A NEW DEFINITION OF GENUS FOR
TERNARY QUADRATIC FORMS*

BY
BURTON W. JONESt

1. Introduction. The adjoint of the form f=ax?>+by?+c2z®+2ryz+
2sxz+2xy is § = Ax®+ By*+Cs2+2Ryz+2Sx2+2Txy where A is the cofactor
of a, etc., in the Hessian of f, the Hessian being the determinant of the halves
of the second derivatives of f. The primitive contravariant or reciprocal
form F of f is §/Q where Q is the greatest common divisor of the literal
coefficients of . The Hessian H = Q?A.

The genus of the form f is defined by H. J. S. Smith{ in terms of the
quadratic character of the integers represented by f and F with respect to
the odd prime factors of the Hessian, the congruences mod 8 satisfied by the
odds represented by f and F and, in certain cases, certain so-called “simul-
taneous characters.”

The “simultaneous characters” are redundant and L. E. Dickson§ omits
them in his definition of genus. However, since these additional charac-
ters used by Smith and known by him to be redundant (see p. 470 of his
article) are closely linked with the arithmetic progressions associated with
a form, the author has retained them in his discussion.

In this paper, Smith’s definition is shown to be equivalent to a new
definition of genus expressed in terms of the integers represented by the
form f alone without reference to F. (A more precise phrasing of this state-
ment will be found in the theorem of this paper.) Furthermore, f may be
indefinite or positive and the character of the integers represented is shown
to determine the order (as well as © and A) of the form.

The new definition proved in this paper has immediate application in
proving the important theorem shortly to be published that the integers
represented by all the forms of a given genus fall exclusively in certain
arithmetic progressions. An example of the ease of application of this
definition to finding the genus of a form is given at the end of the paper.

Also, it should be noted that this new definition is peculiar to ternary
quadratic forms, for the genus of a binary form depends on the character

* Presented to the Society, October 25, 1930; received by the editors in May, 1930.

t National Research Fellow.

§-Collected Mathematical Papers, vol. 1, pp. 455-509. This article is constantly being referred
to.

§ Studies in the Theory of Numbers, p. 52.
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of the odd integers represented prime to the determinant and many qua-
ternary forms are universal, i.e. represent all integers, positive if the form is

positive.
2. Notations. ¢=ax?+4py? p denotes an odd prime, ¢ a prime, %
indicates the range of values 0,1,2, - - - ;and =0, +1, +2, - - - . The form

f of the introduction is abbreviated by enclosing the coefficients in paren-
theses: {a, b, ¢, 2r, 25, 2t); in case r =s =t =0 we use the notation f=(a, b, ¢).
For any integers @ and b, u,; is that least positive integer for which a/us»
is an integer prime to b. Unless otherwise indicated, all letters denote
integers. The letters f and g with subscripts and superscripts are used to
denote ternary quadratic forms and (f|p) =(a|p) means that the integers
prime to p represented by f are all of the same quadratic character mod p
as a. We use the usual notation [a/b] for the greatest integer in a/b. The
other notations used in this paper are explained in H. J. S. Smith’s article
previously referred to.
3. Lemmas. In this section we shall prove a number of lemmas.

LEMMA 1. ¢ =a (mod p), a prime to p, is solvable for all and only the a’s for
which, (a|p) =(a|p) or for all @’s according as a#0=B (mod p) or af#0
(mod p).

If =03« (mod p) the proof is obvious. If ¢80 (mod p) note* that ax?
and ¢—fBy? each take (p+1)/2 incongruent values mod p as the values of
x and y range over all integers and that therefore, for some value of x and y,
we have ax?=a—By? (mod p).

LeMMA 2. ¢ =a (mod p?) is solvable for every a prime to p if af#0 (mod p).

This follows from Lemma 1 by an elementary proof similar to that used
in the Annals article referred to above.

COROLLARY 1. f=ax?+By2+vyz2=ap" (mod p'+1), r=0, 1, is solvable if
aoBy#0 (mod p) for we may then take z=1 or p according as r=1 or 0 and
ax?+By2=apr— 22 (mod p2) is solvable.

COROLLARY 2. The above corollary holds for all r for f=ap" (mod pr+)
implies, multiplying the variables by p, that f=ap™? (mod p™+3) solvable, etc.

LeMMA 3. ¢=ap (mod p?) is solvable for every a prime to p or for none
according as (—af |p) =1 or —1 and in the latter case $=0 (mod p) implies
x=y=0 (mod p). ’

Suppose ax2+By?=0 (mod p) with both x and y prime to p. Choose «’ so
that x2’ =1 (mod p) and have o= —B(yx")?(mod p) which implies (—af |p) =1.

* Cf. Annals of Mathematics, (2), vol. 28 (1927), p. 333.
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Otherwise one and therefore both of x and y are divisible by p. On the other
hand if (—aB|p) =1 there exists a solution (x;, ¥1) of ax?+By?=0 (mod p)
with £,9:#0 (mod p). Consider the set (x;, y;) where i=1,2,---, p and
y&1=y2+p (mod p?). Note y2 #y? (mod p?) if 157 and see that ax? +B8y32
=0 (mod p) takes p incongruent values mod p? one of which must be

=ap (mod p?).

COROLLARY. ¢=ap” (mod pr+), r=0, 1, is solvable for every a prime to
pif (—aBlp)=1.

LEMMA 4. f=oax?+By2+ypz?=a (mod pua,) is solvable for every a if
(—aB|p)=1.

This is true for a #0 (mod p?) with z=0 from the above corollary and thus
is true, multiplying each variable by p, for ap?#0 (mod p*). This may be
continued to prove the lemma.

CorOLLARY. If (—By|p) =1 and a0 (mod p), f=ax?+Bpy:+ypzi=a
(mod puay) is solvable if and only if a is not of the form pn+ta_, where
(a1 [p) = — (a]p).

This follows from Lemmas 1 and 4 if we note that f=0 (mod p) implies
x=px,.

