EXPANSION PROBLEMS ASSOCIATED WITH A
SYSTEM OF INTEGRAL EQUATIONS*

BY
WILLIAM T. REIDt

1. Introduction. Fredholm} has shown how a system of linear integral
equations of the form

b n
) ¥ (@) =N | XKulz; )y@©)ds + [P(2) (i=1,2,---,n)
a o=l

may be reduced to a single linear integral equation whose kernel is defined
onasx=a+n(b—a),a<s<a+n(b—a). Greggi§ considered a system of the
form (1) and by use of the transformation introduced by Fredholm showed
the form of the resolvent matrix for the system; for the symmetric system
where K;;(x; s) =K;i(s;x) (4,7=1,2, - - - , n) he also stated theorems analo-
gous to those proved by Schmidt|| for a single integral equation with sym-
metric kernel. System (1) also comes under the class of systems treated by
Platrier.q

Weatherburn** has treated the system (1) without using the transforma-
tion introduced by Fredholm, but by vector method throughout. He states
all results for the case n =3, but his method of procedure is equally applicable
to the general case.

In the present paper a special system of the form (1), to which is applied
the term “definitely self-adjoint,” is considered and the existence of a count-
able infinity of real characteristic numbers is established, together with ex-
pansion theorems in terms of the characteristic solutions of the system of inte-
gral equations. A definitely self-adjoint system of integral equations includes
as a special case the symmetric system with closed matrix kernel. It also
includes the system of integral equations to which a boundary value problem
for a system of ordinary linear differential equations of the first order which
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is definitely self-adjoint in the sense defined by Bliss* may be reduced by the
introduction of the Green’s matrix of the differential system. It is also shown
that the idea of definite self-adjointness as defined by Bliss may be extended
to a somewhat more general differential system, and that the system of inte-
gral equations to which the more general boundary value problem may be
reduced by the introduction of the Green’s matrix is also of the definitely self-
adjoint type considered in this paper.

Matrix notation is used throughout this paper. All matrices used are
denoted by capital letters and are supposed to have # rows and # columns,
the element in the 7th row and the jth column being denoted by the same
letter with the subscript 5. Likewise, all vectors are supposed to have »
components, and if v is a vector then v(¥ is used to denote the sth component
of v. If M is a matrix and v is a vector, then Mv denotes the vector whose
i¢th component is M;.v@, where it is understood that « is an umbral label,
i.e., its repetition in an expression indicates summation with respect to that
label over the values 1, 2, - - -, ». Similarly, vM denotes the vector whose
ith component is 9¢® M ,;. If M and N are matrices, then M + N is the matrix
|M:i+N:j| and MN denotes the product matrix || M.V ; also, if # and v
are vectors, then #v denotes the scalar quantity u(®v(®,

2. The Fredholm determinant and resolvent matrix. We may write sys-
tem (1) in vector form as

b
@) y(x) =\ f K(z; 9)y(s)ds + f(x),

where y(x)=(y@(x)) and f(x)=(f=(x)) are vectors each of whose com-
ponents are continuous on X:a<x <b, and K (x; s) =|| K:;(x; s)|| is a matrix.
We will suppose that the discontinuities of each element K;;(x; s) (3, =1,
2, - - -, m) are regularly distributedt in the square W:e<x<b, a<s=<b, and
that | K;;(x; s)| is bounded by a finite constant on W; finally, that K:(x; x)
is Riemann integrable on X.

As for a single integral equation we may prove for the vector equation (2)
the existence of the Fredholm determinant D()), which is a permanently con-
verging series in \, and the existence of the resolvent matrix D(x; sl )
=||D:;(x; s|N)||, each element of which converges absolutely and uniformly
in W for all values of \.

