidently reduce any product AB to C, where also B and C are of
type (9). Performing the same operations on ¢’ and j’ that we did on ¢ and
7, we conclude that A’B’ can be reduced fo C’ by means of the relations

(12) 7= @), j'¢(3) = 0[s(5)]i’, f(¢) = 0.

In other words, (12) imply the desired property (1.).

When do relations (12) hold? In (12:) we insert the value (10) of j,
apply (5) for r=x, and obtain a relation which follows at once from (8;).
We shall next prove by induction on 7 that

Im — ymz
JT =T,

13
= 7m(1) = aa(0®)a(6?%) - - - a(ftmD2),

For, if we multiply the second member of (13;) on the right by o5 (or ')
and note that jm*a=a(f™*)jm* by (5), we get Tm41j™+0=. Hence (13) holds
also when m is replaced by m+1. The case m=g¢ of (13) shows that (12,)
is equivalent to

(18) Tog® = g(e).

* We desire that = be enlarged to I by an extender E=Fk such that k4 =4’k by (4) and such that
(32) shall hold. Hence '=¢(1), j' =aj*.
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In §2 we require a self-corresponding element y =7’ of =. Let* v=p(:)j°.
By (13),

v = B(¢)j" = B(P)meje.

By (8;) we see by induction that 6%*(¢) =¢(6*<). Take k=e and note-that
(8:) implies 0¢(¢) =¢?(¢) =¢(¢?) =p(6°). Hence 0°==0°, ex=e+c,g, where
c1is an integer.t Hence vy’ =+ if and only if

(15) B(d)weg™ = B, ¢1 = (ex — ¢€)/q = integer.

It remains only to satisfy condition (2). If it holds for 4 =B and for
A=C, (1) gives

(BC)®»y = B(»Cy
= B(’)‘YC = 'yBC,

whence (2) holds also for 4 =BC, and likewise for 4 =B+C. By (9) it there-
fore suffices to prove (2) for the cases 4 =5 and 4 =4a(3), a polynomial in 3.
For the latter case,

aP() = a(g?) = a(s)
by (8). By (5),

va = Bja

= Ba(89j* = o (i)y.

Hence there remains only the case 4 =5 of (2), denoted by (2’). By induction
on r, using (13) with m=2x", we get
(16) JO = aleg™ )7 (¢ Dwalp™™) - - - war1j7 .
Take r=p. Then (2’) requires} that

17 %P = gc; + 1, c¢» an integer.
Hence (2’) is equivalent to

(18) (@7 )7 (67 )7 ($77F) - - - Tap-2($)war-1gB(6) = B.

* In this choice we are guided by (4;) and (8), the fact that j and E are associated with the re-
spective roots @ and ¢, and finally by Lemma 2 of I, p. 212.

1 This follows also from y'=1 and the fact that ¢ is a minimum in (11;).

1 Also by (8). To prove 8(¢*) =¢*(6=") by induction on s, replace i by ¢ and apply the earlier re-
sult 6%(¢) =¢(6**) for k=2*. Take s=p and note that 8(¢?) =6(6*) =6(8) =¢»(6). Hence 6:*=0.



324 L. E. DICKSON [April

By Theorem 1 with E replaced by k, we now have

THEOREM 3. Let an equation f(£) =0 be of degree pq, be irreducible in a
field F, and have the roots (1) satisfying relations (8). Consider the algebra

over F having the basis imj*k'(m=0, 1, -, pg—1; n=0, 1,-- -, ¢—1;
t=0,1,- -, p—1) with f(:) =0, (5), and*
(19) k» = B(i)j¢, k"P(i) = P(¢")k’, k7j* = [j]'F,

where j) has the value (16). This algebra is associative if and only if conditionst
(6), (14), (15), and (18) hold.

Simplifications and interpretations of these conditions will be given in
§§7, 8. Theorem 3 is equivalent to that proved by J. Williamson in these
Transactions, vol. 30 (1928), pp. 112-5, by the method used by the writer
for the case x =¢—11in I, pp. 228-34. That method is much more complicated
than the present one since it examined the conditions for (1) for all 4 and B,
whereas it suffices to treat the cases (12).

