INTEGRALS WHOSE EXTREMALS ARE A GIVEN
2n-PARAMETER FAMILY OF CURVES*

BY
DAVID R. DAVIS

INTRODUCTION

It has previously been shown that a necessaryt and sufficient{ condition
for a system of second-order differential equations of the form H(x, y;, y/,
v})=0 (i,7=1, - - -, n) to be the Euler equations of an integral

Z2
(1) I = f(x’ylt""ymyl,:'"’y"’)dx

is that the equations of variation of the system H;=0 form a self-adjoint sys-
tem along every curve y; =y;(x).

The possibility of determining an integral of the above form when given
a 2n-parameter family of curves as its extremal arcs is here discussed. An
example illustrating the method of procedure is also given.

1. PROPERTIES OF GIVEN EQUATIONS
Consider the 2n-parameter family of arcs
)] yi = yi(%, a1, - -+, @Gny by, - -, bn) (=1, ---,n)
which have the derivatives

yt, = yiz(x) Q1,5 Gy by, - -, bn)r

yi' = Yiza(®, 01, - -, @ny by, -, ba).
If a;, - - -, @, by, - - -, bs are eliminated from these equations we obtain #»
equations of the form
(3) yt!,=Fi(x)yl""7yﬂ)yl'7"'!yﬂ,)'
The general solution of this system is the system (2) where a4, - - -, @a,
by, - - -, ba are arbitrary constants of integration.

* Presented to the Society, August 29, 1929; received by the editors in May, 1929, and May,
1930.

t For the necessity of this condition see The inverse problem of the calculus of variations in higher
space, by the author, these Transactions, October, 1928. Also J. Hadamard, Legons sur le Calcul
des Variations, p. 156.

1 The sufficiency of this condition is proved in The inverse problem of the calculus of variations
in a space of (n+1) dimensions, Bulletin of the American Mathematical Society, May-June, 1929.
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If the equations (3) are to represent the extremal arcs of an integral I of
the form (1), then, by the necessary condition stated in the Introduction, the
functions F; of (3) must be the solutions for y!’ of a system of equations

Hi(x, v, y{,9{") =0

whose equations of variation are self-adjoint. Hence, there must exist a set
of multipliers P;; of non-zero determinant such that*

©) H;= Pij(y{'" —F) =0 Gyj=1,-,n)
where the H; have the form indicated in the following theorem.f

THEOREM. If a system of equations Hy(x, y1, - -+, Yn, Y, - - =, ¥ )=0is
to have equations of variation

Hiyu; + Hiypu + H:‘v;”“;' =0 (ji=1,---,n
which are self-adjoint along every curve y;=1y:(x), then it must have the form
(43')H€E Mi(xyyh T "yﬂ’yllr T ':yn,) +P"i(xry1’ T "ymyl’, T 'yyn’)y:'":
where the functions M ; and P; satisfy the following relations identically in x, y;,
i

Ps’i = Pit’) ijy." = Piky,";
() M + Miv," = 2(P;j. + Piivkyk'):
Miw - Miv,- = %(Miu." - Mivf')z + %(Miv." - Mivi’)v,,yk' .
From the first two of (5) it follows that the expression P, remains
unchanged for all permutations of the indices ¢, 7, k.
By comparing expressions (4) and (4a), it is evident from the form of (4a)

that the desired multipliers have P;;=P;;, and consequently, that the first
two of relations (5) remain the same, namely,

(6) P;j = Pji, Pjryy = Piyy.
There is also
M; = — PuFy,
the substitution of which in (5;) with the aid of (6;) gives
(7) P + Piiﬂkyk, + P:‘ivk’Fk = - %(Pikaw’ + Pi'f.Fkv.")-
* In this and following notation where the indices in two factors of a term of the form P;; Fy
are alike it represents a sum with respect to the repeated index.

t See Theorem I of The inverse problem of the calculus of variations in a space of (n+1) dimen-
sions, loc. cit.
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From the last of the self-adjoint relations (5), one obtains
(PaF)y; — (PitFi)y; = 3[(PaFi)yy — (PisFi)ye].
+ %[(Pika)v;' - (Pika)v.-']kak,
= 3(PitFryy — PitFryy)s
+ %(Pikaw’ = PiFiy )i .
As a consequence of relations (7) and (6;) we have
Pikv; — Pipy; = %(PiaFaw' - Pi«Fav,")vk'

which may be readily verified by writing system (7) with subscripts i, j, &
replaced first by 4, %, «, secondly by j, %, a respectively; then, after dif-
ferentiating the first system with respect to y;/ and the second with respect
to y/ and subtracting, the result readily reduces to the above system. The
expressions on the left are now replaced by those on the right in the first mem-
ber of (8), which with the use of (6) readily reduces to

(9) P, Fay, + }Favk’Fkv," - %F{w;') - Pia(Fave + %Fav,,’ka' - %Fav.") =0,
where it is understood that

Fa:v," = Fay;rz + Fav;'v,,yk’ + Fay;ry Fr,

F;ve' = Fayys + Fayery, 98 + Fayyry, Fr.