* G. A. Bliss, these Transactions, vol. 28 (1926), pp. 561-584.

t The discontinuities of a function of (x, s) are said to be regularly distributed in W if they all
lie on a finite number of curves which have continuous tangents and no one of which is met by a line
parallel to the axis of % or to the axis of s in more than a finite number of points. See Bécher, 4n
Introduction to the Study of Integral Equations, London, 1909, p. 3.
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The matrix relations
b
@) D(x; 5| N) — DK (x; 5) = A f K(z; )DG; s| N,
b
4) = )\f D(x; t[ MNK(¢; s)dt,
and the scalar relation ’
dp b ap—l n
— D) = — _— (¢ N) | de =1,2, -
® o == [ Toaein]a o )

may be established by the same method that is used to prove the analogous
relations for the single integral equation. The following theorem may also
be proved, as for a single integral equation.*

THEOREM A. If N=N\, s not a root of D(\) =0, then (2) has a unique solu-
tion y(x, No) for A =\, and

b D(x; s| o)

©) ¥(® M) = f(2) + o f (s)ds.

a D ()\0)
If No is a root of D(X) =0 of multiplicity m, then the equation

b
™ y(x) = f K(x; 5)y(s)ds

has k(0<k=<m) linearly independent solutions for N=DX\,; furthermore, the
associated vector integral equation

(8) z(x) = )\sz(s)K(s; x)ds

also has k linearly independent solutions for N=X\o. If D(\o) =0, then a neces-
sary and sufficient condition that (2) have a solution for X=X\, is that for every
solution z(x) of (8) for A =X\,, we have

©) f (@) (2)dx = 0.

3. The definitely self-adjoint vector integral equation. Throughout this
section f(x) and g(x) are used to denote arbitrarily selected vectors whose
components are continuous on X. Equation (7) is said to be definitely self-
adjoint when the following conditions are satisfied:

* See Weatherburn, loc. cit., pp. 139-152. For a discussion of the Fredholm determinant and

resolvent for a single integral equation, together with the proof of the Fredholm theorems, see Fred-
holm, loc. cit., Bécher, loc. cit., pp. 3846, or Goursat, Cours d’Analyse, Paris, vol. 3, pp. 368-380.
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(H1) K(x; s)=H(x; 5)S(s), where S(x) is a symmetric matrix each of
whose elements is real and continuous on X, and the discontinuities of the
real elements H;;(x; s) are regularly distributed in the square W, | H;;(x; s)|
is bounded by a finite constant on W, and H;(x; x) is Riemann integrable on
X;

(H2) S(x)K(x;s)=K*(s;x)S(s), where K*(x; s) is the transposed matrix
of K(x;s), i.e., Ki; (x; s) =Kilx; 5);

(H3) the bilinear form #S(x)v, formed by the vectors v=(2®) and
p=(9'®), where #® is the conjugate imaginary of v(®(a=1, 2, - - -, n), is
non-negative on X and vanishes identically for a vector f(x) of the form

b
1@ = [ K 9g)ds
only when f(x) =0; ’
(H4) if 2K (x; s)f(s)ds=0, then S(x)f(x) =0 on X.
Now consider an equation (7) which is definitely self-adjoint according
to the above definition. If y(x) is a solution of (7) for a characteristic number
A, we have in view of (H2) that y(x)S(x) is a solution of the associated equa-

tion (8). Therefore, if y(x) and y,(x) are solutions of (7) corresponding to
characteristic values A and A, then

b
(10) A = o] f o(2)S(%) y(x)dx = 0.

It then follows in view of (H3) that there exist no imaginary characteristic
numbers for (7), and therefore

THEOREM 1. For a definitely self-adjoint vector integral equation (7) all the
zeros of the Fredholm determinant D(\) are real and the linearly independent
characteristic solutions corresponding to each zero may be chosen real.

Also, in view of (H3), we have the following theorem.

THEOREM 2. If yi(x), - - -, yu(x) are linearly independent solutions of a
definitely self-adjoint vector integral equation (7) for a characteristic number \,
then y1(x)S(x), - - -, yu(x)S(x) are linearly independent solutions of (8) for the
same characteristic number.

THEOREM 3. If Nois aroot of D(\) =0 and f(x) is such that

b
(11) y(x) = )\of K(x; s)y(s)ds + f(x)

has a solution, then there is a solution of the vector equation
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b
(12) ﬂﬂ=xj’Kunw®a+ﬂ@

which is analytic in N\ at A =X\,.

