ON ORTHOGONAL POLYNOMIALS*

BY
J. GERONIMUS

1. Let f(z) be a function which is analytic inside and on the ellipse C,
having the points +1 for its foci. We suppose also that, for real x in the
interval (—1, +1), f(x) is real. We have

1 f(2)dz
(1) ) =— :

2w cz—Yy

Consider now the function p(x), summable and not negative in the interval
(=1, +1) and satisfying the condition that

fl log p(x)dx
(1 — a1
exists.
Consider also the normal orthogonal polynomials Pg, Py(x), Py(x), - - -,
Py(x) = do 2" +di A dk [4” > o],
corresponding to the characteristic function p(x), i.e.
1 0, ks,
f $(2) Pu() Pu(2)dx = {
-1 1, k=s.
Then the series
1 > v op(9) Pi(y)
= 2 aPu(y) (ak = f PNy d3’)
2= k=0 -1 32—y

converges absolutely and uniformly with respect to y, if y lies in any domain
lying wholly inside the ellipse C, which passes through the point z and has the
points +1 for its foci,T i.e.,

y+ G-
z + (22 — 112
|54+ G2 = D1 > 1, [y + (- D] 2 1.

<1-—e (e > 0 arbitrarily small),

* Presented to the Society, December 30, 1930; received by the editors in June, 1929.
t G. Szegs, Uber die Entwickelung einer analytischen Funktion nach den Polyndmen eines Ortho-
gonalsystems, Mathematische Annalen, vol. 82 (1920), p. 209.
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Hence, introducing the functions Qx(z) of the second kind*
(2) ar = Qk(z) (k= 0,1,23- - ):
1 0
3) —— = 2 Pu(y)Qi(3).
z2—y k=0

Inserting this value of 1/(z—y) in (1) we get

1 0 0
10 = 5 f { Z:my)(zk(z)}f(z)dz - Tono),

k=0
(4)
C=——1—ff(z)Q(z)dz (k=0,1,2,3,---)
k 2ride k y 1y £y 9 .

The coefficients C, may be found independently:
1
(5) Cr = ?(x)f(x)Pk(x)dx (k = 0’ 1’ 2) 3) T )’
-1

whence we find the relation

1 1
© o [ 000 = [ parares ¢ =01,2,3-).
Put k=0 and f(x) =P,(z)P,(x). Then
1
) 2wiP, ch"(z)P o(2) Pr(2)dz o
1 sy,
= J-—l 2(2) Py(x) P(2)dx = { et

This formula shows that tke polynomials P (x), which are orthogonal and nor-
mal in the interval (—1, +1) with the characteristic function p(x), have the
same property (x being replaced by the complex variable z) on the contour C with
the characteristic function

Qo(2) _ f‘ p(x)dx 4

Po 12— X

8

In particular, we find that the normalized trigonometric polynomials

* G. Darboux, Mémoire sur I'approximation des fonctions de trés grands nombres, Journal de
Mathématiques Pures et Appliquées, (3), vol. 4 (1878), p. 414.

1 Cf. J. Sokhotzki, The Theory of Integral Residues with Applications (Thesis in Russian), St.
Petersburg, 1868, p. 59, where formula (7) was established in a different way.
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2 1/2
Ti(z) = (——) cos k arc cos 2
n

(i>w (2 4 (22 = DU* + (5 — (22 — 'Y
2

1\Y
(=reom= ()
™

orthogonal on (—1, 1) with the characteristic function p(z)=1/(1—32%)2, are
orthogonai-on the contour C with the characteristic function w/(z2—1)1/2.
In fact, according to S. Bernstein,* we have

e _ (2,”.)112
) y Ou(a) = (22 — D2z + (22 — 1y}
(k=1’2’..').

)

™

22 — 1

(10)  Qofs) = (

2. A well known property of the polynomials (9) is the following. The
formal developments

f(x) ~ gAkax), o(x) ~ S BTu()

k=0

Vf(x) Te(x)" 1 (%) Tr(%)
(A,. = j: s Bes f P xz)mdx)

imply, provided the integrals [.,(f2(x)/(1—2?'?)dx and [1,(¢%(x)
/(1 —x2)1/%)dx exist,

H@)e(x) &
(11) f_l(l_x“mdx = kZ_joA,,B,,.
Apply (11) to f(x) =p(x)(1—=x2)/2, ¢(x) =1/(z—x), assuming that
1 L g
12 2 )(1 — x2)V2dyx = 2 in? od
(12) J 7t = s = [ pcos o) sint oo
exists. Thus we get, writing
© 1
19 p@ = DV~ Salu®) (o= | pr7inee),
k=0 -1
(14) — ST,

zZ2— X k=0

* S. Bernstein, Sur la valeur asymptotique de la meilleure approximation (in Russian), Proceedings
of the Kharkow Mathematical Society, 1913.
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Qo(2) Lp(a)(1 — a2 dx
Pox) Ju z—x  (1—a)2

(see (3), Qx(2) given by (10)).
Hence, the formal trigonometric expansion

2\1/2 Qo hd
p(cos ¢) sin ¢ ~ <—> {— + D ax cos k¢}
™ k=1

21/2

(15)

- gcsz)

(16) i
(a;, = f p(cos ¢) sin ¢ cos k¢d¢>
0

yields at once, under condition (12), the expansion for Qq(z)/P, with the same
coefficients:

If p(cos ¢) sin ¢ is a finite trigonometric sum, then Qo(2)/Po is also a finite sum.
For example, taking

(18) p(x) = (1 — 2?12, p(cos ¢) sing = sin?¢ = § — § cos 2¢,
we find

Qo(2)

(19) 7.