LeMMA 5. f=ax?+By*+vypzt=a (mod’ pu.,), where v#0 (mod p) and
(—aB|p) = —1, is solvable if and only if a is not of the form p*(p*n—+py_.)
where (v-1[p) =~ (v |p).

If a is prime to p, the proof follows from Lemma 1. Thus Lemma §
holds for all ap?#0 (mod p*+!). On the other hand f=0 (mod p) implies,
by Lemma 3, x = px, y =pv,, and f/p=apx2 +Bpy +v2*=a, (mod p) solv-
able for @, prime to p if and only if (a1 |p) = (y|#). This proves the lemma for
a=a:p#0 (mod p?). The congruence f=0 (mod p*) implies x=y=pz=0
(mod p?) and f/p3=apx? +Bpy +vz¢ =a, (mod p) which is solvable for a,
prime to p if and only if (a;|p) = (v |p) and so the process may be continued.

CoroLLARY. If (—Bv|p)=—1and a0 (mod p), f=ax?+Bpy*+vpz?=a
(mod puay) is solvable if and only if a is not of the form p**(pn+a_,) where
(e_1]p) = —(alp).

LemMA 6. If aB=1 (mod 4), ¢ =2a (mod 16), with a odd, is solvable if
and only if 2a=a+p (mod 8).

a+B=a+98 (mod 8) but they are not congruent mod 16. Thus, if
2a=a+B (mod 8), one of a+B, a+98 is=2a (mod 16). It is obvious that
axr?+By?=a+B-+4 (mod 8) is not solvable.
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LemuMA 7. If af=3 (mod 8), ¢ =4a (mod 32) is solvable for every odd a
and ¢ =0 (mod 8) implies x=y=0 (mod 2).

The proof is similar to that above.

LemMA 8. If af=T7 (mod 8), ¢=2"*2a¢ (mod 27+5), =0, is solvable
for every odd a.

For r =1, the proof is similar to the above. ¢ =4 (mod 8) implies x =2x,,
y=2y, and ¢/4=0ax? +By2 =a (mod 8) is solvable for every odd ¢. Thus
¢=4a (mod 32) is solvable for every odd a.

LeMMA 9. f=ax?+By*+vyzt=a (mod 8u,;) with afy=1 (mod 8) is solv-
able if and only if a is not of the form 4*(8n—+7) or for all a according as
a=B=y=1 (mod 4) or not.

If a=2 (mod 4) note that two of @, B8, v are congruent (mod 4) and,
permuting coefficients if necessary, take a=f (mod 4). Then a—16v or
a—4y=a+B (mod 8) and Lemma 6 applies to complete the proof. If a is
odd, f=a (mod 8) is solvable unless a=B=v (mod 4). Then af=v (mod 8)
implies 1=a=B=v (mod 4) and f=a (mod 8) is solvable if and only if
a#Za+pB+v+4=a+pB+aB+4=7 (mod8). Furthermore,if a=F=v (mod 4),
f=0 (mod 4) implies x=y=2=0 (mod 2) and f represents an integer 4z
if and only if it represents #.

LimMa 10. f=ax?+B8y*+2yz2=a (mod 8u.s) is solvable for every a if
afy=1 (mod 8) and a+B=6 or 0 (mod 8).

This is obvious if . is an even power of 2. Consider a=2 (mod 4).
Then f=a (mod 16) is solvable from Lemma 8 taking z=1 or Lemma 6
taking z=0 unless a+B8=6 (mod 8) and a=a+B+4=2 (mod 8). Now
f=2 (mod 8) implies x=2x;, y=2y;, and f=a (mod 16) is solvable for
a=2 (mod 8) if and only if f/2=2ax+2By2 +v2z*=a/2 (mod 8) is solvable.
Now a+8=6 (mod 8) implies af=vy=1 (mod 4) and thus v and v+2a+23
=v+4 (mod 8) are =1 and 5 (mod 8) in some order. Thus f/2=a/2 (mod 8)
is solvable, f=a (mod 16) is solvable for all a=2 (mod 4), and therefore
f=4*a (mod 4*+2) is solvable for all ¢=2 (mod 4).

COROLLARY. f=20x2+42By*+vyz2=a (mod 8u,z), where afy=1 (mod 8)
and a+B=6 or 0 (mod 8), is solvable if and only if a is not of the form 8n+3:

If ¢ is odd, f=v, v+28, v+ 2, v+ 2a+28 (mod 8) is solvable and f=no
other odd (mod 8) is solvable. If a+8=0 (mod 8), af=vy=7 (mod 8)
and f#74+4=3 (mod 8). If a+B=6 (mod 8), af=y=1 (mod 4) and
fEv+6a=a(B+6)=a(d—a)=3 (mod 8). f=1, 5, 7 (mod 8) is solvable in
both cases. f=0 (mod 2) implies z=22z,; and the rest follows from Lemma 10.
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LemmA 11. If afy=1 (mod 8) and a+B=2 or 4 (mod 8), f=ax?+Ly?
+2v22=0a (mod 8p,,) is solvable if and only if a is not of the form 4*(16n+14).

As above we consider =2 (mod 4). Then f=a (mod 16) is solvable
from Lemmas 6 and 7 taking =0 and 1 respectively unless =6 (mod 8), for
a+p=4 (mod 8) implies af=y=3 (mod 8) and a+pB+2y=2 (mod 8).
Now f=6 (mod 8) implies x=2x,, y=2y, and f/2=2ax2+208y2 +vyz2. If
a+B=2 (mod8), then af=1=v (mod 4), f/2=7y+2a=a(B+2)=3 (mod 8),
but f/2#y+6a=7 (mod 8). If a+B=4 (mod8), af=3=+ (mod 8) implies
f/2=3 (mod 8) but#7 (mod 8). Thus f=2a (mod 16) for an odd a if and
only if a is not of the form 8#+7. Noting f=0 (mod 8) implies x=y=2z=0
(mod 2), we see f=8a (mod 64) is solvable for every odd a#7 (mod 8). So
the process may be continued.