For since the zeros of D(\) are isolated, there is a neighborhood of A =X,
in which there is no characteristic number of (7) distinct from \,. For \ in
this neighborhood and X #\,, the unique solution of (12) is given by

D(%; 5| N)
(13) ﬂ%M—ﬂw+k£ oy

We will now show that near A\, the vector y(x, \) is still well-defined and
analyticin\. Let m be the multiplicity of N, as a zero of D(\). Then D(\) =0
=d?D(No)/dN?(p=1, 2, - - -, m—1), d"D(\o)/d\"#0, and therefore from
(5) it follows that d™1D(x; s|Xo)/ON™"1%0 on W. Suppose 3"D(x; s|No)/N"
is the first partial derivative of D(x; s|\) which is not identically zero on W
for A\=X\,. By (3), we have

(14)

b a7
K(x;8)— D(¢; s | No)dt.
J Ko D

If r <m—1, it would then follow that

— L D@ 5| M) = o f K z) D(t 5| ho)ds

(15)
= o f K(x; t) D(t 5| ho)de

As each column of 97D(x; s|\o)/d\" is a solution of (7) for A=\, then each
row of [0"D*(x; s|No)/dN"]S(x) is a solution of (8) for A=X\,, and therefore,
since (15) has a solution, we have from Theorem A that

b
[
and, in view of (H3), that 8"D(x; s|\o)/0A"=0on X, which is a contradiction.
Hence r=m—1. In view of (4) it follews that for each fixed x on X the rows

x =0,
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of 3™=1D(x; s|No)/ON™"1 are solutions of (8) for \=X,. Since, by hypothesis,
there exists a solution of (11), from Theorem A we have

b gm-1
j:, oAm-1 D(x; s| No)f(s)ds = 0.

Hence (13) is well-defined near A\, and there exists a solution of (12) which is
analyticin X at A=NX\,.
THEOREM 4. If f(x) is a vector which satisfies the relation

b
(16) f Y @)S@)(x)dz = 0

with every characteristic solution y(x) of the definitely self-adjoint equation (7),
then S(x)f(x)=0on X.

Since if y(x) is a characteristic solution of (7) corresponding to a charac-
teristic number \, then y(x)S(x) is a characteristic solution of (8) for the
same characteristic number, we have in view of Theorem 2 that the relation

(16) implies
)
f 2(x)f(x)dx = 0,

and therefore, since A =0 is not a zero of D(\), that

[so] [ &t asmasas = o
for every characteristic solution z(x) of (8). Then the equation
an s = [ K 930s + [ K 9s9ds

has a solution for every value of A. By Theorem 3 the solution y(x, \) of (17)
is representable by a permanently convergent power series

(18) y(x, \) = %o(x) + 11 (RN + wa(R)N2 F - - - .

By substituting (18) in (17) and comparing coefficients, we have

b
(19) u,(x) = f K(x; $)thy1(s)ds (r=0,1,2,--+),
where %_, is defined as f(x). Let

b
(20) W, = f #o(%)S (%) U, (x)dx (r=0,1,2,---).
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In the manner used by Blisst to prove the analogous theorem for definitely
self-adjoint boundary value problems, one may show that W,=0, and there-
fore we have in view of (H3) that #,(x) =0. It then follows from (H4) that
S)f(x)=0o0n X.

COROLLARY 1. If | S(x)| 0, then f(x) =0 is the only continuous vector satis-
fying (16) with all the characteristic solutions of (7).

COROLLARY 2. The vector f(x) =0 is the only vector of the form

b
fu)=j'Kummma

which satisfies (16) with all the characteristic solutions of (7).