The above results may be summarized in the following theorem:

(®)

THEOREM 1. If the solutions y;=y(x) of the differential equations
yi' =Fdx, 9, Y ¥, , ) E=1---,n)

are to be the totality of extremal arcs for an integral of the form (1), then there
must exist a set of multipliers P;; of non-zero determinant whick are functions
of X, 91, - -y Yny ¥, * * + , Yn Such that the functions

H; = Pii(y{' —F))
have expressions of variation which are self-adjoint along every arc y;=7y(x).
Necessary and sufficient conditions for such multipliers to exist are
Pij = Pji, Piryy = Payy,
(10) Pij. + Pijy, 3¢ + PijyFr = — 3(PaFryy + PinFryp),
Pia(Fay; + YFay Fryy — 3Fayy) — PiaFay; + Fay Fryy — 3Fayy) = 0,
which must be identilies in X, Y1, -+ * , Yo, Vi, * = * ) Vu -

For a given set of functions F; of the form indicated in the above theorem
the theory of partial differential equations assures us that there exist solu-
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tions of the system (10;). Hence, if these solutions P;;(¢, =1, - - - , n) are
such that they satisfy the remaining self-adjoint relations, namely, the first
two and the last of (10), then the primitives of the given equations give the
extremal arcs for an integral I of the form (1).

In order to obtain the solutions of the system (10;) let us introduce the
new variables ®, a1, - + -, @n, by, - - -, bainplaceof x, yy, - - -, yu, ¥, - - -, Y4
by means of the equations

Yi = yi(x’ aiy * ° ty Qny bh T b»),

11

yt’ = yit(xt a1, * * *y Gny bl) Tty bn))
which have solutions of the form

ac-‘-‘As(x,}'l,"',ymyf,"‘,)’»'),

(12)
bi = Bi(x, 1, * *, Yny yl” e ’y"’)

Since each of these functions is a solution of the homogeneous equation
Az + Ay*yk’ + Au,"Fk = 0,

it follows that every set of functions P;;(x, a4, - - - , @a, by, - - -, b,) which
satisfy the system (10;) when ay, - - -, @n, by, - - -, b, are replaced by the
expressions (12) must satisfy the equations

d 1
(13) —(Pi;j) = — —(PatFryy + PirFryy),
dx 2

where the variables %, 1, - - -, Y, %, *  *, ¥+ which occur in the expres-
sions on the right are everywhere to be replaced by x, a1, - - - , @n, by, - - -, ba
by means of equations (11).

The form of the second members of (13) shows that there are only
4n(n+1) distinct equations and that we shall have P;;=P ;.

According to the theory of ordinary differential equations, if P;;"(i<j,
r=1,2---,3in(n+1)) are a set of in(n+1) independent particular solu-
tions of the system (13), then every solution can be expressed in the form

(r)
ZC,P.’,‘ = Po’i(x’ ay, * * O,y bl’ ] bﬂ)

(19 7 .

(‘§]"= L - ')%"(”'*'1)):
where the C, are arbitrary functionsof a4, - - -, @n, by, - -+, b,. If the C, are
determined in any manner, and the functions a,, - - -, @, by, - - -, b, are re-

placed by their respective values given in (12), the resulting expressions for
the P;; are solutions of the system (10;). Conversely, every solution of the
system (10;) can be so obtained.
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It now remains to determine the functions C, so that the relations (10;)
and (10,) are satisfied. The possibility of doing this depends upon the nature
of the given functions F; which we have not been able to define completely.
The following example, however, will illustrate the above theory and also a
successful method of procedure that may be applied to special problems.

II. INTEGRALS WHOSE EXTREMALS ARE LINEAR FUNCTIONS OF
ONE INDEPENDENT VARIABLE

Consider the system of linear functions

(15) y.~=a,~x+b.~ (i=l,~--,n),
which are the primitives of the differential equations
¥’ = 0.

If these are the respective solutions for y!’ of # equations of the form
Hs’(x;ylr°"’yﬂ’yl'"":yﬂ,’yln,'"’yn”) =0,

then, according to the above theory, there exist a set of multipliers P;; such
that the functions H; take the form
(16) H; = P;y/!' =0.

The self-adjoint relations enumerated in Theorem I when applied to this
system, since the F;=0, become

P;j = Pji, Pikyy = Piryy,

17) ..
Pii=+Piivkyk'=0 (1'1.7‘_‘1)2"")”)1

which must be identities in x, y1, - - -, ¥u, ¥{, - - -, ¥4 . If from the partial
derivative of the last system of equations (17;) with respect to y! we sub-
tract its partial derivative with respect to y;, we obtain the additional rela-
tions

(18) Piry; = Piy;.