CoroLLARY. If afy=1 (mod 8) and a+B=2 or 4 (mod 8), f =2ax?+2By?
+yz2=a (mod 8u,s) is solvable if and only if a is not of the form 4*8n+7).
The proof is similar to that for the corollary to Lemma 10.

LeMMA 12. For any V, f and its reciprocal form F are equivalent to a pair
of forms ¢ and P satisfying the congruences

¢ = ax? + fQy? + yQAz? (mod V),
d = ByQAx? + ayAy? + ofz? (mod V),
afy =1 (mod V),

except that 7 must be taken odd if f or F is improperly primitive.
The proof is given by H. J. S. Smith in the article previously referred to,
pages 461 and 462.

CoroLrLARY. For any V, f=(a, b, ¢, 2r,2s,2t), witha primeto V, and its
reciprocal form F are equivalent to a pair of forms ¢ and ® above except that
must be taken odd if F is improperly primitive.

This follows from Smith’s proof if we note « prime to Vv implies ¥ odd
if f is improperly primitive.
LemMA 13. For an improperly primitive form f, its reciprocal form F, and
V arbitrary (it may be taken even), there exist two forms
f2 = ax? + BQy? + 4yQA22 (mod V),
Fy = ByQA12% + ayA1y? + afz? (mod V),

where afy=1 (mod V), afQ=3 (mod 4),A1=A/2, the integers represented by
f are the halves of the integers represented by f, with x=y (mod 2), i.c. the
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halves of the evens represented by f,, and the integers represented by F are those
represented by F, with x=vy (mod 2).

Smith’s proof of Lemma 13 carries through for this lemma to the middle
of page 462, ibid., since f improperly primitive implies F is properly primi-
tive and if f=(a,d’, a"’,2b,2V', 2b"") we have f~f,=ax?+2b""xy+a’y*+vQA2?
(mod V'), V' being VQ?A. Now f, is equivalent to a similar form with ¢=2
(mod 4), for if a=0=a’+2 (mod 4) we interchange x and y, while if a=a’=0
(mod 4) the replacement of y by x+7y yields a form with leading coefficient
double an odd, since "’ is odd. Similar reasoning shows we may consider a/2
to be prime to V'’ since f is primitive. Thus let ¢ =2a=2 (mod 4), ¢’ =24/,
and choose a; so that aa;=1 (mod V’). Then 2f=a(22+b"a1y)*+a(da’a;
—b"2a?)y?+2yQAz? (mod 2V’). Now 4aa’—b"2=QA4"” =3 (mod 4) where
A" is defined in Smith’s paper. Set =A4"a; (mod V’) and

2f1 = a(2x + 0" a1y)? + BQy? + 2yQAz2 (mod V'),

and double the integers represented by f, are the integers represented by f.
with x=y (mod 2). Then of2=3 (mod 4) and afy=1 (mod V). Now

OF; = 2a/vQAx? 4+ 2ayQAy? + QA"'22 — 29QAb ' xy (mod V'),
F1 = ByAQx? + avA;(2y — b a1x)? + aBz? (mod V'/Q),

and the integers represented by F, are those integers represented by F, with
x=v (mod 2).

LemMA 14. Every properly primitive form f for which @=2¢ (mod 241+1),
8,21, is equivalent to a form fi=ax?+241by?42t1cz2 4 244ryz (mod 2°) where
n is arbitrary, a is odd and b is odd or double an odd according as F is properly
or improperly primitive. In the latter case r is odd and c even.

This is a corollary of Lemma 12 if F is properly primitive. f represents
primitively an odd integer ¢. Transform f by an equivalent transformation
so that a is the leading coefficient. Then replace x by x+7y+03z, choosing
7 and o so the new coefficients of xy and xz are=0 (mod 27). We have
f~fe=ax?+b1y?*+c152+2r1yz (mod 27) and QF ;= (bic; — 72 )x? + ac1y®+ ab,2?
—2riayz (mod 27). Thus ¢;=bi=7=0 (mod 2%). Now bi,—r2=0
(mod 22t1) implies that not all of by, ¢; and 7, are=0 (mod 2¢1+1). Furthermore,
both of b,/2t1=b and ¢,/2¢1=c are even if and only if F, is improperly primi-
tive. In this caser,/2t1=r=1 (mod 2). If =2 (mod 4) the lemma is proved.
If c=2=b+2 (mod 4) interchange y and z to prove the lemma. If b=c=0
(mod 4).replace z by y+2 to prove the lemma.

LemMmA 15. If f=ap (pr*) is solvable, where a is prime to p, then, forn
arbitrary, f=ap (p~) is solvable (r 20).
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By Lemma 12 we may take f=awx?®+B1y?+v122 (mod p»). Let
a4 Bint+yii2=ap+kp™ where m=r-+1. We prove there exists a solution
x=(+X,y=1+Y,2=0+Z of f=ap" (mod p™*') if m+1=<n. Not all of a,£?,
Bin? and v,¢? are divisible by p+1. Permute a;£2, B1n? and v:¢? if necessary to
take a:£2#0 (mod p*1). Let Y =Z=0 and a;=asp?, ¢ =£,p* where a,¢; is
prime to p and ¢+2s<r. Take X =p~*X, and have

f(x, 9,2) = ap™ + p™(k + 221 X1) + asp?™ 27t X2 = ap” + p™(k + 20£:1X1)
(mod pm+1)

and X, may be chosen so that k4 2a:£,X:=0 (mod 1)). Thus, by induction,
we prove the lemma.

LeMMA 16. If f=2a(27+3) is solvable, where a is odd, then, for n arbitrary,
f=2ra (mod 27) is solvable.

If f and F are both properly primitive we may by Lemma 12 consider
f=ax?+B1y*+7v122 (mod 27) and proceed as above except that m=r+3
and we take X =2m—t—-1X .

If f is improperly primitive we have, by Lemma 13, a form f,=a22+4,y?
+4v,:2% (mod 27)), a;8,=3 (mod 4) such that the evens represented by f,
are twice the integers represented by f. The primitive contravariant of f,
is properly primitive and thus the reasoning of the first paragraph of this
proof applies to prove fy=2+lg (mod 2*) and therefore f=27a (mod 2") is
solvable.