THEOREM 5. The totality of characteristic numbers and characteristic solu-
tions of the definitely self-adjoint equation (7) is denumerably infinite and may be
represented by \;, vi(x) (=1, 2, - - - ). Furthermore, these characteristic solu-
tions may be chosen normed and orthogonal in the sense that

b
(21) [ 5@s@n@in = By (Bu=0if i, Bu= 1),

For suppose there were only a finite number, m — 1, of characteristic solu-
tions of (7). Denote these by y1(x), - - - , ¥m_1(x). Then m continuous vectors
g1(x), - - -, gm(x) may be chosen so that S(x)gi(x), - - -, S(x)gn(x) are vectors
which are linearly independent on X. Let fi(x) =/ K(x; s)g:(s)ds (i =1,
2, - - -, m). There would then exist constants ¢; not all zero and such that
D w1 fa(®)ca satisfies the relation (16) with all the solutions of (7). By the
above Corollary 2 it then follows that [2K(x; s) [ 2.7 ,ga(s)ca]ds=0. But
this, by (H2), implies that Y o_;S(%)ga(*)ca=0, which is impossible unless
¢;=0(=1,2, - - -, m). Hence there is an infinity of characteristic numbers,
and the number is denumerable since the zeros of D(\) are denumerable. The
characteristic solutions of (7) may then be chosen to satisfy (21).1

For a set of characteristic solutions y;(x) of (7) which are chosen to satisfy
the relations (21), we have, in view of (H1) and (H4), the following lemmas
which we state without proof.§

LemuMA 1. If g(x) is a vector each of whose components is continuous on X,
then the series Y o, [[2g(%)S(x)yo(x)dx |? converges and is not greater in value
than [3g(x)S(x)g(x)dx.

t Bliss, loc. cit., pp. 573-574.
1 See Bliss, loc. cit., p. 575; also Schmidt, loc. cit., p. 4.
§ See Bliss, loc. cit., pp. 582, 583.
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LeMMA 2. If h(x; s) is a vector each of whose components is bounded on W
and for each fixed x on X is integrablein s on a <s <b, and g(x) is a vector whose

components are continuous on X, then the series Y o—y[f2g(s)S(s)ya(s)ds]
LL2h(x; 5)S(s)ya(s)ds ] converges uniformily on X.

THEOREM 6. If f(x) is a vector of the form

22) s = [ "K(x; 9g()ids,

where g(x) is a vector whose components are.continuous on X, then

(23) o5 = 3 [ [ f(S)S(S)ya(S)dS] yal2)

a=1

converges uniformly on X and S(x) [f(x) —¢(x)]=0 on X.

For since

b
S(x)yi(x) = \; f S(x)K (x; ) yils)ds

1
Y f Y(OSOK(; Dds  (i=1,2,+++),

in view of (H2), we have that

b 1
(24) f F)S($)ys(s)ds = (1/7) f £(5)S(s) yi(s)ds.

Hence

o(2) Z‘i(l/xa)ya<x)[ [ g(s)S(s)y.(s)ds]

a=1 a

]| ) "B 95653s [ ) b £SO (9ds |

a=1

In view of the above Lemma 2 we then have that each component of ¢(x)
converges uniformly on X. We may then integrate [y:(x)S(x) [ f(x) —(x) Jdx
term by term and obtain that this integral is zero for each y;(x). It then fol-
lows from Theorem 4 that S(x) [f(x) —¢(x)]=0on X.

COROLLARY. If |S(x)| 0 on X, then for every vector f(x) of the form (22)
the series ¢(x) converges uniformly and represents f(x) on X.
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THEOREM 7. If f(x) is of the form (22) and g(x) is of the form
(25) 0@ = [ K 9hsas,

where h(x) is a vector each of whose components is continuous on X, then the
series ¢(x) converges uniformly on X to the vector f(x).

For by Theorem 6 we have that the series

j;y.u)[ f b ya(s)S(s)g(s)ds]

converges uniformly on X. From (24) it then follows that

b [ b
f(x) — o(x) = f K(x;s) [g(S) — 2.3a(9) f Ya(®)S (t)g(t)dt]ds,
a a=1l a

and since S(x) [f(x) — ¢(x) ] =0 on X, we have from (H3) that ¢(x) =f(x) on X.