4. Algebras defined by Abelian equations. The cyclic equation in §2 and
the quartic in §3 are examples of Abelian equations. The general one is
defined in

THEOREM 4. Let an Abelian equation f(x) =0 be of degree d=p:p2 - - - pa,
irreducible in a field F, and have the roots

=01, -, p—1
e 7oel R Y I ( .......... >

where each Yi(z) is a polynomial in © with coefficients in F, y*(t) denotes the eth
sterative of Y(t), such that the p.th iterative of .() is equal to i, and

¢J[‘pk(1)] = '/’k[%(i)] O)k =1,.---,n).
Consider the algebra A, over F with the basis
ihjlel”'jne" (h=0’17 cee,d = 1;e,=0,1, oty b l))

such that, for every polynomial P (i),
(20) ',’f=gr(i),j,'”P(t)=P[ ;n(i)]];” (f=1,"',n; m=1;2y"')7

(21) JEir = Tu()Tw(y) - - - Tu(YE1)jmik (s,r=1,---,m;5s>7r),

* After the theorem is proved, we may replace (5) and (19) by their special cases (11) and (32),
which with the associative law imply the former.

t We do not include the facts that ¢; and ¢, in (15) and (17) are integers, since they follow from
the hypotheses (8).
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(22) Tw(i) = Tmar = a(Dal)al@s?) - - - a¥r™), a=a,,.
Then A. is associative if and only if

at.oaa.f;at.r(‘p:) = a; ,a(‘/’r)ac,r(‘pt)at R (t >85> f),
Tp,.,t.rgr('i) = gr(‘llt), Oy rOg ,r(#’t) M ¢ 7 ,r(‘,’:"—l)gt('pr) = & (t > f))

and g‘(’) =gt(lp¢),f07 7, s, t=17 T, R

After the theorem is proved, we may replace (20,) and (21) by the special

cases
Jri = ¥(Djry  Jojr = @a.r(8)jrfe
of them, since these and the associative law imply the former.

We shall prove Theorem 4 by induction on %, assuming* that Z =4,
is associative. Let R denote the relations (20) and (21) with subscripts re-
restricted to 1, - - -, #—1. Let R’ denote the relations derived from R by
replacing ¢ and j, by

(23) i =ya(d), i = ans(D)jr.

By means of relations R we can evidently express any element of 2 in
the form

Pl = W €1 en—1
(24) 4= Z te Z ael."-.e,._l(z)fl B ES B
€=y €n_1=¢

Similarly, by means of R, we can reduce any product AB to C, where B and
C are of type (24) with a’s replaced by b’s and ¢’s, respectively. Let A4’
denote the sum (24) with ¢ and j, replaced by (23). Hence A’B’ can be
reduced to C’ by means of relations R’ (since the operations on the accented
letters are the same as those used on unaccented letters). In other words,
R’ imply property (1).

By the remark below the theorem, R’ follow from the special cases

(25) j"’ P = gr(‘pn), ]r’wu = ‘l’r(‘l/n)]r, y j:'jr, = an,r(wn)jr,j:
(s,r=1,---,m—1;5s>71)

of them, in which the values of the j/ in (23) are to be inserted. From (25,)
and (20) with m=1, we get

n Y w’r("') ]]r =¥ [‘I’n( 1’) ]a" v'j'

which is true by the assumption in the theorem. Similarly, (25;) becomes

* And employing the analog of the paragraph following (8). Compare the second paragraph of
§S.
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&n 50n s (Va)jafr = s r(¥n)n s o (¥r)frde-
By the relation below the theorem, this holds if and only if
(26)  anson s We)asr = g s(Yn)on son s(¥r)  (rys=1,--+ , n—1;5>71).
By induction on m
Jim = Tmnrjm.
Hence (25,) is equivalent to
(27 Ty, m.r8:(2) = g:(¥n).

Since the desired formula (4,) is here (20,) with » =%, we must choose
v=ga(2). Then y=v' becomes
(28) gn(3) = gn(¥n).