It remains to consider f properly primitive and F improperly primitive.
By Lemma 14, we may consider f=ax?+2+23y2+2t+2y524 24259z (mod 27)
where Q@=2t+1(2¢+?), Boa=1 (mod 2) and ¢{= —1. Choose (8, so that B8;=1
(mod 27).

First, if ¢20, fi=ax?+2/8w?+2¢3,62> (mod 2") where w=2y+pB:2,
43y —p? =6 and the integers represented by f are those integers represented by
fi with w=2z (mod 2). We have fi(§, w, {)=2"a+2"k, m=r+3 and w=¢
(mod 2). Let £=2", w=2"w;, {=2¢¢ where £iw:81=1 (mod 2), », ¢ and
©=0. Note that not all of 2», 20+¢, 2u+¢ are >7 and of88:6=1 (mod 2).
If 2v <7 takex =£4-2" X, w=w, 2={ and fi(x, w, 2) =f1(§, w, {) +a(2™¢X
+22m—2-2X?) =2rqg 4 2m(k+af, X) (mod 2mH), since 2m —2vr—2=m+1and X
may be chosen so that fi(x, w, z) =f(x, v, z)=2ra (mod 2m*1). If 2v>7 and
20+t<r take x=¢, 3={, w=w+2""*"W=w (mod 2) and fi(x, w, 2)
=27a+2"(k+Bw,W) (mod 2m*+1) and W may be chosen so that fi(x, w, 2)
=f(x,y,3)=27a (mod 2™+!). Proceed similarly if 2» >7,20+¢>7 and 2u+¢<r.

Second, if ¢=—1, f=ax?428y*+2y22+2pyz (mod 27) and f,=2f=2ax?
+Bw?+B81622 (mod 27*!) where w and § have the same values as for =0,
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BB18=3 (mod 4) and the evens represented by f, are twice the integers
represented by f. The proof proceeds in a manner similar to that above.

LemMA 17. f=a (mod 8kyu) implies f=a (mod N) is solvable for N arbi-
trary, where h is the product of the first powers of the odd prime divisors of H
and p is the least integer for which a/u is an integer prime to 2H.

Let p; be the odd prime factors common to 4 and N, and 7; their respec-
tive multiplicities in N. Then, by Lemma 15, there exist solutions (x;, v;, 2;)
of f=a (mod p;%). Also, by Lemma 16, there exists a solution (x,, ¥o, 20)
of f=a (mod 2¢) where N=2¢ (mod 2°*!). Let p/ be the odd prime factors
of N which are prime to % and s; their respective multiplicities in N. By
Lemma 12 we may take f=ax?+BQy2+vQAz2 (mod p *%), where afyAQ? is
prime to p/*:. Thus, by Corollary 2 of Lemma 2 and Lemma 135, there exist
solutions x/, v/, 2! of f=a (mod p/*+). There exists, by the Chinese Re-
mainder Theorem, an z, y and z such that x=x;, y=1y,, 2=2; (mod p,), x=x,,
y=7y,, 2=2, (mod 2°) and x=x/, y=v/, z2=2/ (mod p/*?). Such an (x, y,2)
is a solution of f=a (mod N).

4. THEOREM. With every ternary quadratic form of Hessian H there is
associated a set of arithmetic progressions:

(1) 27(8n + af)pi(pin + aij) (n=0, £1, £2,---)

such that no integer falling in any one of them is represented by f, and for every
integer a not falling in any of (1) it is true that f=a (mod 8hy), and therefore
(mod N) for N arbitrary, is solvable, where p; are odd prime factors of H,
a;; are some or all the members of a complete residue system mod p;, r and r;
range over some or all of the positive integers and zero, a; are some, none or all
of 1, 3,5 and 7, k is the product of the first powers of the odd prime factors of H
and p is the smallest positive integer for which a/u is an integer prime to 2h.

The Hessian H and the progressions (1) serve to define the genus and to
determine the order and invariants @ and A of the form: i.e., all forms of
the same Hessian and having the same progressions (1) associated with
them are of the same genus and order and have the same invariants € and A
and, conversely, all forms of the same genus and order and having the
same Hessian, @ and A, have the same progressions (1). The forms of (1)
are more precisely given below in the course of the proof.

1. We first prove, for a given form f, the existence of certain progressions
(1) having the desired properties and which, together with H, determine by
their nature the invariants A and @ and whether F and f are properly or
improperly primitive.
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For an odd prime factor p of H we use Lemma 12 to see that we may
take f=ax?+p3Qy%+vQAz? (mod p*) where ¢ is the highest power of p in H.
We shall use the following abbreviations: fNa denotes: f represents no
integer of the form a; fCa denotes: for every integer of the form a, f=a
(mod ppuap) is solvable. The above congruential form of f shows, using
Lemma 1,

fC(pn + a),ie. FCp**(pn+a); a prime to pif £ 0 (mod p),
fN(pn+ a_y), fC(pn+ ai), fCH**(pn + a1), where
(a-1| ) = —(a|p) and (u[p) = (] p), @ =0 (mod ).

In the latter case to find the power to which p occurs in @2, we note
f=0 (mod p) implies x=px, and f/p = pax? +By*Q/p+vA22Q/p (mod p*1)
which represents an integer prime to p if and only if 2#0 (mod p?). If
2=0 (mod 22, f/p*=aws +By*Q/p*+yA2Q/p* (mod ), and f/p*=cs
(mod p) if and only if 2#0 (mod p3%). So continuing we have, taking ¢,
to be the highest power of p in ,

fN(Pw-Ha)’ r= 0) 1’ R} [(tl - 2)/2]’
fNP2'(P" + a—l)’ § = 0’ 1) ) [(tl - 1)//2];
fC(BQ) and, if ¢, is even, fCpu(pn + a_1).

