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Introduction

It has previously been shown that a necessaryf and sufficient! condition

for a system of second-order differential equations of the form ¿¿i(x, y,-, y/,

y/') =0 {i,j = 1, • • • , «) to be the Euler equations of an integral

/(*, yu ■ • ■, y», yi, • • •, yi )dx
x,

is that the equations of variation of the system ¿7j = 0 form a self-adjoint sys-

tem along every curve y< = y»(x).

The possibility of determining an integral of the above form when given

a 2«-parameter family of curves as its extremal arcs is here discussed. An

example illustrating the method of procedure is also given.

I. Properties of given equations

Consider the 2«-parameter family of arcs

(2) yi = yi(x, ax, ■ ■ ■ , an, bx, ■ ■ ■ , bn) (i = 1, ■ ■ ■ , n)

which have the derivatives

yi = yix(x, ax, ■ ■ ■ , an, i»i, • • ■ , bn),

yi' = y,xx(x, ax, ■ ■■ , an, bx, ■ ■ ■ , bn).

If ax, ■ ■ ■ , an, bx, • ■ ■ , bn are eliminated from these equations we obtain «

equations of the form

(3) yi' =Fi(x,yx,- ■ ■ ,yn,y{,- ■ ■ ,y¿).

The general solution of this system is the system (2) where ax, ■ ■ ■ , a„,

bx, ■ ■ ■ , bn are arbitrary constants of integration.

* Presented to the Society, August 29, 1929; received by the editors in May, 1929, and May,

1930.
t For the necessity of this condition see The inverse problem of the calculus of variations in higher

space, by the author, these Transactions, October, 1928. Also J. Hadamard, Leçons sur le Calcul

des Variations, p. 156.

| The sufficiency of this condition is proved in The inverse problem of the calculus of variations

in a space of (»41) dimensions, Bulletin of the American Mathematical Society, May-June, 1929.

244



INTEGRALS WITH A GIVEN FAMILY OF EXTREMALS 245

If the equations (3) are to represent the extremal arcs of an integral / of

the form (1), then, by the necessary condition stated in the Introduction, the

functions Ft of (3) must be the solutions for y/' of a system of equations

H¿x,ys,y},y'i') = 0

whose equations of variation are self-adjoint.  Hence, there must exist a set

of multipliers Pi, of non-zero determinant such that*

(4) Hi m Pity!' - F¡) =0 (i, j = 1, • • • , n)

where the H{ have the form indicated in the following theorem, f

Theorem. // a system of equations Hi(x, yx, ■ ■ ■ , yB, y{, ■ ■ ■ , y„' ) =0 is

to have equations of variation

HiVjUj + HiVj,u¡ + H(truj' =0       (i, j = 1, • • • , «)

which are self-adjoint along every curve yi = yi(x), then it must have the form

(4a) Hi m M¡(x, yx, ■ ■ ■, yn, yl, ■ ■ ■, yi) + Pu(x, yu ■ ■ ■, yB, y{, ■ ■ ■, yi)y¡',

where the functions Mi and Pi,- satisfy the following relations identically in x, y,-,

yl-

"ii =  * i»l    ■*  ikvi'   =    "ikyj',

(5) Mhi. + Mivi, = 2(Pijx + PiiVky¿),

MiVi - MiVj = \(Mjyi. - Mivj.)x + \(MJVi. - MiVj>)Vkyi .

From the first two of (5) it follows that the expression P¡kVi- remains

unchanged for all permutations of the indices i, j, k.

By comparing expressions (4) and (4a), it is evident from the form of (4a)

that the desired multipliers have Pi,=P'a, and consequently, that the first

two of relations (5) remain the same, namely,

(6) Pa — FH, Pjkyi' = Pikvj'-

There is also

Mi - - PikFk,

the substitution of which in (53) with the aid of (62) gives

(7) Pijx + Piivkyk    +  PiivkFk   =   —   2(FikFkVj'  +  PjkFkvi') ■

* In this and following notation where the indices in two factors of a term of the form P¡j Ff

are alike it represents a sum with respect to the repeated index.

t See Theorem I of The inverse problem of the calculus of variations in a space of (n+1) dimen-

sions, loc. cit.
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From the last of the self-adjoint relations (5), one obtains

(FoF*)», - (PikFk)Vi = \[(PikFk)Vi- - (PikFk)Vi']x

+ i [{PikFk)Vj> - (PikFk)vAvkyi

— \(PikFkVj' — PjkFkvi')x

+ 2(PikFkVi' — PjkFkVi-)vkyk .

As a consequence of relations (7) and (62) we have

Piky)  ~  Pikyi   =   2(P,aFaVi'   _  PiaFay¡')yk'

which may be readily verified by writing system (7) with subscripts i, j, k

replaced first by i, k, a, secondly by /, k, a respectively; then, after dif-

ferentiating the first system with respect to y/ and the second with respect

to yí and subtracting, the result readily reduces to the above system. The

expressions on the left are now replaced by those on the right in the first mem-

ber of (8), which with the use of (6) readily reduces to

(9)       Pia(Fayi + tF«,t»JV - W) - PUFaii + lFaVkFkVi, - \Favi.) = 0,

where it is understood that

I'avj'   = Favj'x + ^ayj'ykyk    + ^ay/y^P k,

Favi'   — FaVi'x + Fayf'ytyk    + Fay-'y^Fk.