Also, p=p, in (2), which requires proof only when y=g,#0. If 4 is a
polynomial a(z) in Z, (2) holds since

¥Pr(3) = i, gaags ' = d(i) = a(yP") = alrm),

As below (15), it remains only to consider (2) for 4 =4, r<n. By (20),
Jrgn=8:(.)7,. Hence shall
En, ji = j,®

g (¥r) ’ ’

8nfrgnt =

for p=p,. By induction on p,
j'(p) = aa(‘l,n) e a(¢np—1)j” a=anp,.
Hence (2) holds for 4 =7, if and only if

(29) a(i)a(\l'») ot a(\br?”_l) = S ) 0= Qg (f =1,---,n— 1)°
8n(¥r)

Under the assumption that 4, is associative, we have now proved that
A, is associative if and only if conditions (26)-(29) hold. But 4, is of the
type in Theorem 2 and hence is associative if and only if g1(2) =g1(¥1). This
completes the proof of Theorem 4. It was first proved (in manuscript) two
years ago by J. S. Georges after very long reductions of all conditions aris-
ing from (1).

5. Algebras defined by an equation whose roots have three generators.
Let f(£) =0 be an equation of degree pgs which is irreducible in F and has
the roots

(30) 1#"‘{¢"[6'(i)]} m<s,n<pr<g.
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Let the roots satisfy relations (8) and
(31) ¥r= 0, 6@) = ¥[e°61)], o) = v[s(69)],
from which the argument 7 has been suppressed, while s is a minimum.

Let Z be the algebra over F having the basis imjnkt (m < pgs—1, n<g—1,
t<p—1) such that (5), (19),and f(:) =0hold. Asin the paragraph below (8),
Z may be obtained from Theorem 3 by replacing F by the field derived by
adjoining to F all elementary symmetric functions of the roots (7). We as-
sume (6), (14), (15), and (18). Then 2 is associative. We see that (5) and
(19) are consequences of the associative law and the set R of relations given
by (11) and the following cases of (19):

(32) ke = B(i)jc, ki = ¢(D)k, kj = a(i)j*k.

Let R’ denote the set of like relations (11’) and (32’) with ¢, 4, k replaced by
i/, 7', k', which are defined, in accord with (4) and (31), to be

(33) V=91, J=j" = e@)jvk’, K=k =i)juk.

By the usual argument, relations R’ imply property (1). We insert the
values (33) into the five relations R’. By (5;) and (19;), we see that (11)
becomes

(76" )ik = 0()jvke,
which is true by (31;). Similarly, (32/) follows from (31;).
Using 7. in (13), we see by induction on # that

(34) kjr = m.(3)j*"k.

By induction on m,

(35) k™" = B . j2" k™,

(36) B, .n(i) = Wn(d’m_l)wzn(d’m_z)ﬂ'z’n(¢m_3) e 71'3"‘",.(1:).

By (5:) and (19,),
KJ = 8e|¢*(6%) |jokejvie.

Applying (35) with m =z, n=1y, and then (5;), we get
(37) KJ = 5¢[¢%(6*) | B, 4 (6v) 7+ =" vEo+e.

We employ the abbreviations
(38) h(e) = y+ zvy + 2¥y + - - - + «¢Vvy, (0) =0,
(39)  Cali) = ee(*0%)e(§702P)e(¢30>®) - - - e(¢(d-Dogh(a-D)

X Bo,y(6Y) By, y(8"®) Bsy,y(8*) - - - Ba-no 4(6*71),
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whence C;=e. Hence if d=1,
(40) Jd = Cagjhdpav,

Assuming (40), we obtain the like result with d replaced by d+1 by using
(37) with 8, w, 3 replaced by Ca, k(d), dv, respectively, whence K is replaced
by J4. This proves (40) by induction.

The case d=gq of (40) shows that (11/) is equivalent to

(41) CojM DR = g(y).
From (19,) by induction on 7, we get
(42) En? = Bujen, Ba(3) = BB(6%) - - - (V).

Since no lower than the pth power of  is a polynomial in ¢ and j, (41) re-
quires that

(43) quv = ¢3p, c¢; an integer.

Replacing k¢ by its value (42), and using (5), we see that the new form of
(41) involves 7 with the exponent

(44) h(q) + ecs = caq, ¢4 an integer,
and hence that (41) is equivalent to
(45) C o (07 @)g = g(¥).
By a change of notation in (37) we see by (40) that
JeK = C.5(¢7%0*®) B 1y, o(04(2) jEkzo+e

(46) £ = h(x) + was".

Thus £ is #(x, 1) in the notation (58). By (32{), a(¢)J*K=KJ. By the ex-
ponents of k£, we have

47) X — v = c5p.

We apply (42) with » replaced by ¢s. By the resulting terms in 7,

(48) E4 ecs — w— x*y = ceg.