This shows the existence of certain progressions (1). Then, given these
progressions, we can determine ?; as follows: find the least odd power 27,41
of p such that for some integer b prime to p, p¥1*+b does not occur in (1)
and the least even power 2s, of p for which p2¢:(pn+a_,) does not occur in (1).
Either 27,41 or 2s, or both are finite, for if ¢, is odd, fC(8Q2) and BQ/p*
is an integer prime to p. ? is the lesser of 2r,+1 and 2s, for fCp*1(8Q/p**)
if 2, is odd.

To determine the greatest power # of 2 occurring in Q as a factor if f is
properly primitive, we use Lemma 14 and consider f=ax2+2¢1by?42¢1c3?
+241+1yyz (mod 23+%). If 4,22, f=0 (mod 2) implies x=2x, and f/4=ax?
+26-2py2 4 201252 211y g (mod 21+¢). So proceeding we have

for ¢y even,  f/247* = ax? + 16by? + 16¢22 + 32ryz (mod 128) if ¢, = 4,

/2472 = ax? 4 4by? + 4¢3 + 8ryz (mod 32) if4 =2,
/28 = ax? + by + cz? + 2ryz (mod 8);
for t; 0dd,  f/243 = ax? + 8by? + 8cz? + 167yz (mod 64) if ¢, = 3,

f/2471 = ax? + 2by? + 2¢z% + 4ryz (mod 16) if £, = 1.
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Let s, be the least value of s for which f=4*(a+4) (mod 8-4*) is solvable
and s, the least value of s for which f=4*(a+2) (mod 8-4°) is solvable for
some integer a represented by f. Inspection of the above, taking into account
the conditions of Lemma 14, gives the following table:

! even, F p.p. theven, Fipp. tiodd, F p.p. todd, Fi.p.
2si=ti—2 or t,=25,=0 =h =h—1 =5—1
2521 =h =t—1 >Hh—1

p.p. and ip. are abbreviations of “properly primitive” and “improperly
primitive” respectively.

The above table shows the existence of certain progressions (1). Given
the progressions we note that F can be improperly primitive only if A is
odd, i.e. only if ¢ (the highest power of 2 in H) is even and ?,=¢/2. The
numbers 2s; and 2s; can be found from progressions (1).

If 05£251=2s; we have only the second and third columns of the table
to consider and see that 2s,=1¢; or ¢, —1. If ¢=4s, then ¢,=2s; and F is im-
properly primitive, for if 2s,=¢,—1, 45, =28, —2<t. If t>4s,, F is properly
primitive and ¢, —1=2s,.

If 05225, <2s,, we see from the first and fourth columns that 2s;=¢,—2
or $,—1. If t=4s5,42 then #,=25,41 and F is improperly primitive, for
t,—2=2s, implies 4s,+2=2¢—2<¢. 1If t#4s,+2, F is properly primitive
and 2s1=#,—2.

If 251=0 note that H#0 (mod 4) implies {;,=0. We consider below
only H=0 (mod 4).

If 25,=0=2s5, and H=0 (mod 4) we have to consider the first and third
columns, for, if the second held, 0=¢,, H=0 (mod 2) and F would be im-
properly primitive, which is impossible. Thus F is properly primitive,
0=¢;,2,—1,0r¢;—2 and, using Lemma 12, we may take f=ax?+BQy*+vy QAz?
(mod 8) and note that £,=0 and H=0 (mod 4) implies A=0 (mod 4). In-
spection of the three cases gives the following table:

1A Progressions (1) contain

0 4n+2 or 4n+3» but not both
1 neither 4n+2 nor 4n+3v

2 4n+2 and 4n+3v

where » is an integer such that f=» (mod 4) is solvable. Thus the value of #,
may be determined from the form of progressions (1).
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If 25:=0<2s, and H=0 (mod 4) we have to consider the first and fourth
columns and see that ¢, =0 or 2 and F is properly primitive or #;,=1 and F is
improperly primitive. If ¢,=2, H=0 (mod 16) while, if £,=1 and F is im-
properly primitive, A is odd and thus H=4 (mod 8). We have the following
table:

A F H Progressions (1) contain

0 p.p. =0 (mod 4) 4n+2 or 4n+3v but not both
2 p-p- =0 (mod 16) 4n+2 and 4n+3v

1 i.p. =4 (mod 8) 4n+2 and 4n+3v

where » is an integer such that f=» (mod 4) is solvable. Thus, in this case,
the value of #; and whether F is properly or improperly primitive may be
determined from H and the progressions (1).

f is improperly primitive if and only if 2z+1 occurs in progressions (1).
Here ¢,=0.

Thus progressions (1) determine not only 2, the highest power of 2 con-
tained in ©, but whether F and f are properly or improperly primitive.

II. After Q and A have been determined by the above process we must
exhibit the progressions (1) and show that the genus is determined by them.
Since, for any odd prime factor p of H, the progressions (1) determine the
quadratic character with respect to p of the integers represented by the form,
it remains to show that the progressions (1) involving a particular p de-
termine the quadratic character with respect to p of the integers represented
by F. We exhibit the progressions (1) and show their relation to the character
of the integers represented by F.

Consider f to be of the form of ¢ in Lemma 12 with V =+ where ¢ is
the highest power of p in H. For any « we use a_; to denote any a_, for
which (-, |p) = —(«|p) and a is any integer prime to p.

A. If p is prime to , it must divide A. Then from the form of f and
Lemma 1 we see f=a (mod p) is solvable for every a prime to p and there-
fore f=ap? (mod p*+!) is solvable. Let A/p*=A"#£0 (mod p). First if
(—aBQ lp) =1 the first row in the table below results from Lemma 4 and
(F|p)=(aB|p). Second, if (—aBQ|p)=—1 we see from Lemma 3 that
f=0 (mod p) implies x=pxi, y=py, and f/p=apx?+Bpy?+yQUz/p
(mod p*), which represents integers prime to p if and only if A0 (mod p?)
when we use Lemma 5. If, on the other hand, A=0 (mod $?) we have
f/p?=oax? +BQy2 +vQAz2/p? (mod p*') and f/p?=pa (mod p?) is solvable
for every a prime to p if and only if A0 (mod p3) from Corollary 1 of
Lemma 2. This process may be repeated until we have the results below:
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(—aBQ|p) Progressions (1) involving p (Flp)
1 none (—2p)
-1 Pz'“a;’:O, 1) ) [(t—Z)/Z] if 122 _(—Q|p)

and, if ¢ is odd, p*+1(pn+ou)

where (a1 |p) = — (yQA' |p) = — (@BQA’ |p) = (—A’ |p) and a is prime to p. The
character of the progressions thus determines (F |p).