From the given functions (15) and their first derivatives with respect to
x are obtained the following values of the 2»n parameters a; and b;:

(19) a;=y!, bi= 9y, — y/x.

The corresponding total differential equations for the system (17;) are

d
—P;; =0,
dx
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whose solutions are arbitrary functions of a;, b;, namely,
P;j=Piay, - ,8nby, b)) G=Zj=1,---,m).
Therefore, necessary and sufficient conditions for the system (16) to have
self-adjoint equations of variations are
Pij = Pji, Pjryy = Pixyy,

(20)
Pﬁ'i=Pii(aly"'7aﬂ,b1)"'7bﬂ)7

where the P;; are arbitrary functions of the 2»n parameters which have the
values given in (19).

It will now be shown that the functions P;; can be so chosen that relations
(20;) can be satisfied. Let the P;; be differentiated with respect to ay, - - - ; @,
by, - - -, b, and these in turn with respect to y/ and y/ as indicated in (20);
we thus obtain

Piro; — Pixp® = Piga; — Piunyx.
Since these equations are identities in x, we must have
(21) Pjra; = Piyajy Piwy; = Piw;.

This system of partial differential equations of the first order is compatible
and its general solution will be of the form

(22) Pi,o=P,-,~(a1,~-~,a,.,b1,~-~,b,.).

With the use of the expressions (22) for the P;; we find a function
g@, Yy, -+, Yn, ¥, - -+, ¥4 ) which will be a solution of the system

(23) vy’ = Pii(yII) ) yﬂ,’ Y1 — yl’x" Tty Yn T y'l,x)

The required conditions of integrability for this system are the first two sets
of relations (20). The value of g is given by the integral

g = f Lidy{ + L.dy{ + - - - + Ladya,
Vo' veee Yno’
where
i = f’h ''''' w Pidy!l + Padyd + - - - + Piudya (=1, , 1)
Vio veees¥Uno’

If g is a particular solution of (23) then the most general solution is given
by the formula
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.f=g(x;yl""yy")yll"",y'lb)
+A(x, yla"”yn)+B"(x’ yly""yﬂ)yk'r

where 4, B, - - - , B, are arbitrary functions of x, y1, - - - , Yn.
Relations (18) applied to the above integrals give

(24)

(25) 8vi'v;i = Buj’vie

The Euler-Lagrange conditions are now applied to the above value of f and
the condition imposed that the resulting expressions be identically equal to
the functions (16). With the aid of relations (18) and the fact that the given
functions F; of (3) in this particular case are each equal to zero we readily
find that the functions 4, By, - - - , B, of (24) must satisfy the following con-
ditions:*

Biw - Bi’.y = 0,

(26)
Bis — Ay, = gy, — 8uiz — Guiwe' Y% -

Due to relations (25) the second member of the last of these equations is
identically zero. For we have

Yi'veees vn’

8ui — Bui'z — Euiw Yk = f Liydyl + Laydyd + - -+ + Laydys
Vio'reens Uno’
Yi'veees Yn'
_f Pilzdyl’+"'+Pt‘nzdyn'
Vi reees Uno'
Yiiseens '
-3t | Paudy! + - - + Paydyl.
Yie veeen Yno'

But the second integral of this equation by means of equations (17;) may be
replaced by the integral

vl'l""v’ll
f (Puu,,dyl' + -4 Pinw‘dyn')ykl
V1o seees Yno'
Y1 veoestn’
-5t Pandyl + -+ - + Poydy!
V1o’ seees ¥no'
Ve Va' Vil Yn
-— f f (P;ly,,dyll + - - + Pinllgdyﬂ' )dyk' .
V1o’ seeen Yno V1o oo Yno'

* Cf. Equations (19), The inverse problem of the calculus of variations in as pace of (n-+1) dimen-
sions, loc. cit.
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When this value is substituted in the previous equation we see that because
of relations (18) the second member vanishes identically in x, 3y, - - -, ¥,
y{,+ -+, 9. Hence, equations (26) may be written

By, — By; =0, 4y, — B;; =0,
which are necessary and sufficient conditions for the expression
A+ Byl
to be the total derivative of a function £(x, y1, - - -, ya).

THEOREM I1. The most general integral whose extremals are the 2n-parameter
family of arcs

¥i = a;ix + b; (G=1,---,m
has an integrand f of the form
F=8(% 31, ym 91, y0) + (@/d0)K(x, 31, - - - ;. 9m)
where g is a particular solution of the system (23) and t is an arbitrary function

of 2,91, ) Yne
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