The resulting condition is

(49) a(Y)C5($*°0* =) By, u(0")B.,(65) g% = de(670*) B:,4(6%) .
We obtain K¢ from J¢ by the replacement in (51). Let

(50) H(t) = w4+ 2w+ x%w+ - - - + 2V, H(0) =0,
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(51)  Da(s) be derived from (39) by replacing ¢, y, v, & by 8, w, z, H.
In these notations, we have
(52) K4 = DgjA@ ks,
Hence (32/) becomes
Dij(P)kﬂl = ﬂ(‘p)cej’l(e)kev.
By the terms in % and those in j after reductions by (42), we must have
(53) ev = c1p, H(p) + ez — h(e) — ecr = csq,
(54) D,B,(67 @) g = BW)C B.,(6*).

We have now examined all the relations (11’) and (32’).
A comparison of (4,) with (31,) leads us to choose

(55) v = o(d)j°k?,

and later to identify the p in (4;) with our 5. By (40),(52),and (37) in changed
notations, we get

(56) JmKr = Fm,njt(m'”)kmv+”‘,
(57) Fm,,,(i) = CnD, [¢mv(0h(m))]B"w'H(n)(Gh(m)),
(58) tm,n) = h(m) + xm°H(n).

We take m=a, n=>0. Comparing the exponents of £ in v’ =1, we get

(59) av+ bz — b = cep.

By (42), havtbz — Bc.jec,kb.

Comparing the exponents of j in v’ =1, we get

(60) t(a,b) + eco — a = c10q.
Hence the conditions for v’ =1 are (59), (60), and
(61) G(¥)F a5 Be,(01(*D)g0 = a(d).

Finally, we consider (2), viz.,
(62) A®~y = ~y4 for all 4 in Z.

This holds if A is any polynomial P(7) in i. For, by (19,), (5,), and (31,),
YP = gj°P(¢%)k® = a.P[¢b(0a)]]‘akb = gP(y*)jok® = Py,
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By the remarks below (15), it remains only.to find the conditions that (62)
shall hold for the values j and % of 4. By (33),

(63) J = e(W)JvK®*, k' =5(¥)J K.
Hence for two sets of values of m and #» we need a formula of type
(64) (]mKn)(r) = Gm'”"(i)j/(m,n,r)kl(m,n,r).

Accenting each member and applying (33) and (56), we get a relation which
is an identity in j and % if

(65) Im,m,r + 1) = of + 2, flm,n,r + 1) = t(f:l);
(66) Gm,n,r+l = Gm,n,r(‘/’)Fl,l’

in which the arguments of f and / in the second members are m, n, ». Since
we may identify (64) for r=0 with (56),

(67) Gnino =Fmnn, f(m,n,0) =tim,n), (m,n,0) = my + nz.

For these initial values, (65) and (66) serve as recursion formulas to deter-
mine the f, I, G uniquely.

By (63:) and (64) with r=s5s—2 we get j®. Its product on the right by
v in (55) is found by the rule (37). Hence for V in (70),

j(')‘Y = Vj""’l,"k""b, ’Yj = aBb,1(0°)j°+’°k",

the second from (35). These shall be equal by (62) with 4 =j. Comparing
exponents of & and, after using (42), exponents of j, we get

(68) Il =cup, f+ x'a+ ecry — a — x> = ¢y,
(69) VBeyy(0/+#'e)g12 = 0B,y 1(6°),
(70) V = e(y*"")Go(¢'8") B..q(¢),

where the arguments of f and / and the subscripts of G are y, v, s—2.
Similarly, starting with (63;), we find that (62) holds with 4 =% if and
only if

(71) I —1=cup, f+ x'a+ ec1s — a = c14,
(72) WBe,(/+=1e)gou = ¢,

where W is derived from (70) by replacing e by §, and the arguments of f
and / and the subscripts of G are now », 2, s—2.
By Theorem 1 with p replaced by s, we now have



1930] CONSTRUCTION OF DIVISION ALGEBRAS 331

THEOREM 5. Let an equation f(£) =0 be of degree pgs, be irreducible in a
field F, and have the roots (30) satisfying relations (8) and (31). Consider the
algebra over F having the basis i™j"k*E‘(m=0, - - - , pgs—1; n=0, - - -, g—1;
t=0,---,9p—1;¢=0,---,s—1) with f(G) =0, (5), (19), and*

E* = o(i)j°k®, ETP(i) = P(Y")E",

73
( ) Erjs = [i(r)]aEr, Erkt = [k(r)]aEr’

where
j(r) = é(\l/"—l) (J yKv) (r—2) s k() = 5(,[,'—1) (JwKs) (r—2)

are found by (64), while their sth powers may be found by (40) with altered
parameters. This algebra is associative if and only if conditions (6), (14), (15),
(18), (45), (49), (54), (61), (69), and (72) hold.