B. If 2=0 (mod p*), £:,>0 and Q/p*1= Q' #0 (mod p), we have A=0
(mod p*-21) and A/p*—2t1=A’ 50 (mod p) where ¢ —2¢,=0. Now f=0 (mod p)
implies x=px, and f/p=pax? +By*Q/p+vAz22Q/p (mod p*) and f/p repre-
sents integers prime to p if and only if @#0 (mod p?). If 2=0 (mod p?),
f/Pr=axt +BQy2/p2+vA222/p? (mod p*!). So continuing we have

if ¢4 is even, f/pt = ax’? + BQ'y? + Y Az? (mod p*=t),

and
if 1 is odd, f/p" = pax’? + pU'y* + Y2'AZ? (mod p4).

First, if t=2t;, (F|p)=+1 and the progressions (1) are p*(pn+a_,),
p***la, where the second progression occurs only if #,>1, where s=0,1, - - -,
[(t:—2)/2] and, if t,isodd and (—BvyA |p)=(—cA|p)=—1,7r=0,1,2, - - -.
Otherwise r=0, 1,2, - - -, [(t,—1)/2].

Second, if ¢>2¢, set t;=t—2¢,>0. Note that, if #, is even and (—aBQ’ |p)
= —1, it is true that f/p**=0 (mod p) implies 2’ = px;, y=7py, and f/pt+*
=pax? +B0 py2 +¥AQ2?/p (mod pt—4-1). Alsoif ¢, is odd, f/p**=0 (mod p)
implies y=py; and f/p"=ax? +BQ pye +yVAz?/p (mod pt—*1). So con-
tinuing we have

If 4, is even
(—aBQ'|p) Progressions (1) involving p (F|p)

1 PZr(?n+a_l),p2a+la’s=0, 1) T ,t1/2—1 (_QIIP)
-1 p¥(pn+ta_y), p*+la, and if & is odd, p#+i(pn+a)) —(—Q'|p)

where in the second row s=0, 1, - - -, [(t—#,—2)/2] and (a1 |p) = — (yQ'A")
=(—A’|p). Inboth cases7=0, 1, - - -, #,/2—1. It should be noted that the
progressions in the first and second rows are not the same even if #, is even
for ,/2—1=(t—t,—2)/2.
If 2 is odd
Conditions Progressions (1) involving p (F|p)

beven, (—ad’[p) =1 p¥(pn-tany), prie, piti(pntar) —(—d'Q'[p)
heven, (—aA’[p)=—1 p%(pntay), p2+ia, p+i(pnton)  (—ad'Q [p)
todd, (A’ |p) =1 pr(pntasy), prtia, prHi(pntar) —(—ed Q' |p)
todd, (—ad’[p) = —1 p¥(pntay), pr+ie, pti(pntar)  (—ed’Q'|p)
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where r=0, 1,---, [(t—2,—1)/2], s:=0, 1,---, [(¢t—t,—2)/2] and
s=0,1,---, (£,—3)/2, the progressions in s being excluded unless #,=3,
~(a1|p) =B [p) = (v |p) = («F X |p), (F |p) is determined from the pro-
gressions by the above tables.

IIT. We find completely the progressions (1) involving 2 and show that
H, A, Q, together with the progressions (1), determine the complete generic
character of f.

If f and F are properly primitive we use Lemma 12 and have
A'f = al’x? 4+ BA'Qy? + yQA" 52 (mod 8Q"A"),
QF = ByAQ" x? + ayAQ' y? + afQ'z? (mod 8A""),
where offy=1 (mod 8A"), 2=Q'Q”’, A=A'A", A” and Q" being the greatest

powers of 2 dividing A and @ respectively. Let o’ =aA’, 8’'=BA"Q, and
v’ =y and then replace &', 8, ¥’ by «, 8, v respectively to get

A'f = ax? + By + 4Q"A"z? (mod 82"A"),

QF = aA”"Q"x2 + BA"y2 + 722, oy =1 (mod 8).

A. If Q#0A (mod 4), and both f and F are properly primitive, the
generic character involves a symbol ¥ defined in Smith’s article. In his

paper the generic character is given for the four cases in terms of this W.

If H is odd we use Lemma 9 and referring to Smith’s discussion, pages
465, 466, we have the following table:

Progressions (1) involving 2 v
None +1
4+(8n+TA") -1

If Q"=2, A”=1, we abbreviate Smith’s notation (—1)¢"~D/8 to read
(21f), etc., and see from his case ii, page 466, that f#3A’ (mod 8) implies
(2|H¥=(2]A) and f#£7A’ (mod 8) implies (2 |f)¥ = —(2]A). Thus, using the
corollaries to Lemmas 10 and 11, we have the following table:

Progressions (1)

B+v=(mod 8) involving 2 Character
6or 0 8n+3A’ 2]|HT=(2|a)
4 or 2 4*@n+T4) QlNHEe=-2|a)

If @'=1,A” =2, we have similarly
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Progressions (1)

a+pB=(mod 8) involving 2 Character
6or0 None @Q|PT=(2|9)
4 or2 4%(16n+14A") 2|PY=-(2|9)

for if a+B=0 or 6 (mod 8), QF represents no 8#+3 and if a+B=2 or 4
(mod 8), QF#7 (mod 8).