=r{z — (32 — 1)12}.

In other words, the polynomials
2+ (22 — DU} — {5 — (g2 — 1)Uz}EH
(2m)1/2(z2 — 1)1/2
(k=1,2,3,---)

(20) Py = (%)' Pie) = |

are orthogonal and normal on the contour C with the characteristic function
rla—(2—1)12}.
3. We proceed to derive some interesting properties of the functions

0.(2). Darboux has shown* that they satisfy the same recurrence relation
as the P,(x):

(21) An410041(2) + AaQn1(z) = (Ba +2)0u(z2) (=1,2,3,---),

1
410:(2) = (Bo + 2)Qu(2) — 7 (4; = const.).

* Loc. cit., p. 415,
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We multiply both members of Darboux’s formula*

P,.+1(x)P,.(y) - Pn(x)Pn+l(y) ( do™ )
. n+1

(22) 3P (HPy) = Aus = o

k=0 x—Yy

by #(x) and p(x)/(z—x), and integrate between —1 and 1. We get

0u(2) Pass(2) — Quir()Pals) = — t
n+1
1) PN = Ay ZHOPD) ZQOP) 1
k=0 g — y . — y

Suppose now that p(—x)=p(x) (“symmetric” orthogonal polynomials).
Then, as is known,

Pi(— x) = (= 1)*Pu(x),
and we get from (22), denoting by [m] the greatest integer <m,

52 P" P" - Pn : Pn
S Po(2)Pau(y) = Anpr 2Poyi(x) (i)2 ;;2 (%) +‘(y),
8=0 .

which, combined with the recurrence relation for Pi(x), gives

(24) [%?P,._g,(x) Pos(y) = AmiiAuss Poyo(2) Pa(y) — Pal2) Patay)

= x? — y?

§

The same method applied to (23) gives

n/2 n. Pn — Un -Pn
ZPn_za(y)Qn_z.(Z) - A,,+1A n+2Q +2(Z) (y) Q (Z) +2(y) + 4
s ZZ —_ y2 22 — yz

(25) (n even),

(n=1)/2 ()P, O P
(26) X Pus(5)Qn-n(z) = An+1A,.+‘Q+(z) ®) = G@APualy)
w0

22 — 43 22 — 42
(n odd).

4. Assume now again that the integral

' log p(«)
[ er
l(l — x2)1l2

* Loc. cit., p. 413.

t F. Neumann, Beitrige zur Theorie der Kugelfunktionen, 1878, p. 71 (p(x) =1).

1 Darboux, loc. cit., p. 415.

§ Cf. (p(x)=1) C. Neumann, Uber einige Reihenentwickelungen die nach Produkten von Kugel-
Sfunktionen fortschreiten, Journal fiir Mathematik, vol. 135 (1909), p. 165.
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exists, and use the results of §1, concerning the expansion

= TP,

22—y k=0

3)

Combining (23), (3), we get the expansion*
Pn+l(y)Qn(z) - Pn(y)Qn+l(z) .
2=y
Multiplying (26), (27) by p(y)/(x—v) and integrating between —1 and 1, we
get the expansions

(27) Eptwk(y)Qan(z) = Anyr

‘ d _ Qo(x) — Qo(2)
) Tome =S
(29) iQn+k(x)Qn+k(Z) = Ann Qn(Z)Qn“(xl : E"“(Z)Q”(x) ’

which are valid for
(30) |24+ (22— D2 > 146 |34 (62— )12 > 1+,

where € and ¢ are arbitrarily small but fixed positive constants.
In particular, for z=x, we derive from (28), (29),

(31) ZQI? (x) - QO (x)’
k=0 Po
(32) ?Qn2+k(x) = Anp1 {Qnrr(0)04 (%) — Qa(®)Qdia(x}).

In the case of symmetric orthogonal polynomials, we get from (26)

(33) 2 Pai(y)Qui(z) = " ;
k=0 32—y
Similarly,
- y
(34) EP 2k+1(y)Q2k+1(Z) = N
k=0 2 — y

From (25) and (33) we find?
Pn+2(y)Qn(Z) - Pn(y)Qn+2(z) .

z2_ y2

(35) 2 Puiar(9)Qns2(z) = Ans1dnse
k=1

* Neumann, Journal fiir Mathematik, vol. 135, p. 174.
t Neumann, Journal fiir Mathematik, vol. 135, p. 171.
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All these expansions are valid for
|z+ (32 — 1)1/2| > 1, l y+ (92 — 1)1/2' =1,
y+ (02— e
2+ (22 — 1)1/2

Multiplying (33), (34), (35) by #(y)/(x—7v) and integrating between —1 and
1, we get the expansions

<1-—ce.

(36) X”:ng( 2)0u(s) = M ,

k=0 Po(xz — zz)
6D Foun(dgunt) - 2O,
k=0 o(xZ —_ zz)

Qn+2(z)Qn(x) - Qn(z)Qn+2(x) ,

x2 — 22

(38) gen+2k(x>en+zk<z> = Avriuse

which are valid under condition (30). Putting z=x, we get

oty o Qo) = 08 ()

(39) Z_:onk(x) -
=2 o o Q@) + ()

(40) Slunln) = = =

(a1) 0% () = Ausdess Qulel02 () — QS
=1
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