The above results may be summarized in the following theorem:

Theorem I. If the solutions y, = yi{x) of the differential equations

yi' = Fi(x, yx, ■ ■ ■ , y„, y{, ■ ■ • , y/) (i = 1, • • • , n)

are to be the totality of extremal arcs for an integral of the form (1), then there

must exist a set of multipliers P¿,- of non-zero determinant which are functions

°J *> Vu ' ' ' > y»>» yi » * ■ ■ » y» suc^ ^at the functions

Hi = Pu(yi' - Fi)

have expressions of variation which are self-adjoint along every arc y» = y¿(x).

Necessary and sufficient conditions for such multipliers to exist are

Pii —   "iiy   Pjkyi'  — Pikyj',

(10)       Piix +  Piiyjk'   + PijytFk   =    -   \(PikFky.,  +  PikFky..),

Pia(Fayj +  \Fayk'Fkyj'   —  \FaVj>)   —  Pja(FaVi + \Fayk'Fkvi'  ~  \FaVi')   =   0,

which must be identities in x, yx, • • • , y„, y{, ■ • • , y„'.

For a given set of functions F< of the form indicated in the above theorem

the theory of partial differential equations assures us that there exist solu-
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tions of the system (103). Hence, if these solutions Pi,(i, j = 1, • • • , n) are

such that they satisfy the remaining self-adjoint relations, namely, the first

two and the last of (10), then the primitives of the given equations give the

extremal arcs for an integral / of the form (1).

In order to obtain the solutions of the system (103) let us introduce the

new variables x, ah • • ■ , an, fa, ■ ■ ■ ,bn in place of x, yh ■ ■ ■, y„, yi, ■ ■ ■ , y i

by means of the equations

.   . y i = y<(*i ii, • • • , an, fa, • • • , bn),

yl = Vix(x, ai, ■ ■ ■ , a„, fa, • • • , bn),

which have solutions of the form

.    . «< = Ai(x, yi, • • • , yB, yi, • • • , yi),

bi = Bi(x, yi, • • ■ , y„, yi, ■ • ■ , yi).

Since each of these functions is a solution of the homogeneous equation

Ax + AHy¿ +AVk>Fk = 0,

it follows that every set of functions Pn(x, ax, ■ ■ ■ , an, bx, ■ ■ • , bn) which

satisfy the system (103) when au • • • , an, bi, ■ ■ • , bn are replaced by the

expressions (12) must satisfy the equations

(13) T(Pi¡) = - -(PikFkVi- + PikFkv,),
dx 2

where the variables x, yu • • • , y„, y{, • • • , yi which occur in the expres-

sions on the right are everywhere to be replaced by x, ax, ■ ■ ■ , an, bx, ■ • ■ , bn

by means of equations (11).

The form of the second members of (13) shows that there arc only

\n(n+l) distinct equations and that we shall have Pi,=P,¡.

According to the theory of ordinary differential equations, if Pnir)(i^j,

r = l, 2, • • • , |w(«+l)) are a set of |»(»+1) independent particular solu-

tions of the system (13), then every solution can be expressed in the form

,„,.   Y£rPii   = Pii(x, 0\, • • • , a„, h, • • • , ¿>„)
(14) T

(i g j, r = 1, • • • , \n(n + 1)),

where the CT are arbitrary functions of au • • • , a„, bu ■ • • , bn. If the C, are

determined in any manner, and the functions au • • • , a„, fa, • • - , bn are re-

placed by their respective values given in (12), the resulting expressions for

the Pa are solutions of the system (103). Conversely, every solution of the

system (103) can be so obtained.
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It now remains to determine the functions C, so that the relations (102)

and (IO4) are satisfied. The possibility of doing this depends upon the nature

of the given functions F{ which we have not been able to define completely.

The following example, however, will illustrate the above theory and also a

successful method of procedure that may be applied to special problems.

II. Integrals whose extremals are linear functions of

ONE INDEPENDENT VARIABLE

Consider the system of linear functions

(15) y< = a{x + bi (i = 1, ■ ■ • , »),

which are the primitives of the differential equations

yi' = 0.

If these are the respective solutions for yi' of « equations of the form

Hi(x, yu- ■ ■ , yn, yi, • • • , y„', yi', ■■ • , y„") = 0,

then, according to the above theory, there exist a set of multipliers Pi,- such

that the functions Hi take the form

(16) Hi = Puy/' = 0.

The self-adjoint relations enumerated in Theorem I when applied to this

system, since the F¡ = 0, become

Piix + Piiykyk'  =0 (i,j=  1,2, •••,«),

which must be identities in x, yx, ■ ■ ■ , y„, y[, ■ ■ ■ , y/. If from the partial

derivative of the last system of equations (173) with respect to y i we sub-

tract its partial derivative with respect to y/, we obtain the additional rela-

tions

(18) Pjkvi = Pikyj.