If A”=Q"” =2 we note case iv in Smith’s article on pages 465 and 467
and that A’f=0 (mod 2) implies x =2x,. We have the following:

Progressions (1)

a+v=(mod 8) involving 2 @ln@e|Reia)@2|e)Y
Ooré6 16n4-6A’ +1
20r4 4%(16n+14A") -1

This may be deduced as follows: (2 |f)(2 |F)(2|A")(2|Q)¥=(2|fA")(2 |FQ)¥
=(—1), referring to page 465 of Smith’s article, where »=(A"m?+ Q2M?
+20'M+20'm+20'mUM) /8= {(A'm+ QM +1)2—1} /8. Then, taking for
A'm and QM the first pair of values given on page 465: «, v, we have
v={(a+v+1)2—1}/8 (mod 2).

B. If @’=1 and A=0 (mod 4) with f properly primitive, using the
lemmas and the forms given at the beginning of section III for A’f and Q'F,
we obtain the following table:

at+f= Q'F = (mod 8)
A (mod 8) Progressions (1) involving 2 only
4 Oor4 dn+2 3,7
4 20r6 4n+30A’ and, if =1 (mod 4),
4+(8n+T7A") 1,5
8 0 4n+2
8 2 4n+30A’, 8n+6A", 44(16n+14A") 2a—1
8 4 dn+2,4*(16n+144A") 3
8 6 dn+30A’, 8n+24A7 6a—1
8.47,7>0 0 dn+2 7

8.4, 7>0 2,4,0r6 4 times the values given above for
A’ =8 wherer=0,1,---,71 see A’ =8
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If A” =4-47,7>0, we have the following table:

aff=(mod 8)

7
5

3
1

where r=0, 1, - -

Progressions (1) involving 2

4n+2
4 (4n+3ad’), 45(8n+2aA") and, if
a=1 (mod 4), 4*(8n+7A")
4r(4n+2)
4r(4n+3ad’), 4°(8n+6aA’) and, if
a=1 (mod 4), 4*(8n+7A")

-,7and s=0,1, - -, r—1.

[January

Q'F = (mod 8)
only

7

S
3

1

C. If Q”"=2 and A=0 (mod 4), f and F are properly primitive. In the
first line of the table note that a=8 (mod 4) and =1 or 3 (mod 8) implies
that 8+vy=2 or 4 (mod 8) to find the progressions (1). A similar situation
exists for the rest of the table. If A” =4, we have the table following:

Conditions on « and 8

a=f (mod4),a=1o0r3 (mod8) 8n+S5A’, 4*(8n+T7A")

a=p (mod 4), a=5 or 7 (mod 8)

a=38 (mod 4),a=3or5 (mod 8) 8n+A’,4*(8n+T7A")

a=38 (mod 4),a=1or 7 (mod 8)

8n+A’, 8n+3A",4(8n+3A")

8n+3A", 8n+5A",4(8n+3A")

OF=

Progressions.(1) involving 2 (mod 8)

only
1,5

1,5
3,7
3,7

)

Thus if f#» or 3» (mod 8) for some ‘odd », only @F=1 or 5 (mod 8) is
solvable, while f#» or 7v (mod 8) implies that only @'F=3 or 7 (mod 8) is

solvable.

If A” =8, the multiples of 4 in progressions (1) are 4 multiplied by the
progressions (1) given under the heading @”=2=A". The remainder of the
progressions are given below:

off=(mod 8) Progressions (1)#0 (mod 4) but involving 2

N W =

2r(8n+5aA’), 27(8n+TaA"), r =0, 1
8n+5aA’, 8n+3aA’, 161 +2aA’, 16n+14aA’
8n+50A’, 8n+TaA’, 16n+2aA’, 161 +60A’
2r(8n+3aA’), 27(8n+5aA"), r=0, 1

Thus the third column is related to the second.

Q'F = (mod 8)
only

N W e
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If
A"=0 (mod 16)

the progressions (1) which are #0 (mod 4) and the corresponding character
of 'F are given by the table above for A” =8. If

A=4.47 721,

the progressions (1) involving 2 and divisible by 4 are 4* multipled by the
odd progressions given in the table above for A" =8, 4t multiplied by the
progressions=2 (mod 4) for A" =8, and 4" multiplied by the progressions for
A" =4 where s=1,2,--- ,7,and if7>1,5,=1,2,-- -, 7—1. If

A" =84,

the progressions (1) divisible by 4 are those given above for A” =8 multiplied
by 4¢,s=1,2, - - -, 7, together with those for Q" =A" =2 multiplied by 47+.
D. A”=1, @=0 (mod 4) and F properly primitive. If Q" =4, we have

a=(mod 4) Progressions (1) involving 2 Q'F = (mod 8) only
1 4n+2,4n+3A" and, if B=y=1 (mod 4),
4+(8n+17A") B, 58
3 An+2, dn+A’ 1,3,50r7

If Q=8 we have the following table:

B+~ = (mod 8) Progressions (1) involving 2 Q'F = (mod 8) only
6 4n+42,4n+3A",8n+-5aA",4(8n+3A")  —(2]a), —5(2]e)
2 4n+2,4n+3A", 8n+5aA’, 4*(8n+TA") (2]a), 52 |a)
4 dn+2,4n+A’, 4*(8n+T7A") 1,3,50r7
0 4n+2,4n+A",4(8n+3A"),r=0,1 1,3,50r7

If Q'=4-47, 721, the progressions (1) involving 2 are the above for
Q" =4 multiplied by 47, where =0, 1,-- -, 7, and 4*(8n+5aA’), where
s=0,1,---,7—1. The character of Q'F is determined as for Q"= 4.

If Q' =8-4" the progressions (1) are the above for @/ =8 multiplied by
4 wherer=0, 1, - - - ,7, and the character of Q'F is determined as for Q" =8.