We do not include as conditions the facts that ¢y, - - -, cu are integers
in (15), (17), (43), (44), (47), (48), (53), (59), (60), (68), and (71), since we
shall prove in §6 that they follow from the hypotheses (8) and (31).

6. Groups. Let (), - - - , r4() denote the d rootst (30) arranged in an
arbitrarily chosen order. Let j and % be any of the numbers 1, - - -, d. By
means of (8) and (31), we can evidently reduce the function 7 [r;(s)] to the
form (30) and hence obtain a certain root r,(s). If j is fixed, but & takes the
values 1, - - -, d, then / takes the same values rearranged. Hence we obtain
a substitution S; on the d roots which is said to replace 7, by 7,.

Similarly, if ¢ is fixed and 7;[r.(s)] =r;, we obtain a substitution S, which
replaces 7; by 7;. Let 7;[r.()] =7.. Then

ri(re) = nilri(r)] = n(r) = 7,
which defines a substitution S, replacing 7; by »,. It is called the product
of S; by S: and denoted by S;S..
We therefore have a group of d substitutions S such that
(75) S8 =S, if ri[rn(i)] = r.(3),

while S; is uniquely determined by the root 7;(z).
We return to the notation (30) for the roots. Let ©, &, ¥ denote the

* After the theorem is proved, we may replace (5), (19), and the last three of (73) by their special
cases (11), (32) and
(74) Ei=y(i)E, Ej=j'E, Ek=Fk'E, j'andk’in (33).
In fact, the latter and the associative law imply the former.

t The same discussion applies to (7), to the Abelian equation in Theorem 4, and to any equation
whose roots are all rational functions of one root.
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substitutions determined by the roots 6(2), ¢(z), ¥(z), respectively. By (8),
(31), and (75), we get*

B1=1, o7 = Q°, 0P = O,

76
(76) V= %9°, VIOV = $°Q¥, V1d¥ = 0,

in which ¢, p, s cannot be replaced by smaller positive integers.
Write j, &, E for the inverses of ©®, ®, ¥, respectively, and define J, K.
Taking the inverse of each equation (76), we get

=1, k? =j¢,  kj =j%k, E*=j%%®,

) , , ‘
Ej=JE, Ek=KE, J=j vk, K = jvk,

We evidently have the same relation between the parametersgq, p, e, x, - - -
for (77) as for (76).

The developments in §5 were based on (11), (32), and (73) as simplified
in (74). If we suppress all factors which are polynomials in Z, we obtain
(77) and conclude that all resulting relations in §5 become consequences of
(77). The fact thatcs, - - -, ciain (43), - - -, (71) are all integers is therefore
a consequence of (77) and hence of (76) and therefore of (8) and (31).

THEOREM 6. Thatc,y, - - -, cuuin (15), - - -, (71) are integers are conditions
for the existence of the group.

While the proof applies also to ¢; and ¢; in (15) and (17), our former veri-
fication was more elementary.

7. Simplifications. Our conditions involve the product 7 in (13). When
m is large, the number m of factors may be reduced. Since 64(z) =7, evidently
Tnie=TaT,. By induction on y,

(78) Tniyg = TaWq’.

Here we may replace , by its simple value from (14). Hence we may materi-
ally reduce the number of factors in condition (18). To this end we write

(79) 2% = x2+ gy, 222 =23+ qys, +*+, *%p1 = %+ gy, (0= x:<g).
Evidently x,=x* (mod ¢). Thus x,=1 by (17). Write

(80) @z = T QW+

* We do not use the illuminating fact that if we start with an equation irreducible in F whose
roots are rational functions of one root ¢ with coefficients in F, and whose Galois group for F is
generated by O, &, ¥ subject to (76), then the roots are (30) and satisfy relations (8) and (31).
Similarly for the first line of (76) and the roots (7) satisfying (8).
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also when k=1, taking x,=x. Then (18) is equivalent to*
(81) a(d’ﬂ_l)azl(d’p—z)azz(d’p—a) ot azp—z(d’)aacp—l = BB=1(6).