From the given functions (15) and their first derivatives with respect to

x are obtained the following values of the 2» parameters a¿ and bii

(19) ai = yi, bf = yt- y/ac.

The corresponding total differential equations for the system (173) are

d
-Pa = 0,
dx
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whose solutions are arbitrary functions of ah bi, namely,

Pa = Pij(ai, • • - , On, fa, • • ■ , bi)    (i ^ j = 1, • • • , »)•

Therefore, necessary and sufficient conditions for the system (16) to have

self-adjoint equations of variations are

,-_. "ii  =   */«'■ P Alii'   =  PikVj'l

Pa — Pii(ai, ■ ■ ■ , a„, bi, ■ ■ • , bi),

where the Pi,- are arbitrary functions of the 2« parameters which have the

values given in (19).

It will now be shown that the functions Pa can be so chosen that relations

(202) can be satisfied. Let the Pi, be differentiated with respect to ax, • ■ • ,an,

fa, • ■ ■ , b„ and these in turn with respect to y I and y\ as indicated in (202);

we thus obtain

* jkai * jkb,X =  -Likaj -^ ikbjX.

Since these equations are identities in x, we must have

(21) Pjka¡  =  Pika¡,    Pjkbi  =  Pikbj-

This system of partial differential equations of the first order is compatible

and its general solution will be of the form

(22) Pa = Pi,-(oi, ■ ■ ■ , an, bi, ■ ■ • , bn) ■

With the use of the expressions (22) for the P,,- we find a function

g(x, yi, • • • , y», yi, • • • , y i ) which will be a solution of the system

(23) gVi-Vj' = Pij(y{, ■ ■ ■ , yi, yi - yl x, ■ ■ ■ , yn - yi x).

The required conditions of integrability for this system are the first two sets

of relations (20). The value of g is given by the integral

Vl.Vn

=  ) Lidyi + L2dyl + ■■■+ Lndyi,
Ï10.V.a

where

Li =   f1"'.■"•' Pndyi + Pi2dyl + ■■■ + Pindyi (i = 1, • • • , »).
J VtHf.!/-«'Vio.I/no

If g is a particular solution of (23) then the most general solution is given

by the formula
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(24) ^ = g^X' VU ' " ' y" yi''        ' ^
4- ^(x, yI; • • • , y„) + Bk(x, yx, ■ ■ • , yB)y*',

where .4, Bx, ■ ■ • , Bn are arbitrary functions of x, yx, ■ ■ ■ , y„.

Relations (18) applied to the above integrals give

(25) £„,.<„,. = gvj'yf.

The Euler-Lagrange conditions are now applied to the above value of / and

the condition imposed that the resulting expressions be identically equal to

the functions (16). With the aid of relations (18) and the fact that the given

functions F{ of (3) in this particular case are each equal to zero we readily

find that the functions A, Bx, ■ ■ ■ , Bn of (24) must satisfy the following con-

ditions:*

(26) BiVi - BiiV = °'
Bix — AVi = gVi — gVi>x — gym>yk .

Due to relations (25) the second member of the last of these equations is

identically zero. For we have

Vt'.Vn

gvi - gvi'x - gVi'ykyl =   I LiVidyl + L2vidy2' +-h LnVidyi
Jim'.»no'

r*''.»»'
- I Piixdyi +■■■ + Pinxdy/

J Vu'.»no'

»,'.Vn'

- y¿   f Pnvkdy[ + ■ ■ ■ + Pinytdyi .
»10.Vn«

But the second integral of this equation by means of equations (173) may be

replaced by the integral

v,'.»„'

f {Pnykdyi + ■■■ + Pinykdyi)yi
J Vit'.»no'

= yi  I P<iykdyi + ■■• + PinVkdyi
*/»lo'.»„,'

V,'.»„' »,'.»„'

-  f f (Pnvkdyi +■■■ + Pinykdyi)dyi .
«10.»no'     "»10.»no'

* Cf. Equations (19), The inverse problem of the calculus of variations in as pace of (»41) dimen-

sions, loc. cit.
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When this value is substituted in the previous equation we see that because

of relations (18) the second member vanishes identically in x, yh ■ • • , y„,

yl t • • • > y* •  Hence, equations (26) may be written

Bin ~~ BiVj = 0,  Ayj — B]x = 0,

which are necessary and sufficient conditions for the expression

A+Bkyl

to be the total derivative of a function t(x,yu ■ ■ ■ , y„).

Theorem II. The most general integral whose extremals are the 2n-parameter

family of arcs

yi = diX + bi (i = 1, • • • , n)

has an integrand f of the form

f = g(x, yi, • • ■ , y«, y I, ■ ■ ■ , yi) + (d/dx)t(x, yu ■ ■ ■ ,,yB)

where g is a particular solution of the system (23) and t is an arbitrary function

of x, yu ■ ■ •, yn.

University of Oregon,

Eugene, Ore.