E. A”=2 and 2=0 (mod 4). We have the following table:



108 B. W. JONES [January

a= Q'F=
Q" a=(mod 8) (mod 4) Progressions (1) involving 2 (mod 8)
only
4 6-Bor—f 1  4n+3A 4n+2 5,7
4 6—Bor—p 3 dn+A’, dn+2 1,7
4 2-Bord—B8 1  4n+3A",4n+2,4+(16n-+14A") 1,3
4 2—Bor4—-pB 3 dn+A’ dn+2,45(16n+14A") 3,5
8 6—yor—y 1 4n+3A",4n+2,8n+5aA’,4(16n+6A")  Sa, Ta
8 6—vyor—vy 3 dn+A' dn+2,8n+5aA", 4(16n+6A") o, Ta
8 2—vyor4—v 1 An+3A’,4n+2,8n+50A", 4k (16n+14A") o, 3
8 2—vyord—y 3 dn+A’ 4n+2,8n+5aA’, 4*(16n+144A") 3, Sa

If =0 (mod 16) the same discussion applies as for case D.

F. If A” =2t Q"=2t1 ¢, 22<!, the progressions (1) involving 2 are
4r(4n+2), 47(4n+3aA’), 4*(8n+5aA’) and 47 multiplied by the progressions
given for A” =2¢=0 (mod 4) and Q" =1 or 2 according as ?, is odd or even,
where r=0, 1, - - -, [(t.—2)/2], 7=[t,/2], and 5s=0, 1,-- -, [(2.—3)/2],
the progressions in s being omitted if ¢, =2.

The character of F is determined as for A" =2¢2 and @ =1 or 2 according
as #; is odd or even.

G. Since F has no character with respect to 2 if improperly primitive,
it remains to consider f improperly primitive but F properly primitive. Now
f is improperly primitive if and only if 2z+1 occurs in progressions (1).
Then Q=1#A (mod 2). We use Lemma 13 to obtain

A'fy = aA'x? + BA'Qy? + 4vQ4A," 52 (mod 8A"),
QF; = ByA1x? + ayAQy? 4+ ofQs? (mod 8)
where afQ=3 (mod 4) and x=v (mod 2). (A,"=A"/2.)

Let o' =ad’, B’'=BA'Q, v'=vQ and replace o/, §’, ¥’ by «, B, ¥ respec-
tively, and

Afy = ax? + By? + 4A{' y2? (mod 8A"),
QF = aA{’ 2% 4 BA{" y* + v2? (mod 8),

with x=y (mod 2), o3=3 (mod 4) and afy=1 (mod 8). From Lemma 13
the integers represented by A’f are the halves of the evens represented by
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A’fy with x=y (mod 2) and the integers represented by QF are those repre-
sented by QF, with x=y (mod 2).

If £,=1, i.e. A/’ =1, no progressions (1) involving 2 occur except 271
and QF =g (mod 8) is solvable if and only if =3 (mod 4).

If 2,=2, the progressions (1) involving 2 are 2z+1 and, if @8=3 (mod 8),
4*(8n+7A"). The congruence 2F =g (mod 8) is solvable if and only if
a=of (mod 8).

If £,>2 and ef=3 (mod 8) progressions (1) involving 2 are 47(2rn+1)
and, if £, is even, 4¥(8n+74"),r=0, 1, - - -, [(!a—1)/2]. Only QF =3 (mod 8)
is solvable.

If £,>2 and af=7 (mod 8), the progression in (1) is 2z+1 and only
QF =7 (mod 8) is solvable.

IV. We have thus found associated with every prime factor of 2H pro-
gressions (1) such that for every integer ¢ not contained in a progression
involving an odd prime p it is true that f=a (mod pu.,) is solvable and for
every integer a not contained in a progression involving 2 it is true that
f=a (mod 8u,s) is solvable. Thus if ¢ is included in none of (1) it is true
that f=a (mod 84y) is solvable. Also we have shown that these progressions
determine the invariants A and , the order and the genus of the form.

Conversely the invariants H, A and @ together with order and generic
character determine the progressions (1). This may be proved by inspection
of the results listed above or from the theorem proved by Smith (pp. 480 ff.)
that two forms of the same genus and order and having the same H, @ and A
may be transformed one into the other by a rational transformation of
determinant 1, the denominators of the coefficients being prime to 2H.

5. Examples. We apply this new definition of genus to the set of re-
duced properly primitive forms of Hessian 18.*

Consider the form f=x243y2+622. Using the corollary of Lemma 4 we
see the progression (1) involving 3 is 3#+2. From Lemma 11, the progression
(1) involving 2 is 4*(16n+14).

Consider the form g =2x2+3y2+432—2yz—2xy. We have 10g=5(2x—y)?
+ (5y—22)2+ 362 and the integers represented by 5g are the halves of the
multiples of 10 represented by g’ =5X2+ ¥2+4362% for g'=0 (mod 5) implies
¥Y2=42z? (mod 5) and the sign of ¥ may be so chosen that S5y—2z=7Y is
solvable for y while g’=0 (mod 2) implies X=Y (mod 2) and thus 2z —y=X
is solvable for x. Now, by Lemma 4, no progressions involving 3 occur in (1)

* See Eisenstein’s table, Journal fiir Mathematik, vol. 41 (1851), p. 170.
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for g’ and therefore for g. By Lemma 6, no 4n+2 occurs in progressions (1)
for g’ and therefore no 2z+1 in progressions (1) for g. The condition
¢’ =0 (mod 4) implies X =2X,, ¥ =2Y,,and g'/4=5X?+Y 2 +92% and thus,
using Lemma 9; g’/4 represents no 4*(16%+-6)/2 and the progressions (1) for
g are 4*(16n+14).

The other forms are similarly dealt with. We have the following table:

Form Progressions (1)
(1,1, 18) In+3, 45(16n+14)
2,2,5,0, =2, 0) On+3, 4(16n+14)
Q,2,09) 4+(16n+14)
2,3,4, —2,0, —2) 4(16n+14)
Q, 3, 6) 3n+2, 44(16n+14)
@, 3, 3) 9*(3n+1)

The first and second forms are of the same genus, also the third and fourth.
Each of the last two forms represents the only class in its genus.

CorNELL UNIVERSITY,
ItaACA, N.Y.