In §5 we may again simplify 7, in (34) by use of (78) and (14) and reduce
the exponent xn of j below ¢. The new (35) is automatically simplified.
After writing this paper, the author suggested to Miss Dora McFarland that
she simplify the further formulas in §5. To do this she reduced at every stage
all exponents of j and & below ¢ and p, respectively (see the preceding foot-
note). But the work became far more complicated and the formulas ex-
ceedingly complex.

8. Example, interpretations. Let x=¢—11in §3. We exclude the case
¢ =2, since the equation is then Abelian and falls under §4. Then p is even
by (17). By the last part of (15), 2¢=0 (mod ¢). But 0=<e<gq. Hence

(82) either e=0, or ¢ is even and e=14q.
Since #, 2x, - - -, (—1)x are congruent to ¢—1, ¢—2, - - -, 1, modulo g,
(83) mq = ac(@)a(6?) - - - a(frY).

From (79), (80), and x2=1+¢(¢—2), we see that if & is even,
=1, m=¢—2, a,,=a

if & is odd,

2e=2x, =0, a; = w1t =x,
(84) x(%) = a-a(0a(6®) - - - a(§r g2,
Hence (81) becomes
(85) a(¢? )X (o7 D a(¢?*)x(¢7) - - - a(¢)x(?) = BB~Y(0).
Now (15) becomes
(86) B(¢) =B if e =0; B(e)mregs™ =B if e = iq.

THEOREM 7. When x=g—1 in Theorem 3, the conditions that the algebra
be associative are (6), (14), (85), and (86).

A long proof of Theorem 7 was given in I, pp. 228-34.
We shall now simplify (85) and interpret it. Multiply (84) by «(6)g and
apply (14) and (83); we get

(87) a(f)gx = g(¢).

* We may prove (81) independently of (18). By induction on 7, j© is the product of the left
member of (81) with p changed to r by jr. The case r=p shows that (2) with 4=j becomes
(81).
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In (85) we insert the resulting fractional expression for x, clear of de-
nominators, and obtain MB(0) =L, where

M = (¢ Na(¢7) - - - a(d)g(67)g(@77?) - - - g(9),
L = (86?6671 - - - a(0)g(67~")e(¢?7) - - - &,

in which consecutive superior letters differ by 2.

Since ® transforms O into its inverse, ®* is commutative with @ if s is
even. Then ¢* is commutative with 6 and 6-*. If in L we replace ¢ by 6-'¢,
and apply (6), we get M. Hence we may replace (85) by

(88) L(i)B = L(67'¢)B(6) .

In (8;) replace i by 8. Hence 0[¢(6)] =, ¢(6) =0-(¢).

Let ¢e=0 and write B(s) for L(:)8. In (86,) replace i by 6; we get
B[6-*(¢)]=B(6). Then (88) gives
(89) B(6~'¢) = B(i) or B(6Y) = B(¢™?).

9. Normalization of groups with two generators. Let the generators ©
and & satisfy the relations in the first line of (76). We may write e=¢f,
where f is prime to g, and all prime factors of e divide g. Some of those primes
are denoted by 7; and the others by s;, as follows. We may write e=0R,
where ¢ is a product of powers of the s;, and R is a product of powers of the
7, such that the exponent of the highest power of 7; [or s;] which divides
R [or ] is > [or =] the exponent of its power which divides ¢. We may
write ¢ =pQ, where p is a product of powers of the 7;, no one of which divides
Q. Hence p is a divisor of R, and R/p is divisible by each ;. Also, each s;
divides Q, and ¢ is a divisor of Q. Write E=Q+R/p. Since each r; divides
R/p, but not Q, no r; divides E. If a prime divides Q, it is distinct from the
r: and hence is not a factor of R/p and therefore not of E. Hence ¢=pQ is
prime to E. Since E and f are both prime to ¢, @ = %/ generates all powers
of ®. Now Ep=0p+R=R (mod pQ=g). Multiplication by af shows that

Qre = @pa‘E/ = @va = @e_
By (762), ®»=Q¢°, and po divides pQ =g.

THEOREM 8. We may employ a power of © as a new generator in place of
© such that the new e in (76) is a divisor of .
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