4. Remarks. If for a definitely self-adjoint vector integral equation the
matrix S(x) is the identity matrix E, then the matrix kernel of the vector
integral equation is symmetric and the vector integral equation corresponds
to a single integral equation with a closed symmetric kernel.

Blisst has treated a system of ordinary linear differential equations of the
first order which may be written in vector form as

(26) y' = [A(x) + AB(2)]y,

where 4 (x) and B(x) are matrices of # rows and columns whose elements
are continuous on the interval X and y is a vector with » components, each
of which is continuous and has a continuous first derivative on X satisfying
(26). With (26) are associated boundary conditions

(27) My(a) + Ny(b) = 0,

where M and N are constant matrices such that the matrix || M, N|| is of rank
n. According to Bliss the boundary value problem (26), (27) is said to be
self-adjoint if the differential equations and also the boundary conditions of
the adjoint system are equivalent to its own for all values of A by means of a
transformation z=T(x)y, where the elements of T'(x) are real, single-valued,
and have continuous first derivatives on X, and such that l T(x)l #0on X.

The boundary value problem (26), (27) is said to be definitely self-adjoint
if the matrix S(x) = T*(x) B(x) is symmetric, the bilinear form £S(x)f is non-

t Bliss, loc. cit.
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negative on X, and this form vanishes identically for a vector f(x) which is a
solution of an equation of the type

(28) f(#) = A@®)f(x) + B(x)glx

where g(x) is an arbitrarily chosen vector whose components are continuous,
only when f(x) =0 on X.
We may assume without loss of generality that the system

(29) y' = A(x)y,

together with the boundary conditions (27), is incompatible. Then (26), (27)
is equivalent to the vector integral equation

(30) y(z) = A f G(x; $)B(s)y(s)ds,

where G(x; 5) is the Green’s matrix for (29), (27). The matrix kernel of (30)
is of the form H(x; 5)S(s), where H(x; s) =G(x; s)T* '(s) and S(x) =T*(x)

B(x). By using the properties of the Green’s matrix for a definitely self-
adjoint boundary value problem as established by Bliss,} it may be shown
that (30) is a definitely self-adjoint vector integral equation, according to
the definition of this paper. It is also to be noted that condition (H3) used
in defining a definitely self-adjoint vector integral equation is somewhat
weaker than the corresponding condition given by Bliss in defining a defi-
nitely self-adjoint boundary value problem.

If now the elements of 4(x) and B(x) in (26) are not continuous, but
merely Lebesgue summable, we define as a solution of (26) a vector y whose
components are absolutely continuous and which satisfies (26) “almost every-
where” on X. The system (26), (27) will then be said to be self-adjoint if the
differential equations and also the boundary conditions of the adjoint system
are equivalent to its own for all values of N by means of a transformation
2=T(x)y, where now the elements of T'(x) are real, single-valued, such that
| T(x)| #0 on X, and merely absolutely continuous. By analogy with the
definition of Bliss, the system (26), (27), when the elements of 4 (x) and B(x)
are merely Lebesgue summable, is said to be definitely self-adjoint when S(x)
=T*(x)B(x) is symmetric, fS(x)f 20, and if f(x)S(x)f(x) =0 “almost every-
where” on X for a solution of (28), where g(x) is an arbitrary summable vec-
tor, then f(x) =0. System (26), (27) is then equivalent to the vector integral
equation (30), where now it is understood that the integral is taken in the
sense of Lebesgue. If, however, the elements of B(x) are continuous, while

t See Bliss, loc. cit., pp. 577-581.
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the elements of 4 (x) are summable, then the matrix kernel of (30) satisfies
the continuity condition of (H1), and (30) is again a definitely self-adjoint
vector integral equation, according to the definition of this paper.

In defining a definitely self-adjoint vector integral equation we have im-
posed on the matrices S(x) and H(x; s) the continuity condition of (H1).
Clearly a related treatment for a vector integral equation in which the matrix
kernel satisfies weaker continuity conditions may be carried out, just as the
treatment of a single scalar integral equation has been carried through under
weaker conditions.
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